creative ARS MATHEMATICA
@commons CONTEMPORANEA

Also available at http://amc-journal.eu
ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)

ARS MATHEMATICA CONTEMPORANEA 8 (2015) 245-258

Mixed fault diameter of Cartesian
graph bundles I1

Rija Erves *

FCE, University of Maribor,
Smetanova 17, Maribor 2000, Slovenia

Janez Zerovnik

FME, University of Ljubljana,
ASkerceva 6, Ljubljana 1000, Slovenia

Received 2 October 2012, accepted 13 December 2012, published online 23 January 2015

Abstract

The mixed fault diameter D, 4)(G) is the maximum diameter among all subgraphs
obtained from graph G by deleting p vertices and g edges. A graph is (p, ¢)+connected if
it remains connected after removal of any p vertices and any q edges. Let F' be a connected
graph with the diameter D(F') > 1, and B be (p, ¢)+connected graph. Upper bounds for
the mixed fault diameter of Cartesian graph bundle G with fibre F' over the base graph B
are given. We prove that if ¢ > 0, then D11 ,¢)(G) < D(F) + Dy oy(B), and if ¢ = 0
and p > 0, then D(p+1’0)(G) < D(F) + max{D(p’O)(B), D(pfl,l)(B)}
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1 Introduction

Graph products and bundles belong to a class of frequently studied interconnection net-
work topologies. For example meshes, tori, hypercubes and some of their generalizations
are Cartesian products. It is less known that some other well-known interconnection net-
work topologies are Cartesian graph bundles, for example twisted hypercubes [9, 12] and
multiplicative circulant graphs [23].
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In the design of large interconnection networks several factors have to be taken into
account. A usual constraint is that each processor can be connected to a limited number of
other processors and that the delays in communication must not be too long. Furthermore,
an interconnection network should be fault tolerant, because practical communication net-
works are exposed to failures of network components. Both failures of nodes and failures
of connections between them happen and it is desirable that a network is robust in the sense
that a limited number of failures does not break down the whole system. A lot of work has
been done on various aspects of network fault tolerance, see for example the survey [8] and
the more recent papers [16, 24, 26]. In particular the fault diameter with faulty vertices,
which was first studied in [18], and the edge fault diameter have been determined for many
important networks recently [2, 3, 4, 5, 10, 11, 19, 25]. Usually either only edge faults
or only vertex faults are considered, while the case when both edges and vertices may be
faulty is studied rarely. For example, [16, 24] consider Hamiltonian properties assuming a
combination of vertex and edge faults. In recent work on fault diameter of Cartesian graph
products and bundles [2, 3, 4, 5], analogous results were found for both fault diameter and
edge fault diameter. However, the proofs for vertex and edge faults are independent, and
our effort to see how results in one case may imply the others was not successful. A natural
question is whether it is possible to design a uniform theory that covers simultaneous faults
of vertices and edges. Some basic results on edge, vertex and mixed fault diameters for
general graphs appear in [6]. In order to study the fault diameters of graph products and
bundles under mixed faults, it is important to understand generalized connectivities. Mixed
connectivity which generalizes both vertex and edge connectivity, and some basic observa-
tions for any connected graph are given in [13]. We are not aware of any earlier work on
mixed connectivity. A closely related notion is the connectivity pairs of a graph [7], but
after Mader [20] showed the claimed proof of generalized Menger’s theorem is not valid,
work on connectivity pairs seems to be very rare.

An upper bound for the mixed fault diameter of Cartesian graph bundles is given in
[14] that in some case also improves previously known results on vertex and edge fault
diameters on these classes of Cartesian graph bundles [2, 5]. However these results address
only the number of faults given by the connectivity of the fibre (plus one vertex), while
the connectivity of the graph bundle can be much higher when the connectivity of B is
substantial. It seems obvious that the upper bound from [14] can be improved. In this
paper we provide an upper bound that takes into account the mixed connectivity of the base
graph B, i.e. the number of faults allowed is given by the connectivity of the base graph
(plus one vertex), thus complementing the result of [14]. We show by examples that the
bounds of the new result are tight. In addition, in some cases Theorem 4.6 also improves
previously known results on vertex and edge fault diameters on these classes of Cartesian
graph bundles [2, 5].

The rest of the paper is organized as follows. General definitions, in particular of the
connectivities, are given in section Preliminaries. The third section introduces graph bun-
dles and recalls relevant previous results. In Section 4, the proof of the main theorem is
given, followed by a short discussion.

2 Preliminaries

A simple graph G = (V, E) is determined by a vertex set V =V (G) and a set E = E(Q)
of (unordered) pairs of vertices, called edges. As usual, we will use the short notation
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uv for edge {u,v}. For an edge e = uv we call u and v its endpoints. It is sometimes
convenient to consider the union of elements of a graph, S(G) = V(G) U E(G). Given
X C S(G) then S(G) \ X is a subset of elements of G. However, note that in general
S(G) \ X may not induce a graph. As we need notation for subgraphs with some missing
(faulty) elements, we formally define G \ X, the subgraph of G after deletion of X, as
follows:

Definition 2.1. Let X C S(G),and X = XpUXy, where Xg C E(G) and Xy C V(G).
Then G \ X is the subgraph of (V(G), E(G) \ Xg) induced on vertex set V(G) \ Xy .

A walk between vertices x and y is a sequence of vertices and edges vy, e1, v1, €2, Vs,
ve.y Ugp—1, €k, Vg Where © = vy, y = v, and e; = v;_1v; for each 7. A walk with all
vertices distinct is called a path, and the vertices vy and v, are called the endpoints of the
path. The length of a path P, denoted by ¢(P), is the number of edges in P. The distance
between vertices = and y, denoted by d¢(z,y), is the length of a shortest path between
and y in G. If there is no path between = and y we write dg(x,y) = oo. The diameter
of a connected graph G, D(G), is the maximum distance between any two vertices in G.
A path P in G, defined by a sequence z = vg, e1,v1,€2,V2,...,Vk_1,€k,Vx = Y can
alternatively be seen as a subgraph of G with V(P) = {vg,v1,va,...,v;} and E(P) =
{e1,ée2,...,exr}. Note that the reverse sequence gives rise to the same subgraph. Hence
we use P for a path either from z to y or from y to x. A graph is connected if there is
a path between each pair of vertices, and is disconnected otherwise. In particular, K7 is
by definition disconnected. The connectivity (or vertex connectivity) x(G) of a connected
graph G, other than a complete graph, is the smallest number of vertices whose removal
disconnects GG. For complete graphs is x(K,,) = n — 1. We say that G is k-connected (or
k-vertex connected) for any 0 < k < k(G). The edge connectivity A(G) of a connected
graph G, is the smallest number of edges whose removal disconnects G. A graph G is said
to be k-edge connected for any 0 < k < A(G). It is well known that (see, for example, [1],
page 224) k(G) < MG) < d¢g, where d¢ is smallest vertex degree of G. Thus if a graph
G is k-connected, then it is also k-edge connected. The reverse does not hold in general.

Here we are interested in mixed connectivity that generalizes both vertex and edge
connectivity. Note that the definition used here slightly differs from the definition used in
a previous work [13].

Definition 2.2. Let G be any connected graph. A graph G is (p, ¢)+connected, if G re-
mains connected after removal of any p vertices and any ¢ edges.

We wish to remark that the mixed connectivity studied here is closely related to con-
nectivity pairs as defined in [7]. Briefly speaking, a connectivity pair of a graph is an
ordered pair (k,¢) of two integers such that there is some set of k vertices and ¢ edges
whose removal disconnects the graph and there is no set of k& — 1 vertices and ¢ edges or
of k vertices and ¢ — 1 edges with this property. Clearly (k, £) is a connectivity pair of G
exactly when: (1) G is (k — 1, )+connected, (2) G is (k, ¢ — 1)+connected, and (3) G is
not (k, £)+connected. In fact, as shown in [13], (2) implies (1), so (k, £) is a connectivity
pair exactly when (2) and (3) hold.

From the definition we easily observe that any connected graph G is (0, 0)+connected,
(p, 0)+connected for any p < «(G) and (0, ¢)+connected for any ¢ < A(G). In our notation
(i,0)+connected is the same as (i + 1)-connected, i.e. the graph remains connected after
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removal of any ¢ vertices. Similarly, (0, j)+connected means (j + 1)-edge connected, i.e.
the graph remains connected after removal of any j edges.

Clearly, if G is a (p, ¢)+connected graph, then G is (p/, ¢')+connected for any p’ < p
and any ¢’ < ¢. Furthermore, for any connected graph G with k < x(G) faulty vertices,
at least k edges are not working. Roughly speaking, graph GG remains connected if any
faulty vertex in G is replaced with a faulty edge. It is known [13] that if a graph G is
(p, q)+connected and p > 0, then G is (p — 1, ¢ + 1)+connected. Hence for p > 0 we
have a chain of implications: (p, ¢)+connected = (p — 1, ¢ + 1)+connected = ... =
(1,p + g — 1)+connected = (0,p + ¢)+connected, which generalizes the well-known
proposition that any k-connected graph is also k-edge connected. Therefore, a graph G is
(p, ¢)+connected if and only if p < x(G) and p + ¢ < A\(G).

Note that by our definition the complete graph K,,, n > 2, is (n — 2, 0)+connected, and
hence (i, j)+connected for any i + j < n — 2. Graph K> is (0, 0)+connected, and mixed
connectivity of K is not defined.

If for a graph G k(G) = M(G) = k, then G is (i, j)+connected exactly when i+ j < k.
However, if 2 < k(G) < A(G), the question whether G is (i, j)+connected for 1 <
i < k(G) < i+ j < A(G) is not trivial. The example below shows that in general the
knowledge of x(G) and A(G) is not enough to decide whether G is (4, j)+connected.

Example 2.3. For graphs on Fig. 1 we have x(G1) = k(G2) = 2 and A\(G1) = A(G2) =
3. Both graphs are (1, 0)+connected => (0, 1)+connected, and (0, 2)+ connected. Graph
G is not (1, 1)+connected, while graph G is.

<P <P

Figure 1: Graphs G; and G2 from Example 2.3.

Definition 2.4. Let G be a k-edge connected graph and 0 < a < k. The a-edge fault
diameter of G is

DE(@Q) = max {D(G\ X) | X C E(G),|X| = a}.

Definition 2.5. Let G be a k-connected graph and 0 < a < k. The a-fault diameter (or
a-vertex fault diameter) of G is

DY (G) = max {D(G\ X) | X CV(G),|X| = a}.

Note that DE(G) is the largest diameter among the diameters of subgraphs of G' with
a edges deleted, and DY (G) is the largest diameter over all subgraphs of G' with a vertices
deleted. In particular, DF(G) = DY (G) = D(G), the diameter of G. For p > x(G) and
for ¢ > A(G) we set D)/ (G) = oo, DF(G) = o0, as some of the subgraphs are not vertex
connected or edge connected, respectively.

It is known [6] that for any connected graph G the inequalities below hold.
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1. D(G) = DF(G) < DY (G) < DF(G) < ... < Dfj)_1(G) < oo
2. D(G) =Dy (G) <DY(G) <DJ(G) < ... £ DY) 1(G) < o

Definition 2.6. Let G be a (p, ¢)+connected graph. The (p, ¢)-mixed fault diameter of G
is

D(p,q)(G) = max{D(G\ (X UY)) [ X CV(G),Y € E(G),|X]|=p, Y] =q}.

Note that by Definition 2.6 the endpoints of edges of set Y can be in X. In this case
we may get the same subgraph of G by deleting p vertices and fewer than ¢ edges. It is
however not difficult to see that the diameter of such subgraph is smaller than or equal
to the diameter of some subgraph of G where exactly p vertices and exactly ¢ edges are
deleted. So the condition that the endpoints of edges of set Y are not in X need not to
be included in Definition 2.6. The mixed fault diameter D, )(G) is the largest diameter
among the diameters of all subgraphs obtained from G by deleting p vertices and ¢ edges,
hence D(g,0)(G) = D(G), D(0,q)(G) = DF(G) and Dy, 0)(G) = DY (G).

LetHY = {G\X | X CV(G),|X|=a}and HF = {G\ X | X C E(G),|X| =b}.
It is easy to see that

1. max {DF(H) | H € H)'} = D(a,n)(G).
2. max{DY (H) | H € HE} = Do ().

In previous work [6] on vertex, edge and mixed fault diameters of connected graphs the
following theorem has been proved.

Theorem 2.7. Let G be (p, q)+connected graph and p > 0.

o Ifqg >0, then Df_,,_q(G) < D(Lp«%qfl)(G) <...< 'D(p)q)(G

).
e Ifq=0,then DE(G) < D1 ,_1)(G) < --- < D_1,1y(G) < DY (G) + 1.

3 Mixed fault diameter of Cartesian graph bundles

Cartesian graph bundles are a generalization of Cartesian graph products, first studied in
[21, 22]. Let G; and G5 be graphs. The Cartesian product of graphs G, and G2, G =
G10@5, is defined on the vertex set V(G1) x V(Gz). Vertices (u1,v1) and (usg, vo) are
adjacent if either uyus € F(G1) and v1 = v2 or v1v2 € E(G3) and u; = usy. For further
reading on graph products we recommend [15].

Definition 3.1. Let B and F be graphs. A graph G is a Cartesian graph bundle with fibre
F over the base graph B if there is a graph map p : G — B such that for each vertex
v € V(B), p~*({v}) is isomorphic to F, and for each edge ¢ = uv € E(B), p~!({e}) is
isomorphic to FUK5.

More precisely, the mapping p : G — B maps graph elements of G to graph elements
of B,ie. p: V(G) U E(G) — V(B) U E(B). In particular, here we also assume that
the vertices of GG are mapped to vertices of B and the edges of G are mapped either to
vertices or to edges of B. We say an edge e € E(Q) is degenerate if p(e) is a vertex.
Otherwise we call it nondegenerate. The mapping p will also be called the projection (of
the bundle G to its base B). Note that each edge e = uv € F(B) naturally induces an
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isomorphism . : p~*({u}) — p~!({v}) between two fibres. It may be interesting to note
that while it is well-known that a graph can have only one representation as a product (up to
isomorphism and up to the order of factors) [15], there may be many different graph bundle
representations of the same graph [29]. Here we assume that the bundle representation is
given. Note that in some cases finding a representation of GG as a graph bundle can be found
in polynomial time [17, 27, 28, 29, 30, 31]. For example, one of the easy classes are the
Cartesian graph bundles over triangle-free base [17]. Note that a graph bundle over a tree
T (as a base graph) with fibre F’ is isomorphic to the Cartesian product TTF" (not difficult
to see, appears already in [21]), i.e. we can assume that all isomorphisms ¢, are identities.
For a later reference note that for any path P C B, p~!(P) is a Cartesian graph bundle
over the path P, and one can define coordinates in the product PLJF in a natural way.

In recent work on fault diameter of Cartesian graph products and bundles [2, 3, 4, 5],
analogous results were found for both fault diameter and edge fault diameter.

Theorem 3.2. [2] Let G be a Cartesian bundle with fibre F over the base graph B, graph
F be (a,0)+connected and graph B be (b,0)+connected. Then

Dt‘z/+b+1(G) <D} (F)+ Dy (B)+1.

Theorem 3.3. [5] Let G be a Cartesian bundle with fibre F over the base graph B, graph
F be (0, a)+connected and graph B be (0,b)+connected. Then

DF.,1(G) < DE(F)+ Dy (B) + 1.

Before writing a theorem on bounds for the mixed fault diameter we recall a theorem
on mixed connectivity.

Theorem 3.4. [13] Let G be a Cartesian graph bundle with fibre F' over the base graph
B, graph F be (pr, qr)+connected and graph B be (pg, qp)+connected. Then Cartesian
graph bundle G is (pr + pp + 1, qr + qB)+connected.

In recent work [14], an upper bound for the mixed fault diameter of Cartesian graph
bundles, D(p+1,q) (@), in terms of mixed fault diameter of the fibre and diameter of the
base graph is given. Theorem 3.5 improves results 3.2 and 3.3 for b = 0.

Theorem 3.5. [14] Let G be a Cartesian graph bundle with fibre F over the base graph B,
where graph F is (p, q)+connected, p + q > 0, and B is a connected graph with diameter
D(B) > 1. Then we have:

o Ifq >0, then 'D(erl’q)(G) < D(p’q) (F) + D(B)
e Ifq=0,then D), ,(G) < max{D) (F),D(,—1,1)(F)} + D(B).

Here we prove a similar result for an upper bound for the mixed fault diameter of
Cartesian graph bundles, D(pﬂ,q) (@), in terms of diameter of the fibre and mixed fault
diameter of the base graph. We consider mixed fault diameter of Cartesian graph bundle
G with connected fibre F. If the graph B is (p, ¢)+connected then Cartesian graph bundle
with connected fibre F' over the base graph B is at least (p + 1, ¢)+connected. Theorem
4.6 improves results 3.2 and 3.3 for a = 0.
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4 Proof of the main theorem

Before stating and proving the main theorem, we prove several lemmas and introduce some
notation used in this section.

Let G be a Cartesian graph bundle with fibre F' over the base graph B. The fibre of
vertex © € V(G) is denoted by F, formally, F,, = p~'({p(z)}). We will also use no-
tation F'(u) for the fibre of the vertex u € V(B), i.e. F(u) = p~!({u}). Note that
F, = F(p(x)). We will also use shorter notation z € F(u) for x € V(F(u)).

Let u,v € V(B) be distinct vertices, and @ be a path from u to v in B, and € F(u).
Then the lift of the path Q to the vertex x € V(G), Q. is the path from x € F(u) to a
vertex in F'(v), such that p(Q,) = Q and £(Q,) = ¢(Q). Let z, 2’ € F(u). Then Q, and
Q. have different endpoints in F' (v) and are disjoint paths if and only if z # 2'. In fact,
two lifts Q, and Q.- are either disjoint Q:NQy = 0or equal, Q. = Qu. We will also
use notation @ for lifts of the path Q to any vertex in F(u).

Let @ be a path from u to v and e = vw € E(Q). We will use notation @ \ e for the
subpath from w to v, i.e. @ \ e = Q \ {u,e} = Q \ {u}.

Let G be a graph and X C S(G) be a set of elements of G. A path P from a ver-
tex x to a vertex y avoids X in G, if S(P) N X = (), and it internally avoids X, if

(S(P)\ {z,y}) N X =0.
We will use Lemma 4.1 in following proofs.

Lemma 4.1. Ler F' and B be connected graphs, D(F) > 1, and let G be a Cartesian
graph bundle with fibre F over the base graph B. Let x,y € V(G) be two vertices, such
that p(x) # p(y), and let Q) be a path from p(z) to p(y) in B. Then there are (at least)
two internally vertex-disjoint paths from x to y in p~1(Q) = FOQ C G of lengths at most

D(F) +4(Q).

Proof. Let G be a Cartesian graph bundle with connected fibre F', D(F) > 1, over the
connected base graph B. Letz,y € V(G), p(z) # p(y), and Q be a path from p(z) to
p(y) in B. Let 2’ € F), be the endpoint of Q).

e If 2/ = y, then there are two paths

P xgy, P x—)sgs — v,

where s € F, and s’ € F, are neighbors of = and y, respectively. Paths P, P, are
internally vertex-disjoint paths from z to y in p~1(Q) and £(P;) = £(Q), {(P,) =
1+0(Q)+1 < D(F) +((Q).

o If 2/ = y, then there are two paths

P x%x =y, Py x%y %y7

where P is a path from z’ to y inside of the fibre F} of length {(P) < D(F),
y' € F, is the endpoint of Q, and P’ is a path inside of the fibre F, of length
E(P’ ) < D(F). Paths Py, P, are internally vertex-disjoint paths from z to y in
p~H(Q) and {(P;) < £(Q) +D(F),i=1,2.

O
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Lemma 4.2. Let G be a Cartesian graph bundle with fibre F' over the base graph B, the
graph F be a connected graph with diameter D(F') > 1, and the graph B be (p,0)+con-
nected, p > 0. Then

Diy11.0)(G) = DY,1 (@) < D(F) + max{DY (B), Diy1.1)(B)}.

Proof. Let F be a connected graph, D(F) > 1, the graph B be (p, 0)+connected, p > 0,
and let G be a Cartesian graph bundle with fibre F' over the base graph B. By Theorem 3.4,
the Cartesian graph bundle G is (p + 1,0)+connected. Let X C V(G) be a set of faulty
vertices, | X| = p+ 1, and let z,y € V(G) \ X be two distinct nonfaulty vertices in G.
We shall consider the distance d¢\ x («,y). Note that as graph B is (p, 0)+connected and
p > 0, itis also (p — 1, 1)+connected and D, 1)(B) > 2.

e Suppose first that = and y are in the same fibre, i.e. p(z) = p(y).
If [ X NV(F,)| =0, thendg\ x (z,y) < D(F). If | X N V(F,)| > 0, then outside of
fibre F, there are at most p faulty vertices. As a graph B is (p, 0)+connected, there
are at least p + 1 neighbors of vertex p(x) in B. Therefore there exist a neighbor v of

vertex p(x) in B, such that | X N F(v)| = 0, and there is a path z — z’ By sy,
which avoids X, where ',y € F(v) and £{(P) < D(F). Thus deyx(z,y) <
1+ D(F) +1 < D(F) + D11 (B).

e Now assume that - and y are in distinct fibres, i.e. p(x) # p(y).
Denote X5 = {v € V(B) \ {p(z),p(y)};|X N F(v)] > 0}. We distinguish two
cases.

1. If p < |Xp| < p+ 1, then let X; C Xp be an arbitrary subset of Xp
with | Xz| = p. The subgraph B \ X} is a connected graph and there exist
a path Q from p(z) to p(y) with £(Q) < D) (B). In p~1(Q) there is at most
one faulty vertex. By Lemma 4.1 there are two internally vertex-disjoint paths
from z to y in p~1(Q) and at least one of them avoids the faulty element, thus
de\x (w,y) < Q) + D(F) < D (B) + D(F).

2. If | X | < p, then the subgraph B\ X is (at least) (1, 0)+connected, thus also
(0, 1)+connected.
If the vertex p(y) is not a neighbor of p(x), then there is a path @ from p(x)
to p(y) in B with 2 < £(Q) < Dy ,(B) < D)/(B) that internally avoids
Xp. Letv € V(Q) be a neighbor of p(z), ¢ = p(x)v. Then there is a path
oo Dy A y, which avoids X, where 2/, 3y’ € F(v) and ¢(P) < D(F).
Thus de\ x (2, y) < 1+ D(F) + DY (B) —1=D(F) + D} (B).
If e = p(x)p(y) € E(B), then B\ (Xp U {e}) is a connected graph and there
is a path Q" from p(z) to p(y) with 2 < £(Q") < D(,—1,1)(B) that internally
avoids X p. Similar as before dg x (z,y) < 1+ D(F) +Dp_1,1)(B) — 1 =
D(F) + D(p—1,1)(B).

O
Example 4.3. Lemma 4.2 for p = 1 reads:

DY (@) < D(F) + max{D} (B), DY (B)}.
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1. Let B = K4\ {e}. Then D(B) = DY (B) = DF(B) = 2. The 2-vertex fault
diameter of Cartesian graph product P3(1B is DY (Ps0B) = D(P3) + DY (B) =
242=4.

2. The 2-vertex fault diameter of Cartesian graph product P3[0K3 is Dy (Ps0K3) =
D(P3) + DE(K3) =2+2=4.

In both examples the bound of Lemma 4.2 is tight.

Lemma 4.4. Let G be a Cartesian graph bundle with fibre F' over the base graph B, the
graph F be a connected graph with diameter D(F') > 1, and the graph B be (0, q)+con-
nected, ¢ > 0. Then

D(1,¢)(G) < D(F) + DE¥(B) = D(F) + Dy, (B).

Proof. Let F' be a connected graph, D(F') > 1, and B be (0, ¢)+connected graph, ¢ > 0.
Then D (B) > 2 and by Theorem 3.4, the Cartesian graph bundle G with fibre F’ over the
base graph B is (1, g)+connected. Let a € V(G) be the faulty vertex and Y C E(G) be
the set of faulty edges, |Y| = ¢. Denote the set of degenerate edges in Y by Y, and the set
of nondegenerate edges by Yy, Y = Yy UYp, p(Yp) C V(B), p(Yn) C E(B). Denote
the set of faulty elements by X = {a} UY". Letz,y € V(G) \ {a} be two arbitrary distinct
nonfaulty vertices in G. We shall find an upper bound for the distance de x (z, ).

e Suppose first that = and y are in the same fibre, i.e. p(z) = p(y).
If |F, N X| = 0, then den x (z,y) < D(F). If |[F, N X| > 0, then outside of fibre
F, there are at most ¢ faulty elements. As the graph B is (0, ¢)+connected, there
are at least ¢ + 1 neighbors of vertex p(z) in B. Therefore there exist a neighbor
v of vertex p(x) in B, such that p(z)v ¢ p(Yy) and |F(v) N ({a} UYp)| = 0,
and there is a path x — 2’ LA y" — y which avoids X, where z’,y’ € F(v) and
((P) < D(F). Thus den x (z,y) <1+ D(F) + 1 < D(F) + DF(B).

e Now assume that = and y are in distinct fibres, i.e. p(x) # p(y).
Let B' = B\ p(Yn). As [p(Yn)| < ¢ — |YD|, the subgraph B’ is at least (0, |[Yp|)+
connected and p~1'(B’) does not contain nondegenerate faulty edges,
lp~'(B)NnYn|=0.
Let Y’ = {p(x)v € E(B’);|F(v) N ({a} UYp)| > 0}. We distinguish two cases.

1. Leta € V(F,) U V(Fy), and without of loss of generality assume a € V (Fy).
Then |Y’| < |Yp| and the subgraph B\ Y’ = B\ (Y’ Up(Yy)) is a connected
graph. Therefore there exists a path @ from p(x) to p(y) in B of length 1 <
((Q) < DE(B), that avoids p(Yy), and for the neighbor v € V(Q) of the
vertex p(x), e = p(x)v, there is no faulty elements in the fibre F'(v). Note that
the path @ \ e avoids p(a).

If v = p(y) there is a path z — 2’ L5y, where 2/ € F, and {(P) < D(F),
that avoids faulty elements, thus dG\X(ac y) <1+ D(F) <D(F)+D}(B )

If v # p(y) there is a path z — 2’ it y % y, where 2/, y’ € F(v) an
{(P) < D(F), which avoids faulty elements, thus de x (2,y) < 1+ D(F)
DE(B) —1=D(F)+DE(B).

2. Ifa ¢ V(F;) UV(Fy), we distinguish three cases.
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(b)
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Suppose |(F, U Fy) NYp| = 0. There exist a path ) from p(x) to p(y)
in B' C B of length /(Q) < DJF(B), that avoids p(Yx). By Lemma 4.1
there are two internally vertex-disjoint paths from x to v in p~1(Q), that
avoid Y and at least one of them avoids faulty vertex a, thus dg\ x (z,y) <
((Q) + D(F) < DE(B) + D(F).

Suppose, that exactly one of fibres I, F, contains faulty edges, without of
loss of generality let |, N Yp| > 0and |F, N Yp| = 0. Then |Y'| < |Yp|
and the subgraph B\ Y’ = B\ (Y’ Up(Yy)) is a connected graph. There
exist a path @ from p(z) to p(y) in B of length 1 < /(Q) < DE(B), that
avoids p(Yy) and for the neighbor v € @ of vertex p(z), e = p(x)v, there
is no faulty elements in the fibre F'(v).

If v = p(y) then d\ x (#,y) < 14 D(F) < D(F) + DF(B).

If v # p(y), letv’ € F(v)be aneighborof z. As |(F(v) U F,) NYp| =0,
similar as in (a) there is a path from v’ to 3 in p~1(Q \ e) of length at
most D(F) + DE(B) — 1, that avoids faulty elements, thus de x (2, y) <
1+D(F)+DfF(B)—1=D(F)+Df(B).

At last, suppose |[F, N Yp| > 0and |[F, NYp| > 0.

i. Assume dp/ (p(x),p(y)) = 1. In this case p(z)p(y) € Y', and |Y'| <
|Yp| as |F; NYp| > 0. Thus the subgraph B’ \ Y is connected, and
there exists a path @ from p(z) to p(y) in B of length 2 < £(Q) <
DF (B), that avoids p(Yy ), and for the neighbor v € Q of vertex p(x),
e = p(z)v, there is no faulty elements in the fibre F'(v).

If /(Q) = 2, then there is a path z — z’ 5y = y, where 2/, €
F(v) and ¢(P) < D(F'), which avoids faulty elements, thus
denx (z,y) <1+ D(F) +1 < D(F) + DF(B).

If3 < ((Q) < DE(B), then the path = — 2/ > o — s — y
where 2',y' € F(v), £{(P") < D(F), and s € V(F,), avoids faulty
elements, thus de\ x (z,y) < 1+ D(F) + 1+ 1 < D(F) + DE(B).
ii. Assume, dp/(p(x),p(y)) = 2. Then there is at least one common
neighbor of vertices p(z) and p(y) in B’. If there exist a common
neighbor v of vertices p(x) and p(y) in B’ for which there is no faulty
elements in the fibre F'(v), then as before de x (z,y) < 1+ D(F) +
1 < D(F) + DF(B). Otherwise suppose, there is some common
neighbor w of vertices p(z) and p(y) in B’ for which a ¢ F(w) and
|[F(w)NYp| > 0. As |Y'| < |Yp| — 1 the subgraph B’ \ Y’ is (at
least) (0, 1)+connected graph. If vertex p(a) is a neighbor of p(y) in
B', ¢ =p(y)p(a) C E(B’), then also B"\ (Y’ U{e’}) is a connected
graph. Therefore there exist a path ) from p(z) to p(y) in B of length
3 < 4(Q) < DE(B), that avoids p(Yx ), and for the neighbor u €
V(Q) of vertex p(z), there is no faulty elements in the fibre '(u), and
for the neighbor v € V' (Q) of vertex p(y), v # p(a).
If £(Q) = 3 < DE(B), then there is a path z — 2’ Ly 5soy,
where 2,y € F(u), {(P) < D(F), s € F(v), which avoids faulty
elements, thus de x (z,y) < 1+ D(F) +1+1 < D(F) + DE(B).

If4 < Q) < Df(B), then the path = — 2/ L4 y = s—=s =y,
where 2,y € F(u), {(P') < D(F), s € V(F,), s € F(w), avoids
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faulty elements, thus dey\ x (2,y) < 1+ D(F) +1+2 < D(F) +
DE(B).

The last case to consider is when p(a) is the only common neighbor
of vertices p(z) and p(y) in B’.

Let Y = {p(y)v € E(B');|F(v)Nn({a} UYp)| > 0}. As p(a) is
the only common neighbor of vertices p(x) and p(y), Y UY"| <
|Yp| and the subgraph B\ (Y’ UY") is a connected graph. Therefore
there exist a path @ from p(z) to p(y) in B of length 3 < ¢(Q) <
DE(B), that avoids p(Yy), and for neighbors u € V(Q) of vertex
p(x) and v € V(Q) of vertex p(y), there is no faulty elements in
fibres F'(u) and F'(v). Let 2’ € F(u) be a neighbor of x and ' €
F(v) be a neighbor of y. As in (a) there is a path from 2’ to 3’ in
p~HQ\{p(x), p(y)} of length at most D(F)+Df (B)—2, that avoids
faulty elements, thus dey x (2,y) < 1+ D(F)+DF(B) —2+1 =
D(F)+DE(B).

iii. Finally, suppose dp(p(x),p(y)) > 3. As there is no common neigh-
bor of vertices p(z) and p(y) in B/, |[Y'UY"| < |Yp| -2+ 1 =
|[Yp| — 1 and as before there exist a path @ from p(z) to p(y) in
B of length 3 < ¢(Q) < DJF(B), that avoids p(Yy), and for both
neighbors v € V(Q) of vertex p(z) and v € V(Q) of vertex p(y),
there is no faulty elements in fibres F'(u) U F'(v), thus de x (2, y) <
1+D(F)+Df(B)—2+1=D(F)+DF(B).

O

Lemma 4.5. Let G be a Cartesian graph bundle with fibre F' over the base graph B, the
graph F be a connected graph with diameter D(F) > 1, and the graph B be (p, q)+con-
nected, ¢ > 0. Then

D(erl:q)(G) <D(F) + D(p,q) (B).

Proof. The case when p = 0 is already proved by Lemma 4.4. So let us assume p > 0.
Let the graph F be a connected graph, D(F) > 1, and the graph B be (p, ¢)+connected,
p,q > 0. Then D, )(B) > 2 and by Theorem 3.4, the Cartesian graph bundle G' with
fibre F over the base graph B is (p + 1, ¢)+connected. Let X C V(G) be the set of faulty
vertices, | X| = p+1,and Y C E(G) be the set of faulty edges, |Y'| = ¢. Denote the set of
degenerate edges in Y by Yp, and the set of nondegenerate edges by Yy, Y = Yy U Yp,
p(Yp) CV(B),p(Yn) C E(B). Letz,y € V(G) \ X be two distinct nonfaulty vertices
in G. We shall determine an upper bound for the distance d¢\ (xuy)(z, y).

e Suppose first that = and y are in the same fibre, i.e. p(z) = p(y).

If ‘Fw N (X U YD)| = 0, then dG\(XUY)(mvy) < D(F) If ‘F$ n (X UYD)| > 0,
then there are at most p + ¢ faulty elements outside of the fibre F,. As the graph
B is (p, g)+connected, there are at least p + ¢ + 1 neighbors of vertex p(x) in B.
Therefore there exists a neighbor v of vertex p(x) in B, such that p(z)v ¢ p(Yy) and
|F(v) N (X UYp)| =0, and there is a path z — 2’ By =y, where 2,y € F(v)
and £(P) < D(F), which avoids X UY". Thus dey (xuy)(z,y) <1+ D(F) +1 <
D(F) + D(p,q) (B).
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e Now assume that = and y are in distinct fibres, i.e. p(x) # p(y).
Let Xp = {v e V(B)\ {p(z),p(y)}; |F(v) N X| > 0}. We distinguish two cases.

1. If p < |Xp| <p+1,thenlet X; C Xp, |Xj| = p. The subgraph B\ X},
is (0, q)+connected and there is at most one faulty vertex and ¢ faulty edges
inp~1(B\ X}5). By Lemma 4.4 there is a path from z to y in p~ (B \ X})
with length at most D(F) + DE (B \ X}), that avoids faulty elements, thus
dG\(XuY)(CUa y) <D(F) + DE(B \ Xp) =D(F) + D(pvq)(B)

2. Suppose | Xp| < p. Let Y = {p(z)v € E(B);|F(v)NYp| > 0} and B’ =
B\ (X UYp Up(Yy)). Then the subgraph B’ is (at least) (1, 0)+connected,
thus also (0, 1)+connected.

If dg/(p(z),p(y)) > 2, then there is a path @ from p(z) to p(y) in B C B
with 2 < £(Q) < Dp1,¢)(B) < Dp,q)(B) that internally avoids Xp, it
avoids p(Yy), and for the neighbor v € V(Q) of vertex p(x), ¢/ = p(z)v,
there is no faulty elements in the fibre F'(v). Therefore there is a path x —

o By pAN y, where 2/, y’ € F(v) and £(P) < D(F), which avoids X UY,
thus dg\XUy(.’L‘, y) <1+ D(F) + D(p,q)(B) —-1= D(F) + 'D(p’q) (B)

If dp/(p(z),p(y)) = 1, e = p(z)p(y) € E(B’), then the subgraph B’ \ {e} is
a connected graph and there is a path Q" from p(x) to p(y) with 2 < £(Q’) <
D(p—1,q+1)(B) < Dy o) (B) that internally avoids Xp, it avoids p(Yx ), and
for the neighbor v € V(Q) of vertex p(z), there is no faulty elements in the
fibre F'(v), and as before de\ xuy (2,y) < 1+ D(F) + D q(B) — 1 =
D(F) + ’D(p’q) (B)

O

Theorem 4.6. Let G be a Cartesian graph bundle with fibre F over the base graph
B, the graph F be a connected graph with diameter D(F) > 1, and the graph B be
(p, q)+connected, p + q > 0. Then we have:

e Ifq >0, then D11 ,4)(G) < D(F) + Dy g)(B).
e Ifq=0, then D(11,0)(G) = Dy 1(G) < D(F) + max{D} (B),D,—1,1)(B)}-

Proof. The statement of Theorem 4.6 follows from Lemma 4.2 (case ¢ = 0), Lemma 4.4
(case p = 0), and Lemma 4.5 (for positive p and ¢). O]

Remark 4.7. Let G be a Cartesian graph bundle with fibre F' over the base graph B, the
graph F be a connected graph with diameter D(F') > 1, and the graph B be (p, 0)+con-
nected, p > 0. By Theorem 4.6 we have an upper bound for the (vertex) fault diameter
DY, 1(G) < D(F)+ D, (B) +1 for any graph B. Similarly, D}/, (G) < D(F)+ D} (B)
if D(,—1,1)(B) < DI‘)/(B) holds.

Next corollary easily follows from Theorems 3.5 and 4.6.

Corollary 4.8. Let both graphs F' and B be (p,q)+connected, p + q > 0, D(F) > 1,
D(B) > 1, and let G be a Cartesian graph bundle with fibre F over the base graph B.
Then we have:

o Ifqg >0, then D(erl,q)(G) < maX{D(F) + 'D(p,q)(B), 'D(p’q) (F) + D(B)},
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e Ifq=0, then DXH(G) < max{D(F) —l—'DV(B),DZ‘,/(F) +D(B)} +1,

P
and DY, (G) < max{D(F)+DY (B), DY (F)+D(B)}, if D, 1.1)(F) < DY (F)
and D, 1,1y (B) < D) (B) hold.

We conclude with a conjecture. We know that a Cartesian graph bundle with fibre F
over the base graph B, where graph F is (pg, qr)+connected, pr + g > 0, and where
graph B is (pg, g )+connected, pg + gp > 0,1is (pg +pr + 1, ¢ + qr)+connected [13].
An upper bound for the mixed fault diameter where the number of allowed faulty elements
would be the maximal possible may be the following:

Conjecture 4.9. Let G be a Cartesian graph bundle with fibre F over the base graph
B, where the graph F is (pr, qr)+connected, pr + qr > 0, and where the graph B is
(pB,qB)+connected, pg + qg > 0. Then

D(pB"FPF"FLQB“F(IF)(G) < D(PF711F)(F) + D(pB,qB)(B) + L
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