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Abstract

In this paper we present a method for constructing directed strongly regular graphs
with assumed action of an automorphism group. The application of this method leads to
the construction of directed strongly regular graphs with parameters (22, 9, 6, 3, 4). We
have shown that an automorphism of prime order acting on such a graph can only be of
order two or three. Furthermore, we have constructed 472 directed strongly regular graphs
with parameters (22, 9, 6, 3, 4) and classified all these graphs with an automorphism of
order three.
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1 Introduction
We assume familiarity with the basic facts and concepts of graph theory. For further reading
on the topic, we refer the reader to [2, 4, 9].

In [9] Duval introduced the directed graph version of a strongly regular graph. A di-
rected graph is a pair Γ = (V,E) consisting of a set V , referred to as the vertex set of Γ
and a set E ⊆ V × V , which is called the edge set of Γ. A directed strongly regular graph
with parameters (v, k, t, λ, µ) is a directed graph Γ = (V,E) on v vertices without loops
such that each vertex x ∈ V has in-degree and out-degree k, each vertex x ∈ V has t out-
neighbors that are also in-neighbors of x, and for each pair of vertices x, y ∈ V , the number
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Rukavina)

cb This work is licensed under https://creativecommons.org/licenses/by/4.0/

https://orcid.org/0000-0002-8094-3724
https://orcid.org/0000-0003-3365-7925


2 Ars Math. Contemp. 26 (2026) #P4.08

of directed paths of length two from x to y is λ if (x, y) ∈ E, and µ if (x, y) /∈ E. We call
such a graph Γ a DSRG(v, k, t, λ, µ). Its adjacency matrix A = [aij ] is a (0, 1)-matrix
with rows and columns indexed by V and defined by axy = 1 if and only if (x, y) ∈ E.
The adjacency matrix A of Γ satisfies

A2 + (µ− λ)A− (t− µ)I = µJ (1.1)
AJ = JA = kJ (1.2)

where I denotes the identity matrix and J the all-1 matrix of order v.
Since the introduction of directed strongly regular graphs by Duval [9], this concept

has attracted the attention of many researchers. An overview of the known results and
parameters for which such graphs have been constructed is presented in [3]. It should be
noted that, according to [3], at the time of publication of the first version of a preprint of
this paper, the smallest open case of admissible parameters for which the existence of a
directed, strongly regular graph had not yet been proven was (22, 9, 6, 3, 4), and we have
not found an example of such a graph in the literature. In the meantime, we became aware
that the paper by Byzov and Pushkarev [5] (see also [3]) was published around the same
time.

In this paper we give a method for the construction of directed strongly regular graphs
with presumed action of an automorphism group by adapting the method used for the
construction of other types of incidence structures, including strongly regular graphs (see
[1, 6]). The method is based on a construction of orbit matrices, which are then refined to
obtain the adjacency matrix of a directed strongly regular graph.

The work is structured as follows. After describing the basic properties of orbit matri-
ces of directed strongly regular graphs and introducing the notation in Section 2, a method
for constructing directed strongly regular graphs from their orbit matrices is presented in
Section 3. By applying the developed method to a construction of directed strongly regular
graphs with parameters (22, 9, 6, 3, 4), we constructed 472 nonisomorphic graphs in Sec-
tion 4. Moreover, we show that an automorphism of prime order acting on such a graph can
only be of order two or three, and classify all DSRGs(22, 9, 6, 3, 4) with an automorphism
of order three. Our results are summarized in Section 5.

The orbit matrices and directed strongly regular graphs constructed in this paper were
constructed and analyzed using GAP [10].

2 Orbit matrices of directed strongly regular graphs
Orbit matrices of strongly regular graphs have been considered in [1, 6]. The definition
and some properties of orbit matrices of directed strongly regular graphs can be found in
[8], where orbit matrices of known directed strongly regular graphs were used to construct
new directed strongly regular graphs with prescribed automorphism group using a genetic
algorithm. Our goal is to adapt the method used for the construction of other types of
incidence structures (see, for example, [1, 6, 7, 11]) and to construct matrices corresponding
to the definition of orbit matrices of directed strongly regular graphs, which are then used
for the construction of all nonisomorphic directed strongly regular graphs resulting from
the obtained matrices. Thus, in this section we give an overview of the basic facts and
properties of orbit matrices that we need for our construction and introduce the notation for
the rest of the paper.
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Let Γ = (V,E) be a DSRG(v, k, t, λ, µ), and let A be its adjacency matrix. An auto-
morphism of Γ is a permutation σ of the vertex set V such that, for every pair of vertices
x, y ∈ V , (x, y) ∈ E if and only if (σ(x), σ(y)) ∈ E. The set of all automorphisms of Γ
forms a group under composition called the full automorphism group of Γ and denoted by
Aut(Γ). Suppose an automorphism group G of Γ partitions the vertex set V into b orbits
O1, O2, . . . , Ob with corresponding sizes n1, n2, . . . , nb, respectively. The adjacency ma-
trix A can be subdivided into submatrices [Aij ], where Aij represents the submatrix whose
rows and columns are indexed by elements of Oi and Oj , respectively.

Define two matrices C = [cij ] and R = [rij ] for 1 ≤ i, j ≤ b, such that:

cij = column sum of Aij , rij = row sum of Aij .

C is the column orbit matrix of Γ with respect to the group G, and R is the row orbit matrix
of Γ with respect to the group G. The matrices C and R are connected by the following
equation:

rijni = cijnj . (2.1)

Let W = A2. Using the same partitioning of the vertex set V into orbits, the matrix W can
be partitioned as W = [Wij ], where i and j are the indices of the orbits.

Finally, let N = diag(n1, n2, . . . , nb) and define a b× b matrix S = [sij ], where sij is
equal to the sum of all entries in Wij . The following result will be useful.

Proposition 2.1. With reference to the above notations, the following holds:

CNR = S.

Proof. Let αi be a vector of size v such that

αi(j) =

{
1, j ∈ Oi

0, j /∈ Oi

Then we have

sij = αiA
2αT

j = (αiA)(AαT
j ) =

b∑
z=1

cizrzjnz = (CNR)ij .

From (1.1) it follows that Wij = δij(t− µ)I + µJ + (λ− µ)Aij , and therefore

sij =δij(t− µ)nj + µninj + (λ− µ)cijnj

=δij(t− µ)ni + µninj + (λ− µ)rijni.

Furthermore, from (2.1) and Proposition 2.1 we have

sij =

b∑
z=1

cizrzjnz =

b∑
z=1

cizczjnj =

b∑
z=1

rizrzjni.

It follows that the elements of the column orbit matrix C fulfil the following conditions

δij(t− µ)nj + µninj + (λ− µ)cijnj =

b∑
z=1

cizczjnj ,
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that is

δij(t− µ) + µni + (λ− µ)cij =

b∑
z=1

cizczj ,

while for the elements of the row orbit matrix R applies in a similar way

δij(t− µ) + µnj + (λ− µ)rij =

b∑
z=1

rizrzj .

Therefore, we introduce the following definitions of the orbit matrices of DSRGs (see
[8], Definitions 3.3 and 3.4).

Definition 2.2. A (b× b)-matrix R = [rij ] with entries satisfying conditions:

b∑
j=1

rij =

b∑
i=1

ni

nj
rij = k (2.2)

b∑
z=1

rizrzj =δij(t− µ) + µnj + (λ− µ)rij (2.3)

where 0 ≤ rij ≤ nj , 0 ≤ rii ≤ ni − 1 and
∑b

i=1 ni = v, is called a row orbit matrix
for a directed strongly regular graph with parameters (v, k, t, λ, µ) and the orbit lengths
distribution (n1, . . . , nb).

Definition 2.3. A (b× b)-matrix C = [cij ] with entries satisfying conditions:

b∑
i=1

cij =

b∑
j=1

nj

ni
cij = k (2.4)

b∑
z=1

cizczj =δij(t− µ) + µni + (λ− µ)cij (2.5)

where 0 ≤ cij ≤ ni, 0 ≤ cii ≤ ni − 1 and
∑b

i=1 ni = v, is called a column orbit matrix
for a directed strongly regular graph with parameters (v, k, t, λ, µ) and the orbit lengths
distribution (n1, . . . , nb).

Remark 2.4. When k = t then a DSRG(v, k, t, λ, µ) is a SRG(v, k, λ, µ) and Defini-
tions 2.3 and 2.2 corresponds to Definitions 3.1. and 3.2. from [6].

3 A method for the construction of DSRGs
The table of feasible parameters of directed strongly regular graphs is available at [3]. In
our construction we assume that a group G is an automorphism group of a directed strongly
regular graph Γ = (V,E) with parameters (v, k, t, λ, µ) and partitions the vertex set V of
Γ into b orbits, denoted by O1, O2, . . . , Ob, where ni = |Oi| for i ∈ {1, 2, . . . , b}.

We start the construction by determining all possible orbit lengths distributions
(n1, n2, ...nb) for the action of a group G on Γ, keeping in mind that ni divides |G| for
i ∈ {1, 2, . . . , b} and that the sum of the sizes of all orbits must be equal to the size of
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the vertex set V , that is
∑b

i=1 ni = v. The next step is to find prototypes for rows and
columns of column orbit matrices of directed strongly regular graphs. The concept of a
prototype for a row of a column orbit matrix of a strongly regular graph with a presumed
automorphism group of prime order was introduced in [1] and extended to composite or-
der automorphisms acting on strongly regular graphs in [6]. Here we further generalize
this concept and introduce prototypes for rows and columns of column orbit matrices of
DSRGs.

3.1 Prototypes for rows and columns of a column orbit matrix of a directed strongly
regular graph

A prototype for a row (column) of a column orbit matrix C tells us the frequency of each
integer that appears as an entry in a particular row (column) of C, i.e. it tells us how often
each entry occurs without taking into account the order of the entries. Columns or rows
of C that correspond to orbits of size 1 are said to be fixed, while all others are said to be
nonfixed.

With li , i = 1, ..., ρ, we denote different elements of the multiset {n1, n2, ...nb} in
ascending order l1 < l2 < . . . < lρ. Let dli be the number of orbits of length li, i =
1, . . . , ρ, for an action of G on Γ.

3.1.1 Prototypes for fixed rows and fixed columns

Let r be a fixed row (fixed column) corresponding to the orbit Or of size nr = 1. Then
l1 = 1.

With y
(li)
e we denote the number of occurrences of an element e ∈ {0,m} at the posi-

tions of row r (column r) that correspond to the orbits of length li, i = 1, . . . , ρ, where

m =

{
1, r is a fixed row
li, r is a fixed column

.

Note that from crr = 0, we have y
(1)
0 ≥ 1. Moreover,

y
(li)
0 + y(li)m = dli (3.1)

ρ∑
i=1

liy
(li)
m = k, (3.2)

where i = 1, . . . , ρ. The vector

(y
(1)
0 , y(1)m ; y

(l2)
0 , y(l2)m ; . . . ; y

(lρ)
0 , y(lρ)m )

whose components are nonnegative integer solutions of equations (3.1) and (3.2) is called
a prototype for a fixed row (prototype for a fixed column).

3.1.2 Prototypes for nonfixed rows and nonfixed columns

Let r be a nonfixed row (nonfixed column) corresponding to the orbit Or of size nr ̸= 1.



6 Ars Math. Contemp. 26 (2026) #P4.08

With y
(li)
e we denote the number of occurrences of an element e ∈ {0, 1, . . . ,m} at the

positions of row r (column r) corresponding to the orbits of length li, i = 1, . . . , ρ, where

m =

{
nr, r is a nonfixed row
li, r is a nonfixed column

.

For e ni

nr
/∈ {0, 1, . . . , ni} (enr

ni
/∈ {0, 1, . . . , nr}), we have y

(li)
e = 0. Note that if l1 = 1,

then y
(1)
e = 0 for e /∈ {0,m}.

The following applies:

m∑
e=0

y(li)e = dli , i = 1, . . . , ρ. (3.3)

Since the sum of each row and column of the adjacency matrix is k, we also have

ρ∑
i=1

m∑
h=1

y
(li)
h h

li
m

= k. (3.4)

The vector
(y

(l1)
0 , . . . , y(l1)m ; y

(l2)
0 , . . . , y(l2)m ; . . . ; y

(lρ)
0 , . . . , y(lρ)m ),

whose components are nonnegative integer solutions of equations (3.3) and (3.4) is called
a prototype for a row corresponding to the orbit of length nr (prototype for a column
corresponding to the orbit of length nr).

If l1 = 1, then y
(1)
e = 0 for e /∈ {0,m}, and in this case we will be looking for the

vector
(y

(1)
0 , y(1)m ; y

(l2)
0 , . . . , y(l2)m ; . . . ; y

(lρ)
0 , . . . , y(lρ)m ).

3.2 Construction of DSRGs

Using the prototypes introduced in the previous section, we construct column orbit matri-
ces for a group G which is an automorphism group of a tentative directed strongly regular
graph Γ = (V,E) with parameters (v, k, t, λ, µ) that partitions the vertex set V of Γ into b
orbits, denoted by O1, O2, . . . , Ob, where ni = |Oi| for i ∈ {1, 2, . . . , b}. The construc-
tion procedure is similar to the construction of other incidence structures. However, when
constructing other incidence structures, usually only prototypes of rows of column orbit
matrices are used (see, for example, [1, 6, 7]), and here we need to check the validity of
equation (2.5) at each step of the construction. Therefore, we alternately construct rows
and columns of a column orbit matrix and check at each step whether equation (2.5), that
is

b∑
z=1

cizczj = δij(t− µ) + µni + (λ− µ)cij ,

is satisfied. We use the row and column prototypes introduced in the previous section
to construct the rows and columns of a column orbit matrix. During construction, the
number of candidate matrices for the column orbit matrix can be reduced by considering the
orbits of equal length that have conjugate stabilizers to avoid the construction of isomorphic
structures (see [6, 7]).
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Several situations can occur in the construction: 1) there are no orbit matrices, 2) col-
umn orbit matrices are constructed, and 3) the situation is inconclusive because the con-
struction could not be performed due to the large number of possibilities. In the last case,
one can try to work with a larger group of composite order and perform an additional re-
finement step before extending the orbit matrices to adjacency matrices of DSRGs (see, for
example, [6, 7]).

The final step in the construction of DSRGs is a process called indexing, in which the
obtained orbit matrices are extended to adjacency matrices of DSRGs. This refinement
of the orbit matrices follows an approach that has already been successfully used in the
construction of other incidence structures (see for example, [6, 7]). When working with
DSRGs, we again switch between rows and columns and check all necessary conditions
for the adjacency matrix of a DSRG in each step. To reduce the computational burden, we
sometimes approach to indexing partially constructed orbit matrices, which can be particu-
larly useful in cases where the corresponding DSRG does not exist and trying to construct
an orbit matrix is a tedious and not necessarily successful process. We will demonstrate
this approach in the next section (see Subsection 4.3).

Note that not every orbit matrix necessarily leads to a directed strongly regular graph.
Moreover, a given orbit matrix can correspond to several nonisomorphic directed strongly
regular graphs. For example, the matrices

O1 =



0 0 0 0 0 1 1 1
0 1 1 2 1 1 1 2
0 0 1 2 2 2 1 1
0 3 1 0 1 1 1 2
3 1 2 1 1 1 2 0
0 0 2 2 0 1 1 3
3 3 1 1 3 0 0 0
3 1 1 1 1 2 2 0


and O2 =



0 0 0 0 0 1 1 1
0 0 1 2 1 2 1 2
0 2 0 2 2 1 1 1
0 2 2 0 2 1 1 1
3 1 2 1 0 1 2 1
0 3 0 0 1 2 2 1
3 1 3 1 3 0 0 0
3 0 1 3 0 1 1 2


are column orbit matrices for a directed strongly regular graph with parameters
(22, 9, 6, 3, 4) and orbit length distribution (1, 3, 3, 3, 3, 3, 3, 3). However, although ma-
trix O1 satisfies the conditions from Definition 2.3, it cannot be extended to the adjacency
matrix of a DSRG(22, 9, 6, 3, 4) with Z3 as an automorphism group. During the indexing
process, after expanding the first row and the first column of O1, it is not possible to expand
the second row and the second column so that the product of the second row and the second
column of the expanded matrix equals t = 6. In other words, the expanded matrix does not
satisfy the necessary conditions to be the adjacency matrix of a DSRG. On the other hand,
the matrix O2 is a column orbit matrix of two nonisomorphic DSRGs (22, 9, 6, 3, 4): one
has Z3 as its full automorphism group, and the other has S3 as its full automorphism group.

Remark 3.1. If a DSRG is a strongly regular graph, that is if k = t, then due to czjnj =

cjznz , condition (2.5) becomes
b∑

z=1

nz

nj
cizcjz = δij(k − µ) + µni + (λ − µ)cij and it

is sufficient to work with row prototypes. In this case, our construction goes back to the
construction of strongly regular graphs described in [1, 6].

4 DSRGs(22,9,6,3,4) with nontrivial automorphism
Here we use the method for constructing DSRGs described in the previous section to study
DSRGs(22, 9, 6, 3, 4) that admit a nontrivial automorphism. To this end, we consider the
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automorphisms of prime order that can act on such a graph. As a result, we constructed
directed strongly regular graphs with parameters (22, 9, 6, 3, 4) and classify all such graphs
with an automorphism of order three. Furthermore, we construct all DSRGs(22, 9, 6, 3, 4)
with an automorphism of order two that fixes six or eight vertices.

Let ρ be an automorphism of a DSRG(v, k, t, λ, µ) of prime order p and denote by fp
the number of vertices fixed by ρ. Since ρ is of prime order, the possible orbit lengths are
l1 = 1 and l2 = p. If the number of orbits of length one is d1 = fp then the number of
orbits of length p is dp = (v − fp)/p. In this section we will prove the following theorem.

Theorem 4.1. Let ρ be an automorphism of prime order p acting on a DSRG(22, 9, 6, 3, 4)
and denote by fp the number of fixed vertices for such an action. Then p ∈ {2, 3} and the
following hold:

(1) f2 ∈ {0, 6, 8, 10, 12, 14, 16},

(2) f3 = 1.

To prove Theorem 4.1, we will consider all possible orbit lengths distributions for an
automorphism of prime order p acting on a DSRG(22, 9, 6, 3, 4). We have to consider the
cases that satisfy 2 ≤ p ≤ 19, d1 ≤ 21 and fp + dp · p = 22.

4.1 Automorphisms of order 13,17 and 19

Let ρ be an automorphism of prime order p ∈ {13, 17, 19} acting on a DSRG(22, 9, 6, 3, 4)
and denote by fp the number of fixed vertices for such an action. Then f13 = 9, f17 = 5
and f19 = 3. In all these cases dp = 1.

Lemma 4.2. Let ρ be an automorphism of order p acting on a DSRG(22, 9, 6, 3, 4). Then
p /∈ {13, 17, 19}.

Proof. We are looking for the prototypes for fixed rows of the column orbit matrices in the
cases p ∈ {13, 17, 19}. To do this, we need to find the nonnegative integer solutions of
equation (3.2).
For p = 13, the only nonnegative integer solution of y(1)1 +13y

(13)
1 = 9 is given by y

(1)
1 =9,

y
(13)
1 =0. Since y

(1)
0 ≥ 1 and y

(1)
0 + y

(1)
1 = 9, we also have y

(1)
1 < 9. In this case, there is

no prototype for a fixed row.
For p = 17 and p = 19 there are no nonnegative integer solutions for y(1)1 + 17y

(17)
1 = 9,

y
(1)
0 + y

(1)
1 = 5 and y

(1)
1 + 19y

(19)
1 = 9, y(1)0 + y

(1)
1 = 3, respectively.

4.2 An action of an automorphism of order 11

Lemma 4.3. A DSRG(22, 9, 6, 3, 4) with an automorphism of order 11 does not exist.

Proof. We have to consider two cases: f11 = 0 and f11 = 11.
If f11 = 0, we have only prototypes for the rows and columns corresponding to the
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orbits of length 11. Those are the solutions of

11∑
h=0

y
(11)
h = 2

11∑
h=1

y
(11)
h h = 9

We get that a prototype

(y
(11)
0 , y

(11)
1 , y

(11)
2 , y

(11)
3 , y

(11)
4 , y

(11)
5 , y

(11)
6 , y

(11)
7 , y

(11)
8 , y

(11)
9 , y

(11)
10 , y

(11)
11 )

must be from the set {(1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0), (0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0),
(0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0), (0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0)}.
These possibilities for the first row of a column orbit matrix determine the rest of the matrix
and we get the following cases (in the first row and the first column we give the length of
the corresponding orbit).

11 11

11 0 9
11 9 0

11 11

11 1 8
11 8 1

11 11

11 2 7
11 7 2

11 11

11 3 6
11 6 3

11 11

11 4 5
11 5 4

None of these matrices satisfies condition (2.5) and is not the column orbit matrix of a
DSRG(22, 9, 6, 3, 4).

Let us now consider the case f11 = 11. The only solution of the equations

y
(1)
0 + y

(1)
1 = 11

y
(11)
0 + y

(11)
1 = 1

y
(1)
1 + 11y

(11)
1 = 9

is (y(1)0 , y
(1)
1 ; y

(11)
0 , y

(11)
1 ) = (2, 9, 1, 0). Without loss of generality, we obtain that the first

fixed row of a column orbit matrix is given by

OM 1 1 1 1 1 1 1 1 1 1 1 11
1 0 0 1 1 1 1 1 1 1 1 1 0

The only prototype for a fixed column is (y(1)0 , y
(1)
1 ; y

(11)
0 , y

(11)
11 ) = (2, 9, 1, 0), and it is not

possible to construct the first column so that the product of the first row and the first column
equals t = 6. Therefore, (2.5) is not fulfilled and the statement of the lemma applies.
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4.3 An action of an automorphism of order 7

Lemma 4.4. A DSRG(22, 9, 6, 3, 4) with an automorphism of order 7 does not exist.

Proof. We have three cases to consider: f7 = 1, f7 = 8 and f7 = 15.
For f7 = 1 there are no nonnegative integer solutions satisfying y

(1)
1 + 7y

(7)
1 = 9 and

y
(1)
1 = 0. Therefore, the prototypes for the fixed row and the fixed column do not exist.

For f7 = 8, the only prototype for a fixed row is (y
(1)
0 , y

(1)
1 ; y

(7)
0 , y

(7)
1 ) = (6, 2, 1, 1)

and we can assume that the first row of an orbit matrix is given as follows.

OM 1 1 1 1 1 1 1 1 7 7
1 0 0 0 0 0 0 1 1 0 1

Since the only prototype for the fixed column is also (y
(1)
0 , y

(1)
1 ; y

(7)
0 , y

(7)
7 ) = (6, 2, 1, 1), it

is not possible to construct the first column of a column orbit matrix such that the product
of the first row and the first column equals t = 6.

Finally, let us consider the case f7 = 15. There is only one orbit of length 7 and
we start our construction of a column orbit matrix with the nonfixed row and the non-
fixed column. The prototypes for the nonfixed row and the nonfixed column belong to
the set {(13, 2, 0, 0, 0, 0, 0, 0, 0, 1), (12, 3, 0, 0, 0, 0, 0, 0, 1, 0), (11, 4, 0, 0, 0, 0, 0, 1, 0, 0),
(10, 5, 0, 0, 0, 0, 1, 0, 0, 0), (9, 6, 0, 0, 0, 1, 0, 0, 0, 0), (8, 7, 0, 0, 1, 0, 0, 0, 0, 0),
(7, 8, 0, 1, 0, 0, 0, 0, 0, 0), (6, 9, 1, 0, 0, 0, 0, 0, 0, 0)}. However, the only pair of prototypes
for the nonfixed row and the nonfixed column that satisfies equation (2.5)

b∑
z=1

cizczj = δij(t− µ) + µni + (λ− µ)cij ,

is the pair consisting of

OM 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7
7 0 0 0 0 0 0 0 7 7 7 7 7 7 7 7 1

as the nonfixed row, and

OMT 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7
7 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1

as the nonfixed column of a column orbit matrix.
Now we apply indexing to this partial orbit matrix, which consists of a nonfixed row and

a nonfixed column. The element cij = a of the orbit matrix is transformed in the following
way, depending on whether it is in a fixed or nonfixed row and a fixed or nonfixed column:
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nj = 1
ni = 1 a

nj = 7
ni = 1 a a a a a a a

nj = 1

ni = 7

a/ni

a/ni

a/ni

a/ni

a/ni

a/ni

a/ni

nj = 7

ni = 7

a1 a2 a3 a4 a5 a6 a7

a7 a1 a2 a3 a4 a5 a6

a6 a7 a1 a2 a3 a4 a5

a5 a6 a7 a1 a2 a3 a4

a4 a5 a6 a7 a1 a2 a3

a3 a4 a5 a6 a7 a1 a2

a2 a3 a4 a5 a6 a7 a1∑7
i=1 ai = a, ai ∈ {0, 1}

In this way, a nonfixed row and a nonfixed column of an orbit matrix expand to seven
rows and seven columns of the adjacency matrix of a DSRG(22, 9, 6, 3, 4). Since an adja-
cency matrix of a DSRG can be considered as an orbit matrix for an action of the trivial
automorphism group, these rows and columns should satisfy (2.5). Since this is not the
case, we can conclude that there is no DSRG(22, 9, 6, 3, 4) with an automorphism of order
7.

4.4 An action of an automorphism of order 5

For an automorphism of order 5 acting on a DSRG(22, 9, 6, 3, 4), we have f5∈{2, 7, 12, 17}.

Lemma 4.5. A DSRG(22, 9, 6, 3, 4) with an automorphism of order 5 does not exist.

Proof. We eliminate the case f5 = 2, since there are no nonnegative integer solutions that
satisfy y

(1)
1 + 5y

(5)
1 = 9 and y

(1)
1 ≤ 1.

For the case f5 = 7, we obtain that the only prototype for a fixed row is
(y

(1)
0 , y

(1)
1 ; y

(5)
0 , y

(5)
1 ) = (3, 4, 2, 1), and we can therefore assume that the first row of a

column orbit matrix is given by

OM 1 1 1 1 1 1 1 5 5 5
1 0 0 0 1 1 1 1 0 0 1

The only prototype for a fixed column is also (y
(1)
0 , y

(1)
1 ; y

(5)
0 , y

(5)
5 ) = (3, 4, 2, 1) and it is

easy to verify that it is not possible to construct a fixed column such that (2.5) is satisfied.
If f5 = 12, then prototypes for fixed rows and prototypes for fixed columns must be

from the set {(3, 9, 2, 0), (8, 4, 1, 1)}. The only pair that satisfies (2.5) is the one where
both prototypes are equal to (8, 4, 1, 1). We must therefore construct 12 rows and 12
columns of a column-orbit matrix using only the prototype (8, 4, 1, 1). However, it is pos-
sible to construct the first three rows and the first two columns of an orbit matrix, and then
we cannot construct the third column such that (2.5) is satisfied. Therefore, there is no
DSRG(22,9,6,3,4) with an automorphism of order 5 that fixes 12 vertices.
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For the case f5 = 17 we have constructed a partial orbit matrix consisting of the non-
fixed row and the nonfixed column and tried to index it. There is only one such partial orbit
matrix up to isomorphism, with the nonfixed row and the nonfixed column as follows.

OM 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5
5 0 0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5 1

OMT 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5
5 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1

Similarly as described in the case with an automorphism of order 7 with f7 = 15, we come
to the conclusion that there is no DSRG(22, 9, 6, 3, 4) with automorphism of order 5 with
f5 = 17. This concludes the proof of the lemma.

4.5 Classification of DSRGs(22,9,6,3,4) with an automorphism of order 3

In the previous sections we have shown that a DSRG(22, 9, 6, 3, 4) with an automorphism
of prime order p where p > 3 does not exist. In this section we classify, up to isomorphism,
directed strongly regular graphs with parameters (22, 9, 6, 3, 4) with an automorphism of
order 3. For the construction of orbit matrices and their indexing we use our programs
written for GAP [10]. GAP has also been used for isomorphism tests and when working
with automorphism groups.

Lemma 4.6. If an automorphism of order three acts on a DSRG(22, 9, 6, 3, 4), then it fixes
exactly one vertex.

Proof. The possible cases are given by f3 ∈ {1, 4, 7, 10, 13, 16, 19}. In all these cases, it
is possible to construct prototypes for fixed and nonfixed rows and columns. The number
of prototypes for each case is specified in Table 1.

Table 1: The number of prototypes for fixed and nonfixed rows and columns for an auto-
morphism of order 3 acting on a DSRG(22, 9, 6, 3, 4)

fp 1 4 7 10 13 16 19
#prototypes for fixed rows (columns) 1 2 3 4 4 3 2

#prototypes for nonfixed rows (columns) 19 35 38 31 20 10 4

To prove the statement of the lemma, we must prove f3 /∈ {4, 7, 10, 13, 16, 19}.
If f3 = 4, we have to construct 4 rows and 4 columns of a column orbit matrix using

prototypes for fixed rows and fixed columns. However, once a fixed row and a fixed column
of a column orbit matrix have been constructed, it is not possible to construct the second
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fixed row in such a way that (2.5) is satisfied. Similarly, if f3 = 7, then it is only possible
to construct two fixed rows and two fixed columns of a column orbit matrix, while it is not
possible to construct a third fixed row. These two cases are therefore not possible.

For f3 = 10 we have constructed 12 column orbit matrices. When indexed, they all
did not result in DSRG(22, 9, 6, 3, 4). So there is no DSRG(22, 9, 6, 3, 4) that admits an
automorphism of order three with f3 = 10.

As the number of fixed vertices increases, the construction becomes more computation-
ally demanding. Therefore, for the cases f3 ∈ {13, 16, 19} we start with the construction
of a column orbit matrix with nonfixed rows and nonfixed columns and apply the indexing
to partial orbit matrices as described in Section 4.3 (see the case with an automorphism of
order 7 with f7 = 15). With this approach, we were able to eliminate some cases without
trying to construct complete column orbit matrices and extend them to the adjacency matrix
of a DSRG(22, 9, 6, 3, 4) using computers, and reduce the computations in the remaining
cases. Here we give more details on each of the cases.
Considering all pairs of prototypes for nonfixed rows and nonfixed columns for f3 = 13,
as described in Section 4.3, reduced the number of prototypes to be used in a construction
from 20 to 6. Our computations have shown that there are no column orbit matrices that
can be formed from these prototypes and 4 prototypes for fixed rows and fixed columns.
Our analysis has shown that for f3 = 16 and f3 = 19 there are no pairs consisting of a non-
fixed row and a nonfixed column whose indexing would lead to rows and columns of the
adjacency matrix that satisfy (2.5). Therefore, we can exclude these cases. This concludes
the proof of the lemma.

In the next theorem, we consider the remaining case f3 = 1 and prove the existence
of directed strongly regular graphs with parameters (22, 9, 6, 3, 4). Note that 16 noniso-
morphic such graphs were simultaneously and independently constructed by Byzov and
Pushkarev [5] by using a different method.

Theorem 4.7. There are up to isomorphism exactly 134 directed strongly regular graphs
with parameters (22, 9, 6, 3, 4) with an automorphism of order three, of which 14 have the
full automorphism group of order 6 isomorphic to the symmetric group S3, while for the
others the full automorphism group is of order three.

Proof. Due to Lemma 4.6 we only have to consider the case f3 = 1. As indicated in
Table 1, there is only one prototype for the fixed row and the fixed column, and we can
assume that the first row and the first column of a column orbit matrix are given as follows.

OM 1 3 3 3 3 3 3 3
1 0 0 0 0 0 1 1 1

OMT 1 3 3 3 3 3 3 3
1 0 0 0 0 3 0 3 3

Furthermore, there are 19 prototypes for nonfixed rows and nonfixed columns. Using these
prototypes, we constructed 883 column orbit matrices, of which 46 lead to
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DSRGs(22, 9, 6, 3, 4) through the process of indexing. We constructed 134 nonisomor-
phic DSRGs(22, 9, 6, 3, 4). Further analysis showed that 14 of them have the full auto-
morphism group of order 6 isomorphic to the symmetric group S3, while for the oth-
ers the full automorphism group is of order three. The adjacency matrices of 134 con-
structed DSRGs(22, 9, 6, 3, 4) are available online at http://www.math.uniri.hr/
~mmaksimovic/DSRG(22,9,6,3,4)_z3.pdf.

4.6 DSRGs(22,9,6,3,4) with an automorphism of order 2

In the previous sections we proved the existence of a DSRG(22, 9, 6, 3, 4) and completed
a classification of DSRGs(22, 9, 6, 3, 4) with automorphisms of odd prime order. Since 14
of the constructed DSRGs(22, 9, 6, 3, 4) have the symmetric group S3 of order 6 as the full
automorphism group, we know that there exist DSRGs(22, 9, 6, 3, 4) with an automorphism
of order 2. Here we examine DSRGs(22, 9, 6, 3, 4) with an automorphism of order 2.

Lemma 4.8. Let f2 be the number of fixed points of an automorphism of order two acting
on a DSRG(22, 9, 6, 3, 4). Then it holds that f2 ∈ {0, 6, 8, 10, 12, 14, 16}.

Proof. The possible cases are f2 ∈ {0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20} and the number of
prototypes for fixed and nonfixed rows and columns of column orbit matrices in each case
is given in Table 2.

Table 2: The number of prototypes for fixed an nonfixed rows and columns for an auto-
morphism of order 2 acting on a DSRG(22, 9, 6, 3, 4)

f2 0 2 4 6 8 10 12 14 16 18 20
#prototypes for fixed rows

(columns)
0 1 2 3 4 5 5 5 4 3 2

#prototypes for nonfixed rows
(columns)

5 14 21 25 26 24 20 15 10 6 3

For the case f2 = 2, there is only one prototype for fixed rows and fixed columns, and we
can assume that the first row of a column orbit matrix is given as follows.

OM 1 1 2 2 2 2 2 2 2 2 2 2
1 0 1 0 0 0 0 0 0 0 1 1 1

However, it is not possible to construct a fixed column in such a way that the product of
this column and the first row equals 6. Condition (2.5) is therefore not fulfilled and we can
exclude the case f2 = 2.
If f2 = 4, we have to construct 4 rows and 4 columns of a column orbit matrix using pro-
totypes for fixed rows (columns). After constructing two fixed rows and two fixed columns
of a column orbit matrix, it is not possible to construct the third fixed row such that (2.5) is
satisfied.

http://www.math.uniri.hr/~mmaksimovic/DSRG(22,9,6,3,4)_z3.pdf
http://www.math.uniri.hr/~mmaksimovic/DSRG(22,9,6,3,4)_z3.pdf
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For the cases f2 ∈ {18, 20} we start with the construction of a column orbit matrix
with nonfixed rows and nonfixed columns and apply indexing to partial orbit matrices as
described in Section 4.3 (see the case with an automorphism of order 7 with f7 = 15). Our
analysis has shown that we can exclude both cases, since there are no pairs consisting of a
nonfixed row and a nonfixed column whose indexing would yield rows and columns of an
adjacency matrix satisfying (2.5).

According to Lemma 4.8, we have f2 ∈ {0, 6, 8, 10, 12, 14, 16}. Together with Lem-
mas 4.2, 4.3, 4.4, 4.5 and 4.6, this completes the proof of Theorem 4.1.

It was computationally too demanding for us to solve all remaining cases for an au-
tomorphism of order two acting on a DSRG(22, 9, 6, 3, 4). However, our computations
lead to a classification of DSRGs(22, 9, 6, 3, 4) with an automorphism of order two where
f2 ∈ {6, 8}. These results are given in the following theorems.

Theorem 4.9. Up to isomorphism, there are exactly 82 directed strongly regular graphs
with parameters (22, 9, 6, 3, 4) with an automorphism of order two fixing 6 vertices. The
full automorphism groups of these DSRGs are given in Table 3.

Table 3: DSRGs(22,9,6,3,4) with automorphism of order two with f2 = 6

the full automorphism group Z2 Z4 Z2 × Z2 Z4 × Z2

#DSRGs 64 4 10 4

Proof. After constructing 28 prototypes for the case f2 = 6 (see Table 2), we constructed
264 column orbit matrices. Our computations showed that only 50 orbit matrices yield
to DSRGs(22, 9, 6, 3, 4). In total, we obtained 82 nonisomorphic DSRGs(22, 9, 6, 3, 4).
Further analysis with GAP led to the results shown in Table 3.

Theorem 4.10. Up to isomorphism, there are exactly 270 directed strongly regular graphs
with parameters (22, 9, 6, 3, 4) with an automorphism of order two that fixes eight vertices.
Among them, there are 14 graphs with the full automorphism group of order six isomorphic
to the symmetric group S3, while the others have the full automorphism group of order two.

Proof. For the case f2 = 8 we have found prototypes, 26 for nonfixed rows and nonfixed
columns, and 4 for fixed rows and fixed columns. These prototypes yield 224 column orbit
matrices, 79 of which can be indexed to obtain directed strongly regular graphs with pa-
rameters (22, 9, 6, 3, 4). After eliminating isomorphic copies, there are 270 nonisomorphic
DSRGs(22, 9, 6, 3, 4) with an automorphism of order two fixing eight vertices. Further
analysis showed that 14 of them have S3 as the full automorphism group, while the others
have the full automorphism group of order two.

5 Conclusion
In this paper, we adapt the well-known method for constructing incidence structures with
presumed automorphism group to the construction of directed strongly regular graphs. We
applied the developed method to the parameters (22, 9, 6, 3, 4). Our results are shown in
Table 4.
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Table 4: Number of DSRGs(22, 9, 6, 3, 4) with an automorphism of prime order p and fp
fixed vertices

p fp # DSRGs(22, 9, 6, 3, 4) Non-existence proof/Construction

2 0 ?
2 0 Lemma 4.8, no fixed part of a column orbit matrix
4 0 Lemma 4.8, no fixed part of a column orbit matrix
6 82 Theorem 4.9, by exhaustive generation
8 270 Theorem 4.10, by exhaustive generation

10 ?
12 ?
14 ?
16 ?
18 0 Lemma 4.8, indexing of the nonfixed part not possible
20 0 Lemma 4.8, indexing of the nonfixed part not possible

3 1 134 Theorem 4.7, by exhaustive generation
4 0 Lemma 4.6, no fixed part of a column orbit matrix
7 0 Lemma 4.6, no fixed part of a column orbit matrix

10 0 Lemma 4.6, by exhaustive generation
13 0 Lemma 4.6, by exhaustive generation
16 0 Lemma 4.6, indexing of the nonfixed part not possible
19 0 Lemma 4.6, indexing of the nonfixed part not possible

5 2 0 Lemma 4.5, no prototypes
7 0 Lemma 4.5, no fixed part of a column orbit matrix

12 0 Lemma 4.5, no fixed part of a column orbit matrix
17 0 Lemma 4.5, indexing of the nonfixed part not possible

7 1 0 Lemma 4.4, no prototypes
8 0 Lemma 4.4, no fixed part of a column orbit matrix

15 0 Lemma 4.4, indexing of the nonfixed part not possible
11 0 0 Lemma 4.3, no column orbit matrices

11 0 Lemma 4.3, no fixed part of a column orbit matrix
13 9 0 Lemma 4.2, no prototypes
17 5 0 Lemma 4.2, no prototypes
19 3 0 Lemma 4.2, no prototypes

The results of our work, which are given in Table 4, can be summarized in Theorem 5.1
after the elimination of isomorphic copies.

Theorem 5.1. There are at least 472 nonisomorphic DSRGs(22, 9, 6, 3, 4) with a nontrivial
automorphism, with the full automorphism groups as given in Table 5. Moreover, if there is
a DSRG(22, 9, 6, 3, 4) with a nontrivial automorphism that is not in Table 5, then the order
of its full automorphism group is a power of two, and an automorphism of order two fixes
0, 10, 12, 14 or 16 vertices.

Table 5: DSRGs(22,9,6,3,4) with a nontrivial automorphism

the full automorphism group Z2 Z3 Z4 Z2 × Z2 S3 Z4 × Z2

#DSRGs 320 120 4 10 14 4
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The adjacency matrices of all constructed DSRGs(22, 9, 6, 3, 4) are available online at
http://www.math.uniri.hr/~mmaksimovic/DSRG(22,9,6,3,4).pdf.
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