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The curse of the impact factor

Last year our journal received the financial support of the Slovenian National Research
Agency (ARRS). An important parameter in determining the level of support is the jour-
nal’s impact factor for the previous year. Luckily, our official impact factor for the year
2012 was 0.67, which for the first time put AMC into the second quartile among mathe-
matical journals covered by the ISI. The flow of manuscripts reaching our editorial office
has increased significantly, and the acceptance rate of papers submitted to the AMC has
dropped from over 75% in the initial years, to under 20% currently.

The careers of many young and emerging mathematicians around the world now depend
on the bibliometric parameters of the journals in which their papers appear. In some cases,
publishing in high impact factor journals brings substantial rewards to the authors. They
climb more quickly and higher up the academic scale, they can obtain tenure earlier, their
access to grants is secured, and the institutions they work for are financially rewarded.

Also in many jurisdictions, the large volume of applications and competition for money
between different research fields has resulted in a modification of selection and ranking
procedures, using bibliometric data in order to give a greater impression of objectivity.
Unfortunately, in a large number of cases this reduces to a single parameter, which is the
journal impact factor.

For these reasons we were anxious to see the release of the 2013 impact factor, which
is announced in the Journal Citation Report. We were quite disappointed when we found
out that the citation figures issued in the JCR did not appear to match the figures in the ISI
database. The ISI database shows 27 citations in the year 2013 for AMC articles published
in the years 2011 and 2012, but the JCR shows only 22. When we asked about the differ-
ence, we were advised that 5 citations (about 20% of the total) came in too late to be used.
Apparently the JCR is taken as a snapshot in time, but does not give the true figure, as it
omits citations made in publications in the given year but after the snapshot is taken. We
noticed several problems with such a policy. The time when the snapshot is taken is not an-
nounced in advance. However it is certainly taken several months before the release of the
JCR. Nevertheless it makes it impossible for an independent observer to check the correct-
ness of figures published in the JCR. In our case the doubts of impartiality and objectivity
of the published impact factors remain.

Let n denote the number of citations in the JCR and let NV be the corresponding number
of citations in the database. Define A = (N —n)/n to be the JCR citation loss of a journal.
For ACM for the year 2013 the citation loss was A = 5/22 = 0.227. We computed A
for several comparable journals from a well-known commercial publisher. And they were
much lower. This questions the validity and reliability of the JCR and the impact factor
itself, in an era when so many decisions have become so dependent on it.

Of course there are other well known (and well-documented) flaws in the use of ci-
tations and impact factors, stemming from the fact that they are not solely a measure of
impact, but are influenced by so many other things such as citation culture in the discipline
or sub-discipline, numbers of authors per paper, trends (and ‘hot’ topics), and even mis-
takes made and corrected. It seems that there is stronger correlation between impact and
power than impact and quality.
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We are trying to convince our sponsors that the impact factor should not be given too
much weight in any formula or process for deciding on the amount of financial support for
scientific publications. Our greater worry is that misuse of a flawed impact indicator man-
aged by a profit-oriented private company may have unjustified impact on the evaluation
of scientific quality in publicly funded research. We believe that learned societies should
have greater role in this process. In mathematics, AMS with MathSciNet and EMS with
Zentralblatt are more than adequate authorities to measure impact of research in mathe-
matics. Unfortunately we are not aware of any learned society that would be able to offer
comparable services for the science community at large.

Dragan Marusi¢ and Tomaz Pisanski
Editors In Chief
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Abstract

We simplify the recurrence satisfied by the polynomial part of the generating function
that counts rooted maps of positive orientable genus g by number of vertices and faces. We
have written an optimized program in C++ for computing this generating function and con-
structing tables of numbers of rooted maps, and we describe some of these optimizations
here. Using this program we extended the enumeration of rooted maps of orientable genus
g by number of vertices and faces to g = 4, 5 and 6 and by number of edges to g = 5
and 6 and conjectured a further simplification of the generating function that counts rooted
maps by number of edges. Our program is documented and available on request, allowing
anyone with a sufficiently powerful computer to carry the calculations even further.

Keywords: Efficient enumeration, rooted maps, orientable genus, generating functions

Math. Subj. Class.: 05C30, 05A15

1 Introduction: definitions and history

A map is defined topologically as a 2-cell imbedding of a connected graph, loops and
multiple edges allowed, in a 2-dimensional surface. The faces of a map are the connected
components of the complement of the graph in the surface. In this article the surface is
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assumed to be without boundary and orientable, with an orientation already attributed to it
(clockwise, say), so that it is completely described by a non-negative integer g, its genus.
For short, a map on a surface of genus g will be called a genus-g map. A planar map is a
genus-0 map (a map on a sphere) and a foroidal map is a genus-1 map (a map on a torus
or donut). If a map on a surface of genus g has v vertices, e edges and f faces, then by the
Euler-Poincaré formula [7, chap. 9]

v—e+ f=2(1-g). (1.1)

Two maps are equivalent if there is an orientation-preserving homeomorphism between
their imbedding surfaces that takes the vertices, edges and faces of one map into the ver-
tices, edges and faces of the other. A dart of a map or graph is a semi-edge. A loop is
assumed to be incident twice with the same vertex, so that every edge, whether or not it is
a loop, is incident to two darts. The degree of a vertex is the number of darts incident to it.
The face incident to a dart d is the face incident to the edge containing d and on the left of
an observer on d facing away from the vertex incident to d and the degree of a face is the
number of darts incident to it. A rooted map is a map with a distinguished dart, its root.
Two rooted maps are equivalent if there is an orientation-preserving homeomorphism be-
tween their imbedding surfaces that takes the vertices, edges, faces and the root of one map
into the vertices, edges, faces and the root of the other. A combinatorial map is a connected
graph with a cyclic order imposed on the darts incident to each vertex, representing the or-
der in which the darts of a (topological) map are encountered during a rotation around the
vertex according to the orientation of the imbedding surface. The darts incident to a face
are encountered by successive application of the following pair of actions: go from the
current dart to the dart on the other end of the same edge and then to the next dart incident
to the same vertex according to the cyclic order. In this way the faces of a combinatorial
map can be counted, so that its genus can be calculated from (1.1). Two combinatorial
maps are equivalent if they are related by a map isomorphism — a graph isomorphism that
preserves this cyclic order — with an analogous definition for the equivalence of two rooted
combinatorial maps.

It is worth noting that rooted combinatorial maps with e edges are in one-to-one cor-
respondence with torsion-free subgroups of index 2e in the triangle group A (oo, 2,00) =
(x,y, z|y* = vyz = 1) = Z x Z, [12]. Rooted combinatorial maps are indeed a permu-
tation representation of these groups. Details about this correspondence may be found e.g.
in [13].

By enumerating maps with a given set of properties, whether rooted or not, we mean
counting the number of equivalence classes of maps with these properties. It was shown in
[12] that each equivalence class of topological maps is uniquely defined by an equivalence
class of combinatorial maps; so for the purposes of enumeration, the term “map” can be
taken to mean “‘combinatorial map”.

Let mgy(v, f) be the number of rooted genus-g maps with v vertices and f faces. By
face-vertex duality, this number is equal to the number m,(f, v) of rooted genus-g maps
with f vertices and v faces. The generating function that counts rooted genus-g maps is the
following formal power series in two variables v and w:

My(w,u) = Z my (v, flw‘ul. (1.2)

v,f>1

Rooted maps were introduced in [15] because they are easier to count than unrooted
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maps; this is because only the trivial map automorphism preserves the root [16], so that
rooted maps can be counted without considering map automorphisms. In [15], W. T. Tutte
found a closed-form formula for the number of rooted planar maps with n edges. In [16],
he found a parametric system of equations defining My(w, u). In [1] D. Arqués obtained
the simpler expression

Mo(w,u) = pq(1 —2p — 2q) (1.3)
with the parameters p and g defined by
w=p(l—p-—2q) (1.4)
and
u=q(1—-2p—q), (1.5)

where p = ¢ = 0 when w = u = 0. In [16], a recursive formula was found for the number
of rooted planar maps given the number of vertices, the number of edges, and the degree
of the face containing the root; these numbers of maps were then added over all possible
degrees of this face and the result expressed in terms of generating functions. In [17], the
first author generalized this method to obtain a recursive formula for the number of maps
of genus g with a distinguished dart in each vertex given the number of vertices and the
degree of each one; these numbers were then multiplied by the appropriate factor and added
over all possible non-increasing sequences of vertex-degrees summing to 2e to obtain the
number of rooted maps of genus g with e edges and v vertices. A table of these numbers of
maps with up to 14 edges appears in [17] (see [19] for a published account of this work and
a table of maps with up to 11 edges) but no attempt was made there to express this result
in terms of generating functions. We note here that a similar generalization in which the
degrees of all the faces are known but only some of them have a distinguished edge on their
boundary, and these faces must be of degree at least 3, appears in [8], where it is attributed
to Tutte under the name of Tutte’s recursion equations.

In [5] an improvement on the method of [17] was introduced: to count rooted genus-
g maps it is sufficient to know the degree of the first g + 1 vertices and to distinguish a
dart of only the first vertex as the root, thus reducing the number of maps that have to be
considered. Using doubly-rooted maps, D. Arques [2] obtained the analogue of (1.3) for
toroidal maps:
pg(1—p—q)

[(1 —2p—2¢)* - 4pqr.

From this result, he obtained a closed-form formula for the number of rooted toroidal maps
with e edges and another one for the number of rooted toroidal maps with v vertices and f
faces. In [6] a generating function was obtained for the number of rooted maps of genus 2
and 3 with e edges.

In [9] the second author generalized (1.6) and obtained a general form for the generating
function M (w, u) counting rooted maps of any genus g > 0:

Mi(w,u) =

(1.6)

pq (1 —p—q) Py(p,q)
5g—3"7
[(1 —2p—2¢)° - 4pq}

where P, (p, ¢) is a symmetric polynomial in p and ¢ of total degree bounded by 6g — 6
with integral coefficients (in what follows, unless otherwise specified, all the polynomials
defined here are polynomials in p and gq).

My(w,u) = (1.7)
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Let us now briefly explain the interest of this result for rooted map counting. In [3, 9]
the polynomials Py[p, q] were calculated for ¢ = 2 and 3. In this article we extend this
calculation to g = 4, 5 and 6. To derive the generating function My (w, u) from P,[p, ¢|,
we compute p and g as power series in w and u iteratively from (1.4) and (1.5) and then we
replace p and g by their respective power series in (1.7) to obtain My (w, u). By (1.2) the
number of rooted maps of genus g with v vertices and f faces is the coefficient of wu/ in
Mg (w,u). In this way we enumerate rooted maps of genus 4, 5 and 6 with v vertices and
f faces for any v and f greater than or equal to 1.

The polynomial P, in (1.7) is defined in terms of another polynomial T}, of degree
bounded by 10g — 8 by

P, = (1_2";4927 (1.8)
and that polynomial, in turn, is defined in terms of a family of polynomials R4(n1, ..., n,)
in p and g by
g—1
T, =Ry—1(0,0) + q(1 —=p—q)R;(0)Ry—;(0). (1.9)
j=1

The degree of the polynomial R, (n1,...,n,) is defined by the equation
deg Ry(n1,...,np) =2(ny + ... +n,) + 7r+10g — 12. (1.10)

The polynomials Ry(n4, ..., n,) are defined recursively in terms of several other families
of polynomials and a recursively-defined family of rational functions of p and q. We have
two finite families of polynomials in p alone defined by the following two sets of equations.

Ko(p)=—p;  Kilp)=-1-p;  Ksp)=—1;
K (p) =0 for all m > 3.

Lo(p) = —p; Li(p) = —1 —2p;
La(p) = =2 — p; Lz =—1; (1.12)
Li(p) =0forall k > 4.
In what follows, the parameter p will be omitted, so that these polynomials will be referred
to as K, and L. We then have two polynomials H and J (in p and q) defined by

J=q(1-p—q) (1.13)

(1.11)

and
H=(1-2p—2¢)°*— 4pq. (1.14)
Finally we have an infinite family (E});>1 of rational functions of p and g, all but the first
two of which are polynomials, defined recursively by
1
El = 2 ;
2J(1—p)
B fpf4q+2p2+4q2+4pq. (L15)
27(1—p)’ ’ '

E3 = —1;
Ep=—J1—-p)’ Y= BB, forallk > 4.

Ey
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To make the recursive definition of the polynomials R4(n1,...,n,) comprehensible, we
first explain the abbreviations and conventions we use. For any positive integer 7, [r] de-
notes the sequence (2,...,r) if » > 2 and the empty sequence if » = 1. For any subse-
quence X of [r], [r] — X denotes the subsequence of the elements of [r] that are not in X.
For any sequence (na, . .., n,) of integers, Nx denotes the sequence of those n; such that ¢
is in X and N; denotes the sequence (ng,...,nj_1,Mj+1,...,n,). By convention, a sum
over an empty domain is equal to zero.
The polynomials Ry (n;) are not defined. The anchor of this recursive definition is

Ry(0,0) = (1—p)*. (1.16)

If g = 0 and r = 2 but (nq, n2) # (0,0), then we have

Ro(nl,TlQ) = (1 _p)2 (_nQHEn1+n2+2 - (77,2 + 1)Eﬂ1+n2+3)
+2J(1-p)* > (1T HIERy(k,ny).  (117)
i+j+k=ni1+1
>0, k<ni

We note that (1.16) is a special case of (1.17) where n; = ny = 0.
If (g,7) # (0,2), then

Ry(n1,...,n,) = term; + termy + terms + termy, (1.18)
where
term; = 2J(1 — p)° > (=1 HIE R, (k,na, . .., ny) (1.19)
i+j+k=ni+1
>0, k<ni

(we note that the second line of (1.17) is a special case of (1.19) where g = 0 and r = 2),

termy =J Y KnH"R;(k,Nx)Ry_;(l, Njyj_x), (1.20)
k+l+m=n,1+1
0<j<g
XC[r]
(43,X)#(0,0)
(4, X)#(g,[r])
termg = Y KnH™Ry 1(i,, Ny (1.21)
i+j+m=ni+1
and
r . k+1 .
termy = Z "5 Lpetiznytn,+2 LeH Rg(lk’ ;) . (1.22)
= +(n; +1) Zk+l=n1+nj+3 LyH"Ry(l, N;)
It was shown in [9] that each polynomial Ry(n1,...,n,) is symmetric in all its vari-

ables. This was made possible by distinguishing a dart incident to each of the vertices
whose degree is considered, which increases the size of the coefficients but does not in-
crease the number of polynomials that have to be calculated.

We note here that in the account of these results published in [3] formula (1.17) and
the sum in (1.15) are missing; the formulas are presented correctly in [9]. At that time the
second author, programming in Maple, calculated the polynomial P, and the generating



268 Ars Math. Contemp. 7 (2014) 263-280

function My (w, ) for g = 2 and g = 3 (these results are published in [3]) and also com-
puted the generating function that counts rooted maps of genus 4 by number of edges. This
result was recently included in [13], where it was used to count both rooted and unrooted
maps of genus 4 by number of edges.

Recently, the second author extended his enumeration results to genus 5. The first au-
thor, programming mainly in C, optimized the calculation of the polynomials R, (n, ...,
n,.) and thus extended the enumeration by number of vertices and faces, as well as by num-
ber of edges, to genus 6. Although each author used a different algorithm and a different
programming language, we both obtained the same answers, and the numbers of rooted
maps we calculated agree with the tables in [17], providing evidence of the correctness of
our results. An account of these extensions is given in Sections 2 and 3. Tables of rooted
map numbers are given in Appendix A. A discussion of the enumeration of rooted genus-
g maps by number of edges appears in Section 4 and the polynomial part of each of the
corresponding generating functions appears in Appendix B. Finally, a discussion of some
open problems appears in Section 5.

2 Results from the Maple program

A first version of the Maple code written in 1998 implemented recurrence relations between
the rational functions introduced in [4] for the computation of the generating functions M.
It was not designed for efficiency but for validating formulas from [4]. That code has also
been used for validating the formulas from (1.2) through (1.22) for the first values of g,
and ny,...,n, (these formulas were first obtained from a long computation that was done
by hand and is thus error-prone). When executed in 1998 with Maple V for computing
My (w,u) that code ran into a fundamental limitation (wired into the Maple kernel) of a
maximal number of 65,535 terms in any polynomial.

That old code has been recently replaced by a simpler code implementing directly the
recursion between polynomials described by the formulas from (1.2) through (1.22). The
code is short (less than 400 lines) and resembles the mathematical formulas as much as
possible in order to detect errors. All the results obtained by this new code match known
results in rooted map enumeration. For all these reasons, it can be considered as a reference
for the debugging of optimized implementations.

With a personal computer running under Windows XP with an Intel Core 2 Duo CPU
at 2.19 GHz and 3.5 Gb of memory, and a Maple 14 release supporting larger objects,
the next two generating functions My (w, u) and M (w, u) were successfully computed in
4 minutes and 5 hours, respectively. It was, however, not sensible to continue using this
inefficient prototype for computing the next generating functions. A better idea was to
write an independent implementation optimizing memory space and execution time.

3 Optimizations and the C program

Aside from the advantage in execution speed that C has over Maple, the first author opti-
mized the calculation of the polynomials Ry(n1, ..., n,). One of these optimizations was
made possible by the following observation.

Proposition 3.1. For any (g,7) # (0,1) and any sequence ni,...,n,, the polynomial
Ry(n1,...,n,) is divisible by (1 — p)>.

Proof. We use generalized induction on the degree of a polynomial of the form R, (ny, ..

)
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n,.), which we call an R-polynomial.

Basic step (degree 2). The only R-polynomial of degree 2 is Ro(0,0) = (1 — p)?: see
(1.16).

Induction step. Suppose that the degree d of a given R-polynomial Ry(n1, ..., n,), as
defined by (1.10), is greater than 2 and that every R-polynomial of degree < d is divisible
by (1 — p)?. We show that R,y(n1,...,n,) is also divisible by (1 — p)?. Since every
R-polynomial on the right side of equations (1.17), (1.19), (1.20), (1.21) and (1.22) is of
degree < d, it follows from the induction hypothesis that each such polynomial is divisible
by (1 — p)2. We examine each of these equations in turn.

Equation (1.17). The first line contains a factor (1 — p)2. The term E,,, 4,13 is a
polynomial for any non-negative n; and ny. The term E,,, 4,42 is a polynomial unless
n1; = ng = 0, but in this case E,,, 4,42 is multiplied by ny = 0; so the first line of (1.17)
is divisible by (1 — p)2. In the second line, each term of the sum contains a polynomial
Ro(k,n2), which, by the induction hypothesis, is divisible by (1 — p)2. This factor of
(1 —p)? could be cancelled by E; or E, but the sum is nevertheless a polynomial, and the
factor (1 — p)? by which the sum is multiplied ensures that the second line of (1.17) too is
divisible by (1 — p)?; so the right side of (1.17) is divisible by (1 — p)2.

Equation (1.19). By an argument similar to the one used for the second line of (1.17),
the right side of (1.19) is divisible by (1 — p)2.

Equations (1.20)-(1.22). Each term in the sum contains at least one R-polynomial that
is divisible by (1 — p)?; so the right side of each of these equations is divisible by (1 — p)?.
It follows from (1.18) that R, (n1,...,n,) is divisible by (1 — p)?, which completes the
proof. O

We now modify equations (1.8)-(1.10), and (1.16)-(1.22) in the light of Proposition 3.1.
We introduce a new family of polynomials (which we call S-polynomials) defined by

Sy(n1,...,n.) = Ry(n,...,n.)/(1 —p)? 3.1)

and we also let
Uy =Ty/(1—p)*. (3.2)

Then U, is a polynomial of degree 10(g — 1) and (1.8)-(1.10) become (3.3)-(3.5), respec-
tively.
U
P=—-5__ (3.3)
) (1 _ p)4g—4

g—1
Uy =8Sy-1(0,0) +q(1 —p—q) (1 —p)* ) S;(0)S,—;(0). (3.4)
1

.
Il

deg Sy(n1,...,ny) =2(n1 +...+n,) + 7(r —2) + 10g. (3.5)
Also, (1.16)-(1.22) become (3.6)-(3.12), respectively.

S50(0,0) =1, (3.6)
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So(ni,n2) = (=neHEn 1ny42 — (N2 + 1) Eny4ny43)

+2J(1-p)* > (V)T HIES (kny). 37
it+j+k=ni+1

>0, k<ni
If (g,7) # (0,2), then
Sg(ni,...,n,) = terms + termg + termy + termg, 3.8)
where _ _
term; =2J(1—-p)* > (=)' HES,(k,na, ..., n,), (3.9)
i+jt+k=n1+1
>0, k<ni
2 m
termg = J(1—p)* Y KnH™S;(k, Nx)Sg—i(l, Ny x), (3.10)
k+l+m=n,+1
0<j<g
XC[r]
(4,X)#(0,0)
(4, X)#(g,[r])
termy = Y KpnH™S, (i, j, Ny, (3.11)
i+jt+m=ni1+1
and
- n; _ Ly,H*1S (1, N;
termg = Z J Zk+l—n1+nj+2 k o( i J) _ (3.12)
e +(”j +1) Zk+l:n1+nj+3 LyH Sg(lij)
Since Rg4(n1,...,n,) is symmetric in all its variables, so is Sy(n1,...,n,); so only
those polynomials Sg(n1,...,n,) withn; < ... < n, are treated. In all the S-polynomials

on the right side of each of the equations (3.9)-(3.12), only the first two variables can
violate these inequalities; so they are inserted into their proper slots among the remaining
variables to preserve the inequalities. Also, equation (3.4) is symmetric in j and g — j,
equation (3.10) is symmetric in k and [ and equation (3.11) is symmetric in ¢ and j; so the
calculations there can be cut almost in half. In equation (3.12), each polynomial S, ({, N;)
is calculated only once and then used twice. The following easily proved observations can
be used to avoid calculating a polynomial that is identically 0: terms; = 0 if n; = 0,
termg = 0if g +r < 2, termy; = 0if g = 0, termg = 0 if r = 1 or (g,r) = (0, 2). From
these observations, it follows that the only term that could possibly contribute to Sp(n1)
is terms. From (3.9) it follows by generalized induction on n; that So(ny) = 0 for all
n1 > 0; so these polynomials do not have to be defined.

All the S-polynomials are stored in a single one-dimensional array s. A preliminary
recursion does not calculate any of these polynomials. Instead, it calculates all the quadru-
ples (d, g,r,c) of parameters of the S-polynomials that will later be calculated, where
d = deg S¢(n1,...,n,) and ¢ is an integer coding the sequence (11, ...,n,), and stores
the list of quadruples in four parallel arrays, one array for each of the four parameters d,
g, 7, ¢ and one element of all four arrays for each quadruple (d, g, 7, ¢). The program then
sorts the four parallel arrays by degree d using bucket sort, computes the number of S-
polynomials that have to be calculated and the total number of terms in these polynomials
and stores in two arrays the index in s and the one in the four parallel arrays of the first
term for each degree d. Then the S-polynomials are calculated in increasing order of their
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degree and stored in s. This can be done non-recursively because all the S-polynomials
that need to be used will have already been stored and need only be found by searching
the four parallel arrays, starting with the first index for the appropriate degree d, for the
appropriate parameters, and adding (d 4+ 1)(d + 2)/2 to the index in s each time the index
in the four parallel arrays is increased by 1. Once the last polynomial S,_1(0, 0) has been
calculated, first (3.4) is used to calculate U, and then (3.3) is used to calculate Py and its
coefficients are stored in a text file, which is available from the first author on request.

The number of S-polynomials that have to be calculated is roughly the total number of
partitions of all the positive integers up to 10(g — 1). For each of these polynomials, the
most expensive calculation is termg, because the sum there runs over all the partitions of
the sequence [r] = (2,...,r), where r can be as great as g + 1, and involves multiplying
two S-polynomials. The time-complexity of calculating P, is therefore exponential in g,
but the optimizations made here nevertheless made it possible to calculate P, for a greater
value of g than was possible previously. Another program computes a table of numbers
of rooted genus-g maps counted by number of vertices and faces by reading this file and
using (1.2) if g > 1 or (1.3) if g = 0. Tables of numbers of rooted genus-g maps for any
g < 6 and with up to any reasonable number of edges are available from the first author on
request.

The programs were written mainly in C. The one that computes the polynomials is about
2000 lines long and the one that computes the tables is about 300 lines long. They both use
the C++ library CLN to do arithmetic on big integers because CLN reads arithmetic expres-
sions in C that use only addition, multiplication and subtraction; only statements involving
quotients, remainders, input/output of big integers and file management had to be modified.
Since CLN requires a GNU compiler, XCODE was downloaded and installed by Jerome
Tremblay, a computer technician at UQAM, who also downloaded and installed CLN and
wrote sample C++ statements for input/output of big numbers and file management.

The programs were executed on a 2004 Macintosh GR4 computer. The time taken to
compute the polynomial P, varied from run to run. In Table 1 we show, for each g from
1 to 6, the number of S-polynomials that were calculated, the total number of terms in
all these S-polynomials, and a typical execution time. Once the S-polynomials had been
computed and stored, it took the computer only 48 seconds to make a table of numbers of
genus-6 maps with up to 42 edges counted by number of vertices and faces.

Source codes for both programs are included in release 0.3.2 and higher of the MAP
project [11]. The polynomials P, and Ps appear in [3]. The polynomials P, P5 and
Ps are too large to be reproduced here. The coefficients of the polynomials P,[p, g] for
1 < g < 6 are included in the MAP project and available from the first author on request.
For 1 < g < 6 tables of numbers of rooted genus-g maps up to 20 edges are given in
Appendix A. More numbers of rooted genus-g maps for any ¢ < 6 and with up to any
reasonable number of edges can be obtained from code included in the MAP project and
are available from the first author on request.

4 Counting by number of edges

To compute the generating function M,(z) = 2%972M,(z, z) that counts rooted genus-g
maps by number of edges alone, we use the substitution obtained in [13], which is a more
compact form of the one obtained in [9] and published in [3]. Let

p=qg=m, 4.1
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g | number of S-polynomials | total number of terms | execution time
1 1 1 | instantaneous
2 16 507 1 second
3 67 7407 10 seconds
4 205 49796 2 minutes
5 543 235410 20 minutes
6 1314 900114 3.5 hours

Table 1: Evaluation of the computation cost

where
z=m(1—3m)and m = 0 when z = 0. 4.2)

By substituting from (4.1) into (1.4) and (1.5) to express w and u in terms of m and then
substituting into (1.7), we obtain the following equation for g > 1:
m29(1 — 3m)*972P,(m, m)

My (2) = (1— 6m)59—3(1 — 2m)se—4 .3)

For g = 0, we substitute into (1.3) instead of (1.7) and obtain
My(z) = (1 —3m)~ (1 — 4m). (4.4)

The first author computed M, (z) from the computed values of M (w,u) for g < 6.
The program divides the polynomial P,(m,m) by 1 — 2m as often as possible. The pro-
gram then divides the resulting polynomial by 2 and by 3 as often as possible, extracts
the appropriate constant factor and then stores the resulting generating function in another
text file, also available from the first author. The second author computed M, (z) directly
for g < 6. We then compared our formulas and verified that they agree. The formulas for
P,(m,m) for 1 < g < 6 appear in Appendix B. Now P, (m, m) is of degree 6g — 6, but we
found experimentally in 2009 that for 1 < g < 6, P,(m, m) is divisible by (1 — 2m)?9~2,
so that the quotient is only of degree 4g — 4, and we conjectured that this is the case for any
positive integer g. In 2010, the second author proved that conjecture [10].

5 Some interesting open problems

The recurrences satisfied by the R- and S-polynomials both result from proofs by induc-
tion. After the right conjecture has been guessed by observing the first computed terms,
these proofs are not difficult to find, but they are tedious and error-prone due to the length
of the expressions involved. Thus they are good candidates for automation. We plan to de-
velop a suitable formal framework for assisting this kind of proofs with a computer algebra
system. The challenge is to shorten the chain of conjectures and proofs about the general
pattern of generating functions for counting rooted maps.

Once the numbers of rooted maps of genus up to g are known, the number of un-
rooted maps up to genus g can be calculated using the methods presented in [14]. As was
mentioned above, the second author collaborated with A. Mednykh to count rooted and un-
rooted maps of genus 4 by number of edges [13]. It would be interesting to count unrooted
genus-g maps by number of vertices and faces for as many values of g as possible (see [18]
for an account of the progress made on this problem).
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Appendix A

Number m (v, f) of rooted maps of genus g with e edges and v vertices, for 1 < g < 6
and 2g < e < 20. Lines whose column of v is empty give the total number m,,(e) of rooted
maps of genus g with e edges.

e v g=1 g=2 g=3
2 1 1

2 1

3 1 10

3 2 10

3 20

4 1 70 21

4 2 167

4 3 70

4 307 21

5 1 420 483

5 2 1720 483

5 3 1720

5 4 420

5 4280 966

6 1 2310 6468 1485
6 2 14065 15018

6 3 24164 6468

6 4 14065

6 5 2310

6 56914 27954 1485
7 1 12012 66066 56628
7 2 100156 258972 56628
7 3 256116 258972

7 4 256116 66066

7 5 100156

7 6 12012

7 736568 650076 113256
8 1 60060 570570 1169740
8 2 649950 3288327 2668750
8 3 2278660 5554188 1169740
8 4 3392843 3288327

8 5 2278660 570570

8 6 649950

8 7 60060

8 9370183 13271982 5008230
9 1 291720 4390386 17454580
9 2 3944928 34374186 66449432
9 3 17970784 85421118 66449432
9 4 36703824 85421118 17454580
9 5 36703824 34374186

9 6 17970784 4390386

9 7 3944928

9 8 291720

9 117822512 248371380 167808024
10 1 1385670 31039008 211083730



T. R. S. Walsh and A. Giorgetti: Efficient enumeration of rooted maps. . .

e v g=1 g=2 g=3
10 2 22764165 313530000 1171704435
10 3 129726760 1059255456 1955808460
10 4 344468530 1558792200 1171704435
10 5 472592916 1059255456 211083730
10 [ 344468530 313530000
10 7 129726760 31039008
10 8 22764165
10 9 1385670
10 1469283166 4366441128 4721384790
11 1 6466460 205633428 2198596400
11 2 126264820 2583699888 16476937840
11 3 875029804 11270290416 40121261136
11 4 2908358552 22555934280 40121261136
11 5 5188948072 22555934280 16476937840
11 6 5188948072 11270290416 2198596400
11 7 2908358552 2583699888
11 8 875029804 205633428
11 9 126264820
11 10 6466460
11 18210135416 73231116024 117593590752
12 1 29745716 1293938646 20465052608
12 2 678405090 19678611645 196924458720
12 3 5593305476 106853266632 647739636160
12 4 22620890127 276221817810 945068384880
12 5 50534154408 375708427812 647739636160
12 6 65723863196 276221817810 196924458720
12 7 50534154408 106853266632 20465052608
12 8 22620890127 19678611645
12 9 5593305476 1293938646
12 | 10 678405090
12 | 11 29745716
12 224636864830 1183803697278 2675326679856
13 1 135207800 7808250450 174437377400
13 2 3550829360 140725699686 2079913241120
13 3 34225196720 925572602058 8789123742880
13 4 164767964504 2979641557620 17326957790896
13 5 448035881592 5235847653036 17326957790896
13 [ 729734918432 5235847653036 8789123742880
13 7 729734918432 2979641557620 2079913241120
13 8 448035881592 925572602058 174437377400
13 9 164767964504 140725699686
13 | 10 34225196720 7808250450
13 | 11 3550829360
13 12 135207800
13 2760899996816 18579191525700 56740864304592
14 1 608435100 45510945480 1384928666550
14 2 18182708362 955708437684 19925913354061
14 3 201976335288 7454157823560 104395235785256
14 4 1137369687454 29079129795702 264477214235234
14 5 3682811916980 63648856688592 357391270819604
14 6 7302676928666 82234427131416 264477214235234
14 7 9145847808784 63648856688592 104395235785256
14 8 7302676928666 29079129795702 19925913354061
14 9 3682811916980 7454157823560 1384928666550
14 | 10 1137369687454 955708437684
14 | 11 201976335288 45510945480
14 | 12 18182708362
14 | 13 608435100
14 33833099832484 284601154513452 1137757854901806
15 1 2714556600 257611421340 10369994005800
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e v g=1 g=2 g=3
15 2 91392185080 6216591472728 176357530955320
15 3 1156128848680 56532447160536 1115525500250760
15 4 7506901051000 261637840342860 3505018618003600
15 5 28442316247080 694146691745820 6087558311398000
15 6 67173739068760 1117259292848016 6087558311398000
15 7 102432266545800 1117259292848016 3505018618003600
15 8 102432266545800 694146691745820 1115525500250760
15 9 67173739068760 261637840342860 176357530955320
15 | 10 28442316247080 56532447160536 10369994005800
15 | 11 7506901051000 6216591472728
15 12 1156128848680 257611421340
15 13 91392185080
15 | 14 2714556600
15 413610917006000 4272100949982600 21789659909226960
16 1 12021607800 1422156202740 73920866362200
16 2 452077562620 38985279745230 1461629029629340
16 3 6447533938280 407653880116680 10933959720960760
16 4 47700234551918 2200626948631386 41491242915292306
16 5 208462422428152 6928413234959820 89390908732820144
16 6 576218752277476 13518984452463630 114899070275212424
16 7 1046677747672360 16842445235560944 89390908732820144
16 8 1274461449989715 13518984452463630 41491242915292306
16 9 1046677747672360 6928413234959820 10933959720960760
16 | 10 576218752277476 2200626948631386 1461629029629340
16 11 208462422428152 407653880116680 73920866362200
16 | 12 47700234551918 38985279745230
16 | 13 6447533938280 1422156202740
16 | 14 452077562620
16 | 15 12021607800
16 5046403030066927 63034617139799916 401602392805341924
17 1 52895074320 7683009544980 505297829133240
17 2 2205359390592 236923660397172 11460411934448048
17 3 35155923872640 2815913391715452 99727841192820016
17 4 293370096957504 17486142956133684 447708887118504600
17 5 1461307573813824 64232028100704156 1165172136542282424
17 6 4660202610532480 148755268498286436 1857975645023518752
17 7 9908748651241088 224686278407291148 1857975645023518752
17 8 14373136466094880 224686278407291148 1165172136542282424
17 9 14373136466094880 148755268498286436 447708887118504600
17 | 10 9908748651241088 64232028100704156 99727841192820016
17 11 4660202610532480 17486142956133684 11460411934448048
17 12 1461307573813824 2815913391715452 505297829133240
17 | 13 293370096957504 236923660397172
17 | 14 35155923872640 7683009544980
17 15 2205359390592
17 16 52895074320
17 61468359153954656 916440476048146056 7165100439281414160
18 1 231415950150 40729207226400 3331309741059300
18 2 10627956019245 1401097546161936 85694099173907510
18 3 187959014565840 18743188498056288 855779329367736840
18 4 1753945289216484 132344695964811720 4470547991985864322
18 5 9857665477085832 559373367462490656 13767319160210071404
18 6 35839052357422132 1511718920778951024 26522236056202555206
18 7 87930943305742512 2710382626755160416 32904419378927915376
18 8 149314477245194262 3286157560248860532 26522236056202555206
18 9 177882700353757460 2710382626755160416 13767319160210071404
18 10 149314477245194262 1511718920778951024 4470547991985864322
18 11 87930943305742512 559373367462490656 855779329367736840
18 | 12 35839052357422132 132344695964811720 85694099173907510
18 13 9857665477085832 18743188498056288 3331309741059300
18 | 14 1753945289216484 1401097546161936
18 | 15 187959014565840 40729207226400
18 16 10627956019245
18 17 231415950150
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g=1

g=2

g=3

O 0NN AW —

747672504476150374

1007340018300
50668344988068
987658610225052
10229201477344752
64309102366765200
263868150558327376
738178726378902064
1446563778096423816
2017523504473479992
2017523504473479992
1446563778096423816
738178726378902064
263868150558327376
64309102366765200
10229201477344752
987658610225052
50668344988068
1007340018300

9083423595292949240

4365140079300
239250231713210
5110652802256260
58364244137596695
407372683115470800
1870153808268516280
5905479331377981200
13196809961724011350
21241931655650633720
24868664942648145372
21241931655650633720
13196809961724011350
5905479331377981200
1870153808268516280
407372683115470800
58364244137596695
5110652802256260
239250231713210
4365140079300

110239596847544663002

13154166812674577412

212347275857640
8089830217844928
120789163612555200
960323177351524512
4616545437250956192
14358354462488121408
30044423965980553536
43241609165618454096
43241609165618454096
30044423965980553536
14358354462488121408
4616545437250956192
960323177351524512
120789163612555200
8089830217844928
212347275857640

186700695099591735024

1090848505817070
45732525474843801
756589971284883792
6716133365837116980
36362952155187558600
128656798319026864068
309859885439753598768
520516978029736518606
617910462111714896820
520516978029736518606
309859885439753598768
128656798319026864068
36362952155187558600
6716133365837116980
756589971284883792
45732525474843801
1090848505817070

2623742783421329300190

124314235272290304540

21280393666593600
614960028331370816
6968569097113244096
41790549086980226368
149789855223187292608
341505418008822731328
511895831411154922176
511895831411154922176
341505418008822731328
149789855223187292608
41790549086980226368
6968569097113244096
614960028331370816
21280393666593600

2105172926498512761984

132216351453357600
4257157940494918160
54217755730994858080
369061676845849000520
1518921342035154605600
4031165546220945277040
7151648337964982801760
8640883781524178188980
7151648337964982801760
4031165546220945277040
1518921342035154605600
369061676845849000520
54217755730994858080
4257157940494918160
132216351453357600

34899691847703927826500
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e v g=4 g=>5 g==6
8 1 225225

8 225225

9 1 12317877

9 2 12317877

9 24635754

10 1 351683046 59520825

10 2 792534015

10 3 351683046

10 1495900107 59520825

11 1 7034538511 4304016990

11 2 26225260226 4304016990

11 3 26225260226

11 4 7034538511

11 66519597474 8608033980

12 1 111159740692 158959754226 24325703325
12 2 600398249550 354949166565

12 3 993494827480 158959754226

12 4 600398249550

12 5 111159740692

12 2416610807964 672868675017 24325703325
13 1 1480593013900 4034735959800 2208143028375
13 2 10743797911132 14805457339920 2208143028375
13 3 25766235457300 14805457339920

13 4 25766235457300 4034735959800

13 5 10743797911132

13 6 1480593013900

13 75981252764664 37680386599440 4416286056750
14 1 17302190625720 79553497760100 100940771124360
14 2 160576594766588 420797306522502 223790013148500
14 3 517592962672296 691650582088536 100940771124360
14 4 750260619502310 420797306522502

14 5 517592962672296 79553497760100

14 6 160576594766588
14 7 17302190625720

14 2141204115631518 1692352190653740 425671555397220
15 1 182231849209410 1302772718028600 3130208769783780
15 2 2089035241981688 9220982517965400 11344028448443832
15 3 8615949311310872 21853758736216200 11344028448443832
15 4 16789118602155860 21853758736216200 3130208769783780
15 5 16789118602155860 9220982517965400

15 6 8615949311310872 1302772718028600
15 7 2089035241981688

15 8 182231849209410

15 55352670009315660 64755027944420400 28948474436455224
16 1 1763184571730010 18475997006212200 74520697707149580
16 2 24325590127655531 166713517116449940 387689146050297186
16 3 123981042854132536 528887751025584600 633832536898519848
16 4 309197871098871838 762684674663536626 387689146050297186
16 5 415691294404230748 528887751025584600 74520697707149580
16 6 309197871098871838 166713517116449940

16 7 123981042854132536 18475997006212200

16 8 24325590127655531

16 9 1763184571730010
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g=4

g=>5

g==6

OO 0NN R W —

—_

— OO0 I WN BN =

NeEC IR B R R S O R S

1334226671709010578

15894791312284170
258634264294653390
1587135819804394530
4892650539994184868
8419549939292302908
8419549939292302908
4892650539994184868
1587135819804394530
258634264294653390
15894791312284170

30347730709395639732

134951136993773100
2548272396065512974
18451302662846918700
68503375296263488977
145737674581607574840
186553519919803261860
145737674581607574840
68503375296263488977
18451302662846918700
2548272396065512974
134951136993773100

657304672067357799042

1088243826731751690
23532893106071038404
197822824662547694148
866831237081712285138
2221381417843144801098
3515647035511186627416
3515647035511186627416
2221381417843144801098
866831237081712285138
197822824662547694148
23532893106071038404
1088243826731751690

13652607304062788395788

8391311316938069520
205518653220527665304
1979281881126113225376
10071757699155275906824
30468100266480917147760
58089920897558352891672
71823371612912533887168
58089920897558352891672
30468100266480917147760
10071757699155275906824
1979281881126113225376
205518653220527665304
8391311316938069520

273469313030628783700080

2190839204960030106

233454817237201560
2595050050431235488
10499075716384241952
20269771718252599536
20269771718252599536
10499075716384241952
2595050050431235488
233454817237201560

67194704604610557072

2682208751185413450
35801820369640556595
178505550201444784920
439591872915483185214
588564117958709029644
439591872915483185214
178505550201444784920
35801820369640556595
2682208751185413450

1901727022434216910002

28449551653853229900
447016944351510642564
2677324515710001081372
8127109896970086044280
13881153040572190501512
13881153040572190501512
8127109896970086044280
2677324515710001081372
447016944351510642564
28449551653853229900

50322107898515282999256

281858111998039476900
5131008990500486096250
36188783145801243558900
131989618396827099239715
277921666244135490925320
354556747218700475500140
277921666244135490925320
131989618396827099239715
36188783145801243558900
5131008990500486096250
281858111998039476900

1257582616997225194094310

1558252224413413380

1457897216520222060
10115530661997850556
23746474580826741940
23746474580826741940
10115530661997850556

1457897216520222060

70639804918689629112

24464684545968004300
215810538282954699872
675870370096399329024
970559177597162956688
675870370096399329024
215810538282954699872

24464684545968004800

2802850363447807024080

362610922310040035940
3931547761898967889520
15658846910857993085360
30002691954232352277608
30002691954232352277608
15658846910857993085360
3931547761898967889520
362610922310040035940

99911395098598706576856

4848655679592076350570
63004600211616713352227
308528931105126354302392
751928550048308520251566
1003326321163364778495004
751928550048308520251566
308528931105126354302392
63004600211616713352227
4848655679592076350570

3259947795252652107008514
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Appendix B

Polynomial P,(m,m)/(1 — 2m)(9=2) in the generating function M, (z).

g | Py(m,m)/(1 —2m)9—2

11

2 | 3(7—70m + 295m? — 636m> + 588m*)

5 | 52 ( 165 — 2596m + 19835m? — 102138m° + 397742m* )
—1162744m® + 2360496m° — 2918016m7 + 1642656m°
25025 — 465894m + 4245462m? — 28633200m°

4|32 +178608786m* — 1025233956m° + 4855070265m°

—17709582732m7 + 48202134300m° — 95026128096m°
+128766120048m'° — 107657028288m ! + 41956066368m*2
6613425 — 128153480m + 1123286598m2 — 7641539820m°
+68489369190m* — 681945904584m° + 5453799804351m°
—33175983024306m7 + 157025924018370m®

5| 32| —590662433458296m° + 1778501684246544m°
—4258112783048352m ! + 7946769062433024m 2
—11156448512891520m % + 11087677481748480m
—6955529138076672m° + 2071316467035648m 6

900951975 — 16624244750m + 105922471285m2
—402327939748m> + 9014122899102m*
—183050473605084m° + 2152106046117936m°
—17716916701552824m" + 113738504396139378m?
—602051461456822740m° + 2694620167659984726m °
—10264333975933057272m ! + 33144207748349404248m !>
—89851078246171110912m' + 201700042332545251008m 4
—368052722019205320960m % + 531966143515513800960m, '
—586003188281237388288m 7 + 462270648384927677952m '8
—232608604432295245824m'° + 56102738197832792064m°
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Abstract

A graph G is 1-planar if it can be drawn on the plane so that each edge is crossed by at
most one other edge. The family of 1-planar graphs with minimum vertex degree at least
& and minimum edge degree at least ¢ is denoted by P} (¢). In this paper, it is proved that
every graph in P2 (14) (resp. P(13)) contains a copy of chordal 4-cycle with all vertices
of degree at most 10 (resp. 12).

Keywords: 1-planar graph, light graph, cycle, discharging.
Math. Subj. Class.: 05C75, 05C10

1 Introduction

All graphs considered in this paper are finite, undirected, loopless and without multiple
edges. For a graph G, we use V(G), E(G), 6(G) and A(G) to denote the vertex set, the
edge set, the minimum degree and the maximum degree of G, respectively. By F'(G), we
denote the face set of G when G is a plane graph. If uv € E(G), then w is said to be the
neighbor of v. We use Ng(v) to denote the set of neighbors of a vertex v. The degree of
a vertex v € V(G), denoted by dg(v), is the value of | Ng(v)|, and the degree of an edge
wv € E(Q), denoted by d¢(uv), is the value of dg (u) + dg(v). A k-, k™ - and k™ -vertex
is a vertex of degree k, at least £ and at most k, respectively. In this paper, C and Py
denotes a cycle and a path with k£ vertices and K, denotes a chordal 4-cycle, which is a
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graph obtained by removing an edge from a complete graph K. A cycle C = [z - - - xi]
of a graph G is of the type (dy,--- ,dg) if dg(x;) = d; for 1 <4 < k. Similarly we can
define cycles of the type (> dy,--- ,> df), etc. For other undefined concepts we refer the
readers to [2].

A graph is 1-planar if it can be drawn on the plane so that each edge is crossed by at
most one other edge. The notion of 1-planarity was introduced by Ringel [16] while trying
to simultaneously color the vertices and faces of a plane graph G such that any pair of
adjacent/incident elements receive different colors. Note that we can construct, for given
plane graph, a 1-planar graph G whose vertex set is V(G) U F(G) and any two vertices of
G! are adjacent if and only if their corresponding elements in G are adjacent or incident.

Borodin proved that each 1-planar graph is 6-colorable (the bound 6 being sharp) [3, 4]
which positively answered a conjecture raised by Ringel in [16], and that each 1-planar
graph is acyclically 20-colorable [7]. The list analogue of vertex coloring of 1-planar
graphs was investigated by Albertson and Mohar [1], and by Wang and Lih [18]. Zhang
et al. showed that each 1-planar graph G with maximum degree A is A-edge-colorable
if A > 10 [25], or A > 9 and G contains no chordal 5-cycles [19], or A > 8 and G
contains no chordal 4-cycles [20], or A > 7 and G contains no 3-cycles [21], is (A + 1)-
edge-choosable and (A + 2)-total-choosable if A > 16 [27], is A-edge-choosable and
(A + 1)-total-choosable if A > 21 [27]. Zhang et al. also showed that the (p, 1)-total la-
belling number of each 1-planar graph G is at most A(G) 4 2p — 2 if A(G) > 8p+4[28],
and the linear arboricity of each 1-planar graph G is exactly [A(G)/2] if A(G) > 33 [24].

Another topic concerning 1-planar graphs is to investigate their global and local struc-
tures. In [9], it is shown that each 1-planar graph with n vertices has at most 4n — 8 edges
and this upper bound is tight, which implies that the minimum vertex degree of any 1-planar
graph is at most 7.

Let H be a connected graph and G be a family of graphs. If for any graph G € G, G
contains a subgraph K ~ H such that

< < .
xgﬁ%{ddx)} <tp < 400 and GVZ(K) da(z) <ty < +o0, (1.1)

then we say that H is light in G, and otherwise say that H is heavy in G. The smallest
integers ¢, and t,, satisfying (1.1) are called the height and the weight of H in the family
G, denoted by h(H,G) and w(H,G), respectively. By £(G), we denote the set of light
graphs in the family G. Throughout this paper, Pj (¢) (resp. Ps(¢)) denotes the family of
1-planar graphs (resp. planar graphs) with minimum vertex degree at least 4 and minimum
edge degree at least . If £ = 24, we use the natation P} (resp. Ps) for short to represent
Pi(e) (resp. Ps(e)). Note that for the parameter P} (¢), we need to assume that § < 7 and
g > 26.

The first complete description of the set of light graphs in the family of 1-planar
graphs with high minimum degree was given in [9, 22]; there was proved that £(P}) =
{Py, P,, P3}. Fabrici and Madaras [9], Zhang, Liu and Wu [22], and Dong [8] together
proved that £(P2) = { Py, P, P3, Py, S5}, where S is a 3-star. For the lightness of some
graphs in the family 73(% where 6 < § < 7, the readers can refer to [6, 9, 11, 10, 12, 13, 17,
22,26, 23].

In this paper, we investigate the lightness of some graphs in P} (¢) with not only & = 2§
but also € > 24, the later case of which has not been considered for the family of 1-planar
graphs even before. Our motivation comes from the analogical results for planar graphs
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with minimum degree 0 and minimum edge degree 25 + 1 where ¢ € {3, 4}. For example,
Borodin proved in [5] that £(P5(7)) = { Py, P2, Ps} (also proved in [14] by Madaras and
Skrekovski), and Mohar et al. [15] presented some light subgraphs in the class P4(9).

In what follows, we show in Section 2.3 that K, is light in the family P2 as well as in
its superfamily P} (13), and its height is at most 10 and at most 12, respectively.

2 The lightness of chordal 4-cycle
2.1 Basic terms

In the following, we always assume that GG is a 1-planar graph that has been drawn on a
plane so that every edge is crossed by at most one another edge and the number of crossings
is as small as possible. The associated plane graph G* of G is the plane graph that is
obtained from G by turning all crossings of G into new 4-vertices. A vertex in G* is false
if it is not a vertex of G; otherwise, it is true. Similarly, by false (resp. true) face, we mean
a face in G* that is incident with at least one false (resp. no false) vertices. Let v and f
be a vertex and a face in G*. The function {(v) (resp. {(f)) denotes the number of false
vertices that are adjacent to v (resp. incident with f) in G*.

For convenience, we introduce some specialized notations. Let v be a false vertex in
G* and let vy, v2, v3,v4 be its neighbors in a clockwise order. Define f; to be the face
incident with vv; and vv;, 1, where subscripts are taken modulo 4. Note that if d(f;) = 3,
then v;v;41 € E(G). In this case, let f/ be the other face incident with the edge v;v;41.
If d(f]) = 3, then its third vertex will be denoted by v;. Thus v} is a false vertex if and
only if f/ is false, in which case we denote a neighbor of v; (resp.v;+1) in G to be v}
(resp.vj’, 1), so that v;v;’ and v; vy, | are two edges in G that crossed by each other at the
point v;. Denote the face that is incident with the path v;vjv}’, | (resp. viy1vjv]’) in G* by
FE (resp. f1).

While proving the lightness of a graph in a given family of graphs, usually, the dis-
charging method is used. In the proof of this paper, based on this method we consider a
hypothetical counterexample G (a 1-planar graph) and then construct its associated plane
graph G*. We first assign an initial charge c to each element z € V(G*)|J F(G*) as
follows: @ ( ) @

adgx () = 2(a+ ), ifzeV(G*);
o(z) = { Bdg () — 2(a+ 8), ifw e F(GX), @1)

where « and (8 are some prescribed positive numbers. By combining the Euler formula
V(G™)| = [E(G™)| + [F(G*)] = 2 on G* and the relation °, .y (gx)dex (v) =
We then redistribute the charge of the vertices and the faces of G* according to some dis-
charging rules, which only move charge around but do not affect the total charges so that,
after discharging, the final charge ¢’ of each element in V(G*) |J F(G*) is nonnegative.
This leads to a contradiction that 3 v ox ) p(ax) €(®) = Xsevie)yrex) ¢ (@) 2
0 and completes the proof.

2.2 A Key discharging lemma

Let G be a I-planar graph and let v be a true vertex in its associated plane graph G*.
Denote F'(v) to be the subgraph induced by the faces that are incident with v. Note that
F(v) can be decomposed into many parts, each of which is one of the five clusters in Figure
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A s AN

1- Cluster 2-Cluster (i>0) 3- Cluster
v v
e y L e T u w e T - e
4-Cluster (i>0) 5-Cluster (i>0)

Figure 1: F'(v) can be decomposed into the combination of the above five clusters

1, and any two parts of which are adjacent only if they have a common edge vw such that
w is a true vertex. The hollow vertices in Figure 1 are false and the solid ones are true, and
all the faces marked by f; are 4™ -faces.

Lemma 2.1. Let v be a 6 -vertex in the associated plane graph G* of a 1-planar graph
G. Assign v an initial charge c(v) = adgx(v) — 2(a + B), where « and 8 are some
prescribed positive numbers satisfying 2a > . Suppose that v sends out charges only by
the following three discharging rules:

ﬁ

Rule A v transfers a charge of to each incident 3-face in G*;

Rule B If v is incident with two ad]acent 3-faces f1 = [xvz] and fo = [yvz] so that z is a
false vertex in G, then v sends the charge \ to z;

Rule C Ifv is incident with a 3-face f1 = [zvz] sharing a common edge vz with a 4" -face

o5 so that z is a false vertex in G, then v sends the charge 1 to .
ge [

Denote ' (v) to be the final charge of v after applying the above rules. If dgx (v) is even
with

2 4
A< (3 - dGX(U)> (a+B), (2.2)
3
W= ZA’ 2.3)
or dgx (v) > 9 is odd with
QdGX (U) — 12
1
B= 5)\, (2.5)
or dgx (v) = 7 with
_a+p
A=p= IR (2.6)

then ¢ (v) > 0.
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Proof. Denote n; to be the number of i-clusters contained in F'(v) and m; to be the charges
sent out from v through an ¢-cluster. By their definitions, one can easily observe that

2n1 + 2ng + ng + 3ng + n5 < dgx (v). 2.7

For the case when dgx (v) is even, by (2.7) and the choices of A, i as in (2.2) and (2.3), we
have

dv) = clv) — 20 dGX anml

_ot BdGX (v) = 2(a+ B) — Ang — png — 2uny

3
> a—gﬁdcx(v) —2(a+p) - %(2711 + 2ng + ng + 3ng + n5)
> a—gﬁdgx (’U) - 2(04 +6) - %dGX (’U)
> a—gﬁdcx(v) —2(a+B) - <£1,) - de(v)> (a+ B)dgx(v)
=0.

Now, we consider the case when dgx (v) is odd. Here, note that
no+nsg+ng+ns>1 (2.8)

since any copy of a 1-cluster consists even number of faces incident with v. By (2.7), (2.8)
and the choices of A, i as in (2.4) and (2.5), we have

d(v) = c(v) — 20— dGX Zn m;

3
_ a;_ﬁdgx(v)—ﬂa—i-ﬁ)—)\nl ~ i — 2ums
- a—gﬁdcx(v)—2(a+3)—%(2n1+2n2+n3+3n4+n5)+
§(n2 +n3 4+ ng + ns)
> D o (0) 20+ B) — S (0) +
> g ) 200+ 9) - (20 a4 B)(dg () - 1)
=0.

For the particular case when dgx (v) = 7, we can deduce from (2.7) that

Ny + ng + 2ny = {2”1 - 2;‘2 + 3”4J + Bmw < BJ + B EH —4. (29
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Thus by (2.9) along with the choices of ) and y as in the equation (2.6), we have

d) = ew) — 2B (v mel

= a—;—ﬁ — Ang — png — 2uny
+
= @ 3 b —)\(n1+n2+2n4)
s ot B
3
=0.
Consequently, we complete the proof of this lemma. O

2.3 The height of chordal 4-cycle in P; (13) and P}

Theorem 2.2. Each I-planar graph with minimum degree at least 6 contains at least one
of the following configurations:

(a) a pair of adjacent vertices of degree 6;
(b) ad-cycle C = [x1222324] of the type (6,< 12, < 8, < 12) with a chord x1x3;
(¢) ad-cycle C = [x12292324] of the type (7,< 10, < 8, < 10) with a chord x1zs.

Proof. The proof of the theorem is carried out by the discharging method as described in
Section 2.1. Suppose G is a counterexample to the theorem. Consider the associated plane
graph G of G. Assign the charges to each element 2 € V(G*) U F(G*) as mentioned
in the inequation (2.1) of Section 2.1 by choosing o« = 2 and 8 = 3. If v is a true vertex in
G, then dgx (v) = de(v), so in the following we use d(v) for short to represent both of the
two notions. A big vertex, semi-big vertex, intermediate vertex and semi-intermediate
vertex refer to a vertex v € V(G*) with d(v) > 13, d(v) > 11, 6 < d(v) < 12 and
6 < d(v) < 10, respectively. Therefore, a true vertex in G* is either big or intermediate,
and an intermediate vertex in G is either semi-big or semi-intermediate. By big face, we
denote a face f € F(G*) with degree at least 4. Now, we define the discharging rules as
follows.

Rule 1 Each 6™ -vertex sends - 1 to each incident face;
Rule 2 Each 4-vertex sends % 3 to each incident false 3-face;

Rule 3 Each big face sends to each incident 4-vertex;

Rule 4 Let f be a big face hav1ng a common edge zy with a false 3-face g = [xyz]. If z is
a 4-vertex, then f sends 5 to 2z through xy;

Rule 5 Let f be a big face hav1ng a common edge xy with a false 3-face g = [zyz]. If z
is a 4-vertex and yz is incident with another false 3-face h = [yzu], then f sends %
to u through zy and yz;

Rule 6 Let f = [zyz] be a true 3-face having a common edge yz with a false 3-face
g = [uyz]. If d(x) > 11, then z sends 5 to u through yz;
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Rule 7 Let f = [zyz] and g = [uyz] be two adjacent false 3-faces, and let z be a 4-vertex.
Suppose yu is incident with another false 3-face h = [yuw] so that yy’ crosses uu’
in G at w. If at least one of the following four occasions appears in G*

e d(z) > 13, min{d(u),d(y)} = 6, max{d(u),d(y)} < 8 and y,u,u’ are all
intermediate vertices with yu' € E(G*);

e d(z) > 13, min{d(u),d(y)} = 6, max{d(u),d(y)} < 8 and y,u,y’ are all
intermediate vertices with uy’ € E(G*);

e d(z) > 11, min{d(u),d(y)} = 7, max{d(u),d(y)} < 8 and y,u,u’ are all
semi-intermediate vertices with yu’ € E(G*);

e d(z) > 11, min{d(u),d(y)} = 7, max{d(u),d(y)} < 8 and y,u,y’ are all
semi-intermediate vertices with uy’ € F(G*),

then z sends 25—4 to w through yz and yu;

Rule 8 Let f = [zyz] and g = [uyz] be two adjacent false 3-faces. If z is a 4-vertex, then
y sends to z a charge of

ifd(y) =T

if d(y) = 8;

if9 <d(y) <12;
3, ifd(y) > 13

ot

- [ V)

GOt OOt =

Rule 9 Let f = [zyz] be a false 3-face having a common edge yz with a big face 8. If z
is a 4-vertex, then y sends to z a charge of

T, ifdy) =T
2, if8<d(y) <12
5. ifd(y) > 13.

In the following, we estimate the final charge ¢’ of vertices and faces after the charge
redistribution and prove ¢/(z) > 0 for each z € V(G*)|J F(G*). By Rules 1 and 2, any
3-face f in G* receive % from each of its incident vertices, which implies the final charge of
f is exactly zero. For a big face f in G* (recall that {( f) denotes the number of 4-vertices
incident with f), it would send % (f) to its incident 4-vertices by Rule 3. Besides, if f
is incident with a 4-vertex v, then f send out 2 x o = - through uv and vw by Rule 5,
where u and w denote the neighbors of v on the boundary of f. Since f is incident with
d(f) —2¢(f) true edges (namely, an edge of G* containing no 4-vertex), by Rule 4, a total
charge of 2 (d(f)—2¢(f)) would be sent out from f through the true edges incident with f.
On the other hand, f receive § from each of d( f)—(( f) true vertices incident with it. Since
C(f) < U2 () 2 3d())=10-35¢(F)= 5~ H AN =2 (M +H N ~C() =
Bd(f) — §¢(f) =10 > 3d(f) — 10 > O for d(f) > 4.

By Lemma 2.1 along with Rules 1,8 and 9, one can check that ¢/(v) > 0 for all vertices
of degree between 6 and 10. For a big vertex v in G*, denote F'(v) to be the subgraph
induced by the faces that are incident with v. As we state at the beginning of Section 2.2,
F(v) can be decomposed into a combination of the five clusters in Figure 1. By n; and
m,;, we denote the number of i-clusters contained in F'(v) and the charges sent out from v
through an i-cluster. If there is a 2-cluster in F'(v), then v send 2 to y (see Figure 1) by Rule

5

9 and at most 2 through zy by Rule 7, so mp < 2 4+ 2 = 22, Similarly, we can prove
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that mg < %byRule6,m4 < 2x % + 2 x % = %byRules7,9andm5 = 0. We now
estimate the value of m; much more carefully. First, we show the following observation.

Observation. If v is incident with a 1-cluster as in Figure 1 and has sent out some charge
through xy by Rule 7, then it would not send out any charge through the edge yz.

Proof. Denote u to be the neighbor of v in G such that uv crosses zz in G at the point
y. Suppose, on the contrary, that v send out some charge through yz. By the definitions
of the rules, uyz is a 3-face in G* and z is an intermediate vertex in G*. Since v has
sent out charge through xy by Rule 7, by the definition of Rule 7, we have zu € E(G*),
min{d(z),d(u)} = 6 and max{d(x),d(u)} < 8. Furthermore, zu is also incident with
a 3-cycle, say zuw, in G such that w is an intermediate vertex in G* different from z.
Now, the four distinct vertices x, z, u, w form a 4-cycle [uwzz] in G with a chord uz, and
therefore, the configuration (b) occurs in G. This contradiction verifies this observation. ||

By Rules 7, 8 and the above observation, we immediately have m; < g + % = %.

Therefore, by Rule 1 and the inequality (2.7) in Section 2.1, we have ¢/(v) > 2d(v) —
10 — %d(v) — %nl — %ng — %n:), — %ml > gd(v) —10 — %(in 4+ 2n9 + n3 +
3ng + ns) + 22(ng + ng + ng + ns) > 32d(v) — 10 + 2 (ng + ng + ng + ns5) > 0
for d(v) > 14. If d(v) = 13, then by the inequality (2.8) in Section 2.1, we also have
d(v) > 33d(v) — 10 + 22 = 0 in final. For vertices of degree 11 or 12 (they are semi-big
but not big), we can also check the nonnegativity of their final charges. Proof of them are
left to the readers, since they use the same argument as in the previous analysis on the big
vertices.

Now, the only missed case is when v is a 4-vertex in G* (namely, v is a false vertex).
As we know, the initial charge of a 4-vertex v is —2, so if v is incident with at least three big
faces, then by Rules 2 and 3, the final charge ¢/ (v) of v is at least —2— % +3x % = % > 0.
In the following, we discuss three other cases.

Case 1. v is incident with exactly two 3-faces.

First, suppose that f; and fo are 3-faces. Since no two 6-vertices are adjacent in G,
at least two of vy, vy and vs are 77 -vertices. Thus by Rules 8 and 9, each of the two 7+-
vertices among vy, v2 and vs would send at least % to v. Therefore, ¢/ (v) > —2—2 X % +
2x 15 +2x 5 =0byRules2,3,8and9.

Second, suppose that fi and f3 are 3-faces. In this case, one can also show that there
are at least two 7+ -vertices among vy, v2, v3 and v4. Thus by Rules 2, 3, 8 and 9, we still
have ¢/(v) > -2 -2x 1 +2x 1 +2x 5 =0.

Case 2. v is incident with exactly three 3-faces.

Without loss of generality, we assume that fi, fo, f3 are 3-faces and f; is a 4T -face
(recall the definitions of f; in Section 2.1). By Rule 3, f, shall send % to v.

First, suppose that at least two of vy, vo, v3 and vy, say v, and vy (other cases can be
dealt with similarly), are big vertices. Thus at least one of v and v3 must be 7 -vertex since
they are adjacent in G. Therefore, by Rules 2,3and 9, ¢/ (v) > —2-3x3+2x 2+ 2411 =
0.

Next, suppose that only one of v1,v2,vs and vy is big vertex. If vy or vs, say v, is
big, then at least one of vy, v3 and v4 should be a 77 -vertex since they three form a 3-path
inG. By Rules 2,3,8and 9, ¢/(v) > =2 -3 x ++ 5+ 5+ 15 = 0. If vy or vy,
say v1, is big, then all of vo, v3 and v4 are intermediate. If they are all 7+ -vertices, then
d(v)>-2-3x3+2+3x 2+ 1} =0byRules 2, 8 and 9. Thus we assume that at
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least one of vq, v3 and vy is a 6-vertex. Here, we only consider the case when d(v3) = 6
and leave the discussions on the rest two cases to the readers, since they are quite similar.
First, suppose d(vs) > 9. By Rules 3 and 8 v1, v2 and f, shall send 3 G and % to v,
respectively, thus, ¢/(v) > =2 -3 x 3 145 g +3 1 + i 12 = 0. Second, suppose d(v2) < 8. We
now consider the face f2 (recall its definition in Section 2.1). If f] is a big face in G*, then
by Rule 4, f; sends 5 to v through the edge vovs. If f is a true 3-face, then v (recall
the corresponding deﬁnitron in Section 2.1) must be a big vertex because otherwise the
configuration (b) would appear in G, meanwhile, v receives % from vl through the edge
vovs by Rule 6. If f} is false 3-face, then we consider the faces fE and fF (recall their
definitions in Section 2.1). If f£ is a big face, then by Rule 5, f¥ sends % to v through the
edge vous. If f1 is a 3-face, then it must be false since it is incident with a false vertex v5.
Since va, v3, v4 and v4 (recall the definitions of v{' in Section 2.1) form a chordal 4-cycle
with a chord vov3 in G, v§ must be a big vertex, and then v shall receive 2 >, from vz’ through
the edge vovs by Rule 7. S1m11arly, v would receive another 2 5 through the edge vov3 from
either the face f2 or the vertex vy . Hence, through the edge vovs, v shall totally receive a
charge of 2 x ﬂ = =%. Since neither vy nor v4 can be a 6- vertex (because each of them
is adjacent to the 6- Vertex vs in G), each of v, and vy shall send 5 tow by Rules 8 and 9.
Thus, by Rules 2, 3 and 9, we still have ¢/(v) > =2 —3 x + + +2x—7+— 2+a=0.

At last, suppose none of vy, v9, v3 and vy is big. If vy or ’Ug, say Vs, 1S a 6- Vertex then
v1,v3 and vy are 7T -vertices since each of them is adjacent to vo. Furthermore, d(vs) > 9,
because otherwise the conﬁguration (b) would appear in G, so by Rules 2, 3, 8 and 9, we
have /(v) > —2—3x £ +2x 542+ 1L = 0. We now assume min{d(v2), d(v3)} > 7. If
max{d(vs),d(vs)} > 9 (w1thout loss of generality, assume d(v3) > 9), then by Rules 2, 3,
8and9,c/(v) > —2—3x1+2x 2411 > Owhend(vz) > 9, (v )> —2-3xi+42x 34
54+ 1 =0whend(vz) < 8andd(ul) > 7,and ¢/ (v) > —2—-3x s+ + 12—}—%—1—3 =0
when d(vy) < 8 and d(v1) = 6 (note that in this case, a charge of at least ;% shall be
transferred to v through the edge v1v2). Therefore, we assume max{d(vz),d(vs)} < 8
in the following. First, suppose at least one of vy and vs is a 8-vertex. Without loss of
generality, suppose d(v2) = 7 and d(v3) = 8. By Rule 8, vy and vs shall send = and 5
to v, respectively. By a similar argument as above, v shall also receive 12 either from the
vertex v; when d(v1) > 7 or through the edge v; v when d(v(;) = 6, and another 2 15 either
from the vertex vy when d(vg) > 7 or through the edge v3vy when d(v(4) = 6. Thus, by
Rules2and 3, wehave '(v) > =2 -3 x + + S+ 2 +2x 2 + 4 =0.

Second, suppose d(ve) = d(vs) = 7. Under this hypothes1s at least one of vy and vy
should be semi-big, because otherwise a configuration (c) would appear in G. If v; and vy
are 8 T-vertices, then by Rules 2, 3, 8 and 9, ¢/ (v) > —2—3x %+2 X 1—52+2 X ng% =0.1If
one of v1 and 1)4, say vy, is a 7~ -vertex, then by a similar argument as before, we can show
that v receives 5 through the edges v1v2 and another through the edges ’()2’[)3 Therefore
by Rules 2, 3, 8and9 we have ¢/(v) > =2 — 3 X 7+2>< Z+i+2x S+ H >0

Case 3. v is incident with four 3-faces.

If at least two of vy, v9,v3 and vy are big vertices, then by Rules 2 and 8, ¢/(v) >
—2-4x$+2x3=0.

If only one of vy, vs, v3, v4, Say vy, is a big vertex, then we can assume that vs, v3 and
vy are 71 -vertices. Otherwise, without loss of generality, suppose d(v3) = 6. Since no two
6-vertices are adjacent in G, d('l)g) > 7and d(vy) > 7. If vz and vy are 8T -vertices, then

dw)>—-2—-4xz + 542 >< 2 = (0 by Rules 2 and 8. We now assurnethatoneofvd and

v4,sayv3,1sa7vertex Ifnowd(v4)29 then ¢/(v) > 2—4><T+ —|—12+4 =0
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Rules 2 and 8. If d(v4) < 8, then by a similar argument as in Case 1, we can show that v

receives % through the edges U2’03 and another = through the edges vsvy. Therefore, by
RulesZandS dv)>-2-4x r—i— 2 4+ 2 x ]52+2 X 15 = 0. Hence, we can assume
min{d(vs), d(vs),d(vs)} > 7. If at least one of vy, v3 and 114 is a 8 -vertex, then by Rules
2and 8, d(v) > —2—-4x L+ +2x & +2 =0 Ifd(v )_d(vg) = d(v4) = 7, then
by a similar argument as in Case 1, one can show that a charge of -% would be transferred

to v through each of the edges vov3 and vsvy. Hence, by Rules 2 Ell?ld 8, we have ¢/ (v) >
—2-4x1+3x3+2x 2 >0.

We now consider the last case when v1, v2, v3 and vy are intermediate vertices. If they
all are 8T -vertices, then by Rules 2 and 8, ¢/ (v) > —2—4 x % +4x % = 0. If one of them,
say v1, is a 6-vertex, then vo, v3 and v, are 9" -vertex, because otherwise the configuration
(b) would appear in G. This implies that ¢/(v) > —2—4x 1+ +3 x 2 > 0 by Rules 2 and 8.
We now assume that d(v;) = 7 and min{d(vs), d(vs), d(vs)} > 7. If at least two of vy, v3
and vy are 9T -vertices, then by Rules 2 and 8, ¢/(v) > =2 —4x + 4+2x 5 +2x 2 =0,
Thus, we assume that at least two of ve, v3, v4, say v and v3, are 8~ -vertices. In this case,
vy should be a semi-big vertex because otherwise the conﬁguration (c) would occur in G.
If d(v2) = d(vs) = 8, then by Rules 2and 8, ¢/ (v) > —2 =4 x + + S +2x 2+ 3 =0,
If min{d(’ljg) d(vs)} = 7, then by a similar argument as in Case 1 one can prove that
a charge of 2 15 would be transferred to v through each of the edges v1vs and vovs. This
implies that ¢/(v) > —2 —4 x 1 +3><§+2><ﬁ+7_0

I%ence, we deduce that ZmEV(GX YUFGA)C '(x) > 0. This contradiction completes tt;
proof.

Corollary 2.3. K; € L£(P§(13)) and h(K ,P§(13)) < 12.
Corollary 2.4. K; € L(P3) and h(K ,P3) < 10.
Corollary 2.5. h(Py, P}) < 8 and w(Py, P¢) < 15.
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Abstract

We give a new alternative proof of Liouville’s formula which states that for any graphs
G and H on at least two vertices, k(GOH) = min {x(G)|H|, |G|x(H), 6(G) + §(H)},
where x and § denote the connectivity number and minimum degree of a given graph,
respectively. The main idea of our proof is based on construction of a vertex-fan which
connects a vertex from V/(GOH ) to a subgraph of GOH. We also discuss the edge version
of this problem as well as formula for products with more than two factors.
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1 Introduction

The Cartesian product has been studied extensively since the 1950’s. Despite of its simple
definition, answering many underlying questions is far from being trivial. One such ques-
tion refers to a connectivity of a Cartesian product and how it depends on invariants of its
factors.

The first result of this type appeared in an article written by Sabidussi [5] in 1957.
He proved that for arbitrary graphs G and H, x(GOH) > «(G) + «(H). In 1978, Li-
ouville [4] conjectured that for graphs G and H on at least two vertices, x(GOH) =
min {«(G)|H|, |G|k(H), §(G) + 6(H)}, where x and ¢ denote the connectivity number
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and minimum degree of a given graph, respectively. The result of Subidussi was improved
by Xu and Yang [7]. They showed that x(GOH) > min {x(G) + 6(H),x(H) + §(G)},
where G and H are connected undirected graphs. Finally, the Liouville’s formula has been
recently proved by Spacapan in [6]. For more information on the topic, see also [1, 2, 3].

We use the following terminology. The Cartesian product of two graphs G and H,
denoted by GOH, is a graph with vertex set V(G) x V(H), where two vertices (g, h) and
(¢',h') are adjacent if g¢’ € E(G) and h = h'/ or g = ¢’ and hh' € E(H). The graphs G
and H are called the factors of GOH. For any h € V(H), we denote by G" the subgraph
of GOH induced by V(G) x {h} and name it G-fiber. Similarly, we can define H-fiber.

For a graph G and v € V(G), the degree of a vertex v is denoted by d¢(v), or simply
d(v) if the graph G is known from the context. Furthermore, we denote by §(G) the
minimum degree of a graph . The minimum degree is additive under Cartesian products,
ie. (GOH) = §(G) + §(H). Recall that the symbol Ng(v) denotes the set of neighbours
of a vertex v in a graph G.

For a connected graph G a subset S C V' (G) is a separating set if G — S has more than
one component. The connectivity k(G) of G is the minimum size of S C V(G) such that
G — S is disconnected or a single vertex. For any k& < x(G), we say that G is k-connected.
A subset of edges S C E(Q) is disconnecting set if G — S’ has more than one component.
The edge-connectivity A\(G) of G is the maximum k for which G is k-edge-connected, i.e.
every disconnecting set consists of at least k& edges.

A set of (u, W)-paths, where W C V(G) and u € V(G) \ W, is called a vertex-fan
(resp. an edge-fan) if any two of the considered paths have only vertex u in common (resp.
edge-disjoint paths). We say that a vertex-fan avoids a vertex v if its paths do not contain
V.

In this paper, we provide an alternative poof of Liouville’s formula. Our approach
to proving this result includes construction of a vertex-fan which connects a vertex from
V(GOH) to a subgraph of GOH. Namely, for every vertex (a,b) € V(GOH) there exists
a vertex-fan of minimum size d(a) 4 d(b) which connects a chosen vertex and a connected
subgraph of GOH comprised of a fiber of G and a fiber of H. We also discuss the edge
version of this problem as well as formula for products with more than two factors.

2 Connectivity of Cartesian product

Here, we construct the fan.

Proposition 2.1. Let G and H be connected graphs, a,c € V(G) and b, d € V(H) distinct
vertices. Then, there exists a vertex-fan F from (a,b) to G U °H of size d(a) + d(b) that
avoids the vertex (c,d). Moreover d(a) paths of F are ended in G* and d(b) paths of F
are ended in °H.

Proof. Let Ng(a) = {al,ag, . ,ad(a)} and Ng(b) = {bl, bay ..., bd(b)}~ Let P =
ax1Texs -+ (= ¢) (resp. Py = byi1yays - - - yi(= d)) be a shortest path that connects a
and ¢ in G (resp. b and d in H). Thus, z1 (resp. y1) is the only neighbour of a (resp. b) that
is contained in Pg (resp. Prr). So, without loss of generality, we can assume that 1 = a;
and y; = by.

Now, we construct a vertex-fan F' from (a, b) to G4 U “H. First, we define d(a) vertex-
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disjoint paths that use copies of the path P to reach the fiber G%:

((I, b)P”'H where P“H = (a7y1)(aa y2)(aay3) e (a7yl—1)(a'a d)a
(aab)(a%b)PaiH where PaiH = (ai7y1)(a‘iay2)(ai7y3)'”(aiayl—l)(ai)d)7

i =2,3,...,d(a). Furthermore, we construct d(b) vertex-disjoint paths that use copies of
the path Py to reach the fiber H. For every j = 2,3,...,d(b) define:

a, b)PGh where Pgb = (.131, b)($2, b)(.ﬁU3, b) s (xk._l, b)(c, b)

a,b)(a,bj) Py, where  Peo; = (21,5)(22,b5)(23,b5) - - (2k-1,b;)(c, bs).

—~

As can be easily seen from the construction, defined paths are vertex disjoint and none
contains the vertex (¢, d).
O

Now, we prove the formula.

Theorem 2.2. Let G and H be graphs on at least two vertices. Then,
k(GOH) = min{x(G)|H|, |G|x(H), 6(G)+0(H)}.

Proof. First we show that x(GOH) is at most the claimed minimum. Let S be a separating
set of the graph G. Then S x V (H) is a separating set of GOH. Consequently, x(GOH) <
k(G)|H| and analogously, x(GOH) < k(H)|G|. Since k(GOH) < §(GOH) = §(G) +
§(H), it follows that x(GOH) < min{x(G)|H|, |G|k(H), §(G) + 6(H)} and we have
shown desired inequality.

Now, we show that x(GOH) is at least the claimed minimum. Suppose it is false
and GOH has a separating set S with |S| < min {x(G)|H|, |G|x(H),é(G) +6(H)}.
Then, there exist vertices ¢ € V(G) and d € V(H) such that |[V(G?) N S| < k(G) and
|V(¢H) N S| < k(H). In particular, G — S and °H — S are connected.

Notice that Proposition 2.1 implies that each vertex of GOH — S is connected to G U
©H by a path avoiding S. Hence, if (¢,d) ¢ S, then G*U“H — S is connected, and so is
GOH - S.

So assume (¢,d) € S. Then GOH — S has at most two components, one containing
G — S and other containing °H — S. Now we will find a vertex adjacent to both of these
subgraphs, and this will imply connectedness of GOH — S.

If we can choose ¢; € Ng(c) and di € Np(d) such that none of vertices (¢, dy),
(c1,dy), (c1,d) belongs to S, then (c;,d;) connects G — S and “H — S and hence con-
nectedness of GOH — S follows. Suppose that we cannot make such a choice. Let z
(resp. ) be the number of neighbours of (c,d) in G — S (resp. °H — S). Then x y ver-
tices from Ng(c) x Ny (d) must be in S, because of the assumption. So there are at least
dg(c) —x +dp(d) —y+xy+ 1 vertices in S.

By the assumption on S, dg(c) — z +dy(d) —y+zy+1 < §(G) + 6(H) <
de(c) + dg(d) and after simple transformation one can obtain xy + 1 < x + y. But the
latter inequality holds if and only if x = 0 or y = 0. Since x(G) < §(G), this contradicts
the assumptions that both fibers G and °H contain less than x(G) resp. x(H) vertices of
S.

Hence, we showed that G% U *H — S is connected, and so is GOH — S. Therefore,
|S| > 0(G) + 0(H). O
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We discuss the edge version of this problem. A similar result for the edge-connectivity
of the Cartesian product was proved by Xu and Yang [7] in 2006 using the edge version of
Menger’s theorem:

Theorem 2.3. Let G and H be graphs on at least two vertices. Then,
MGEH) = min {\(G)[H], |G|\(H), 6(G) +J(H)}.

In 2008 new short version of the proof, avoiding Menger’s theorem, appeared in [3].

We can use the fan from Proposition 2.1 and a very simplified argument of Theorem
2.2 (mainly the first two paragraphs) to prove Theorem 2.3. Moreover, instead of the fan
of Proposition 2.1, we can use the following simpler one (using notation from the proof of
Proposition 2.1): for every i = 1,2, ..., d(a) define:

(a/a b)(ai7b)P“'iH7 where P”iH = (aiayl)(ai7y2)<aiay3)"'(a%ylfl)(a%d)a
and forevery j = 1,2,...,d(b) define

(a,b)(a,bj)P;, where Py, = (w1,b5)(w2,b5)(w3,b5) - (2-1,b; )(c b;).

It is easy to see that this is an edge-fan of size d(a) + d(b) from (a, b) to G¢ U
Finally, we would like to stress that above approach enables us to generalize Liouville’s

formula for Cartesian products with more than two factors. We state this result in the fol-
lowing theorem.

Theorem 2.4. Let G;, 1 = 1,2,...,n be graphs on at least two vertices and let G =
Gl DGQD oo DGn Then,

#(G) = k(G10---0G,) = min{“(Gl) ”( n) G, 8(G1) + +6(Gn)}.

G € Tan

Proof. We prove given equality using induction on the number of factors n. The base case
for n = 2 is proved in Theorem 2.2. In order to prove that equality holds for n, we consider
k(G) = k(G10---0G,,) as the Cartesian product of two graphs G’ = G10---0G,,_1
and GG,,.

Then, by the induction hypothesis,
k(G'O0G,) = min {k(G")|Gn|, k(G,)|G'|, 6(G") +6(Gp)}
= min {R(G")|Gul, S Gl, 8(G1) + -+ + (Guor) +3(Gn) |
= min {5E |G|, ... 5Cu=t) |G|, 5G) 1G], 5(G) + -+ +6(C) )

where the last equality holds by the induction hypothesis applied on x(G’) = k(G0
OG,,—1) and an obvious inequality (G1) +--- +3(Gp) < (§(G1)+---+0(Gp ))|G |
O

Regarding the above formula, if all G;’s are isomorphic to a graph H, then we obtain
the formula
k(H™) =min {x(H)|H|" ", né(H)} = né(H),

which was observed in [3].
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Abstract

Every equivelar abstract polytope of type {p1, ..., pn—1} hasatleast 2p; - - - p, 1 flags.
In this paper, we study polytopes that attain this lower bound, called fight polytopes. Us-
ing properties of flat polytopes, we are able to give a complete local characterization of
when a polytope is tight. We then show a way to construct tight polyhedra of type {p, ¢}
when p and ¢ are not both odd, and a way to construct regular tight polytopes of type
{2k1,...,2kn_1}.

Keywords: Abstract regular polytope, equivelar polytope, flat polytope, mixing.
Math. Subj. Class.: 5IM20, 52B15, 05C25

1 Introduction

Abstract polytopes are purely combinatorial generalizations of convex polytopes, maps
on surfaces, and infinite tessellations. Their study is a rich and varied field, tying together
combinatorics, group theory, topology, and geometry. The most-studied polytopes are those
with a high degree of symmetry, including the regular polytopes (see [9]) and the chiral
polytopes (see [11, 12]). We also know a great deal about polytopes in rank 3, thanks in
part to the fact that every 3-polytope can be naturally associated to a map on a surface (see
[10]). In higher ranks, however, relatively little is known about the landscape of polytopes.

In order to understand the structure of polytopes in higher ranks, it would be useful to
have many small examples we could study. Furthermore, finding the smallest polytope that
satisfies a certain set of properties is a worthwhile and interesting endeavor in and of itself.
There are many ways to interpret “smallest” in this context; here, we will work with the
number of flags, which is perhaps the easiest and most natural way to quantify the size of a
polytope, particularly when working with regular polytopes.

In this paper, we study the smallest equivelar polytopes; that is, polytopes that have
a Schlifli symbol. Regular and chiral polytopes are equivelar, as are many other highly-
symmetric polytopes, but there are no a priori bounds on how symmetric an equivelar
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polytope must be. We are able to show that every equivelar polytope with a fixed Schlifli
symbol {p1,...,pn—1} has at least 2p; - - - p,_1 flags (Proposition 3.3). Our goal is then
to study those polytopes for which this lower bound is tight; appropriately enough, we
call these tight polytopes. The term was first used by Marston Conder in a mini-course
during the Workshop on Symmetry in Graphs, Maps and Polytopes at the Fields Institute
in Toronto, Canada, in October 2011. His lecture on the smallest regular polytopes in every
rank (which has now been written up in [4]) inspired the work that led to this paper.

We start by presenting background information on polytopes in Section 2. In Section 3,
after proving the lower bound for the number of flags of an equivelar polytope, we investi-
gate some simple properties of tight polytopes. Section 4 explores the connection between
tightness and flatness of polytopes, and Theorem 4.4 completely characterizes tightness
in terms of a local flatness property. In Section 5, we provide a method for building tight
polyhedra. Finally, we present a family of regular tight polytopes in every rank in Section 6.

2 Polytopes

Our background information is mostly taken from [9, Chs. 2, 3, 4], with a few small
additions.

2.1 Definition of a polytope

Let P be a ranked partially ordered set whose elements will be called faces, and let us say
that two faces are incident if they are comparable. The faces of P will range in rank from
—1 to n, and a face of rank j is called a j-face. The 0-faces, 1-faces, and (n — 1)-faces are
also called vertices, edges, and facets, respectively. A flag of P is a maximal chain. We say
that two flags are adjacent if they differ in exactly one face, and that they are j-adjacent if
they differ only in their j-face.

If F and G are faces of P such that F' < @, then the section G/F consists of those
faces H such that FF < H < G. If F'is a j-face and G is a k-face, then we say that the
rank of G/F'is k — j — 1. If removing G and F' from the Hasse diagram of G/ F' leaves us
with a connected graph, then we say that G/ F' is connected. That is, for any two faces H
and H' in G/ F (other than F and G themselves), there is a sequence of faces

H=HyH,...,H,=H

such that, for each 1 < ¢ < k, the faces H;_; and H; are incident and F' < H; < G. By
convention, we also define all sections of rank 1 or less to be connected.

We say that P is an (abstract) polytope of rank n, also called an n-polytope, if it satisfies
the following four properties:

(a) There is a unique greatest face F;, of rank n and a unique least face F_; of rank —1.
(b) Each flag has n + 2 faces.
(c) Every section is connected.

(d) (Diamond condition) Every section of rank 1 is a diamond. That is, whenever F' <
G, where F'isa (j —1)-face and G is a (j + 1)-face for some j, then there are exactly
two j-faces H with FF < H < G.

In ranks —1, 0, and 1, there is a unique polytope up to isomorphism. Abstract polytopes
of rank 2 are also called abstract polygons, and for each 2 < p < oo, there is a unique
abstract polygon with p vertices and p edges, denoted {p}.
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Note that due to the diamond condition, any flag ® has a unique j-adjacent flag (denoted
®J)foreachj =0,1,...,n— 1.

If Fis a j-face and G is a k-face of a polytope with F' < @, then the section G/F is a
(k — j — 1)-polytope itself. We identify a face F' with the section F'//F_; and we call the
section F,, /F the co-face at F. The co-face at a vertex Fy is also called a vertex-figure at
Fo.

If P is an n-polytope, F' is an (i — 2)-face of P, and G is an (i + 1)-face of P such that
F < @G, then the section G/F is an abstract polygon. We say that P has Schldfli symbol
{p1,...,pPn-1},orthat P is of type {p1,...,pn—1} if, foreach 1 < i < n — 1, the section
G/F is equal to {p; }, no matter which (i — 2)-face F' and (i + 1)-face G we choose. If P
has a Schlifli symbol, then we say that P is equivelar.

The sections of an equivelar polytope are all equivelar polytopes themselves. In partic-

ular, if P is an equivelar polytope of type {p1,...,pn—1}, then its facets are all equivelar
polytopes of type {p1, ..., pn—2}, and its vertex-figures are all equivelar polytopes of type
{p27 e 7p'n71}~

Let P and Q be two polytopes of the same rank. A surjective function v : P — Q is
called a covering if it preserves incidence of faces, ranks of faces, and adjacency of flags.
We say that P covers Q if there exists a covering v : P — Q.

The dual of a polytope P is the polytope obtained by reversing the partial order. If P is
an equivelar polytope of type {p1,...,Pn—1}, then the dual of P is an equivelar polytope

of type {p’nfh s >p1}'

2.2 Regularity

For polytopes P and Q, an isomorphism from P to Q is an incidence- and rank-preserving
bijection on the set of faces. An isomorphism from P to itself is an automorphism of P,
and the group of all automorphisms of P is denoted I'(P). We say that P is regular if the
natural action of I'(P) on the flags of P is transitive. For convex polytopes, this definition
is equivalent to any of the usual definitions of regularity.

Given a regular polytope P, fix a base flag ®. Then the automorphism group I'(P) is
generated by the abstract reflections po, . .., pn_1, where p; maps ® to the unique flag ®°
that is i-adjacent to ®. These generators satisfy p? = ¢ for all i, and (p;p;)? = ¢ for all ¢
and j such that | — j| > 2. Every regular polytope is equivelar, and if its Schléfli symbol
is {p1,...,Pn_1}, then the order of each p;_1 p; is p;. Note that if P is a regular polytope
of type {p1,-..,Pn—1}, then I'(P) is a quotient of the string Coxeter group [p1, ..., Pn_1]
whose only defining relations are that p? = ¢, (p;—1p;)P* = €, and (p;p;)? = € whenever
i —j| > 2.

For I € {0,1,...,n— 1} and a group T = (pg, ..., pn—1), we define I'; := (p; |
i € I). If P is a regular polytope, then its automorphism group I' := T'(P) satisfies the
following intersection condition:

FIQFJ:FIQJ forI,JQ{O,...nz—l}. (2])

In general, if T' = (pg,...,pn—1) is a group such that each p; has order 2 and such
that (p;p;)? = € whenever |i — j| > 2, then we say that I is a string group generated by
involutions (or sggi). If I also satisfies the intersection condition (2.1) given above, then
we call I" a string C-group. There is a natural way of building a regular polytope P(I")
from a string C-group I such that I'(P(T")) ~ T" and P(I'(P)) ~ P. In particular, the
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i-faces of P(I") are taken to be the cosets of

where I';oo < T';4 if and only if ¢ < j and I';oo N T4 # 0. This construction is also easily
applied to any sggi (not just string C-groups), but in that case, the resulting poset is not
necessarily a polytope.

2.3 Flatness

The theory of abstract polytopes accomodates certain degeneracies not present in the study
of convex polytopes. For example, the face-poset of a convex polytope is a lattice (any
two elements have a unique supremum and infimum), but this need not be the case with
abstract polytopes. The simplest abstract polytope that is not a lattice is the digon {2},
both of whose edges are incident on both of its vertices. This type of degeneracy can be
generalized as follows. If P is an n-polytope, and if 0 < k < m < n — 1, we say
that P is (k, m)-flat if each of its k-faces is incident on every one of its m-faces. If P
has rank n and it is (0,n — 1)-flat, then we also simply say that it is flar. Note that if
0<i<k<m<j<n-—1andif Pis (k,m)-flat, then it must also be (4, j)-flat.
In particular, if P is (k,m)-flat for any 0 < k < m < n — 1, then it is also flat (i.e.,
(0,n — 1)-flat).
We will also need Lemma 4E3 in [9], which is stated below.

Proposition 2.1. Let P be an n-polytope, and let 0 < k < m < i < n — 1. If each i-face
of P is (k, m)-flat, then P is also (k,m)-flat. Similarly, if 0 <i <k <m <n—1and
each co-i-face of P is (k — i — 1,m — ¢ — 1)-flat, then P is (k, m)-flat.

2.4 Mixing

The mixing construction on polytopes is analogous to the join of two maps or hypermaps
[2]. Its principal use is to find a polytope that covers two or more given regular polytopes.
We begin by describing the mixing operation on groups (also called the parallel product in

[14]). LetT = (z1,...,z,) and IV = (2], ..., 2} be groups with n specified generators.

Then the elements z; = (z;,2;) € I' x IV (fori = 1, ..., n) generate a subgroup of I' x I"
that we denote I" o I and call the mix of I" and I (see [9, Ch.7A]).

If P and Q are regular n-polytopes, we can mix their automorphism groups. Let
T(P) = (p0s -+ pn—1) and T(Q) = (g, .., ply_y). Let a; = (ps, p}) € T(P) x T(Q)
for0 < i < n—1. Then I'(P) ¢ T'(Q) = {(ap,...,an_1). Note that the order of any
word aj, - - -, is the least common multiple of the orders of p;, - - - p;, and pj, ---pj . In
particular, each «; is an involution, and (aiaj)Q = ¢ whenever |i — j| > 2. Therefore,
T'(P) o T'(Q) is a string group generated by involutions, and we can build a poset out of it,
called the mix of P and Q and denoted P ¢ Q. This poset will not, in general, be a poly-
tope; indeed, it is a polytope if and only if the group I'(P) o I'(Q) satisfies the intersection
condition (2.1).

The following properties of P ¢ Q follow immediately from the definitions:

Proposition 2.2. Let P be a regular polytope of type {p1,...,pn—1}, with facets iso-
morphic to KC and vertex-figures isomorphic to L. Let Q be a regular polytope of type
{q1,- -, qn_1}, with facets isomorphic to K' and vertex-figures isomorphic to L. If P o Q
is a polytope, then its facets are isomorphic to K o K/, its vertex-figures are isomorphic to



G. Cunningham: Minimal equivelar polytopes 303

Lo L, and it has type {1, ..., 01}, where £; is the least common multiple of p; and g;
forl1 <i<n-—1

Dual to the mix is the comix of two groups. If T" has presentation (x1,...,z, | R) and
I has presentation (z], ...,z | S), then we define the comix of I" and I/, denoted ' O T",
to be the group with presentation

/ / -1, -1,/
<J,‘1,$1,...,$n7$n‘R,S,J31 Tyyees Ty, 'rn>

Informally speaking, we can just add the relations from IV to T, rewriting them to use x; in
place of z}.
The proof of the following simple proposition is essentially the same as [6, Prop. 3.3].

Proposition 2.3. Let P and Q be finite regular n-polytopes. Then
IT(P)oL(Q) - I(P)OI(Q)| = [U(P)] - [L(Q)I.

When mixing two polytopes, there is no guarantee that the result is itself a polytope. In
the following simple cases, however, polytopality is guaranteed.

Proposition 2.4. Let P and Q be regular polyhedra. Then P < Q is a regular polyhedron.
Proof. See [7, Cor. 3.2] O

Proposition 2.5. Let P be a regular n-polytope with facets isomorphic to K. Let Q be a
regular n-polytope with facets isomorphic to K'. If K covers K', then P o Q is polytopal.

Proof. The argument is essentially the same as for Lemma 3.3 in [1]. O

3 Structure of equivelar polytopes

Let |P| denote the number of flags of a polytope P. We start with a couple of general
remarks about the structure of equivelar polytopes.

Proposition 3.1. Let P be an equivelar n-polytope of type {p1,...,pn—1}, withn > 2.
Then P has at least p,,_1 facets and at least py vertices.

Proof. The claim is obvious when n = 2, since the only equivelar 2-polytopes are abstract
polygons. Suppose that n > 3 and that the claim is true for all equivelar (n — 1)-polytopes.
The vertex-figures of P are equivelar polytopes of type {pa,...,pn_1}, so by inductive
hypothesis, the vertex-figures have at least p,,_; facets. Since each distinct facet of P
yields a distinct facet of a vertex-figure of P, it is clear that P itself has at least p,,_1
facets. A dual argument shows that P also has at least p; vertices. 0

Proposition 3.2. Let P be an n-polytope. Then

Pl= > IKl

facets K of P

Proof. The flags of a facet of P are in one-to-one correspondence with the flags of P
containing that facet. The claim follows immediately. O

We are now able to give a lower bound on the number of flags of an equivelar polytope:
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Proposition 3.3. Let P be an equivelar n-polytope of type {p1,...,pn—1}, withn > 2.
Suppose that P has [ facets. Then |P| > 2p1 -+ - ppn—of > 2p1 -+ pp—1.

Proof. The claim is obvious when n = 2; in fact, in that case |P| = 2p;. Suppose that
n > 3 and that the claim is true for all equivelar (n — 1)-polytopes. The facets of P are
equivelar (n — 1)-polytopes of type {p1, ..., pn—_2}, so by inductive hypothesis, they each
have at least 2p; - - - p,,_o flags. Then the first inequality follows from Proposition 3.2, and
the second inequality follows from Proposition 3.1. O

Our main interest is in polytopes for which the bound in Proposition 3.3 is tight, and
thus we make the following definition.

Definition 3.4. Let P be a finite equivelar n-polytope of type {p1, ..., Dn—1}, withn > 2.
(In particular, we suppose that each p; is finite.) If |P| = 2p; - - - p,,—1, then we say that P
is tight.

By Proposition 3.3, tight polytopes have the minimal number of flags for their given
Schléfli symbol. Note that the dual of a tight polytope is also tight.

Every (finite) polygon is tight, since {p} has 2p flags. There are also many examples
in the literature of tight polyhedra, including the hemi-cube {4, 3}3 (see [9, Sect. 4E]), the
regular toroidal map {4,4} 2 0) (see [5]), and a chiral map of type {6, 9} (denoted C'7.1 at
[3], and appearing earlier in [15]). There are fewer notable examples in higher ranks, but
the locally toroidal 4-polytope {{3,6}1,1),{6,3}(1,1)} (see [13]) is one such example.

Many different (non-isomorphic) tight polytopes can share the same Schléfli symbol,
even if they are regular. For example, there are three regular polytopes of type {4, 6} with
48 flags listed at [8]. On the other hand, some Schlifli symbols are unable to support any
tight polytopes at all:

Proposition 3.5. Let P be an equivelar n-polytope of type {p1,...,pn—1}, withn > 3. If
every p; is odd, then P is not tight.

Proof. First, we note that if n = 3, then every edge is incident on two vertices and two
facets, so |P| is divisible by 4. Otherwise, if n > 4, then 4 divides the number of flags
in every 3-face of P, so again |P| is divisible by 4. Thus, if every p; is odd, 2py - - - pp—1
cannot equal |P)|. O

As a consequence of Proposition 3.5, though every tight polytope is minimal (i.e., has
the fewest flags among polytopes with the same Schléfli symbol), not every minimal poly-
tope is tight. For example, for each n, the minimal (and only) polytope of type {3, ...,3}
is the n-simplex, which has (n + 1)! flags instead of the 2 - 3"~ ! required in order to be
tight.

We now examine some of the basic structure of tight polytopes.

Proposition 3.6. Let P be a tight n-polytope of type {p1, ... ,pn—1}, withn > 2. Then P
has p,—1 facets and p; vertices.

Proof. The first part follows from Proposition 3.3 combined with Definition 3.4, and the
second part follows from a dual argument. O

Proposition 3.7. Let P be a tight n-polytope of type {p1,...,Pn—1}, withn > 3. Then
every facet and vertex-figure of P is tight.
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Proof. By Proposition 3.6, P has p,,_; facets; each of these is an equivelar polytope of
type {p1,--.,Pn—2}. Then Proposition 3.3 says that each of those facets has at least
2p1 - - - pn—o flags. If any facet has more than that many flags, then Proposition 3.2 im-
plies that P has more than 2p; - - - p,,_1 flags, contradicting the tightness of P. The other
part then follows by a dual argument. O

Proposition 3.8. Let P be a tight polytope. Then every section of P of rank 2 or greater is
tight.

Proof. Let I; and F}; be faces of P of rank ¢ and j, respectively, such that F; < F}; and
j—14>3. Let
F,<--<F<---<Fj<---<F,

be a flag of P containing F; and F;. Now, Proposition 3.7 tells us that since P is tight, so
is the section F,,_1/F_;. Similarly, the section F,,_o/F_; must be tight. Continuing in
this manner, we can conclude that Fj /F_1 is tight. Now, since F; /F_1 is tight, so are its
vertex-figures F; / Fyy, and by repeatedly applying Proposition 3.7 again, we see that F; / F;
is itself tight. O

Propositions 3.7 and 3.8 prove extremely useful in deducing properties of tight poly-
topes. Using these results, we are often able to prove that tight polytopes satisfy a certain
property by using induction on the rank.

By combining Proposition 3.8 with Proposition 3.5, we can prove the following:

Proposition 3.9. Let P be a tight n-polytope of type {p1,...,Pn—1}, withn > 3. Then no
two consecutive values p; and p; 1 are both odd.

4 Flatness and tightness

In order for a polytope to be small enough to be tight, there must be a high number of
incidences among a small number of faces. These incidences force the polytope to be flat:

Proposition 4.1. Let P be a tight n-polytope, with n > 3. Then P is flat; that is, every
facet is incident on every vertex.

Proof. First, suppose that P is a tight 3-polytope of type {p1, p2}. Then the facets are p;-
gons and Proposition 3.6 tells us that there are only p; vertices; therefore, P is flat. Now,
suppose that n > 4 and that the claim is true for tight (n— 1)-polytopes. By Proposition 3.7,
the facets of P are tight. Therefore, by inductive hypothesis, the facets are flat (that is,
(0,n — 2)-flat). Then Proposition 2.1 says that P is itself (0,n — 2)-flat, from which it
follows that P must also be (0,n — 1)-flat. O

In fact, tight polytopes actually satisfy a much stronger property:

Proposition 4.2. Let P be a tight n-polytope with n > 2. Then P is (i1 + 2)-flat for each
0<:<n-3.

Proof. For n = 2, there is nothing to prove, and by Proposition 4.1, the claim is true for
n = 3. Suppose that n > 4 and that the claim is true for all tight (n — 1)-polytopes. By
Proposition 3.7, the facets of P are all tight. Therefore, by inductive hypothesis, the facets
are all (4,4 + 2)-flat for 0 < ¢ < n — 4. Then we can apply Proposition 2.1 to conclude that
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P is itself (¢,7 + 2)-flat for 0 < ¢ < n — 4. Similarly, the vertex-figures of P are all tight,
and by inductive hypothesis, they are all (¢,¢ + 2)-flat for 0 < ¢ < n — 4 Therefore, by
Proposition 2.1, P is (¢ + 1,7+ 3)-flat for 0 < ¢ < n — 4; in other words, it is (¢, 7 + 2)-flat
for 1 <17 <n — 3, and the claim follows. O

Using the following lemma, we can show that this strong flatness property fully char-
acterizes tight polytopes.

Lemma 4.3. Let P be a flat equivelar n-polytope of type {p1,...,pn—1}, withn > 2. If
‘P has tight facets and tight vertex-figures, then P is tight.

Proof. For n = 2, the claim is trivial, since all equivelar polytopes of rank 2 are (ab-
stract) polygons, which are tight. If n > 3, then the vertex-figures of P are polytopes
of type {p2,...,pn—1}. By assumption, the vertex-figures are tight, and thus they have
2po -+ - pp—1 flags. The facets of P are polytopes of type {p1,...,pn—2}, and these are
also tight by assumption. Therefore, Proposition 3.6 says that each facet has p; vertices.
Now, since P is flat, every facet is incident on every vertex, and thus the facets all share the
same p; vertices. Therefore, P has p; vertices, and thus |P| = 2p; - - - p,,—1 by the dual
version of Proposition 3.2. O

Theorem 4.4. Let P be an equivelar n-polytope, with n. > 2. Then P is tight if and only if
itis (i,7 + 2)-flat for each 0 < i < n — 3.

Proof. The claim is trivial for n = 2, and Proposition 4.2 settles one direction for all n > 3.
Now, suppose that n > 3, that the claim is true for rank n — 1, and that P is an equivelar
n-polytope that is (7,7 + 2)-flat for each 0 < ¢ < n — 3. The facets of P are equivelar
(n — 1)-polytopes, and since P is (0,2)-flat, every facet of P must also be (0,2)-flat.
Similarly, for any given facet of P and for every 0 < i < n — 4, that facet is (7,7 + 2)-flat.
Therefore, by inductive hypothesis, the facets are all tight. A similar argument shows that
the vertex-figures are tight. Since P is (0, 2)-flat, it is a flat equivelar n-polytope with tight
facets and vertex-figures; therefore, Lemma 4.3 says that P is tight. O

Corollary 4.5. An equivelar polyhedron is tight if and only if it is flat.

Theorem 4.4 turns the global criterion for tightness into a series of local criteria, which
makes it much easier to build a tight polytope inductively.

5 Tight polyhedra

As we have seen, tight polytopes have a number of restrictive properties. We begin to
wonder to what extent they exist. For example, Proposition 3.5 tells us that if p and ¢ are
both odd, then there is no tight polyhedron of type {p, ¢}. It turns out that the condition
that p and ¢ are not both odd is also sufficient for the existence of such polyhedra.

Theorem 5.1. Suppose p and q are not both odd. Then there is a tight polyhedron of type

{p.q}.

Proof. By working with the dual if necessary, we can assume that p is even. In light of
Corollary 4.5, it suffices to show that there is a flat equivelar polyhedron of type {p, ¢}. In
other words, we need to construct a polyhedron such that

(i) The facets are p-gons.
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(ii) The vertex-figures are g-gons.
(iii) Every facet is incident on every vertex.
(iv) Every edge is incident on two vertices and two facets.

(v) For every pair of facet and vertex, there are two edges incident to both.

We start with p vertices, labeled vy,...,v,. Let m = |Z], and for 1 < ¢ < p and
1 < j < m, add an edge e; ; incident on vertices v; and v;41 (Where v, means v;). That
is, we start with a p-cycle with m-tuple edges. To finish the construction, we consider three

cases.

(a) Suppose g is also even, so that ¢ = 2m. For 1 <t < m, the face fo;—; will consist
of the simple cycle ey 4, €2y, ..., €p,, while the facet fy, will consist of the simple
cycle eq,¢,€2,141,€3,¢,- - -, €p,t+1 (Where e; y, 11 is understood to be ¢; 1). It is clear,
then, that each facet is a p-gon.

(b) Suppose that ¢ is odd, so that ¢ = 2m + 1, and suppose that p = 4s + 2 for
some s. Foreach 1 < i < p/2, we add an edge d; incident to v; and vogy14
(reducing the index 2s + 1 + ¢ modulo p if necessary). Faces f; through fo,,_1
are generated in the same way as in the previous case. Face fs,, consists of the
edges €1,m,€3,m; - - - » €p—1,m as well as the edges d1, . . ., d;, /5. Finally, facet fap,41
consists of the edges 2,1, €41, ..., ¢p,1 as well as the edges dy, . . ., dp, /2. Though it
is clear that f1,..., fo,,—1 are all p-gons (i.e., simple cycles), we need to prove the
same for the faces fo,, and fo,, 1. In fo,,, starting from 1, we visit vertices in the
order

1,2,254+3,254+4,3,4, ...,4s+ 1,45+ 2,25 + 1, 25 + 2, 1;

therefore, we get a simple cycle. Similarly, starting from 2 in fs,,,, 1, we visit vertices
in the order

2,3,25s+4,25s+5,4,5,...,45+2, 1,254+ 2, 25+ 3, 2;
again, we get a simple cycle. See Figure 1 for an illustration of the three faces when

p = 6 and ¢ = 3. (In this case, we obtain the toroidal polyhedron {6,3} 1 1); see [9,
Ch. 1D].)

Figure 1: The three faces of a tight polyhedron of type {6, 3}

(c) Suppose again that ¢ is odd, so that ¢ = 2m + 1, but now suppose that p = 4s for
some s. Add an edge d; incident to vy and vas41, and for each 2 < ¢ < 2s, add an
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edge c; incident to v; and vys_ ;12 (reducing the index 4s — ¢ + 2 modulo p if nec-

essary). We construct f1, ..., fo,—1 as before. The facet fs,,, consists of the edges
€1,m,€3,ms---sEp—1,m aswellasd; and ca, .. ., ca,. Similarly, the facet fo,,41 con-
sists of the edges €2 1,€4.1,...,€p,1, as well as the edges d; and ca, ..., cas. Once

more, we need to show that fo,, and fa,,41 are simple cycles. In fs,,, we visit the
vertices in the order

1,2,4s5,45s —1,3,4,...,25s—1,2s,25+2, 25+ 1, 1,
and in fa,,41, we visit the vertices in the order
2,3,4s—1,45—2,4,5,...,2s, 25+ 1, 1, 4s, 2.

See Figure 2 for an illustration of the three faces when p = 8 and ¢ = 3.

Figure 2: The three faces of a tight polyhedron of type {8, 3}

Now, in every case, we have demonstrated that the faces are p-gons, and since there
are only p vertices, it is clear that every facet is incident to every vertex. Furthermore,
each edge is incident on exactly two vertices and two faces. Since each facet is a simple
cycle, every facet/vertex pair has exactly two edges in common. It remains to be shown

that the vertex-figures are g-gons. In fact, at any given vertex, the sequence fi, fa2,..., fq
yields a simple cycle of faces, where consecutive faces share one of the edges at that vertex.
Therefore, the vertex-figures are g-gons, completing the proof. O

The construction used here is by no means canonical; there are many tight polyhedra
that do not arise in this way. For example, we can build a tight polyhedron of type {4, 6}
that includes two edges between every pair of vertices (see Figure 3). In the tight polyhe-
dron of type {4, 6} that Theorem 5.1 produces, each vertex shares three edges with each of
two other vertices. These two polyhedra are clearly non-isomorphic.

Note also that when ¢ is odd and ¢ > 5, then the tight polyhedron of type {p, ¢} that we
construct is not regular. In fact, it is not even edge-transitive, since some pairs of vertices
have m edges between them, while other pairs have only a single edge.

6 Regular tight polytopes

Our goal now is to find tight polytopes that are regular. As we commented earlier, the
polyhedra that we construct in Theorem 5.1 often fail to be regular. Is this a defect of
the construction, or do such tight regular polyhedra even exist? Consider, for example,
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Figure 3: The six faces of a tight polyhedron of type {4, 6}

tight polyhedra of type {8,5} and of type {10,5}. By checking the list of small regular
polytopes at [3], we see that there are no tight regular polyhedra of type {8, 5}, but that there
is a tight regular polyhedron of type {10, 5}. Other than this polyhedron and the universal
polyhedron of type {2, 5}, no other tight regular polyhedra of type {p, 5} are listed. Since
the list includes all regular polytopes with up to 2000 flags, we can conclude that there are
no tight regular polyhedra of type {p,5} when 11 < p < 200. Similar observations for
other odd values of ¢ lead us to the following conjecture.

Conjecture 6.1. Let q be odd and p > 2q. Then there are no regular tight polyhedra of
type {p, q}-
When p and ¢ are both even, the situation is entirely different. For even p and g, there

is always a regular tight polyhedron of type {p, ¢}. In fact, with a little more work, we can
build a regular tight polytope in any rank as long as each p; is even. We start by giving a

presentation for the automorphism group. We define I'(k1, . .., k,—1) to be the quotient of
[2k1, ..., 2k,_1] by the n—2 extrarelations (p;pi+1pi+apit1)’ = €, where 0 < i < n—3.
That is,
F(kla . ~7kn—1) = <p0, vy Pn—1 ‘p% = ... = p%_l =¢,
(pop1)*™ =+ = (pp—2pn-1)*"" =¢,
(pipj)? = eifli—j| > 2,
(p0p1p2p1)2 == (PnfSPn72pn—1Pn—2)2 = 5>-

Thus, for n = 3, we get the presentation
T (k1, k) = (po, p1, p2 o5 = pi = p3 =&,
(Pop1)*™ = (pop2)® = (p1p2)™** =,
(poprp2p1)” = €).
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We define P(k1, ..., k,—1) to be the poset P(I'(k1,...,kn—1)). (See [9, Ch. 2E] for the
details of this construction.) Our goal will be to show that P(kq,...,k,—1) is a regular
tight polytope of type {2k, ..., 2k,_1}.

We start by working with the case n = 3:

Lemma 6.2. The group T'(k1, ko) has order 8k ko.

Proof. Let T'(k1,k2) = (po, p1, p2), and let & = (p1p2)?. The relation (pop1p2p1)* = €
implies that

po(p1p2p1p2)P0 = (Pop1p2p1)P200
= (p1p2p1P0)P2P0
= P1P2P1P2;

so that poapg = a. Furthermore, pjap; = a~! = paaps,. Therefore, the cyclic subgroup
N of order ks generated by « is normal in I'(k1, k3). Now, by adding the relation oo = ¢ to
the relations of T'(k1, k2 ), we can pass to the factor group I'(k1, k2 ) /N. In the factor group,
the relation (pop1p2p1)? = € is equivalent to (pgp2)? = &, rendering the former relation
redundant. Then we can remove that relation and the redundant relation (p;p2)?*2 = ¢ to
see that the factor group has presentation

<PO;P17P2 |P(2) = P% = Pg =&,
(pop1)*™ = (pop2)® = (p1p2)® = €).

This is the presentation for the Coxeter group [2k1, 2] of order 8%y, and since N has order
ko, the order of T'(k1, k2) is 8k1 ko. O

Theorem 6.3. The poset P(k1, k2) is a tight regular polyhedron of type {2k1, 2ks}, and
P(lﬁ, kg) = P(kl, 1) < 7)(1, k‘g) = {2/451, 2} <& {2, 2]{;2}

Proof. First of all, it is clear from the presentations of their automorphism groups that
P(k1,1) = {2k1,2} and P(1, ko) = {2,2ks}. Let P = {2k, 2} ¢ {2,2ky}. By Propo-
sition 2.4, P is a regular polyhedron, and its type is {2k1,2k2}. Now, in [2kq, 2], the
generator py is in the center, so the relation (pop1p2p1)? = € holds. Similarly, in [2, 2k,],
the generator py is in the center, and again the relation (pgp1p2p1)? = € holds. Therefore,
this relation must hold in the mix of the two groups, which is I'(P). Then I'(P) satisfies
all of the relations of I'(kq, k2), and thus it is a (not necessarily proper) natural quotient
of I'(k1, ko). Since I'(k1, ko) has order 8k; ko (by Lemma 6.2), the group I'(P) has order
8k1ks or less. On the other hand, P is a regular polyhedron of type {2k;,2ks}, and so
I'(P) must have order at least 8% ks. Therefore, |I'(P)| = 8k ks, from which it follows
that T'(P) = T'(ky,k2). Therefore, P(ky, k2) = P, a regular tight polyhedron of type
{2k, 2ks}. O

We note here that the polyhedron P (k1, k2) is isomorphic to the tight polyhedron P of
type {2k1, 2k} that we built in Theorem 5.1. Indeed, if we take the base flag ® of P to
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consist of vy, eq,; and fi, then there are automorphisms py, p1, and ps that act as follows.

PO : Vi <7 V2ky+3—i
€i,j < €2k +2—i,5
Fixes all faces

P11tV 7 U2k 42—
€55 £ €2k +1—iko+2—j
fi <> forgqo—i

p2 : Fixes all vertices

PN €iky+2—j if i is Odd,
2% PP
€ ko+3—; 1f 7 1seven

fi < forg43—i

(If necessary, we reduce the index of v modulo 2k, the index of f modulo 2ks, and the
indices of e modulo 2k; and ks, respectively.) Since each p; sends ® to &, this suffices
to show that P is regular. It is also simple to verify that (pgp1p2p1)? = &, from which
it follows that P is a quotient of P(ky, k). Then since P and P(k1, ko) have the same
number of flags, they must be isomorphic.

In order to extend the result of Theorem 6.3 to higher ranks, we start with several
lemmas.

Lemma 6.4. Let F(kl, ey knfl) = <p0, Ce 7pn71>- Then Pn—1 ¢ <p(], Ce 7pn72>-

Proof. LetT' := I'(k1,...,kn—1) = {po,...,pn—1). Every relator of I" contains every
generator an even number of times (possibly zero). Therefore, any relation of the form
pn—1 = w that holds in I" must have at least one instance of p,_; appearing in w. In

particular, p,—1 & {po,- - -, Pn—2). O
Lemma 6.5. Let T'(ky,...,kn—1) = {po,.--,Pn-1). Then

(Pos-- s pn—2) = T(k1,... kn_2)

and
(P1,-- s pn—1) = T(ka, ... kn_1).

Proof. 1t suffices to prove the first claim, since the second will then follow from a dual
argument. Let T'(k1,...,kn—1) = {(po,-..,pn-1), and letT" = {(pg, ..., pn—2). It is clear
that T is a natural quotient of I'(kq, ..., k,_2), since the generators of I" satisfy all of the
relations that are satisfied by the generators of I'(k1, ..., k,—2). The generators of I" also
satisfy the extra relations

(Pr—3Pn—20n—1pn—2)> = ¢,
(pn—2pn—1)2kn_l =

and
(pipn_1)*=¢, for0 <i <n—3.
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It remains to show that these extra relations do not cause I to collapse to a proper quotient
of I'(k1, ..., kn—2). Suppose we add the relation p,,_; = € to the relations of I to obtain
anew group I'. In TV, we can rewrite the relations above as

Pn—3 =&

2kn_1
pn72 - E)
and
p?zsforogign—&

and these relations are all redundant with the relations that come from I'(ky, ..., kp—2).
Therefore, we can eliminate these relations from I'V. Then I' has all of the relations from
T(ki,...,kn—2) and the single extra relation p,,_; = . Since this is the only remaining
relation that contains p,,—1, and since I = (pg, ..., pn—2), we can remove that relation
without affecting T”. So we see that we can take the relations of T'(k1, ..., k,_2) to be
the defining relations of I”, from which it follows that T ~ T'(kq,...,kp_2). Since I
is a natural quotient of T", which is a natural quotient of I'(k1,...,k,—2), we see that
I ~T(ky,...,kn2)as well. O

Lemma 6.6. Suppose that P(k, ..., kn—_2) is a tight regular polytope of type {2k1, ...,
2ky—_o} andthat P(ks, . .., kn—a, 1) is a tight regular polytope of type {2ks, . . ., 2k, _o, 2}
Then P(ki, ... ,kn—o,1) is a tight regular polytope of type {2k, ..., 2k,_2,2}.

Proof. Let T'(kq,...,kn—2,1) = {po, ..., pn—1). To prove polytopality and regularity, it
suffices to show that I'(kq, ..., k,—_2, 1) is a string C-group. By Lemma 6.5,

(Por - P2) = T(k, .., kon_s)

and
<p1a s 7pn—1> = F(k27 ) kn—27 ]-)

By assumption, both of these subgroups are string C-groups. Then [9, Prop. 2E16 (a)] says
that T'(kq, ..., k,—2,1) is a string C-group if

<po, cee 7Pnf2> n <P17 cee 7Pn—1> = <P17 cee 7pn—2>~
Let v be in this intersection. Now,
v E <p1, e ;pn71> ~ F(kQ, Ce ,]ﬂn,Q, 1)

By inspecting the presentation for this group, we see that p,,_; is in the center. Therefore,
we may write v = up!,_; with w € (p1,...,pn—2) and where i is 0 or 1. On the other
hand, v € {pg, ..., pn—2), and therefore

pilfl = u_lv € <p07 B apn72>-

Since pr—1 ¢ {po,- - -, Pn—2) by Lemma 6.4, it follows that ¢ = 0 and that v = u. There-
fore, v € (p1,...,pn—2), and thus

<p05 s 7pn72> n <;01> s »Pn71> < <P17 s 7pn72>~
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The other containment being obvious, we see that I'(k1, ..., k,—2, 1) is a string C-group,
and therefore, P(ky, ..., kn,—_2,1) is a regular polytope.
Next, we observe that

F(kl, ey kn_g, 1) = <po, e ,pn_1>
= (P05 -+ Pn—2) X {Pn—1),

since p,_1 is in the center. Then since P(k1,...,kn,—2) is of type {2k1,...,2k,_2}, it
follows that P(k1, ..., kp—_2,1) is of type {2k1, . .., 2k,,—2, 2}. Furthermore,

1Pk, ko, 1) = 2[P k1, .. ko)
=2 (2ky - 2kp_o-2),

and therefore P(k1, ..., k,_o,1) is tight. O
Lemma 6.7. Let ky,...,k,—1 and Ky, ... kl,_, be positive integers. If for each i, k|
divides k;, then T'(k1, . .., kn—1) naturally covers T'(kl, ...,k _;).

Proof. When each &, divides k;, the group I'(k], ..., k/,_;) satisfies all of the same rela-

y 'n—1

tions as I'(k1, . .., kn—1), and the result follows. O

Theorem 6.8. The poset P(ki,...,kn_1) is a tight regular n-polytope of type {2k1,. ..,
2]6”_1}, and P(kl, ey kn—l) = P(kl, PN kn_g, 1) <& 7)(1, :ZCQ, ceey kn—l)-

Proof. Theorem 6.3 shows that the claim is true for n = 3. Suppose that n > 4 and
that the claim is true in rank n — 1. Let I' = T'(ky,...,k,2,1), P = P([), IV =
I'(1,ka,...,kn—1), and P’ = P(I'"). We need to show three things:

(a) P o P’ is aregular polytope of type {2k1, ..., 2k,_1}
(b) |F<>F/| :2”I<:1-~-k:n,1
(C) F(k‘l,...,kn_l):FOF/

By inductive hypothesis, P(k1,...,kn—2) is a tight regular polytope of type {2k1,...,
2ky_2}, and P(ks, ..., k,_2,1) is a tight regular polytope of type {2ks, ..., 2k,_2,2}.
Therefore, by Lemma 6.6, the poset P = P(k1, ..., k,_2,1) is a tight regular polytope of
type {2k1, . .., 2kn_2,2}. A dual argument shows that P’ is a tight regular polytope of type
{2,2ks,...,2k,_1}. Now, by Lemma 6.5, the facets of P have group I'(ky, ..., k,—2),
whereas the facets of P’ have group I'(1, ko, ..., kn—2). Then Lemma 6.7 says that the
group I'(ky, ..., ky_2) covers (1, ko, ..., k,—2), and thus the facets of P cover the facets
of P’. Then P ¢ P’ is a regular polytope, by Proposition 2.5. By Proposition 2.2, the facets
of PoP’ are isomorphic to P (k1, ..., kn_2)oP(1, ko, ..., kn_2) = P(k1,..., kn_2), the
vertex-figures are isomorphic to P(ka, . .., kn—a, 1)oP(ke, ... kn_1) = Plka, ..., kn-1),
and P o P’ is of type {2k1, ..., 2k,_1}.
Next we show that I" o TV has the appropriate size. By Proposition 2.3,

] - ]
ror|

Tol'| =

Since P and P’ are tight,
IT| =2"k1 - kp_s



314 Ars Math. Contemp. 7 (2014) 299-315

and
|F’| =2"kg - kp_1.

Now, we obtain a presentation for I' O T" by adding the relations for I' to those for I'. This
gives us a presentation for the group I'(1, ko, . . ., k,,—2, 1). Using Lemma 6.6 again, we can
conclude that P(1, k2, . . . , kn—2, 1) is a tight regular polytope of type {2, ko, .. ., kn—2,2}.
Therefore,

DOr|=T(1 ks, ... kn_s,1)|

=2"kg - ky_2,
and thus
r-|r|
Tol'|= |
| | oIV
_ (Q”kl R kn—2)(2nk2 R knfl)
kg kpyo
=2"k1 - kn_1.
So P o P is tight.
It remains to show that I ¢ TV is naturally isomorphic to I'(k1,...,k,—1). Itis clear
from the presentation for I" that T'(k1, . . ., k,—1) covers I" and that the natural covering map
is one-to-one on the subgroup {pg, .. ., prn—2). Then since T is a string C-group (because

P is a polytope), we can apply [9, Thm. 2E17] to see that the group I'(k1,...,k,—1) is
also a string C-group. Therefore, P(k1,...,k,—1) is a regular polytope, and Lemma 6.5
says that its facets are P(kq,...,kn—2) and its vertex-figures are P(ka,...,kn—1). By
[9, Thm. 4E5], since P(k1,...,kn—2) and P(ka,...,k,_1) are both flat, there is only a
single regular polytope (up to isomorphism) with those facets and vertex-figures. Since
P <P’ is one such regular polytope, we see that P(k1,...,ky—1) = P(k1,...,kn—2,1) ¢
P(1, ko, ..., kn—1), as desired. O

Theorem 6.8 gives us an easy way to generate small regular polytopes in any rank,
providing us with many more examples we can study. We note that it is also possible to
prove the existence of a tight regular polytope of type {2k1,...,2k,—1} in an entirely
group-theoretic way; Marston Conder provides such an account as [4, Thm. 5.3] (and
indeed, his regular polytopes are isomorphic to ours).

Acknowledgments

The author would like to thank Marston Conder for valuable feedback on an earlier draft
of this paper. He also thanks the anonymous referees for several helpful comments.

References

[1] A.Breda D’Azevedo, G. Jones and E. Schulte, Constructions of chiral polytopes of small rank,
Canad. J. Math. 63 (2011), 1254-1283.

[2] A. Breda D’Azevedo and Roman Nedela, Join and intersection of hypermaps, Acta Univ. M.
Belii Ser. Math. 9 (2001), 13-28.



(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

(14]
[15]

G. Cunningham: Minimal equivelar polytopes 315

M. Conder, Lists of all regular polytopes with up to 2000 flags, http://www.math.
auckland.ac.nz/~conder.

M. Conder, The smallest regular polytopes of given rank, Adv. Math. 236 (2013), 92-110.

H. S. M. Coxeter and W. O. J. Moser, Generators and relations for discrete groups, fourth
ed., Ergebnisse der Mathematik und ihrer Grenzgebiete (Results in Mathematics and Related
Areas), vol. 14, Springer-Verlag, Berlin, 1980.

G. Cunningham, Mixing chiral polytopes, J. Alg. Comb. 36 (2012), 263-277.

G. Cunningham, Self-dual, self-petrie covers of regular polyhedra, Symmetry 4 (2012), 208—
218.

M. 1. Hartley, An atlas of small regular abstract polytopes, Periodica Mathematica Hungarica
53 (2006), 149-156.

P. McMullen and E. Schulte, Abstract regular polytopes, Encyclopedia of Mathematics and its
Applications, vol. 92, Cambridge University Press, Cambridge, 2002.

R. Nedela, Maps hypermaps and related topics, 2007, http://www.savbb.sk/
~nedela/CMbook.pdf.

D. Pellicer, Developments and open problems on chiral polytopes, Ars Math. Contemp. 5
(2012), 333-354.

E. Schulte and A. Ivi¢ Weiss, Chiral polytopes, Applied geometry and discrete mathematics,
DIMACS Ser. Discrete Math. Theoret. Comput. Sci., vol. 4, Amer. Math. Soc., Providence, RI,
1991, pp. 493-516.

E. Schulte and A. Ivi¢ Weiss, Chirality and projective linear groups, Discrete Math. 131 (1994),
221-261.

S. Wilson, Parallel products in groups and maps, J. Algebra 167 (1994), 539-546.
S. Wilson, The smallest nontoroidal chiral maps, J. Graph Theory 2 (1978), 315-318.






creative ARS MATHEMATICA
@commons CONTEMPORANEA

Also available at http://amc-journal.eu
ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)

ARS MATHEMATICA CONTEMPORANEA 7 (2014) 317-336

Kronecker covers, V-construction, unit-distance
graphs and isometric point-circle configurations*

Gabor Gévay
Bolyai Institute, University of Szeged, Aradi vértaniik tere 1, H-6720 Szeged, Hungary

Tomaz Pisanski

Faculty of Mathematics and Physics, University of Ljubljana
Jadranska 19, 1111 Ljubljana, Slovenia

Received 29 July 2012, accepted 17 March 2013, published online 1 June 2013

Abstract

We call a convex polytope P of dimension 3 admissible if it has the following two prop-
erties: (1) for each vertex of P the set of its first-neighbours is coplanar; (2) all planes deter-
mined by the first-neighbours are distinct. It is shown that the Levi graph of a point-plane
configuration obtained by V-construction from an admissible polytope P is the Kronecker
cover of the 1-skeleton of P. We investigate the combinatorial nature of the V-construction
and use it on unit-distance graphs to construct novel isometric point-circle configurations.
In particular, we present an infinite series all of whose members are subconfigurations of
the renowned Clifford configurations.

Keywords: V-construction, unit-distance graph, isometric point-circle configuration, Kronecker cover,
Clifford configuration, Danzer configuration, generalized cuboctahedron graph.
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1 Introduction

In this paper we investigate and carry over from polytopes to graphs the so-called V-
construction, which was originally introduced in [16]. In this process we explain the con-
struction in terms of the canonical double cover, also called the Kronecker cover of graphs.
The reader is referred to [29] for graph coverings and to the monographs [22, 35] for the
background on configurations and their Levi graphs.
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The first author used convex 3-polytopes in order to define a construction of geometric
point-plane configurations in the following way [16].

Let P be a convex polytope of dimension 3 with the property that for each vertex v the
set N (v) of its first neighbours (i.e., vertices adjacent to v) is coplanar. In particular, this
will always be true if the graph (or 1-skeleton) of the polytope P is trivalent. There are
several other classes of polytopes that have this property. Furthermore, we assume that all
planes obtained in this way are distinct. In particular, this condition rules out bipyramids
such as the octahedron. Let us call such a polytope admissible.

Proposition 1.1. Each convex 3-polytope with trivalent 1-skeleton is admissible.

Proof. Since each vertex of a 3-polytope with trivalent 1-skeleton has exactly three first-
neighbours, they are clearly coplanar. An easy argument shows that if two trivalent vertices
of a 3-polytope P share the same set of first-neighbours, then the 1-skeleton of P itself
cannot be trivalent. O

Suppose P is an admissible 3-polytope, and let V' (P) denote the set of vertices of P
and S(P) denote the set of planes passing through the first-neighbours of the vertices of
P. Then the pair ((V(P), S(P)) defines a geometric incidence structure of points and
planes with the usual incidence. We call this procedure the geometric V-construction. If
the 1-skeleton of P is a k-valent graph, then each point of the configuration will sit on &
planes (we remark that in this case, Euler’s Theorem implies £ = 3,4 or 5, see Section
10.1 in [20]). It immediately follows from the definition that each plane contains exactly
k points. Let n be the number of vertices of P. Therefore, combinatorially, the incidence
structure is an (ny) configuration.

A natural question is what is the Levi graph of such a configuration. Recall that the
Levi graph L(C') of a configuration C'is a bipartite graph whose bipartition classes consist
of the points and blocks of C, respectively, and two points in L(C) are adjacent if and
only if the corresponding point and block in C are incident. Levi graphs are useful tools in
studying configurations, because of the following property [9].

Lemma 1.2. A configuration C is uniquely determined by its Levi graph L(C)).

Another, much more difficult, question is whether we can find any conditions under
which such a combinatorial configuration may be realized geometrically as a configuration
of points and lines. On the other hand, it may happen that a configuration can be realized in
both a point-line version in the plane, and a point-plane version in space (cf. our example
at the end of Section 2). In Section 3 and 5 we also present examples of configurations for
which both point-line and point-circle realizations exist.

Point-circle configurations themselves are also interesting, since, in contrast to the
point-line configurations, relatively little is known about them. The most notable achieve-
ment in this respect is undoubtedly Clifford’s infinite series of configurations, going back
to 1871 [10, 22]. In the last two sections we present a new construction of Clifford’s con-
figurations, as well as three new infinite series of point-circle configurations.

We note that the construction introduced in [16] is more general than needed here:
instead of 3-dimensional polytopes one can take d-dimensional polytopes and accordingly,
instead of planes one should consider hyperplanes. Also, instead of first-neighbours it is
possible to consider second-neighbours. However, we do not consider these aspects of the
V-construction here.
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2 Combinatorial V-construction

Let us generalize and carry out the V-construction on the abstract level.

To any regular graph G we may associate a combinatorial configuration. For a vertex v
of G, denote by N (v) the set of vertices adjacent to v. Then take the family S(G) of these
vertex-neighbourhoods:

S(G) ={N(v) v e V(G)}.

The triple (V(G), S(G), €) defines a combinatorial incidence structure underlying the ge-
ometric configuration of points and planes for any 3-polytope P whose 1-skeleton is G.
We shall denote this structure by N(G).

We note that a closely related construction occurs in the context of combinatorial ge-
ometries [31, 40].

The following general result establishes a connection between Levi graphs and Kro-
necker covers. It will play a central role in our constructions presented in the rest of the
paper. First, we recall that a graph G'is said to be the Kronecker cover (or canonical double
cover) of the graph G if there exists a 2 : 1 surjective homomorphism f : G — G such that
for every vertex v of G the set of edges incident with v is mapped bijectively onto the set
of edges incident with f(v) [29].

Theorem 2.1. Let G be a graph on n vertices and let L be the Levi graph of the incidence
structure N(G). If no two vertices of G have the same neighbourhood, then L is the
Kronecker cover of G.

Proof. Under the assumption that no two vertices have the same set of neighbours, all sets
N(v), for v € V(G), are distinct. Therefore the set of vertices of L consists of V' and
{N(w)|v € V(G)}. Each edge e = uv from G gives rise to two edges: uN (v) and v N (u).
Hence L is a Kronecker cover of G. If |V(G)| # |[{N(v)|lv € V(G)}|, the argument
fails. O

Some direct consequences of Theorem 2.1 for Levi graphs are as follows.

Proposition 2.2. Let G be a graph on n vertices and let L be the Levi graph of the incidence
structure N (Q). The graph L is connected if and only if G is connected and non-bipartite.

Proof. If the graph G has no two vertices with a common neighborhood, the result follows
from Theorem 2.1 and a well-known property of the Kronecker cover, see Proposition 1 of
[29]. If this is not the case, the construction of L may be performed in two steps. First we
construct the Kronecker cover H over GG. We label the vertices of H in the following way.
Let each vertex v of G give rise to two vertices v and v' of H in such a way that an edge
uv of G gives rise to two edges uv’ and u'v.

In the second step we identify any pair of vertices v’ and v’ of H if and only if N (u) =
N(v) in G. The resulting graph is isomorphic to L. Such an identification may occur
if and only if the vertices w in v are in the same bipartition set. This means that in the
Kronecker cover only vertices in the same connected component may be identified and the
result follows. O

Proposition 2.3. Let G be a k-valent graph on n vertices and let L be the Levi graph of the
incidence structure N(G). Then N(G) is a combinatorial (ny) point-line configuration if
and only if L contains no cycle of length 4.
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Proof. In the Kronecker cover odd cycles of length r lift to cycles of length 2r, while even
cycles lift to two cycles of the same length. Hence the girth of the Kronecker cover is 4 if
and only if the original graph contains a 4-cycle. Since Kronecker cover is bipartite, the
alternative means girth at least 6. O

By analogy with geometric V-construction, we call a graph G admissible if no two of
its vertices have a common neighborhood. Recall that a configuration is combinatorially
self-polar if there exists an automorphism of order two of its Levi graph interchanging the
two parts of bipartition; see for instance [35].

Theorem 2.4. A configuration that is obtained by V-construction from an admissible graph
G is combinatorially self-polar.

Proof. By our previous discussion the Levi graph of this configuration is a Kronecker cover
over GG. The involution that switches at the same time the vertices in each fiber is a self-
polarity. This follows from the fact that any double cover is a regular cover. O

We shall use the following result, which is an easy consequence of Proposition 1 in [29]
and our Theorem 2.1.

Proposition 2.5. Let C' be a configuration obtained from an admissible graph G by V-con-
struction. Then the Levi graph L(C) is bipartite. If G is bipartite, then L(C') consists of
two disjoint copies of G.

Corollary 2.6. Applying the V-construction to the Levi graph of configuration C from
Proposition 2.5 results in a configuration C' which consists of two disjoint copies of C.

We conclude this section with the following example. Let G be the dodecahedron
graph. Then N(G) is a configuration (203). If G is embedded in E? as the 1-skeleton of
the regular dodecahedron, then N (G) is realized as a geometric point-plane configuration
(see Figure 1).

We note that the same configuration is obtained by taking the 20 vertices and the planes
spanned by the 20 triangular faces of either the small ditrigonal icosidodecahedron or the
great ditrigonal icosidodecahedron (these polyhedra belong to the class of the 53 non-
regular non-convex uniform polyhedra [11, 25]).

On the other hand, we know that the Kronecker cover of the dodecahedron graph is
isomorphic to the Levi graph of the unique triangle-free, flag-transitive (203) point-line
configuration [5] (Figure 2) (see also Figure 1 in [4]). Thus we see that N(G) can be
realized geometrically as both a point-plane and a point-line configuration. As we show in
the next section, a realization as a point-circle configuration may also be of interest.

3 V-construction and configurations of points and circles

In [16] it was observed that certain point-plane configurations obtained from a 3-polytope
P by the V-construction could also be realized by points and circles. A simple necessary
condition for this is that for each vertex v of P, the set of the first-neighbours of v forms
a concyclic set, i.e. one can draw a circle through its points. Moreover, such point-circle
configurations can be carried over to the plane, using stereographic projection. Here the
well-known property is used that the stereographic projection is a circle-preserving map,
see for instance [26] (also [10, 24]).
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Figure 1: The (203) point-plane configuration obtained from the regular dodecahedron by
the V-construction. Each plane is indicated by the convex hull of the three vertices spanning
it.

Figure 2: The flag-transitive triangle-free point-line configuration (203) (a), and its Levi
graph (b).
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Lemma 3.1. Under stereographic projection from the sphere S to the plane 3. the image
of any circle on S is a circle on 3.

A straightforward application of this leads to the following result.

Theorem 3.2. Any point-circle configuration on the sphere gives rise to a planar point-
circle configuration.

Here we explicitly state the result that is presented already in [16] (see Table 1 and 2 there),
and follows readily from Theorem 3.2.

Corollary 3.3. The V-construction on any Platonic or Archimedean polyhedron except for
the octahedron gives rise to a planar point-circle configuration.

An example obtained from the regular dodecahedron is depicted in Figure 3. (Note that
together with this, we have three distinct geometric realizations of the same combinatorial
configuration of type (203); cf. Figures 1 and 2.)

Figure 3: (203) point-circle configuration obtained from the regular dodecahedron by V-
construction.

We remark that applying highly symmetric polytopes as a “scaffolding” for the con-
struction of spatial point-line configurations is extensively used in [17].

The V-construction on 3-polytopes may also work in more generality. We recall the
following theorem, which is a consequence of the Koebe-Andreev-Thurston circle-packing
theorem (for further details, and some related problems, see [20, 37, 38, 42]).

Theorem 3.4. Every convex 3-polytope P can be realized with all edges tangent to a sphere
S that is, there exists a combinatorially equivalent copy Q) of P with all its edges tangent
to S.
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This leads to the following conjecture that was essentially suggested by one of the referees.

Conjecture 3.5. Let P be any convex 3-polytope other than a bipyramid such that its 1-
skeleton is a regular graph. Then the combinatorial configuration obtained by V-construc-
tion from the graph of P can be realized as a point-circle configuration on the 2-sphere,
and hence, in plane.

In fact, the edges emanating from a vertex v of P touch the sphere .S in points lying on a
circle in S, and these points of contact are basically the same (combinatorially speaking) as
the vertices of P adjacent to v. Of course, the circles will not meet in vertices of P. Still,
it might be worth seeing if the conjecture is true.

In what follows we consider some other cases of V-construction that also give rise to
planar point-circle configurations.

Proposition 3.6. Any (n3) configuration can be realized by points and circles in the plane.

Proof. We may place the n points in the plane in general position, in such a way that
no three lie on a line and no four lie on a circle. Obviously combinatorial lines can be
realized by circles, and the combinatorial incidence is carried over to a geometric point-
circle incidence. O

The (n3) point-circle configurations have an important property that is not shared by
all point-circle configurations; namely, they are movable. To see this notion, we should
consider that in the simplest case the point-circle configurations are constructed in the Eu-
clidean plane E2. However, by adding to E? a single point at infinity, we may as well
consider them as lying in the inversive plane [10]. Under this consideration, we say that
a point-circle configuration is rigid if its geometric realizations form a single class under
circle-preserving transformations of the inversive plane.

We note that point-circle configurations can also be considered on the extended com-
plex plane; in this case the circle-preserving transformations are just the Mdbius trans-
formations, i.e. fractional linear transformations [24]. Incidentally, these latter play an
important role in the so-called Lombardi drawings of graphs, an idea not totally unrelated
to point-circle configurations and studied by D. Eppstein and his co-authors, for instance
in [12].

Having defined rigidity above, we say that a point-line configuration is movable if is
not rigid (cf. the notion of movability of point-line configurations, as defined in [22]). The
following statement is a straightforward consequence of this definiton.

Proposition 3.7. Any (n3) point-circle configuration is movable.

We note that movability is not a general property even for point-line configurations; for
example, some classes of movable (n4) configurations were discovered just recently [2, 3].

There is another property that distinguishes (n3) point-circle configurations among all
configurations. In general, the circles may be of different size. Let r be the number of radii
used in this construction. If » = 1, all circles are of the same size, and the configuration is
called an isometric point-circle configuration. It is not clear which (n3) configurations can
be realized as planar isometric point-circle configurations.

There is a large class of graphs that yields by V-construction isometric point-circle
configurations in a natural way. These are the unit-distance graphs, i.e. graphs all of whose
edges have the same length (cf. [27, 28, 43]).



324 Ars Math. Contemp. 7 (2014) 317-336

Theorem 3.8. Let G be a regular d-valent graph that is a unit-distance graph on n vertices
in the plane. Then N(G) is an (n4) configuration, realizable as an isometric point-circle
configuration.

Proof. The points of the configuration are the vertices of the graph, as drawn in the plane.
The unit-distance property implies that for each vertex, the set of its first-neighbours forms
a concyclic set; furthermore, all these circles are of the same size. O

(@ (b)

Figure 4: Applying the V-construction to a unit-distance representation of the Petersen
graph (a) yields an isometric point-circle realization of Desargues’ configuration (b).

An interesting example is as follows. We know unit-distance representations of the
Petersen graph [28, 43]; on the other hand, it is well known that the Kronecker cover
of the Petersen graph is the Desargues graph [29] (which, in turn, is the Levi graph of
the Desargues configuration [9]). Thus, by Theorem 2.1, the V-construction on a unit-
distance representation of the Petersen graph yields an isometric point-circle realization of
the Desargues configuration (see Figure 4).

We remark that the Desargues graph also has a unit-distance representation [43]. Thus
one may also apply to it the V-construction, so as to obtain an isometric point-circle config-
uration. By our Corollary 2.6, this (203) configuration decomposes into two disjoint copies
of the (103) Desargues point-circle configuration (see Figure 5, where the construction
yields the two (103) copies in centrally symmetric position with respect to their common
centre).

We mention an additional property which a point-circle configuration may or may not
possess. We call a point-circle configuration C lineal if two circles meet in at most one
point of C. This property depends on the combinatorial structure of C; in other words, C
is lineal if and only if the underlying combinatorial configuration possesses an analogous
property. In simple cases, lineality can be decided quite easily; even visual observation may
suffice (provided a graphical representation is available). For example, the (203) configu-
ration in Figure 3 is lineal. Clearly, so is any point-circle representation of the Desargues
configuration. On the other hand, examples of Clifford’s point-circle configurations, shown
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(a) (b)

Figure 5: Applying the V-construction to a unit-distance representation of the Desargues
graph (a) yields a configuration consisting of two disjoint copies of another isometric re-
alization of the point-circle Desargues configuration (b). One of the two copies can be
viewed in Figure 8.

in Figures 6 and 7 in the next section, are not lineal. Here we give a criterion that can be
used in some cases, like e.g. the whole series of the Clifford configurations.

Proposition 3.9. A point-circle configuration C is lineal if and only if its Levi graph L(C)
contains no cycle of length 4. In particular, suppose C can obtained by V-construction from
a graph G. Then C is lineal if and only if G contains no cycle of length 4.

Proof. Observe that a cycle of length 4 in L(C) is a complete bipartite graph K> o such that
one pair of its non-adjacent vertices corresponds to a pair of points (P;, P») in C, and the
other pair of its non-adjacent vertices corresponds to a pair of circles meeting in (P, Py).
Hence the proof goes along the same lines as that of Proposition 2.3. O

4 V-construction on d-cubes and Clifford’s point-circle configurations

The particular case of the cube in Corollary 3.3 can be extended to the whole class of d-
cubes. Because of its interesting connections, we discuss here the general case in some
detail.

We recall the infinite series of Clifford’s point-circle configurations, which is associated
to his renowned chain of theorems. By Coxeter [10], these theorems can be formulated as
follows.

Theorem 4.1 (Clifford’s chain of theorems).

(1) Let 01, 09, 03, 04 be four circles of general position through a point S. Let S;; be
the second intersection of the circles o; and 0. Let 0y, denote the circle S;;S1,Sj,. Then
the four circles 0234, 0134, 0124, 0123 all pass through one point S1234.

(2) Let o5 be a fifth circle through S. Then the five points So345, S1345, S1245, S1235,
S1234 all lie on one circle o19345.
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(3) The six circles 093456, 013456, 012456, 012356, 012346, 12345 all pass through one
point S123456.
And so on.

We note that these circles can be considered as lying either in the (inversive) plane or on
the 2-sphere. We know the Levi graph of these configurations (Coxeter [9, 10]).

Lemma 4.2. The Levi graph of the Clifford configuration of type (2271) is isomorphic to
the d-cube graph.

It turns out that our V-construction can be applied so as to obtain Clifford’s configurations.

Theorem 4.3. The V-construction on a d-cube graph gives rise to an isometric (235) point-
circle configuration in the plane. This configuration is disconnected and composed of two
copies of isometric (23_1) point-circle configurations which are isomorphic to a member
of the same type of Clifford’s infinite series of configurations.

Proof. The d-cube graph is the Cartesian product of d edge graphs K5. According to [27],
itis a unit-distance graph. By Theorem 3.8, the V-construction applied on it gives rise to an
isometric point-circle configuration C. Since the d-cube graph is bipartite, its Kronecker
cover is composed of two disjoint isomorphic copies of the d-cube graph (by Proposi-
tion 1 in [29]). By Theorem 2.1, this Kronecker cover is the Levi graph of C. Since a
configuration is uniquely determined by its Levi graph (by Lemma 1.2), it follows from
Lemma 4.2 that C is in fact composed of two disjoint copies of Clifford configurations of
d—1
type (2 7). O

Some smallest examples are depicted in Figures 6 and 7.

(@ (b)

Figure 6: Isometric realization of Clifford configurations: (43) derived from the 3-cube
graph (a), and (84) derived from the 4-cube graph (b).

It is easy to see that the d-cube graph can be realized in the plane as a unit-distance
graph in continuum many ways. In fact, take an arbitrary vertex and place it in the center of
a unit circle. Its first-neighbours can be placed in different positions on the circle. Positions
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Figure 7: Isometric realization of Clifford’s configuration (165) derived from the 5-cube
graph.

of the remaining vertices are then uniquely determined by sequences of rhombuses. This
immediately gives the following corollary.

Corollary 4.4. Every Clifford configuration is realizable as a movable isometric point-
circle configuration.

Remark 4.5. Realizability of Clifford’s configurations with circles of equal size is already
known from [41] (see also [1]). Our approach provides an independent proof of this result.

5 Three new infinite classes of point-circle configurations

We start from the following observation. When applying the V-construction so as to obtain
an isometric point-circle realization of Desargues’ configuration, the underlying Petersen
graph need not be represented in unit-distance form. Indeed, compare our Figures 4 and 8.
(We remark that the version depicted in Figure 8b is precisely the same as one of the
components of the (203) configuration in Figure 5b.)

Now Figure 8b suggests that this latter realization can be extended to a Clifford con-
figuration of type (165). Figure 9 shows that such an extension is in fact possible (see also
Figure 7). It turns out that this is a particular case of a more general relationship.

Before formulating it, recall that the Kneser graph K (n, k) has as vertices the k-subsets
of an n-element set, where two vertices are adjacent if the k-subsets are disjoint [19]. The
Kneser graph K (2n — 1,n — 1) is called an odd graph and is denoted by O,,. In particular,
O3 = K(5,2) is isomorphic to the Petersen graph. The bipartite Kneser graph H(n, k)
has as its bipartition sets the k- and (n — k)-subsets of an n-element set, respectively, and
the adjacency is given by containment. Although the following relationship is well-known,
we give a short proof of it.

Lemma 5.1. The bipartite Kneser graph H(n, k) is the Kronecker cover of the Kneser
graph K(n, k).
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Yo,

(@ (b)

Figure 8: Isometric point-circle realization of Desargues’ configuration arising from a non-
unit-distance representation of the Petersen graph. (Note that this is a degenerate represen-
tation in the sense that there are edges overlapping along the sides of the inner pentagon.)

Figure 9: The Desargues point-circle configuration extended to the Clifford configuration
(165).

Proof. Let A and B be two k-subsets and let A’ and B’ be their respective (n — k)-
complements. Clearly A is adjacent to B in K (n, k) if and only if A is adjacent to B’
and B is adjacent to A’ in H (n, k), and the result follows readily. O

The bipartite Kneser graph H(2n — 1,n — 1) is also known as the revolving door
graph, or middle-levels graph; the latter name comes from the fact that it is a special
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subgraph of the (2n — 1)-cube graph Q2,,—1 (considering Q2,1 as the Hasse diagram of
the corresponding Boolean lattice) [36, 39]. It is a regular graph with degree n. Note that
middle-levels graph is called a medial layer graph in [33] and is defined for any abstract
polytope of odd rank.

Theorem 5.2. For all n > 3, there exists an isometric point-circle configuration of type

2n —1

n—-1/),)"
It is a subconfiguration of the Clifford configuration of type (232:%) It can be obtained
from the odd graph O,, by V-construction.

Proof. Let C' be an incidence structure obtained from the odd graph O,, by V-construction.
By Theorem 2.1, the Levi graph of C'is the Kronecker cover of O,,. Lemma 5.1 implies
that it is the bipartite Kneser graph H(2n — 1,n — 1). Since this graph is a subgraph
of the (2n — 1)-cube graph Q2,,—1, from Lemma 1.2 follows that C' is isomorphic to a
subconfiguration of the Clifford configuration of type (2%2:?) Hence it can be realized
as a planar point-circle configuration. The type of this configuration follows from the
definition of O,,. Furthermore, Corollary 4.4 implies that this configuration also has an

isometric realization. O
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Figure 10: A point-circle realization of Danzer’s (354) configuration.
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Remark 5.3. Proposition 3.9 and Lemma 4.2 together imply that the Clifford configura-
tions are not lineal. In contrast to this, it can be proved that their subconfigurations given
by Theorem 5.2 are lineal. We leave the details to a subsequent paper.

In the particular case of n = 4 we have (354), which provides a point-circle realization
of Danzer’s combinatorial (354) configuration (see Figure 10 for a non-isometric version).
On this latter, Griinbaum wrote in 2008 [21]: “It seems that any representation of Danzer’s
configuration is of necessity so cluttered and unhelpful for visualization that no attempt to
present it has ever been made.” (see also [23]).

We emphasize the geometric symmetry of this realization, which is the highest possible
in the planar case; namely, D7.

Our next new class also consists of isometric point-circle configurations.

Theorem 5.4. For any N and any d > 2 there exists an isometric (nq) point-circle config-
uration withn > N.

Proof. Take the Cartesian product of a long odd cycle Cy and a (d — 2)-dimensional cube
graph. This is a unit-distance graph. Apply the V-construction to it. O

Finally, we construct an infinite series of non-isometric (n4) point-circle configurations.
We start from a prism P over an n-gon (n > 3) (the corresponding graph is also called a
circular ladder). Then we take its medial Me(P) [19, 34, 14], i.e. a new polyhedron such
that its vertices are the midpoints of the original edges, and for each original vertex, the
midpoints of the edges emanating from it are connected by new edges, forming a 3-cycle.
In terms of solid geometry, the medial corresponds to a truncation of a right n-sided prism
such that each truncating plane at a vertex is spanned by the midpoints of the edges incident
with the given vertex (“deep vertex truncation”, see [42]). Note that in the particular case
when the prism is the cube, its medial is the Archimedean solid called a cuboctahedron.
Accordingly, we define the generalized cuboctahedron graph as the 1-skeleton of Me(P),
and denote it by CO(n). Note that this graph can equivalently be defined as the line graph
of the prism graph.

Observe that CO(n) is a 4-valent regular graph with 3n vertices. Moreover, it has a
representation in the plane such that it exhibits the symmetry of a regular n-gon (thus its
symmetry group is D,,); in this case its vertices lie on three concentric circles, n vertices
on each. It follows that the first-neighbour sets of the vertices are concyclic, hence the
V-construction can be applied. Thus we obtain the following result.

Theorem 5.5. For any n > 3, there exists a ((3n)4) point-circle configuration obtained
Sfrom the generalized cuboctahedron graph CO(n) by V-construction. It can be realized in
the plane so that its symmetry group is the dihedral group D,,.

An example with n = 7 is depicted in Figure 11. It is an open question if any member of
the infinite series of these ((3n)4) configurations has an isometric realization.

On the other hand, the mutual position of the points on the three orbits makes it possible
to arrange the circles in several different ways, so as to obtain new, pairwise non-isomorphic
((3n)4) configurations. Here we do not investigate this possibility in detail. Instead, we
just present an example, also of type (214) (non-isomorphic with the previous one), whose
original point-line version is remarkable for several reasons (see Figure 12). We only men-
tion here that it goes back to Felix Klein, 1879 (for further details, see [23]); on the other
hand, its first graphic depiction only appeared in 1990 [21, 23]. This configuration also
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(a)

Figure 11: A representation of the generalized cuboctahedron graph with D symmetry (a),
and a (214) point-circle configuration obtained from it by V-construction (b).

(@) (b)

Figure 12: The point-line (214) configuration of Griinbaum and Rigby (a), and one of its
point-circle realizations with dihedral symmetry (b).

motivated the authors of [32] to present some geometric representations of a certain family
of configurations that became later known as polycyclic configurations [6].

We note that several other already known families of graphs can serve as a basis for
obtaining new point-circle configurations by V-construction; just to mention some of them:
generalized Petersen graphs [34], I-graphs [7]. In addition, the 1-skeleton of equivelar
polyhedra is also a regular graph (see e.g. [18]); hence, finding suitable planar representa-
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tions among them may also be promising in this respect.

6 Some comparisons beween different realizations of configurations

Comparing point-line and point-circle configurations, several questions arise, in particular,
when different kinds of geometric realization of the same combinatorial configuration is
considered. First we make the following conceptual distinction. Clearly, every point-line
configuration can be transformed into a point-circle configuration by some suitable inver-
sion. However, in this case, all the circles will have a common point (the inverse image of
the point at infinity). To rule out this case, we use the term improper point-circle config-
uration. Accordingly, we call a point-circle configuration proper if its circles are not all
incident with a common point. Clearly, all our examples presented in the previous sections
are proper point-circle configurations. In what follows, we shall also speak about such
configurations, and mostly omit the attribute “proper”.

A simple consequence of Proposition 3.6 is that by suitable displacement of the points,
any planar (n3) point-line configuration can transformed into a point-circle configuration.
For an incidence number larger than 3, it is more difficult to decide the existence of a
point-circle representation of a point-line configuration.

Problem 6.1. For k& > 4, find an (ny,) point-line configuration which cannot be represented
by a proper point-circle configuration.

The converse problem, in general, can also be quite difficult. However, here we know
several examples. One of the oldest one is Miquel’s (83, 64) (for a simple proof why it has
no point-line representation, see [35]). The infinite series of Clifford configurations also
provides quite old (balanced) examples. In fact, since all the higher members contain, as a
subconfiguration, the initial member of type (43), they cannot be represented by point-line
configurations.

In the particular case of incidence number k = 4, we have the following lower bound
(a result of Bokowski and Schewe [8]).

Theorem 6.2. Forn < 17, there are no geometric point-line configurations (ny).

As a consequence, consider e.g. the generalized Petersen graph GP(n,r) [34]. For
n < 8 it yields, by V-construction, a point-circle configuration which has no point-line
representation.

In Section 3 we introduced the notion of an isometric point-circle configuration. We
also distinguished point-circle configurations according as they are lineal or not. We may
impose a further condition, which, together with the former two, determines a particularly
nice class of configurations. We call a point-circle configuration C determining if the set of
points of C coincides with the set of points in which more than two circles of C meet.

Note that while the first two conditions determine a property on more abstract level,
the latter may depend on a particular representation of C. For example, Figure 4b shows
a determining representation of the Desargues configuration, while that in Figure 8b is
non-determining.

Now we call C perfect if it is lineal, isometric and determining. For example, the
Desargues configuration in Figure 4b is perfect.

Problem 6.3. Which configurations of points and lines can be realized as perfect point-
circle configurations?
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Geometric symmetry is also an interesting property which is worth investigating when
different realizations of the same combinatorial configuration are compared. Are all sym-
metries of a point-line configuration realizable in its representation by points and circles?
Of course, the converse question can also arise. Here we only mention that e.g. for the
Pappus configuration not only its realization by lines can exhibit the maximal possible
symmetry (D3), but it can also be realized by circles with the same symmetry (see Fig-
ure 13).

On the other hand, it is a remarkable fact that while the Desargues configuration can
be represented by points and lines with symmetry group either C5 or D5 (see Figures 4b
and 8b, respectively), its classical point-line version can exist with neither of these sym-
metries. This follows from the theory developed in the paper [7] on I-graphs and the
corresponding configurations. (We note that geometric realization of certain combinato-
rial objects with maximal symmetry is, in general, a problem which is far from trivial, see
e.g. [15], and the references therein.)

(@ (b)

Figure 13: Two different realizations of Pappus’ configuration with symmetry Ds.

Considering point-circle realizations of the two oldest configurations, yet another dif-
ference occurs. Note that while Desargues’ configuration has a perfect realization (shown
by Figure 4b), the realization of Pappus’ configuration shown by Figure 13b is not isometric
(thus it is not perfect). On the other hand, when constructing an isometric representation,
we find that it is no longer a determining representation (see the central triple crossing point
in Figure 14b). This version is obtained from a unit-distance representation of the Pappus
graph (see Figure 14a), using Corollary 2.6. Note that the symmetry reduces here to Cs
(for a representation of the Pappus graph with D3 symmetry, see e.g. [34], Figure 21).
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Abstract
We show that the Bogomolov multipliers of isoclinic groups are isomorphic.
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1 Introduction

Let G be a finite group and V' a faithful representation of G over an algebraically closed
field k of characteristic zero. Suppose that the action of G upon V is generically free. A re-
laxed version of Noether’s problem [11] asks as to whether the fixed field (V)€ is purely
transcendental over k, i.e., whether the quotient space V/G is rational. A question related
to the above mentioned is whether V/G is stably rational, that is, whether there exist inde-
pendent variables z1, . . ., z, such that (V)% (zy, ..., z,) becomes a pure transcendental
extension of k. This problem has close connection with Liiroth’s problem [12] and the in-
verse Galois problem [14, 13]. By the so-called no-name lemma, stable rationality of V/G
does not depend upon the choice of V, but only on the group G, cf. [4, Theorem 3.3 and
Corollary 3.4]. Saltman [13] found examples of groups G of order p° such that V/G is
not stably rational over k. His main method was application of the unramified cohomology
group H2, (k(V),Q/Z) as an obstruction. A version of this invariant had been used be-
fore by Artin and Mumford [1] who constructed unirational varieties over & that were not
rational. Bogomolov [2] proved that H2 (k(V)%,Q/Z) is canonically isomorphic to

Bo(G) = ﬂ kerres§,
A< G,
A abelian

where res§ : H*(G,Q/Z) — H?*(A,Q/Z) is the usual cohomological restriction map.
Following Kunyavskif [7], we say that By (G) is the Bogomolov multiplier of G.
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We recently proved [9] that Bo(G) is naturally isomorphic to Hom(Bo(G), Q/Z),
where By (G) is the kernel of the commutator map G A G — [G, G], and G A G is a quotient
of the non-abelian exterior square of G (see Section 2 for further details). This description
of Bo(G) is purely combinatorial, and allows for efficient computations of Bo(G), and a
Hopf formula for Bo(G). We also note here that the group Bo(G) can be defined for any
(possibly infinite) group G.

Recently, Hoshi, Kang, and Kunyavskii [6] classified all groups of order p® with non-
trivial Bogomolov multiplier; the question was dealt with independently in [10]. It turns
out that the only examples of such groups appear within the same isoclinism family, where
isoclinism is the notion defined by P. Hall in his seminal paper [5]. The following question
was posed in [6]:

Question 1.1 ([6]). Let G and Gy be isoclinic p-groups. Is it true that the fields k(V )¢
and k(V')%2 are stably isomorphic, or at least, that Bo(G1) is isomorphic to Bo(Gs)?

The purpose of this note is to answer the second part of the above question in the
affirmative:

Theorem 1.1. Let Gy and G be isoclinic groups. Then Bo(G1) = Bo(Gs). In particular,
if Gy and G4 are finite, then Bo(G1) is isomorphic to By(Gs2).

The proof relies on the theory developed in [9]. We note here that we have recently be-
come aware of a paper by Bogomolov and Bohning [3] who fully answer the above question
using different techniques. We point out that our approach here is purely combinatorial and
does not require cohomological machinery.

2 Proof of Theorem 1.1

We first recall the definition of G A G from [9]. For z,y € G we write *y = xyz ™" and
[z,y] = zyxz~ty~L. Let G be any group. We form the group G A G, generated by the
symbols g A h, where g, h € G, subject to the following relations:

1

99" A h=(%g" X 2h)(g A D),
g Ahh' = (g A h)("g A "R),
xAy=1,
forall g,¢',h,h' € G, and all 2,y € G with [z,y] = 1. The group G A G is a quotient
of the non-abelian exterior square G A G of G defined by Miller [8]. There is a surjective

homomorphism + : G A G — [G, G] defined by r(x A y) = [z,y] forall z,y € G. Denote
Bo(G) = ker k. By [9] we have the following:

Theorem 2.1 ([9]). Let G be a finite group. Then Bo(G) is naturally isomorphic to
Hom(Bo(G), Q/Z), and thus Bo(G) = Bo(G).

Let L be a group. A function ¢ : G x G — L is called a Bo-pairing if for all
9,9 ,h, b € G, and for all x,y € G with [z,y] = 1,
o(99',h) = ¢(g",7h) (g, h),
¢(g,hh') = ¢(g,h)p("g,"h"),
oz, y) =1.
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Clearly a By-pairing ¢ determines a unique homomorphism of groups ¢* : G A G — L
such that ¢*(g A h) = ¢(g, h) forall g, h € G.

We now turn to the proof of Theorem 1.1. Let G; and G5 be isoclinic groups, and
denote 7y, = Z(G1), Zo = Z(G3). By definition [5], there exist isomorphisms « :
G1/Zy — G2/Zs and B : [G1,G1] — [G2, G2] such that whenever (a1 Z1) = asZs and
a(b1Z1) = by Zs, then B([ay, b1]) = [ag, ba] for ay, by € Gy. Defineamap ¢ : G; x G —
G2 A Go by ¢(aq,b1) = ag A be, where a;, b; are as above. To see that this is well defined,
suppose that a(a1Z;) = asZy = daZs and a(by Zy) = baZy = by Z5. Then we can write
s = asz and by = byw for some w, z € Zs. By the definition of G5 A G5 we have that
dy A by = asz A baw = ag A bs, hence ¢ is well defined.

Suppose that a1,b; € G commute, and let as,bo € G5 be as above. By definition,
[az,b2] = B([a1,b1]) = 1, hence az A be = 1. This, and the relations of Go A G, ensure
that ¢ is a Bo-pairing. Thus ¢ induces a homomorphism v : G; A G1 — G5 A G such
that y(a; A b1) = ag A by forall a;, by € G1. By symmetry there exists a homomorphism
§:Gao A Gy — G1 A G defined via o~ !. It is straightforward to see that § is the inverse
of 7y, hence + is an isomorphism.

Let k1 : G1 A G1 — [G1,G1] and k2 : Ga A Ga — [Ga, G5 be the commutator
maps. Since 8r1(a1 A by) = S([a1, b1]) = [az, b2] = kay(a1 A by), we have the following
commutative diagram with exact rows:

0 ——>Bo(G1) —=G1 A Gy —>[G4,G1] —=0.

’?\L ’Y\L 5\L
0—— Bo(Gg) —— Gy A Gy £> [GQ,GQ] —0

Here 7 is the restriction of «y to By (G1). Since (3 and v are isomorphisms, so is 7. This
concludes the proof.
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Abstract

In this paper, we introduce LR structures, a new and interesting form of symmetry in
graphs. LR structures are motivated by the search for semisymmetric graphs of degree
4. We show that all semisymmetric graphs of girth and degree 4 can be constructed in a
simple way from LR structures. We then show several ways in which LR structures can be
constructed or found.

Keywords: Graph, automorphism group, symmetry, locally arc-transitive graph, semisymmetric
graph, cycle structure, linking rings structure.

Math. Subj. Class.: 20B25, 05E18

1 Introduction

A regular graph I is semisymmetric provided that its symmetry group is transitive on edges
but not on vertices. The search for semisymmetric graphs has an intense 40-year history,
beginning with Harary and Dauber’s paper [9]. This unpublished work was seen by Folk-
man, and motivated his paper [5], which gives the smallest such graph, on 20 vertices. The
earliest known semisymmetric graph, due to Marion Gray in the 1930’s, shown in early
dittoed versions of Foster’s Census, was rediscovered by Bouwer, described in [1] and gen-
eralized in [2]. Progress on aspects of semisymmetric graphs was made in papers published
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since 1980 (see for example [4, 8, 10, 11, 12, 17, 18]). Recently, considerable attention was
given to semisymmetric graphs of valence 3 [13, 14, 15], and a list of all such graphs with
no more than 768 vertices was compiled in [3].

This paper continues work from [20], where the present authors began an investiga-
tion of tetravalent edge-transitive graphs, by considering those of girth at most 4. Such a
graph is either worthy or unworthy, depending on whether the neighborhoods of all pairs
of distinct vertices are distinct or not. Lemma 4.3 of [20] disposes of the unworthy case by
showing that every unworthy tetravalent semisymmetric graph has order 4n for some inte-
ger n, and arises as the “subdivided double” of a dart-transitive tetravalent graph of order
n. Note that the smallest semisymmetric graph, the Folkman graph on 20 vertices shown in
Figure 1, is unworthy, and it can be obtained as a subdivided double of the complete graph
K. Similarly, it was shown in [17, Theorem 5.2] that every semisymmetric graph on 4p
vertices, for p > 7 a prime, is unworthy.

Figure 1: The Folkman graph

On the other hand, [20, Theorem 5.1(5, b)] shows that every worthy tetravalent semi-
symmetric graph of girth 4 and order 2n is isomorphic to a graph obtained, via the “partial
line graph construction”, from a certain kind of cycle decomposition of a vertex-transitive
tetravalent graph of order n. A precise statement of this result can be found in Section 5.

The purpose of the present paper is to study worthy tetravalent semisymmetric graphs
of girth 4, and the cycle decompositions from which they arise, in more detail.

2 Preliminaries

A standard notation for graphs is used throughout the paper: if I" is a graph, then V(T") is
its vertex set. An edge in I is an unordered pair from V' (I") (so I is a simple graph), and the
set of edges is £/(I"). An ordered pair of adjacent vertices will be called a dart (or also, an
arc). In this paper, all graphs are finite and connected. Bipartition sets in bipartite graphs
are often referred to as colors, black and white, of the vertices.

A symmetry or automorphism of a graph I' is a permutation of its vertices which pre-
serves adjacency. The symmetries of I' form a group, Aut(I"), under composition. A graph
is said to be vertex-, edge-, or dart-transitive if its automorphism group acts transitively on
its vertices, edges, or darts, respectively. Dart-transitive graphs are also called symmetric
or arc-transitive.
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A graph I is semisymmetric provided that it is connected, regular, and Aut(T") is tran-
sitive on edges but not on vertices. It follows easily (see [5] for example) that such a graph
T is bipartite, and that Aut(T") is transitive on each of the two color classes of vertices.

If for every vertex v of a regular graph T, the stabilizer Aut(T"), acts transitively on
the neighbors of v, then I' is said to be locally dart-transitive. It is well known that a
locally dart-transitive graph is edge-transitive (recall that all the graphs are assumed to be
connected), and that it is either dart-transitive or semisymmetric (depending on whether
Aut(T) is transitive on the vertices or not).

3 Cycle decompositions

Let A be a (connected) regular tetravalent graph and C a partition of F(A) into cycles (that
is, sets of edges which induce in A connected subgraphs of valence 2). We shall call such
a pair (A,C) a cycle decomposition. For the rest of this section, let (A, C) denote a cycle
decomposition.

Two edges of A will be called opposite at vertex v, if they are both incident with v and
belong to the same element of C. The partial line graph of a cycle decomposition (A, C)
is the graph P(A, C) whose vertices are edges of A, and two edges of A are adjacent in
P(A, C) whenever they share a vertex in A and are not opposite at that vertex.

The left hand side of Figure 2 shows a tetravalent graph A and a cycle decomposition C
with cycles indicated by a-a, b-b, etc; and the right hand side of Figure 2 shows the partial
line graph of (A, C).

dﬁ/md £ ¢ f
a O O a a
@/:,L\De
e g c g

Figure 2: A cycle decomposition and its partial line graph

An isomorphism between two cycle decompositions (A1, Cy) and (A2, C3) is an isomor-
phism f of A; onto Ay for which f(C;) = C3. An automorphism is an isomorphism from
a cycle decomposition to itself. The group of automorphisms of (A, C) will be denoted by
Aut(A,C).

A cycle decomposition (A, C) is said to be flexible provided that for every vertex v and
each edge e containing v, there is a symmetry in Aut(A, C) which fixes pointwise the cycle
D € C containing e and interchanges the other two neighbors of v. The edges joining v to
those neighbors are in some other cycle C' of C, and the symmetry is called a C-swapper
atv.

A cycle decomposition (A, C) is called bipartite if C can be partitioned into two subsets
G and R so that each vertex of A meets one cycle from G and one from R. Especially in
constructions, we will refer to the edges of the cycles in G and those in R as green and red,
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respectively. The largest subgroup of Aut(A,C) preserving each of the sets G and R will
be denoted by Aut™ (A, C), and we will think of it as the color-preserving group of (A, C).

Note that in a bipartite cycle decomposition, an element of Aut(A,C) either preserves
each of the sets G and R setwise, and is thus contained in Aut+(A, C), or interchanges
the sets G and R. (In particular, in a bipartite flexible structure, swappers belong to
Aut™(A,C).) This shows that the index of Aut™(A,C) in Aut(A,C) is at most 2. If
this index is 2, then we say that (A, C) is self-dual. Thus (A,C) is self-dual if and only if
there is o € Aut(A,C) such that Go = R and Ro = G.

We can now define the central notion of this paper:

4 LR Structures

Definition 4.1. A cycle decomposition (A, C) is called a linking ring structure (or briefly,
an LR structure) provided that it is bipartite, flexible and that Aut™ (A, C) acts transtively
on V(A).

If (A, C) is an LR structure, then it follows from the definition that G = Aut™ (A, C)
acts transitively on red darts, as well as on green darts, in such a way that the permutation
group Gf,\(v), induced by the vertex-stabiliser G, on the neighbourhood A(v), is intransi-
tive and is in fact permutation isomorphic to the permutation group ((1,2), (3,4)) < Sy
(we shall call the permutation group ((1,2), (3,4)) the intransitive Klein 4-group). Con-
versely, if a connected tetravalent graph A admits a vertex- but not edge-transitive group
of automorphisms G such that Gﬁ(v) is permutation isomorphic to the intransitive Klein
4-group, then the two edge-orbits of G form the sets G and R of an LR structure (A, C) for
which Aut™ (A, C) contains G. This shows that, in the group-theoretical language, an LR
structure could be equivalently defined as a transitive permutation group G admitting two
self-paired orbitals A; and A, of degree 2 such that Gf}(”) is permutation isomorphic to
the intransitive Klein 4-group.

Since Aut+(A, C) acts transitively on G and on R, it follows that all cycles in G must
have the same length, say p, and all cycles in R must be of the same length q. We then say
that the LR structure (A, C) is of type {p, ¢}. For a self-dual structure, of course, p = q.

0 4 5 6 0 0 4 5 6 0 0 4 5 6 0
3 e e e e 3 3I I:I I:L 3Ij [: L
2 Qe e e ) 2 2 2 2 2
— oo

0 O e e O () 0o O Ommn) () 0 Oy Om—C) o0
4 5 6 4 5 6 4 5 6

Figure 3: Three LR structures on the 4-dimensional cube ()4, presented as a toroidal map
{4,4}4,0. The labels indicate the identifications of vertices and edges.

Note that a tetravalent graph can admit more than one LR structure. For example, the 4-
dimensional cube @4 (see Figure 3) has three distinct bi-colorings of edges, each of which
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makes it into a self-dual LR structure of type {4, 4}. The three structures are isomorphic.
This leads us to pose the following open question:
Question 1: Does there exist a graph admitting non-isomorphic LR structures?

5 Suitable LR Structures

Let us now describe the relationship between LR structures and tetravalent edge-transitive
graphs. If (A, C) is a cycle decomposition, then a cycle C' in A is said to be alternating if no
two consecutive edges of C' belong to the same element of C. In [20], a cycle decomposition
(A, C) was called smooth, provided that A contained no alternating 4-cycles, and no 3-
cycles except possibly those contained in C. Note that the latter condition on 3-cycles is
automatically satisfied for an LR structure: if (A,C) is an LR structure, and if bed is a
triangle in A, but not in C, then two of the three edges are the same color; say bc and cd are
red, while bd is green. Then a swapper at b which fixes the red cycle containing bed would
interchange the two green neighbors at b. But one of these is d, which is left fixed by this
symmetry. This is a contradiction, and so no such triangle can exist.

Definition 5.1. An LR structure which is not self-dual and contains no alternating 4-cycles
is called suitable.

It is not difficult to see that a cycle decomposition (A, C) is a suitable LR structure
if and only if it satisfies the conditions stated in [20, Theorem 5.1(5, b)]. This theorem,
combined with Lemma 6.3, which will be proved in the following section, implies the
following correspondence, which explains the relevance of LR structures to the study of
tetravalent edge-transitive graphs.

Theorem 5.2. The partial line graph construction P induces a bijective correspondence
between the set of LR structures and the set of worthy bipartite locally dart-transitive
tetravalent graphs of girth 4. If (A,C) is an LR structure, then P(A,C) is semisymmet-
ric if and only if (A, C) is suitable; and is arc-transitive otherwise. If (A,C) contains an
alternating 4-cycles, then P(A,C) is a skeleton of an arc-transitive map of type {4,4} on
the torus.

Remark. If a graph A has a cycle decomposition C for which (A, C) is a suitable LR
structure, it is conceivable that it might allow a different cycle decomposition C’ for which
(A,C') is an LR structure. We know of no such example, and we conjecture that none exist.
Proving that the conjecture holds would allow us to simplify our notation, and talk about
an LR graph A. We will discuss this conjecture further in our final section.

Every new LR structure gives a new edge-transitive graph, and so we are interested in
finding and creating LR structures. The aim of this paper is to provide constructions of LR
structures (and thus of bipartite tetravalent edge-transitive graphs), which show how varied
the LR structures can be.

6 Basic constructions

We begin our investigation of LR structures by presenting some basic contructions.

6.1 LR Structures on the wreath graphs

The wreath graph W (n, 2) is defined to be the graph on 2n vertices u;, v;, for i € Z,,, with
all edges from vertices of subscript ¢ to those of subscript ¢ + 1. Alternatively, W (n, 2)
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can be defined as the lexicographic product of the cycle C,, with the edgeless graph on two
vertices.

Construction 6.1. If n is even, let A be the wreath graph W (n,2) and let C be the set of
4-cycles of W (n,2) of the form [w;, w;+1,v;,v;+1]. Color such a 4-cycle red if ¢ is even
and green if ¢ is odd. Then (A, C) is clearly a self-dual LR-structure of type {4, 4}.

The partial line graphs of the LR-structures on the wreath graphs defined above are
thus arc-transitive tetravalent graphs, which may also be obtained as 2-fold covers over the
wreath graphs. These graphs have appeared in the literature before, for example in [6, 7].

6.2 Toroidal LR Structures

Consider the LR structure on the cube ()4 depicted in the left-hand side of Figure 3. This
structure can be generalized to other maps on the torus:

Definition 6.2. Let M be a map of type {4, 4} on the torus. Then M arises as a quotient
{4,4} of the tessellation {4, 4} by a group T of translations. Color edges of the tessella-
tion belonging to one parallel class green, the other edges red. Since translations preserve
these colors, we can consider the edges of M colored in the same way. If the group 7" is
normalized by horizontal and vertical reflections, we will say that T is reflective. In this
case, then those reflections act on M as well, giving the structure its swappers. In any map
of type {4,4} on the torus, the group of translations is transitive on vertices, and so if 7" is
reflective, the resulting graph {4, 4} is an LR structure, and we will call it a foroidal LR
structure.

Note that if (A, C) is a toroidal LR structure, then P(A, C) is a bipartite edge-transitive
skeleton of a map of type {4,4} on the torus.

Remark: The possibilities for the group 7" of translations satisfying the requirement
that 7" is normalized by all horizontal and vertical reflections are exactly these two:

(I) T is generated by (b,0) and (0, ¢) for some b and ¢ both at least 3. The resulting
graph has bc vertices and is of type {b, c}. We will call this structure {4,4}p, .

() T is generated by (b, c) and (b, —c) for some b and ¢ both at least 2. The resulting
graph has 2bc vertices and is of type {2b, 2c}. We will call this structure {4, 4} <p ¢>.

These two types are shown in Figure 4; on the left is {4,4}4 3], and on the right is
{4,4} <325

Observe that every toroidal LR structure, as defined above, has alternating 4-cycles.
Surprisingly, the converse holds as well.

Lemma 6.3. An LR structure which has an alternating 4-cycle is toroidal and arises as in
Definition 6.2.

Proof. Suppose that a, b, ¢, d is an alternating 4-cycle in which {a,b} and {c,d} are the
green edges, {b, c} and {d, a} the red. Then a green swapper at a fixes a and d but not b,
and so sends abcd to a different alternating 4-cycle containing the red edge {d,a}. Thus
every red edge belongs to at least two alternating 4-cycles, and similarly, so does every
green. Now if any edge belongs to more than two alternating 4-cycles, it is not hard to
show that the structure must be the toroidal structure for the map {4,4}5 5 (its underlying
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Figure 4: Two kinds of toroidal LR structures

graph is K4 4). If not, then every edge belongs to exactly two alternating 4-cycles. Using
these cycles as faces constructs a map on a surface. The map has quadrangular faces, and
four meet at every vertex and so the Euler characteristic of the surface is 0. The surface is
thus the torus or the Klein bottle. The results of the paper [21] show that no map on the
Klein bottle can have swappers except for some whose skeleton is not a simple graph, and
therefore the map and structure must be toroidal. O

This lemma, combined with [20, Theorem 5.1(5, b)], proves Theorem 5.2

6.3 Barrels

In this section, we introduce our first families of suitable LR structures. The barrels
Br(k,n;r) and the mutant barrels M Br(k, n;r) are, of all known LR structures, the sim-
plest to describe, the easiest to visualize and the most common to occur.

The structure Br(k,n;r) is defined for k even, k > 4, n > 5, and r2 = +1modn
but not r = +1 mod n. It has vertices Zy, X Z,,, with (4, j) red-adjacent to (i = 1, ) and
green-adjacent to (i, j + r*). We may and usually do assume that 0 < 7 < 5.

We should mention that the underlying graphs of the LR structures Br(k,n;r) have
appeared in different contexts under different names before, most recently in [16], where
the class of ) graphs include the graph Br(k,n;r) as Y(k, n,r,0).

Figure 5 shows part of such a graph having n = 5 and » = 2, with red edges shown
thin, green edges shown bold.

Br(k,n; ), has color-preserving symmetries (i, j) — (¢, 7+1) and (¢, ) — (i+1,77),
which show it to be vertex transitive. In the stabilizer of (0,0) are symmetries (i, j) —
(—i,7) and (i,5) — (¢, —7) which act as swappers there. Thus, Br(k,n;r) is an LR
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Figure 5: part of Br(k,5;2)

structure.

A related graph is M Br(k,n;r), which is defined if both k£ and n are even, k > 2,
n > 6, and r? = 4+1 mod n but not 7 = 41 mod n. It has vertices Zj, x Z,,, with (i, j)
red-adjacent to (i + 1,7) for 0 < i < k — 1, (k — 1, j) red-adjacent to (0, j + n/2) and
(i, ) green-adjacent to (4, j + r*) for all 4.

M Br(k,n;r) has symmetries that are swappers with definitions similar to those for
Br(k,n;r). Thus, every member of these two families is an LR structure.

For most parameters k,n and r, the LR structures Br(k,n;r) and M Br(k,n;r) are
suitable. Each one has kn vertices and is of type {k,n}, {2k, n}, respectively.

We are now ready to determine which barrels give rise to suitable LR-structures.

Theorem 6.4. Each of the LR structures Br(k,n;r), M Br(k,n;r) has kn vertices and is
of type {k,n}, {2k, n}, respectively.

The LR structures Br(k,n;r) are suitable for all admissible parameters: k > 4 even,
n>5and2<r<73g, r2 = +1 (mod n).

The LR structure M Br(k,n;r) is suitable for all admissible parameters: k > 4 even,
n > 6even, 2 <r < %, r? = £1 (mod n), with the exceptions of M Br(k,2k; k — 1) for
k even, k > 4, which is self-dual; and M Br(2,n; % =+ 1), which has alternating 4-cycles.

Proof. The claim about the type of Br(k,n;r) and M Br(k,n;r) follows immediately
from the definition of the two structures. It is also clear that no member of either family
has an alternating 4-cycle, except in the case of M Br(2,n; 5 £ 1); here, an alternating
4-cycleis (0,0) ~ (0,1) ~ (1,1 4+ 5) ~ (1,1 + 5 +7) = (1,0) ~ (0,0).

Number the red cycles 1,2, ... in the order in which they appear around a fixed green
cycle, and do the same for green cycles. In Br(k,n;r), every green cycle appears once
around each red cycle and vice versa; in M Br(k,n;r), every green cycle appears twice
around each red cycle and vice versa. Then in every red cycle, the green cycles appear in
the same order, 1, 2, ..., while around alternating green cycles, they appear in the orders
1,2,3... and 1,1 + r,1 4+ 2r,.... In most cases, these are different orders, and so no
symmetry can switch red with green. The only way that these can be the same order is if:

(1) each number appears twice, so the graph is the underlying graph of a mutant barrel
LR structure,

(2) the cycles have the same length, so that n = 2k,
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B)r+1=2modk,sothatr =k +1

It remains to show that M Br(k, 2k; k — 1) is indeed self-dual. To do that, we observe
that it is isomorphic to the following LR structure: vertices are elements of Zj, X Zy X Zo;
red edges are of the form:

o (k—1,j,d) ~(0,5,d+1),

while green edges are of the form:

.(Zajad)N(Z’]+1ad+Z)7 0§j<k_1
o (i,k—1,d)~ (i,0,d+1+1),

The function ¢ : (4,4,7) — (4,7 + rk) is an isomorphism from this structure to the
structure M Br(k, 2k; k — 1). In this form, it is easy to check that (¢, j, ) — (j, 4,7 + ij)
is a color-reversing symmetry of the structure. Thus, M Br(k, 2k; k — 1) is self-dual and
S0 not suitable. O

We conclude this section by mentioning that the smallest suitable barrel Br(4,5;2)
gives rise to the the semisymmetric graph P(Br(4, 5; 2)), which has 40 vertices, 80 edges,
and the automorphism group of which has order 80. This appears to be the smallest auto-
morphism group of any semisymmetric graph. There is a second semisymmetric graph of
the same size whose group also has size 80. This graph is P(M Br(2, 10; 3)).

7 Quotients and covers

Quotients and covers of graphs have become a standard tool in studying vertex-transitive
graphs, and can be used almost without any change in the setting of LR structures as well.
Here we only briefly summarize the basic ideas of the covering techniques.

Let A be a graph, and let B be a partition of the vertex-set V' (A). Then the quotient
graph A is the graph with B as its vertex-set and with two elements By, Bo € B adjacent
in Ag whenever there is an edge in A between some v; € B; and some vy € Bs. If the
partition 3 is invariant under some G < Aut(A), then G acts in a natural way on Ag by
automorphisms. If there are no edges within the elements of 5 and if the graph induced by
two adjacent elements of B is a perfect matching, then A is called a cover of Ap.

An important special case of quotients and covers arises in the following setting. Let
G be a vertex-transitive group of automorphisms of a connected graph A, and let N be a
normal subgroup of G acting semiregularly on V' (A) (i.e. N, = 1 for every v € V(A)).
Then the orbits of N form a G-invariant partition of V/(A). The corresponding quotient
graph is then called a G-normal quotient of A by N and denoted by A . If in addition A is
a cover of Ay, then it is called a regular cover. In this case, the action of G on A induces
a faithful vertex-transitive action of G/N on Ay, and we say that G < Aut(A) is a lift of
G/N < Aut(Ay).

All these notions extend naturally to LR structures. In particular, if G < Aut(A,C) and
B is a G-invariant partition of V' (A) such that A is a cover of Ap, then one can define an
LR structure (A, Cp) in an obvious way. For example, take any of the three LR structures
on Q4 depicted in Figure 3, and let B be a partition of V(Q,) into pairs of antipodal
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vertices in Q4. The corresponding quotient graph (Q)4)g is isomorphic to Ky 4, and Q4 is
a cover of the quotient. In fact, letting N be the group generated by the automorphism of
Q)4 interchanging the pairs of antipodal vertices, we see that (Q4)s = (Q4)n is a normal
quotient of Q4. Clearly, B is invariant under Aut(Q4), and so the three (isomorphic) LR
structures on ()4 induce three isomorphic LR structures on Ky 4.

7.1 Loose and antipodal attachments

Consider two cycles, C7 and Cs, of an LR structure (A, C), one green and one red, which
intersect in a common vertex v. If v is the only vertex in their intersection, then the vertex-
transitivity of the automorphism group implies that any two intersecting cycles meet in
exactly one vertex. Following the language of [19], we will say in this case that the LR
structure is loosely attached.

On the other hand, if there is another vertex u in the intersectection of Cq and Cy, then
the existence of swappers at v implies that w is the vertex which is antipodal to v on C}
and C5 (in particular, C; and Cs are of even length). If this is the case, then by vertex-
transitivity, any two intersecting cycles intesect in exactly two vertices, located antipodally
on the intersecting cycles. LR structures of this type will be called antipodally attached.

Of course, if (A, C) is an antipodally attached LR structure, then the permutation swap-
ping the two vertices in each antipodal pair is a central involution in Aut(A,C), and thus
generates a normal subgroup N < Aut(A,C). Unless the type of (A, C) is {4, ¢} or {p, 4},
identifying pairs of antipodal vertices projects (A, C) onto a loosely attached LR structure
(An,Cn) and the projection is a regular covering projection.

We already have examples of both kinds of attachments and the corresponding projec-
tions. Each toroidal LR structure {4,4} . .~ is antipodally attached, and the projection
sends it onto {4,4}p, o (if b and c are both at least 3). Each M Br(2k, 2n; ) is antipodally
attached, and the projection sends it onto Br(k, n;r) (if k and n are both at least 3).

If (A,C) is an antipodally attached LR structure of type {4, 4}, then it is easy to see
that A is a wreath graph with C the decomposition presented in Construction 6.1.

Antipodally attached LR structures of type {4, ¢} for some ¢ > 4 will be studied in a
future paper, where we show that such a structure arises from a certain cycle decomposition,
called a “cycle structure”, in a smaller tetravalent dart-transitive graph, thus allowing a
reduction to smaller graphs.

The above discussion is summarized in the following theorem.

Theorem 7.1. Let (A,C) be an antipodally attached LR structure of type {p,q}. If p =
q = 4, then (A,C) is the type {4,4} LR structure on a wreath graph W (n,2) described
in Construction 6.1. If p,q > 6, then (A\,C) arises as a 2-fold cover of a loosely attached
LR-structure.

Question 2: For which loosely attached LR structures does an antipodally attached
cover exist?

Question 3: How is such a cover constructed?

Question 4: If (A, C) is suitable and antipodally attached, when is the factor structure
suitable?
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8 The Big question

In Section 5, we conjectured that a suitable LR structure is unique on its graph. We believe
that a stronger conjecture holds:

Conjecture 8.1. If (A,C) is an LR structure for which Aut™ (A, C) is a proper subgroup
of Aut(A), then it is self-dual.

Certainly, if Aut™ (A, C) is a proper subgroup of Aut(A,C), then (A,C) is self-dual.
So we may suppose that Aut(A) contains some o which sends some red edges to red edges
and some red edges to green edges. The conjecture would imply that (A,C) is self-dual.
While that conjecture is still open, we can and will prove that such an LR structure must be
of a self-dual type.

Theorem 8.2. If (A,C) is an LR structure of type {p,q} and Aut(A) contains some o
which does not preserve C, then p = q.

Proof. We will actually prove that under the hypothesis, some symmetry must send some
red cycle to a green cycle. Suppose not. Let m be maximal such that some ¢ in Aut(A)
sends some m consecutive edges of a red cycle to green edges. Then m must be less than

both p and q. Suppose that ug, %1, ..., Umn—1, Um, Um+1,- .. are consecutive vertices on
some red cycle, vg, V1, ...,VUm—1,VUm,; Um+1,... are consecutive vertices on some green
cycle, and that for+ = 0,1,2...,m,u;0 = v;. Suppose that a, b are the green neighbors

of u,y,, that c, d are the red neighbors of v,,. Finally, let . be a green swapper at u,, and 7
be a red swapper at v,,,, as shown in Figure 6.

g vy Un3 Y2 U1 ™ Yme1
L J L J L J L J L ] o u
b
| O
@®c
V, V.
0 1 Vi3 Vin-2 Vi1 Vi Vi1
o o - - - - -
T
od

Figure 6: A color-mixing symmetry o

Because m is maximal, we know that u,,110 # v;,41. Assume, without loss of
generality, that w,, 10 = ¢,a0 = v,1,b0 = d. Consider o/ = oro 'po. Then

for i = 0,1,2,...,m,u fixes u; and 7 fixes v; and so w;0’ = v;. And Upaq0’ =
Ump10T0 Lo = cro~tuo = do~tpo = buo = ac = v,,41, contradicting the maxi-
mality of m. Thus p = gq. O

The techniques of this proof will extend to prove the existence of a symmetry which
sends one red cycle and all of its green neighbors to a green cycle and all of its red neigh-
bors, but we cannot see how to push the technique any farther.

In future papers, we will show both algebraic and combinatorial constructions for LR
structures.
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Abstract

We describe a simple method for computing the maximum length of the game cop and
robber, assuming optimal play for both sides.
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1 Introduction

The perfect information pursuit game “Cop and Robber” was introduced independently by
Quilliot [13] in 1978, and Nowakowski and Winkler in 1983 [12]. It is played on a graph
by two sides called the cop and the robber. The cop begins the game by choosing a vertex
to occupy. The robber then chooses a vertex and the two sides move alternately, with the
cop moving first. A move for the cop consists of either traversing an edge to a neighbouring
vertex, or passing on his turn and remaining at the same vertex. A move for the robber is
defined analogously. The cop wins if he catches the robber by occupying the same vertex
as the robber after a finite number of moves. Otherwise the robber wins. The graphs on
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which the cop has a winning strategy are called cop-win, or dismantlable. The book by
Bonato and Nowakowski [3] is a wonderful introduction to this game and its variants.

Let G be a cop-win graph. We define the catch time of G, first introduced in [2], denoted
catchtime(QG), to be the minimum number of cop moves needed to be guaranteed to catch
the robber, where the minimum is taken over all possible strategies on the assumption of
optimal play by both sides. Passes count as moves. A variety of results imply ways to
compute catchtime(G), and discover the associated optimal strategies, in cubic time using
some auxiliary structure [1, 8, 11, 12]. In this paper we describe a method for determining
the catch time using only local information about neighbourhoods. It leads to a simple
algorithm which is easy to carry out with pencil and paper if a drawing of the graph is
available, and which can be implemented to run in cubic time.

2 Cop-win orderings and an associated strategy

There are at least three different characterizations of finite cop-win graphs [8, 12, 13] (also
see [7, 10, 11]). The one that is of primary interest here is due to Nowakowski and Winkler,
and Quilliot, independently.

Theorem 2.1. [12, 13] Let G be a finite graph. Then G is cop-win if and only if there exists
an enumeration vy, va, . . . , Uy, of the vertices of G such that fori = 1,2,...,n — 1 there
exists j; > i such that (N[v;] N {vi, vix1,...,0n}) € Nvj,].

The notation N [z] that appears in the above theorem and elsewhere denotes the closed
neighbourhood of x, defined to be the set containing x and all vertices adjacent to x.

The enumeration of the vertices of G in Theorem 2.1 has come to be known as a cop-
win ordering or dismantling ordering of G. A vertex © € V(G) is called a corner if there
exists y € V(G) — {x} such that N[y] D N[z], or if V(G) = {z}. When such a vertex
y exists, we say that it covers . Cop-win orderings are constructed by iteratively deleting
corners from the graph (also, see [5, 6]). We will make use of the following propositions
which are key to the proof of Theorem 2.1 and the associated strategy. In Section 4 we will
show how our results can be viewed as a generalization of this theorem. The methods of
proof we use are essentially those of Nowakowski and Winkler, and Clarke [7, 9, 10, 12].

Proposition 2.2. [12, 13] Let = be a corner of the graph G. Then G is cop-win if and only
if G — x is cop-win.

By optimal play we mean that the cop seeks to catch the robber as quickly as possible,
and the robber seeks to evade capture for as long as possible. Various aspects of optimal
play are considered by Boyer et al. [4]. They show that in some cases of optimal play it is
necessary for the cop to revisit a vertex, and in some cases it is necessary for the distance
between the cop and robber to increase at some time.

Proposition 2.3. [12, 13] If G is cop-win then, assuming optimal play, just before the
robber’s last move, the robber is on a corner of G and the cop is on a vertex that covers it.
The game ends on the cop’s next move.

We now give a description of the cop’s strategy that arises from the proof of Theorem
2.1. The following is applied recursively for ¢ = 1,2, ..., n — 1. The vertex v; is a corner
of G;, the subgraph of G induced by {v;, vi11,...,v,}. (Note that G; = G.) While the
robber plays the game on G, the cop plays as if it were on G; 11 = G; — v;, that is, if



N. E. Clarke et al.: A simple method of computing the catch time 355

the robber moves to v; the cop plays his winning strategy for G, as if the robber were
on a particular vertex y that covers v;. By Proposition 2.2, the cop has a winning strategy
on GG;11. Thus, at some point either the cop and robber occupy the same vertex, or the
cop is on y and the robber is on v;. In the former case the game on G; is also over, and in
the latter case it is over after one more cop move. It can be proved by induction that this
strategy leads to the bound catchtime(G) < |V| — 1. Essentially the same argument is
used to prove Theorem 3.3. The strategy can be formulated using retractions [7, 10]. We
do the same for our results in Section 4.

3 Finding the catch time

Cop-win orderings are constructed by deleting corners from the graph one at a time. The
key to the method described below for finding the catch time is deleting many corners
simultaneously. Since it is possible for every vertex of a graph (cop-win or not) to be a
corner — informally, for any graph G replace each vertex by a copy of Ko and add all
possible edges between copies of K that replaced adjacent vertices of G — it is necessary
to have a means of selecting which subset of the corners to delete.

Let GG be a graph. Define an equivalence relation O on V by (u,w) € O if and
only if N[u] = N[w]. Note that the subgraph of G induced by each equivalence class is
complete, and either there are no edges joining vertices in different equivalence classes, or
all possible edges joining them are present. Let G / ©¢ be the graph whose vertices are the
equivalence classes {[z] : © € V'} of ©¢, with [z] adjacent to [y], where y & [], if and only
if zy € E(G) (that is, every vertex in [z] is adjacent to every vertex in [y]). Equivalently,
G / O is the subgraph of G induced by selecting one vertex from each equivalence class of
©O¢. By construction, no two vertices of G / ©¢ have the same neighbourhood. Thus, if [y]
covers [z] in G / ©¢, the neighbourhood of [y] properly contains the neighbourhood of [].
Hence, if G is not complete, every vertex z belonging to a corner of G / O is covered in
G by a vertex y such that Ni[y] D Ng[x]. In particular, for every such z there exists such a
y for which [y] is not a corner of G / ©¢. The main purpose of introducing the equivalence
relation O¢ is to assure that “twins”, that is, vertices with identical neighbourhoods, are
treated in exactly the same way.

Proposition 3.1. Let G be a graph which is not complete and X C 'V be the set of vertices
belonging to corners of G | ©g. Then G is cop-win if and only of G — X is cop-win.

Proof. Let X = {xy,x9,...,21}. Since G is not complete, X is a proper subset of V.
Since each vertex in X is covered by a vertex in the non-empty set in V' — X, we have, by
Proposition 2.2, that G is cop-win if and only if G—x1 is cop-win if and only if G—{x1, z2}
is cop-win, and so on until, finally, if and only if G — X is cop-win. 0

Let G be a cop-win graph. By Proposition 3.1 we can define an ordered partition
X1, Xo,..., X of V by setting G; = G — Ui;}Xt (so that G; = @), and X; to be the
set of corners of G; / ©¢,. Note that the subgraph of G induced by the top layer X, is
necessarily a complete graph. We call X, X5, ..., Xy the cop-win partition of G and, for
i = 1,2,...,k call the set X; the ¢-th layer. Note that X;, X;11,..., X} is the cop-win
partition of G;.

Proposition 3.2. A graph is cop-win if and only if it has a cop-win partition.
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Proof. By the discussion above we need only show that a graph with a cop-win partition is
cop-win. Suppose that X7, X5, ..., X} of G is a cop-win partition of G. The enumeration
of V(G) constructed by first listing the vertices in X (in any order), then those in X5,
and so on until, finally, the vertices in X}, are listed is a cop-win ordering. The result now
follows from Theorem 2.1. O

Suppose that G has a cop-win partition X1, Xo, ..., Xy, where & > 1. If some vertex
of X}, is adjacent to all vertices of Xj_1, then all vertices of X, must be adjacent to all
vertices of X _1: since the subgraph induced by X}, is complete, any vertex of X with a
non-neighbour in X},_; would belong to a corner in Gy, / ©¢, _, . Further, if X;, = {zx}
then xj, is adjacent to every vertex of X_1 as, in Gi_1, any such vertex must be covered
by a vertex in Xj.

Theorem 3.3. Let G have a cop-win partition X1, Xs, ..., Xy. Then catchtime(G) =
k — 1 if every vertex of Xy, is adjacent to every vertex of X_1, or G has only one vertex.
Otherwise, catchtime(G) = k.

Proof. We first show by induction on £ that the robber can be caught in at most the given
number of cop moves. If k = 1, then G is complete and catchtime(G) = 0 when G
has one vertex and catchtime(G) = 1 otherwise. Suppose k = 2. If every vertex in X5
is adjacent to every vertex of X7, then an optimal play game will end in one cop move.
Otherwise, every vertex in X5 has a non-neighbour in X;. The cop begins by choosing
a vertex 9 € Xs. No matter which vertex non-adjacent to xo the robber chooses, by
definition of X; and since the subgraph induced by X5 is complete, the cop can move to
a vertex of Xy that covers the robber position. The game ends in one more cop move, as
required.

Suppose that the statement holds for all cop-win graphs in which the cop-win partition
has k — 1 layers. Let G be a cop-win graph for which the cop-win partition has k layers.
By Proposition 3.1, the graph G = G — X is cop-win and has a cop-win partition with
k — 1 layers. As before, while the robber plays the game on G, the cop plays the game as if
it were on 5. If the robber is in X then by definition of X; he has a shadow (a particular
vertex that covers his position) in G2. By the induction hypothesis and assuming optimal
play, after at most catchtime(G2) — 1 cop moves, the robber or his shadow is on a vertex
x2 € Xo and the cop is on a vertex y of G that covers it (the robber could actually be
located in X; which is covered by x3). The robber can evade capture for at most two more
cop moves. On the next cop move the cop catches the robber’s shadow (or possibly the
robber) on some vertex z of G. Suppose he has only caught the shadow. Then the robber
ison a vertex z; € X; which is covered by z. No matter to which vertex the robber moves,
the cop now has a move to the same vertex, so the game ends on the next cop move.

The proof that there is an optimal play game requiring the given number of moves is
also by induction on k. The statement is easy to see when & = 1. Suppose it holds for all
cop-win graphs in which the cop-win partition has k& — 1 layers. Let G be a cop-win graph
for which the cop-win partition has k layers. By the induction hypothesis and assuming
optimal play, there is a game on G that requires catchtime(G2) moves. Since there is
never an advantage to the cop in using a vertex in X; —a cover in G5 could be used instead
— in order to make the game on G last as long as possible, the robber first plays his optimal
game on GG2. By Proposition 2.3, just before the robber’s last move in this game, the robber
is on a vertex 2 € X5 and the cop is on a vertex y that covers it (in G2). By definition of
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X3, in the game on G, the robber has a move to a vertex in x; € X; which is not adjacent
to y. Since x; is a corner of G, the cop has a move to a vertex that covers x1. (A cover
of x1 is adjacent to all neighbours of x1, hence is adjacent to z5. Since y covers xo, it is
adjacent to all neighbours of x5, including the vertex that covers x1.) The game therefore
lasts one move longer than before. This completes the proof. O

Theorem 3.3 implies a straightforward algorithm for computing the catch time. Given
a graph G with n vertices, the first step is to find the quotient graph, G / ©¢. If G is rep-
resented by an adjacency matrix, A, then viewing each row as characteristic vector of the
corresponding vertex, two vertices belong to the same equivalence class if the correspond-
ing rows are identical. The equivalence classes, and consequently G / ©¢ (choose one
vertex from each equivalence class) can be found in O(n?) time. The corners of G / O¢
are also easy to find from the rows of A in time O(nQ). Hence the first set, X, in a cop-win
partition can be determined in quadratic time. After marking the vertices in X as deleted,
the process is repeated with G — X and so on, until the cop-win partition X1, Xo, ..., Xj
is determined. Since k < n, this process takes time O(n3). The last step is to test whether
every vertex of X}, is adjacent in G to every vertex in Xj,_1, which takes time O(n?), and
then apply the theorem. Hence the catch time can be determined in cubic time.

We conclude this section by noting that, by definition of the catch time of the cop-win
graph G, for any initial position chosen by the cop there is an initial position available
to the robber such that optimal play by both sides results in a game of length at least
catchtime(G). Further, there exists at least one initial position available to the cop (for
example, any one in the “top” layer of the cop-win partition, plus possibly some others)
such that optimal play by both sides results in a game of length exactly catchtime(G).

4 Retractions and a description of the strategy

The purpose of this section is to illustrate how our results can be seen as a generalization
of Theorem 2.1, and to present the cop’s strategy implied by Theorem 3.3 in the language
of retractions (see [7, 10]), thus perhaps making the implied recursion more transparent.

We first describe an alternate approach that could have been used instead of proceeding
directly to the cop-win partition as in Section 3. An advantage of using this point of view
is that the connection with Theorem 2.1 is immediate.

By a cop-win layering of a graph G we mean an ordered partition X1, X5, ..., X, of
V(G) such that fori = 1,2,...,¢ — 1 the set X is a set of corners of G; = G — Uf;%Xt
each of which has a cover in G;11. Each set X is called a layer.

A cop-win ordering vy,vs, ..., v, gives a cop-win layering by setting X; = {v;},
1 <4 < n. Conversely, a cop-win layering X, Xs, ..., X of G gives a cop-win ordering
in the same way as described before. The following statements hold using essentially the
same proofs as before.

Theorem 4.1. A graph G is cop-win if and only if it admits a cop-win layering.

Theorem 4.2. If G has a cop-win layering X1, Xs, . .., X, then catchtime(G) < k—1if
every vertex of Xy, is adjacent to every vertex of Xy _1, or G has only one vertex. Otherwise,
catchtime(G) < k.

Let £L = X1, Xs,..., X}y be a cop-win layering of G. Define ug(£) = k — 1 if
every vertex of X}, is adjacent to every vertex of X;_ or if G has only one vertex, and
e (L) = k otherwise.
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Theorem 4.3. The maximum length of the cop and robber game on the cop-win graph G
equals ming g (L), where the minimum is over all cop-win layerings of G.

Given a cop-win ordering v1, vo, . . . , v, of G, Theorem 4.2 can be used to improve the
upper bound of n — 1 cop moves in the associated strategy. Define a cop-win layering by
letting X; be a maximum size set of consecutive vertices X; = {v1,va, ..., v;, } such that
each vertex in X7 has a cover in V(G) — X;. Now delete the vertices in X; and define
X5 in the same way using the graph Gy = G — X;. Continue in this way until, finally, a
cop-win layering £ = X3, Xo, ..., X, is defined. Then catchtime(G) < pg(L).

For the purposes of what follows, it is convenient to regard the graphs under considera-
tion as being reflexive, that is, having a loop at each vertex. A pass corresponds to moving
along the loop from a vertex to itself.

Let G be a graph and H be a fixed subgraph of G. A retraction of G to H is a
homomorphism of G to H that maps H identically to itself. Formally, it is a function
f: V(G) — V(H) such that f(h) = h for all vertices h of H, and if xy € E(G) then
f(z)f(y) € E(H). If there exists a retraction of G to H, then H is called a retract of G.

Theorem 4.4. [12, 14] Any retract of a cop-win graph is cop-win.

Retractions provide a convenient way of describing the cop’s strategy arising from The-
orem 2.1 [7, 10] (also see [9]). The same method can be used to describe the strategy arising
from Theorem 4.2. Suppose that G has at least two vertices and let £ = X1, Xo,..., X,
be a cop-win layering of the vertices of G. For ¢ = 1,2,...,¢ — 1 there is a retraction f;
of the graph G; = G — Ui;}Xt to G;11 that maps each vertex in X; to a vertex in G; 1
that covers it. (If there is more than one candidate for this vertex, it does not matter which
one is chosen.) When G is a complete graph with at least two vertices, or every vertex in
X, is non-adjacent to some vertex in X,_; there is also a retraction f; of the (complete)
subgraph induced by X, to any one of its vertices. On his j-th move, the cop plays on
Go_jy1=frjo---0fao fi(G) =G —UZIX,. Weallow j = 0 when | X,| > 1 and
every vertex in X, has a non-neighbour in X,_;. No matter where the robber is located
in G, his shadow (i.e. image under the mapping f,—; o --- o fa o f1) is located on one of
the vertices of this graph. Since the cop is “on” the robber’s shadow after making his move
when 7 = 1, and the retractions allow him to stay on it in each subsequent move, the cop is
guaranteed to catch the robber after at most p1¢ (L) moves.
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Abstract

Celestial 4-configurations are a class of highly symmetric geometric configurations of
points and lines in the plane in which 4 points lie on each line and 4 lines pass through each
point (that is, they are (n4) configurations). The set of isometries of the plane that map
a configuration to itself (that is, the symmetries of the configuration) partition the points
into orbits, called the symmetry classes of points, and likewise the symmetries of the con-
figuration partition the lines into orbits as well, forming the set of symmetry classes of
lines. Celestial 4-configurations have the property that two lines from each of two sym-
metry classes of lines pass through each point, and two points from each of two symmetry
classes of points lie on each line; a celestial 4-configuration with k£ symmetry classes is
called k-celestial. Celestial configurations may be classified as being trivial, systematic, or
sporadic. Previously, three non-trivial classes of 3-celestial 4-configurations were known.
This paper presents a number of new systematic families of celestial 4-configurations, in-
cluding 16 new 3-celestial families, four 4-celestial families, and three classes of h-celestial
configurations for infinitely many values of h, although it does not provide a complete clas-
sification.
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1 Introduction

A 4-configuration is a collection of points and straight lines, typically in the Euclidean or
projective plane, so that each point has four lines passing through it and each line has four
points lying on it; such configurations are often referred to as (n4) configurations, when the
number n of points and lines of the configuration is to be emphasized. If the configuration
has non-trivial geometric symmetry, that is, if there exists a nontrivial isometry of the
plane that maps the configuration to itself, then we say the configuration is symmetric,
and the points and lines of the configuration may be partitioned into symmetry classes of
points and of lines (i.e., the maximal orbit of a point under the symmetry group forms the
symmetry class of that point, and similarly in the construction of the symmetry classes of
lines). This usage of the word “symmetric” follows Griinbaum [14, p. 16] in reserving
the word “symmetric” to refer to geometric properties of configurations. In other places in
the literature (e.g. [7]), the word symmetric has been used to refer to (ny) configurations,
which are ‘symmetric’ in the numbers of points and lines; again following Griinbaum, we
shall call such configurations balanced, and reserve the use of ’symmetric’ to emphasize
geometric symmetry properties. If the number n of points and lines is relevant, we refer to
an (ny) configuration.

A 4-configuration is celestial if it has two points from each of two symmetry classes
lying on each line and two lines from each of two symmetry classes of lines passing through
each point; if there are h total symmetry classes of points and lines, we refer to an h-
celestial 4-configuration. Figure 1a shows an example of a 3-celestial 4-configuration with
21 points and lines: each point has two lines from each of two symmetry classes (indicated
by color) passing through it, and each line has two points from each of two symmetry
classes of points (again indicated by color) lying on it. Note that not all symmetric 4-
configurations are celestial, however; Figure 1b shows a (204) configuration with three
symmetry classes of points and lines, with the property that one symmetry class of lines
(shown in green) is incident with points from all three symmetry classes of points.

(a) A (214) 3-celestial 4-configuration. (b) A non-celestial (20,4) 3-astral
4-configuration, first shown in [13].

Figure 1: Examples of symmetric 4-configurations.

There has been a fair amount of investigation of 4-configurations in the past 20 years,
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beginning with Griinbaum and Rigby’s 1990 discovery of an intelligible way of presenting
a (214) configuration [15]; this is the configuration shown in Figure la, which is the ce-
lestial 4-configuration with the fewest number of points and lines. In 2003, Marko Boben
and TomaZ Pisanski introduced a class of highly symmetric configurations that they called
polycyclic configurations which had rotational symmetry [8]. Celestial 4-configurations
formed an important class of examples discussed in that paper.

Initial investigation into the classification of symmetric 4-configurations initially fo-
cused on astral configurations [1, 11] which have two symmetry classes of points and
lines, two lines from each of two symmetry classes passing through each point, and two
points from each of two symmetry classes lying on each line; that is, they are 2-celestial
configurations. General celestial 4-configurations continued to be investigated as well [12],
and a number of axioms were developed associating to each celestial configuration a con-
figuration symbol (usually, several equivalent symbols). Given a potential configuration
symbol, it is straightforward to determine if it corresponds to a configuration by verifying
whether the axioms are satisfied. For this reason, celestial 4-configurations form the most
well-understood class of 4-configurations and serve as building blocks for several other
classes of configurations; for examples, see [2, 3, 4, 5, 6] (in some of those references,
celestial configurations are referred to as k-astral configurations). However, despite their
utility and the fact that there are concrete rules governing their existence, there has been
very little work done in classifying h-celestial 4-configurations for h > 2.

The most comprehensive description of celestial configurations occurs in Branko Griin-
baum’s recent monograph Configurations of Points and Lines [14]. In Section 1.5 of that
reference, Griinbaum defines h-astral configurations to be configurations which have h
symmetry classes of points and h symmetry classes of lines. We follow this usage. Unfortu-
nately, in Sections 3.5 — 3.9 of the same reference, he refers to what we are calling celestial
4-configurations as “k-astral” configurations, and all of his discussion of k-astral configura-
tions in those sections refers to celestial configurations only. However, there are very nice
classes of 4-configurations that are k-astral (they have k& symmetry classes of points and
lines) but not k-celestial; for example, see Figure 1b, in which one of the symmetry classes
of lines is incident with points from three different symmetry classes of points (rather than
points from only two symmetry classes of points). In this article, we use the term k-astral
to refer to a configuration with k symmetry classes of points and lines, whether celestial or
not, and the term k-celestial to refer to a k-astral 4-configuration with the added property
that every line contains two points from each of two symmetry classes and every point has
two lines from each of two symmetry classes passing through it.

Following [14], celestial configurations are divided into three broad classes (discussed
in more detail below): (1) trivial configurations; (2) systematic configurations, of which
there are three known classes, and (3) sporadic configurations, which are non-trivial and
(provably) non-systematic.

In this paper, we present a number of new families of systematic celestial 4-configura-
tions. This answers affirmatively the following open question from Griinbaum [14, Section
3.7]: “Do there exist any other systematic families [of 4-celestial configurations] besides
the ones listed above?” and also the open exercise 8, “Find some systematic families for
[4-celestial] configurations other than the ones that arise from an h-celestial configuration
with i < k by insertion of matched pairs”.
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2 Celestial configurations

The theory of celestial configurations has been developed over the past 20 years. The first
known published pictures of celestial configurations appeared in [15] and as examples in
a paper by Marusi¢ and Pisanski [17], as well as in the paper on polycyclic configurations
by Boben and Pisanski [8]; the configurations as a class were introduced by Griinbaum
in unpublished course notes for a course on configurations [9]. The particular case of
2-celestial 4-configurations, also simply known as astral 4-configurations (in general, an
(nq) configuration is astral if it has | 21" | symmetry classes of points and lines, so a 4-
configuration is astral if it has 2 symmetry classes of points and lines), was considered
in [1, 2, 8, 10, 11]; these configurations were completely classified in [1], with a more
intelligible proof provided in [14, Section 3.6].

The most complete treatment of celestial 4-configurations, using the current terminol-
ogy and approach, appears in Griinbaum’s recent monograph on configurations, Configu-
rations of points and lines [14, Section 3.5-3.8]. We follow his treatment in the following
presentation (although, again, all his discussion in those sections refers to celestial config-
urations as k-astral configurations).

Every h-celestial (n4) configuration may be represented by a configuration symbol

m#(s1,t1; 82, t2; .. .5 Sh, th),

where £ is the number of symmetry classes of points, n is the total number of points in the
configuration, m = 7 is the number of points in each symmetry class, and the s; and ;
give the instructions for constructing the configuration geometrically.

Given points P and () and lines ¢; and /5, denote the line containing P and Q as PV )
and the point of intersection of lines ¢; and ¢5 as /1 A {o. If wp, w1, ..., wy,—1 form the
vertices of a regular convex m-gon, labelled cyclically, then a line of span s with respect
to the w; is any line of the form w; V w;y, and given the set of all lines L; = w; V w;4
of span s with respect to w;, the t-th intersection of the span s lines is the set of points
L; NL;_;.

Given a configuration symbol m#(s1,t1; S2,t2; . .. ; S, tn), which is known to corre-
spond to a configuration, that is, given a valid configuration symbol, the corresponding
configuration may be constructed as follows.

1. Construct the vertices of a regular convex m-gon and label them cyclically as

(v0)os (V0)1, -+, (V0)m—1,

and collectively as vg. (Typically, (vg); = (005 (2’”) sin (2 )) so that the points
Vg lie on the unit circle.)

2. Construct all lines of span s; with respect to the vy and label them collectively as
Ly; in particular, (Lo); = (vo)i V (V0)its, -

3. Construct a second set of points v as the ¢1-st intersection of the span s; lines Lg;
that iS, (’01)7; = (LO)i A (LO)i—tl-

4. In general, lines L;_; are lines of span s; with respect to the points v;_1, so that
(Lj-1)i = (vj—1): V (vj_1)iys,;» and points v; are the ¢;-th intersection of the lines
Ljfl, so that (’Uj)i = (Ljfl)i AN (Ljfl)i,tj.
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For the configuration symbol corresponds to a valid configuration, the points with label vy,
(that is, the tj-th intersections of the lines L;,) must correspond, as a set, to the points with
label vg, so that the construction closes up. That is, for the construction to be valid, the
points vy, constructed at the last step should have the same radius as the points vg, they
should have the same “angle”—the angle between point (v, )o and (vp)o should be an even
multiple of -, and all sets of points and lines generated by the algorithm should be distinct.
In addition, we want to avoid “extra incidences”, where lines constructed in a certain step
accidentally pass through points constructed several steps back.

(a) symbol 10#(4, 3;1,2;1,3) (b) symbol 10#{1,3;1,3;4,2}

Figure 2: Two different 3-celestial 4-configurations. In each case, the points vy and lines
Ly are blue, the points v; and lines L; are red, and the points v, and lines Lo are green.

(A1)

Consequently, a configuration symbol m+#(s1,t1;. . . ; sp, tp) with sequence (s1,t1;. . .
i Sh, tr) is valid if it satisfies the following four axioms:
h
. .1 . .
(Even condition) The quantity 3 Z(sl — t;) is an integer.
i=1

(A2)

(A3)

This condition ensures that after following the configuration construction steps, the
angle of the last set of points constructed coincides with the angles of the original set
of points (rather than being offset by a factor of ).

(Order condition) No adjacent symbols in the sequence, taken cyclically, are equal:
thatis, s; # t; # s;y1 fori =1,...,h — 1 and sy, # ), # s1.

This condition ensures that all symmetry classes of lines and points constructed are
distinct.

h h
ST t;m
Cosine condition Ccos ( ! ) =]]cos| 2=

This condition ensures that the radius of the last set of points constructed is equal to
the radius of the original set of points.

Thus, satisfying (A1) and (A3) ensures that the points vy and the points v, coincide
as sets.
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(A4) (Substring condition) No subsequence s,,tp;...;8q OF tp;Spt1,...; 84, g may be
completed to a sequence sy, tp;...;8¢,@ 0r @, tp; Spt1,- - -; Sq, tg Which satisfies the
previous rules (i.e., corresponds to a valid smaller configuration).

This is a technical condition to prohibit lines or points having extra, unwanted inci-
dences.

Given a valid configuration symbol, any sequence formed with entries taken alternately
without replacement from the set S = {s1,82,...,5,} and the set T = {¢1,...,tx}, or
vice versa, will satisfy axioms (A1) and (A3); if they are ordered so as to satisfy axioms
(A2) and (A4), then the new configuration symbol will also be valid. For example, the
configuration shown in Figure 2a, with symbol 104(4, 3;1,2;1,3) has sets S = {4,1,1}
and T = {3,2,3}. If we construct the configuration symbol 10#{1, 3;1, 3; 4,2}, which
satisfies axioms (A1) — (A4), the corresponding configuration also exists; see Figure 2b.

A valid configuration cohort refers to any symbol

m#S; T

where the multisets .S and T satisfy axioms (A1) and (A3), for which there exists a sequence
with entries alternately from S and T satisfying axioms (A2) and (A4). (Note that we
explictly allow S and T to have repeated elements, but the order of the elements in the
sets S and T is irrelevant.) If |S| = |T'| = h, we may occasionally refer to an h-cohort;
in this case, corresponding configurations are h-celestial. Given a cohort, every sequence
with entries taken alternately from .S and 7', or from 7" and then from S, which satisfies
(A2) and (A4) will correspond to a valid configuration symbol. Thus, in trying to classify
celestial configurations, it is easier to classify configuration cohorts.

2.1 Classification of cohorts

If S = T, then the corresponding cohort is necessarily valid. Configuration cohorts of
the form m#5S; S are called trivial. Some cohort sets fall into an infinite family. For
example, the 2-celestial cohorts have been completely classified: there is one infinite fam-
ily 6g#{3¢ — p,p}; {2¢,3¢ — 2p}. A cohort which is a member of an infinite family
is called systematic. Cohorts which are provably neither systematic nor trivial are called
sporadic; for example, there are 15 sporadic 2-celestial cohorts [1],[14, Section 3.6]. Con-
figurations whose corresponding cohorts are trivial/systematic/sporadic are also called triv-
ial/systematic/sporadic.

Definition 2.1. An (h + j)-cohort symbol
Mm#{s1, 82, ..., Sh, a1, a2, ..., a; }; {t1, ta, ..., tp, a1, a2, ..., a; }
is reducible if and only if
m#{s1, 82, ..., sp}; {t1,t2, ..oy th}
is a valid h-cohort symbol.

A cohort which is not reducible is called primitive.
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2.2 Determining valid cohorts

In order to classify cohorts, it is useful to be able to generate, for a given h and m, a list of
all valid h-cohorts m#S;T.

Theorem 2.2. Given cohort symbol

m#{s1,...,sn};{t1,. .., tn}

with h > 2, the symbol violates (A2) (that is, every possible configuration sequence has at
least two adjacent entries that are equal) if and only if there exists a € S N'T that appears
at least h times in the list (s1, 82, ...,8h,t1,t2,...,tp).

Proof. [<] Leta € SN T be an element repeated x times in the sequence
(817 82,y Sh, tla t27 ceey th)7

and assume « > h. Let X count the number of times a appears in .S. To form a valid config-
uration symbol, it must be possible to construct a configuration sequence (s1, t1; S2, t2; . . . ;
S, tn), relabelling the subscripts as necessary, so that no two adjacent elements are equal
(with s; and ¢, considered to be adjacent). We may place all of the elements of .S into
the sequence (in the appropriate slots) first. Then all positions adjacent to one of the as
that have been placed from S cannot be filled with one of the (x — X)) as from 7. The
placement that eliminates the fewest possible positions for the as in T is to place all the as
from S adjacent to each other in this way: (a,t1;a,to;...;a, tx; Sx41,tX 415 - Sh, th)s SO
that there are h — (X + 1) slots in which as from T could be placed (since there are (X +1)
slots ¢; which are blocked by the as). However, there are (z—X) > (h—X) > (h—X —1)
as which need to be placed, a contradiction.
[=>] Assume every element in S N T appears fewer than h times in the sequence

(817827 .. '7Shat17t27 cee ath)a

and let a be the element in S N T" which appears the most times in that sequence.
Case 1: SNT = (). Then

{s1,t1;52,t25...58n,tn}

is a valid configuration sequence.
Case 2: SNT # (). Then there exists a € S NT which appears x < h times in the list
(81,82, .y Shy t1, 2, ..., tp) . Suppose a appears X times in .S. Then

{a,t5a,t2;5 .. 5a,tx;8X 11,0, 85X 42,05+ 3 Sz, @3 Sz 15 tot1; -5 Shytn}
is a valid configuration sequence. O
Corollary 2.3. If SNT = {a}, then m#{s1, S2,...,8n,a};{t1,t2, ..., tn,a} is reducible
to m#{s1,82,...,8n};{t1,t2, .., tn}.

Corollary 2.4. If m#S;T is a (h + 1)-cohort and {a,b} C S NT in which one of a or b
appears at least h times in the list (S1,82, -, Shy Sha1,t1,t2, -y th, thae1) then m#S; T
is not reducible.

Proof. Suppose a appears at least once, and b appears at least h times. Attempt to reduce
m#S; T by removing one of the pairs of a’s. The resulting cohort is not valid, by Theorem
2.2. O
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2.3 2-celestial configurations

2-celestial configurations have been completely classified (see [1] and [14, Section 3.6]).

There is one infinite cohort:

and 15 sporadic cohorts, shown in Table 1, plus disconnected multiples.

6q#{3q — p, p}; {2q,3q — 2p}

Table 1: Sporadic 2-celestial cohorts

30#{7,1};{6,4}
304{12,2}; {11,7}
304{14,6}; {13,11}
304{12,6};{10,10}
304#{14,4}; {12,12}

304{11,1};{10,6}

304{13,7}; {12,10}
30#{872}’3 {676}’

304{13, 1}: {12, 8}

12#{13,1}; {12, 6}
424{18,6}; {17,11}

42#{19,5}; {18,12}

60#{22,2}, (21,9)

60#1{27,3}, {26, 14}

60#{25,5},{24,12}

In determining the list of all valid h-cohorts for a given h, the challenging axiom to
verify is clearly (A3), since determining when products of sines or cosines are rational,
or more generally, of solving trigonometric diophantine equations, is extremely challeng-
ing. The proof of the complete classification of 2-celestial configurations presented in [14],
which is considerably less complex than that presented in [1], used results of Gerald Myer-
son [18] which determined all rational products of three and four sines of rational angles,
and, more importantly for the current problem, determined all rational solutions to

sin(may) sin(mas) = sin(rxs) sin(ray)

which may be converted into the corresponding product of cosines using a simple trigono-
metric identity.

3 New systematic families

A fairly recent article by Miklés Laczkovich [16] apparently provides results on solutions
to

sin(7p1) sin(7py) sin(mps) = sin(mqy) sin(mgz) sin(gs),
but its results are somewhat inexplicit and inaccessible for our current purposes.

For the remainder of this article, we will present known systematic families of h-
celestial configurations—mostly for h = 3,4—which have been found primarily by ad
hoc methods of analyzing lists of valid cohorts. For h = 3,4 data were found by an ex-
haustive computer search using Mathematica. Essentially, for each m, we ran a simple
incrementing loop on the discrete parameters

m
1§t3§t2§t1§83§82§81§5
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which for each choice of discrete parameters checked whether it is trivial and whether
it satisfies (A1), (A2) (using Theorem 2.2), and (A3); the expensive part of this process
is checking the cosine condition. We collected all symbols that pass these tests. Then,
using Corollaries 2.3 and 2.4 and the fact that all 2-celestial configurations are known, we
eliminated reducible configurations. Finally, in the case of 3-cohorts, we removed already-
classified configurations. This left us with reasonably clean, sorted lists of all unclassified
configurations for a given m. The generating Mathematica notebook and raw data are
available athttps://sites.google.com/a/alaska.edu/lwberman/, as well
as lists of celestial configurations that are still unclassified. Production of the data was the
main content of one of the author’s [AB] Summer Fellows project at Ursinus College in
2009. We have generated data for 3-configurations for all m < 120 and for 4-configurations
for m < 64.

Traditionally, in the discussion of symbols for cohorts and configurations, the parame-
ters s; and ¢; are chosen to be less than m /2. However, in the description of infinite families
of cohorts, it is often helpful to allow the parameters to take on larger values; we consider
the geometry of the configuration construction to determine the appropriate way to reduce
the symbol.

Suppose a regular m-gon has all diagonals of span s. Then a diagonal of span s and of
span —s = m — s mod m correspond to the same line. Reflecting over a diameter gives a
different diagonal, but of the same span. We define the standard form of a symbol element
s to be a number s’ with 1 < 5" < % computed by doing the following:

1. First, take the absolute value of s
2. Then, reduce s modulo m.
3. If s > %, replace s with m — s; otherwise, s is already between 1 and %

In the presentations of the infinite families, the spans in question are not, typically, given in
standard form, although the list of valid cohorts is generated in standard form (that is, we
restrict the values of s; and ¢; to be positive and less than %).

4 3-celestial families

A number of years ago, one of the authors [LWB] found the following systematic cohorts
of 3-celestial configurations (which were unpublished until their discussion in [14, Section
3.7]):

® 2¢#{q—p,p,q—2r};{q—r,7,q - 2p}
e 3¢#{q+p,a—p,p}:{¢ q,3p}
o 10g#{5q — p, 2p,p}; {5q — 4p, 4q,2q}

At the time, these families appeared to be exhaustive for 3-celestial configurations
m#S,T where m was not divisible by 6, and there was a conjecture that there were no
other cohorts for such m. Very little was known about classification of 3-celestial config-
urations when m was divisible by 6: one systematic family for m = 6q was listed in [14,
Section 3.7], but this family, m#{3q — p, r, p}; {3¢ — 2p, 2q, r}, is reducible to the known
family of 2-celestial configurations.
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Subsequent computer experiments have revealed the existence of six 3-celestial cohorts
for m = 70. These have not yet been explained. In addition, there is a single unclassified
cohort for m = 105. These are listed in Table 2. Both 70 and 105 are divisible by 35, which
raises the unexpected possibility that there is an infinite family for m divisible by 35, but
no such family is known. (It is not unreasonable that an infinite family of the form m =
35q would not have any entries for ¢ = 1; for example, the infinite family of 2-celestial
configurations does not have any entries for ¢ = 1, since there are no configurations with
m = 6.)

Table 2: Unclassified cohorts for m = 70 and m = 105.

m =170
{24,14,4}; {20,19,9}
{28,12,2}; {27,13,10}
{29,10,1}; {26, 16, 14}
{30,17,3}; {28,22,8}
{33,23,20}; {32, 28,18}
{34,14,6}; {31,30,11}

m =105

{45,30,15}; {42, 35,21}

However, a number of new systematic families of 3-celestial cohorts have been found
in the case when m is divisible by 6, discussed in Section 5.1, below.

5 3-celestial cohorts when m is divisible by 6

51 m = 6q

For m divisible by 6, the following families are known.

Family 1: 6¢#{2q,q — p,3p}; {29 —p,q+2p,pl,p=1,...,2¢ -1
Family 2: 6¢#{3q — p,2p,p};{2¢,2¢,3¢ — 4p},p=1,..,q—1

Family 3: 6q#{2¢ + p,q —2p.p};{2¢.q +p.3pl.p=1,...,2¢ -1
Family 4: 6¢#{3q — 3p,2p,p}; {3¢ —4p,q+p,q—p},p=1,2,...,3¢—1
Family 5: 6¢#{q + 2p,q — 2p,p};{¢ +p,q—p,3p},p=1,...,3¢ -1
Family 6: 69#{3q — p,6p,p};{3q¢ — 4p,2q + 2p,2q — 2p},p=1,..., L%J
Family 7: 69#{2p,3p,3q — 3p}; {3¢ —4p,q — 2p,q+2p},p=1,..., L%J -1
Family 8: 6¢#{3q — 2p,q — 2p,q + 2p}; {2¢,3q9 — 3p,3p},p=1,..., Lg—ij
Family 9: 6g#{3q — 3p,6p,3p}; {q + 4p,3¢ — 4p,q —4pl.p=1,..., 3]

Verification of the validity of these families proceeds by verifying the cosine condition,
using standard trigonometric identities: the identity cos(a) cos(b) = 3 (cos(a+b)+cos(a—
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b)) is especially useful. For example, to see that Family 1 works, note that in the cosine
condition, if ¢ = gr—q,

LHS = cos(2q¢) cos((q — p)o) cos(3pe)
= cos (g) cos((q — p)¢) cos(3pe)

_ %cos((q — p)¢) cos(3pg)

= 1 (cos((a — p+ 3p)) + cos(((q — p) ~ 39)6)

1 1
= cos((a +2p)¢) + 7 cos((q — 4p)9)-
On the other hand,

RHS = cos((2q — p)¢) cos((q + 2p)¢p) cos(pe)
= [cos((2q — p)@) cos(p)] cos((q + 2p)¢)

= - (cos((2¢ —p +p)¢) + cos((2¢ — p — p)¢)) cos((q + 2p)¢)

(c0s (327 + cost(2a - 20)0) ) costla + 20)0)

<; + cos((2q — 2p)q{))> cos((q + 2p)¢)

cos((q + 2p)9) + % cos((2q — 2p)¢) cos((q + 2p)¢)

cos((q + 2p)¢) + i (cos (36(]¢;T> + cos((q — 4P)¢))

ol Bl Bl Bl R Bl N Bl R

cos((q +2p)¢) + 0 + i cos((g — 4p)9),

so the cosine condition is satisfied. In practice, it is easier to let a computer algebra system
verify the cosine condition.
Consider all m < 120 which are divisible by 6 but not 12, that is,

m = 18, 30,42, 54, 66, 78, 90, 102, 114.

For m = 18,54,78,102,114 these nine families completely exhaust the experimentally
derived configurations. For m = 30, 42,90 we expected that there would be additional
configurations, because these are values of m which yielded sporadic 2-celestial configu-
rations, and this expectation was fulfilled.

Surprisingly, there is a collection of cohorts for m = 66, given in Table 3, in addition
to the cohorts have already been identified as 2¢, 3¢ and 6q cohorts, which do not seem
to be part of a systematic infinite family. However, they do satisfy the following family
description:

664{24p, 12p, 6p}; {11 + 6p,11 4+ 3p,2-11 —3p}, p=1,...,10

and
66#4{24p, 12p, 6p}; {11+ 6p,2- 11,11 — 6p}, p=1,...,5
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Table 3: The unexpected 3-celestial cohorts for m = 66.

m = 66

{24,12,6}; {19,17,14}
{24,12,6}; {22,17,5}
{24,18,12}; {23,17,16}
{24,18,12}; {23,22,1}
{25,8,5}; {24,12,6}
{28,5,1}; {24,18,12}
{30,12,6}; {25,22,19}

{30,12,6}; {29, 19, 4}
{30,18,6}; {29,20,13}
{30,18,6}; {29,22,7}
{31,7,2}; {30, 18,6}
{31,22,13}; {30,24, 18}
{31,23,10}; {30,24, 18}
{32,13,1}; {30,24,18}

{30,12,6}; {26, 25,7}

These cohorts, along with the 2¢, 3¢ and 6q cohorts, exhaust the data for m = 66 but they
do not appear to obviously generalize to an additional 6q family.

52 m =12¢q

For 3-celestial configurations with m divisible by 12, in addition to the 6¢ families dis-
cussed in the previous section, there are three known 12¢ families:

o 12q#{5q,3p,q}; {4 + p,4¢ —p,pt.p=1,...,2¢ - 1
e 12¢9#{5q,q,6q — 4p};{6q — p.2p,p},p=1,...,3¢ 1
o 12¢#{5¢,6q — 4p,q};{6qg — 2p,3q +p,3¢ —p}t.p=1,...,¢— 1
The 2q, 3q,6q and 12¢q families completely exhaust the known data for all m < 120
except for the following cases.
e m = 66, 70, 105: conjectured sporadic cohorts (the 66 family is “classified” but does
not appear to generalize)

e m = 30,60, 90,120: there are four known 30q families (see below), but there are
more systematic families yet to be found.

e m = 42,84: almost certainly there are systematic families, but none have been found
yet.

53 m = 30,42, 60

These are very complicated. Note that for 2-celestial configurations, sporadic configura-
tions exist precisely when m = 30,42, 60. Thus additional families, and probably addi-
tional sporadic cases, are to be expected for these values.

Known familes for m divisible by 30 are the following.

e 30g#{15q — p,10q, p}; {15 — 2p, 12q,6q}
e 30¢#{15q — p,12q,p}; {15¢ — 2p, 13¢, 7q}
e 30g#{15q — p,6q, p}; {15¢ — 2p,11q,q}
e 30g#{12¢q,6q, 3p}; {10g + p,10q — p, p}

These are not exhaustive.
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6 4-celestial families

The situation with 4-celestial configurations is considerably less well-understood than the
3-celestial configurations. A few infinite families have been discovered, for m divisible by
2, 3, 6, 10, but the data suggest that the complete story is not yet known.

In particular, unlike the case of 2-celestial and 3-celestial configurations, there are a
few known 4-celestial configurations for prime m. A single cohort exists for m = 17, and
there are two cohorts for m = 61. These are listed in Table 4.

Table 4: Known 4-celestial cohorts for prime m.

m =17
{87 4’ 2’ 1}’ {7’ 6? 57 3}
m = 61

{28,24,8,1};{26,21,19,17}
{29,25,24,8}; {28,27,21, 18}

Like the case for 3-celestial configurations, we discovered some systematic families of
4-celestial configurations; these families have two parameters in addition to g.

e 2q#{q —p,p,2p,q — 4r};{q —r.r,2r,q — 4p}

e 3q#{q+p,q—p,p,3r};{qg+r,q—r.r3p}

e 6g#{p,q+2p,q+2r,2¢ — p}y;{3p,q —r,q —p,2q + 1}
e 10q#{p,5q — p,7,5q¢ — r};{2q,4q,5q — 2r,5q — 2p}

Howeyver, these are far from exhaustive.

7 Other families
7.1 The general case where m = 2q

We found a single family of systematic 2¢*!-celestial configurations for even m:

QQ#{Q 2y 2p7 4p7 ey Qkilpa q— 2kr}; {q -nr, 2T7 47", ey 2}{717‘3 q— ka} (71)

Note that the previously-known 3-celestial family with m divisible by 2, mentioned
in Section 4, is the case £k = 1 of this family, and the 4-celestial case where £ = 2 is
mentioned in Section 6.

We require the following lemma, whose proof is a straightforward induction on k; the
base case is the trigonometric identity

sin(260) = 2sin(0) cos()

in the case where 6 = %

Lemma 7.1. If k,r, m are positive integers, then

. (riﬂ) b . (TT 20y 2l ok—1lpm
sin = 2%gin (—) cos cos -+ COS .
m m m m m
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To see that the family in (7.1) works, it suffices to show that the cosine condition is

satisfied. Note that
((q—p)ﬂ) e (m)
cos | ——— | =sin | —
m 2q

o (2) - (25).

Interpreting the left-hand cohort as a product of cosines and simpifying, we see that

LHS = cos ((q—mp)ﬂ> |:COS (%) cos ((2%)72) cos ((43;1)#) ...k
28 p)mw — 2%
cos <<mp>ﬂ cos <<qm>)
) rl:f o ((Qip)ﬂﬂ . ((ri)ﬂ>
=0 m m

1 ok ok
= o1 sin ( p7r> sin (( r)ﬂ) (applying Lemma 7.1)

and

[l

<]

=
N

=
3 \?

m

Since the left-hand and right-hand cohorts are symmetric in p and r, the right-hand cohort

also simplifies to
1 . (@) . [((2Fp)7
Zh=1 SiR ( - ) sin ( -

so the entire cohort satisfies (A3), the cosine condition.

7.2 The general case where m = 10q

Case 1: 4 | h. There is an infinite family of 4j-celestial 4-configurations when m =
10g and h = 47, of the form

10g#{p1, .., p2;,5¢ — p1,...,5¢ — p2; };
{2¢,...,2¢q,4q,...,4q9,5¢ — 2p1,...,5q — 2p2;}. (7.2)
J J
The 4-celestial family mentioned in Section 6 is the case j = 1.

To see that this family satisfies the cosine condition, let ¢ = %q and note that in the
left-hand side, for each ¢, the pair

1

cos((50 ~ o)) cos(pd) = 5 (cos (587 ) 4 cos((30 — 2000 )

= % cos((5q — 2p;)9),
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so the entire left-hand side of the cosine condition becomes
2j 2j | Y
() H cos((5q — 2p;)¢) = T 1—[1 cos((5q — 2p;) ).
=
On the other hand, note that in the right-hand side, we have Hfi 1 cos((5g — 2p;)9)

already. Finally, note that each of the j pairs
6gm n 4qm
cos | — cos | —
10q 10q

o () (12)-

oos () con ()]
( (1—¢5)+i(1+¢3))
(

!
4

Thus, the entire right-hand side equals fi 1 cos((bg — 2p;) @), so the cosine condition
is satisfied.
Case 2: 3 | h. A similar infinite family exists when m = 10q and 3 | h: if h = 3j, then

e N

Bl o= N N— N

10g#{p1,2p1,5q — 2p1, ..., p;,2p;,5q¢ — 2p;},
{2q,4q,5q — 4p1,...,2q,4q,5¢ — 4p;} (7.3)

is a 3j-celestial infinite family. Again, the 3-celestial family discussed in Section 4 is the
case j = 1.

The proof is similar to the previous family. Each right-hand triple {2¢,4q, 5¢ — 4p;}
becomes a multiplicand i cos((5q —4p;)¢) in the cosine condition. On the other side, each
left-hand triple {5¢ — p, p, 2p} becomes

[cos((5g — p)¢) cos(pd)] cos(2pg) = [cos (W) + cos((bg — 2p)q§)} cos(2pg)

10q

cos((bg — 2p)¢) cos(2pe)

(; (COS (?(q;qr) + cos((5q — 4p)¢))>

= 7 c0s((5¢ — 4p)¢).

=N = N = N

so the cosine condition is satisfied using any number of appropriate triples in the cohorts.

8 Open questions for the classification of celestial 4-configurations

Despite these classification results, there is clearly a lot about celestial configurations that
is poorly understood.
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Question 8.1. Are the 3-celestial cohorts for m = 70, m = 105 sporadic, or are they
members of an infinite family?

Question 8.2. Identify more systematic families of 3-celestial configurations for m divisi-
ble by 30, 42, 60. Are there systematic families for m = 90, m = 120 that are not multiples
of smaller families? (Compare the situation for m = 6q and m = 12¢; there are families
for m = 12q that are different from the smaller 6¢ families.)

Question 8.3. What’s going on with the “sporadic family” of 3-celestial cohorts found for
m = 667 Does it generalize?

Question 8.4. In [16], M. Laczkovich discussed methods for identifying all rational solu-
tions
sin(mpy ) sin(mp2) sin(mps) = sin(mwq ) sin(mga) sin(mgs).

If all solutions to this equation were known, then, using techniques similar to the classifica-
tion of 2-celestial configurations, it should be possible to classify all 3-celestial configura-
tions. However, Laczkovich’s results are not presented in an obviously accessible way for
this purpose. How can his results be used to classify 3-celestial configurations, or at least
to identify new families?

For m < 120, there are no 3-celestial configurations for prime m. However, there is
one 4-celestial cohort with m = 17, and there are two 4-celestial cohorts for m = 61.

Question 8.5. Are there any 3-celestial configurations for prime m or prime powers m?
Are there other 4-celestial configurations for prime m? prime powers?

Question 8.6. Identify new systematic families of 4-celestial configurations, especially for
m divisible by 6.

Question 8.7. Given a known family, is there a general technique to apply “cosine trick-
ery” to produce a different family that has related parameters? That is, from a single in-
finite family, are there a number of “combinatorially related” infinite families that can be
produced?

Question 8.8. For h = 3 and h = 4, systematic families for m = 2¢, 3¢ and 10q have
been identified. Two of these (m = 2q and m = 10q) correspond to infinite families for
infinitely many h. Is there a corresponding infinite family of h-celestial configurations for
m = 3q? Are there infinite families of h-celestial configurations for m = 2¢ when h is not
a power of 2? Are there more infinite families when m = 10¢?

9 Data

Raw data is available at

https://sites.google.com/a/alaska.edu/lwberman/.

It was produced using Mathematica.
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Abstract

Let F be any family of graphs of fixed treewidth and bounded degree. We construct a
quadratic-time algorithm for calculating the genus distribution of the graphs in /. Within
a post-order traversal of the decomposition tree, the algorithm involves a full-powered up-
grading of production rules and root-popping. This algorithm for calculating genus distri-
butions in quadratic time complements an algorithm of Kawarabayashi, Mohar, and Reed
for calculating the minimum genus of a graph of bounded treewidth in linear time.

Keywords: Genus distribution, partial genus distribution, treewidth, tree decomposition.

Math. Subj. Class.: 05C10

1 Introduction

Fori =0,1,2,..., let g;(G) be the number of topologically distinct cellular embeddings
of the graph G in the orientable surface S; of genus i. The genus distribution of the graph

G is the sequence of numbers

The smallest and largest numbers ¢ such that g;(G) is positive are called the minimum
genus and the maximum genus, respectively, of the graph G. It is easily proved and well-
known that there are cellular embeddings of a graph G in every surface whose genus lies
between the minimum and the maximum. The set of numbers between (and including) the
minimum and maximum genus is called the genus range of G.
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The main objective of this paper is to derive a quadratic-time algorithm to calculate the
entire genus distribution for any family of simple graphs with fixed treewidth and bounded
degree. Since the second barycentric subdivision of a general graph is a simple graph with
the same genus distribution as the general graph to which it is homeomorphic, it follows
that this can be extended to general graphs by subdividing edges.

This paper also introduces a general form of partial genus distribution for arbitrarily
large degree and for arbitrary root-subgraphs, i.e., beyond vertices and edges, a relativized
form of partial genus distribution modulo a fixed rotation system for its root subgraph, and
a general form of production rules for iterative reassembly of a given graph from one or
more small subgraphs.

BASIC RESULTS ON GENUS DISTRIBUTION

Five fundamental papers [10, 7, 18, 15, 20] of the present author and his co-authors
Khan and Poshni have established methods for calculating the genus distribution of a graph
that is constructed by various kinds of amalgamation of two graphs of known genus distri-
bution. These papers also establish ways to calculate the genus distributions of chains and
cycles of copies of graphs of known genus distribution. The methods developed in these
papers include recombinant strands, partitioned genus distributions, and production rules.

More recently, combining these calculation methods with the algorithmic techniques of
post-order traversal and root-popping has facilitated the calculation of genus distributions
for 3-regular outerplanar graphs [8], for 4-regular outerplanar graphs [19], and for 3-regular
Halin graphs [9]. Combining these same calculation methods with edge-addition [16] has
led to the genus distribution of mesh graphs of the form Ps x P,,.

CONNECTIONS OF TREEWIDTH TO EMBEDDING PROBLEM

Since the introduction of the concept of treewidth by Robertson and Seymour, bounding
the treewidth has been widely used to obtain polynomial-time algorithms for problems that
are otherwise NP-hard. In particular, deciding whether an arbitrarily selected graph can
be embedded in a given surface is NP-complete [25]; however, for any class of graphs
of bounded treewidth, Kawarabayashi, Mohar, and Reed [14] have derived a linear-time
algorithm for calculating the minimum genus.

Although outerplanar graphs have treewidth 2, and although Halin graphs and P5 x
P,, meshes have treewidth 3 (see [3]), treewidth plays no explicit role in the calculation
of genus distributions in any of the papers just mentioned. Indeed, the five fundamental
papers on graph amalgamations cited above include applications to graphs of arbitrarily
high treewidth and arbitrarily high degree. Nonetheless, the pastings in those papers occur
in localities of the amalgamand graphs in which the treewidth and degree are bounded.

In the present paper, various key ideas from the earlier papers are abstracted, general-
ized, and combined with treewidth to yield a quadratic-time algorithm for the genus dis-
tribution of the graphs in any family of graphs of bounded degree and bounded treewidth.
It will be apparent that as treewidth and degree increase, the multiplicative constant of the
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quadratic term grows rapidly. Accordingly, one anticipates continued interest in the deriva-
tion of special methods for calculating the genus distributions of graph families of special
interest.

TERMINOLOGY

In what follows, a graph is taken to be connected and simple, unless something else
can be inferred from the immediate context. We use Vg and Eg to denote the vertex set
and edge set of a graph G.

The embeddings are in oriented surfaces. Terminology used here is predominantly
consistent with [13] and [1]. See also [17] and [28]. We abbreviate “face-boundary walk”
as fb-walk.

DEF. In this paper, a subgraph-rooted graph is a triple (G, H, u), where H is a subgraph
of G and u € V. The third parameter « is called the pivot. Sometimes, the form (G, H)
with no pivot is used. If H = K7 or H = K5, then the graph is vertex-rooted or edge-
rooted, respectively. When the context clarifies the meaning, the graph may simply be
called rooted.

Remark 1.1. Pivot vertices are used here to change the root subgraph as a sequence of
graphs is formed in the process of reassembly of a given graph. In [8], we achieved a change
of root with what we called “root-splitting”. In [9], a change of root was accomplished by
“pie-merges”.

OUTLINE OF THIS PAPER

Section 2 of this paper describes treewidth from a perspective that is relevant to its
use in the algorithm. Section 3 describes how a decomposition tree is used to analyze
a graph into fragments to be amalgamated. Section 4 introduces a highly general way
of partitioning the genus distribution of a graph; it shows that the number of cells of the
partition depends only on the treewidth and the maximum degree, and not on the number
of vertices of that graph. Section 5 shows that the number of ways to amalgamate a given
pair of embeddings of graphs G and G’ depends only on the degrees of the vertices of
the subgraph of amalgamation. Section 6 describes production rules, as they occur in the
algorithm. Section 7 describes and analyzes the genus distribution algorithm. Section 8
offers some conclusions about the algorithm and opportunities for future research.

This paper is largely self-contained, except for some details of the well-established
methods of constructing productions (which is quite necessary for the algorithm), as in [10]
and [18]. Prior experience with calculating genus distributions of graph amalgamations,
especially as in [8] and [9], is likely to be quite helpful.

2 Treewidth

The usual definition of freewidth is based on the concept of tree decomposition. These are
both due to Robertson and Seymour [21]. An excellent exposition is given by [3]. For
applications of treewidth to topological graph theory, see [17].



382 Ars Math. Contemp. 7 (2014) 379-403

DEF. Let G = (V, E) be a graph, and T a tree with nodes 1, 2, ..., s. Let ¥ = {X; | 1 <
i < s} be a family of subsets of V' (associated with the respective nodes 1, 2, ..., s) whose
union is V' such that

o the induced graph on the set of images in 7" of each vertex of V" is a subtree of T’

e for every edge wv in the graph G, there is a node 7 in the tree 7" such that both « and

v are members of X;.

Then the pair (X, T') is a tree decomposition of G, and the tree T is called a decomposition
tree for G.
TERMINOLOGY. For the sake of clarity, we will refer to “vertices” and “edges” in the
graph G and to “nodes” and “lines” in the tree 7.

ABUSE OF NOTATION. Throughout this paper, we refer to the sets X; of a decomposition
tree as “nodes”.

DEEF. The width of a tree decomposition (X, T') equals

max {|Xz|

1<i<|vrl} -1

DEF. The treewidth of a graph G is the smallest k£ such that G has a tree decomposition of
width .

Proposition 2.1. A connected graph has treewidth 1 if and only if it is a tree. O

Proposition 2.2 ([27]). A connected graph has treewidth 2 if and only if it contains a cycle
and does not contain a K 4-minor. O

Proposition 2.3. Every graph of treewidth 2 is planar.

Proof. A non-planar graph has either K5 or K3 3 as a minor. Both these Kuratowski graphs

have K4 as a minor. By Proposition 2.2, a graph with a K4-minor cannot have treewidth 2.
O

TREEWIDTH CHARACTERIZATION WITH k-TREES
An alternative characterization of treewidth, in terms of k-trees (see, for instance, [4]),
is the starting point of our present approach to genus distributions:
DEF. A k-tree is defined recursively:
e The complete graph K1 is a k-tree.

e If G is a k-tree and C is a k-clique in G, then the graph obtained by joining a new
vertex to the vertices of C'is a k-tree.

Proposition 2.4. The treewidth of a graph G is the least number k such that G is a sub-
graph of a k-tree.
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Proof. The proof is a direct consequence of the definitions. O

FULL DECOMPOSITION TREES

DEF. A full decomposition tree of width k for a graph G is a decomposition tree 7" in
which
e cvery node has k + 1 vertices, and

e cvery pair of adjacent nodes intersects in k vertices.

We observe that each line of a full decomposition tree corresponds to the k vertices shared
by the two nodes whose adjacency is represented by that line.

Proposition 2.5. Let T be a full decomposition tree of treewidth k for an n-vertex graph
G. Then |Vp| = n — k.

Proof. Each node of the decomposition tree T contains k£ + 1 vertices of G. Each line of
T corresponds to & vertices of GG. Since V(; is the union of the nodes of 7', it follows that

n=1|Vgl = |Vrl(k+1) — |Erlk
= Vrl(k+1) = (Vo[ - Dk
= |Vr| + k&
|VT| = n—k O

Running Example — Part 1. Figure 2.1 shows an 8-vertex graph of treewidth 2 and a full
decomposition tree of width 2. We observe that the number of nodes of the full decompo-
sition tree is 8 — 2 = 6.

Figure 2.1: A graph, and a full decomposition tree of width 2, represented as a sub-
graph of a 2-tree.

The figure on the left is the graph itself. Each gray triangle on the right represents a 3-
clique of the 2-tree. Each dashed gray line represents an adjacency of two 3-cliques in
the 2-tree. Each node of the full decomposition tree is the set of vertices lying within one
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of the gray triangles. The edges drawn within the gray triangles are a reminder of the
adjacencies in the graph itself. In §3, the subgraphs shown within the gray triangles are
called node-fragments.

Theorem 2.6. Let G be a graph of treewidth k. Then G has a full decomposition tree of
width k.

Proof. Let T be a decomposition tree of width & for a graph G of treewidth k. If the vertex
set from G in one of two adjacent nodes of T is contained in the other, then contract the
line of 7' that joins those two nodes, and eliminate the smaller node. We observe that this
operation does not change the width of the resulting tree. Iterate this operation until the
resulting decomposition tree for G has the following property:

(P1) Forevery node X; € Vr and for each of its neighboring nodes X ;, there
is a vertex in X; that does not lie in the node X;.

For simplicity, we assume that the initial tree 1" already has property P;. Since the maxi-
mum size of a node of T"is k + 1, and since no two adjacent nodes are identical, it follows
that the intersection of any pair of adjacent nodes contains at most k vertices.

If some node X; of tree T contains fewer than k£ + 1 vertices, then choose a vertex from
any neighboring node and insert a copy of it into node X;. If the node X; now contains
every vertex in that neighbor, then contract the line of 7" that joins those two nodes. Iterate
until every node of the resulting tree has & + 1 vertices of G. By construction, this tree has
property P;. We may now assume that the initial tree 7" also has this property:

(P;) Everynode X; € V(T) has k + 1 vertices of G.

Remark 2.7. It would be possible to design an algorithm for genus distribution that does
not require the given decomposition tree to be converted into a full decomposition tree
T. The reason we perform this conversion here is to simplify subsequent discussion, for
instance, of the use of partial genus distributions in §4.

Now suppose that X; and X; are adjacent nodes of 1" such that

Xi = {vh...,vm,um+1,...,uk+1}
Xj = {vl,...,vm,wm+1,...,wk+1} and
X;nX; = {wn,...,vn} wherem <k.

Then replace the line (X;, X;) in T by the node path

X; = {vi,- ., Um, Uty U1}
1)
X; = {U17-~-avmawm+17um+27~-~,uk+1}
2 _
Xi - {'Ula"'avmawm+17w7n+2aum+3;-~~;uk+1}
(k—m)
X; = {V1, 0 Uy Wing1y -+ oy Wk, Ugt1 }
X; = {vi,. Uy Wity -, Wt }

The resulting tree is a full decomposition tree for G of width &. O



J. L. Gross: Embeddings of graphs of fixed treewidth and bounded degree 385

Corollary 2.8. For any fixed treewidth k, there is an algorithm to construct a full decom-
position tree for a given graph G of treewidth k in linear time in |Vg|.

Proof. A linear-time algorithm to construct a decomposition tree 7" of width & for the graph
G is given by [2]. Since the number of edges of such a tree is linear in |V, it follows that a
full decomposition tree for G of width k can be constructed from 7" within linear time. [

Corollary 2.9. Let G be a graph of treewidth k, and let T be a full decomposition tree for
G. Then there is a k-tree T* with the following property:

Each node of T is a (k + 1)-clique of the k-tree T*.

Proof. This is implied by the definition of a full decomposition tree. 0

The genus distribution of a graph G is to be derived from the partial genus distributions
of the induced graphs (in () on the vertices in the respective nodes of the tree 7', by
iterative amalgamation. Various key ideas for deriving the genus distribution of a graph G
by iterative amalgamation of a set of subgraphs of G are developed in [6], [7], [8], [9], [10],
[15], [18], [19], and [20].

3 Fragments and Amalgamations

The algorithm to calculate the genus distribution of a graph G with bounded treewidth and
bounded degree reassembles the graph G by iteratively amalgamating induced subgraphs
on the nodes of a full decomposition tree for G.

DEF. A node-fragment of a graph G with respect to a decomposition tree 1" is the induced
subgraph in GG on the set of vertices of G that lie within a single node of 7". For a leaf-node
of T, the corresponding node-fragment may be called a leaf-fragment.

DEF. Let (G, H,u) and (G’, H', ") be an ordered pair of disjoint subgraph-rooted graphs,
and let  : H —u — H’ — u be a graph isomorphism. Graph amalgamation is the
operation that forms a new graph G *,, G’ from G U G’ by merging the subgraphs H — u
and H' — v’ as prescribed by 7. In this paper, the subgraph H’ becomes the new root
subgraph, and a new pivot is chosen according to the post-order of the decomposition tree.
This is illustrated in Part (2) of the Running Example.

NOTATIONAL CONVENTION. We denote the vertices and edges of the subgraph H *, H'
of the amalgamated graph G' *,, G’ by the same names as in the subgraph H of graph G,
the first amalgamand. The vertices and edges that are contributed by only one amalgamand
retain the names used in that amalgamand.

DEF. A fragment of a graph G with respect to a decomposition tree 7" for G is either a
node-fragment or a compound fragment, by which we mean the result of amalgamating
any two fragments across the induced subgraphs of the vertices that lie in both of two ad-
jacent nodes of the tree T'. Every amalgamation in the reassembly of G from its fragments
corresponds to a line of the decomposition tree 7'.
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Given a graph G and a full decomposition tree 7" of width k, with 7" envisioned as drawn
in the plane, it is clear that G can be reassembled by iteratively amalgamating fragments
on pairs of vertices.

e We fix an arbitrary leaf-node of the tree T" as a root of 7', and we determine a post-
order traversal of T" based at that root-node.

e We observe that during a post-order traversal, every line of 7" is traversed twice. We
amalgamate across a line whenever the second traversal of that line occurs.

e Each fragment of the graph G is a rooted subgraph of G. In any fragment F', the
root subgraph is the induced graph in G on the node of 7" in which the fragment
F meets the fragment to which it will be amalgamated. In a non-leaf-fragment, the
root-subgraph is to be chosen according to the post-order of 7.

LABELING FRAGMENTS AND SELECTING ROOTS OF FRAGMENTS

In order to discuss the process of iterative amalgamation, it is helpful to have some
rules for assigning labels to fragments.
DEF. The label of a fragment F for a graph GG with a full decomposition tree 1" of width k

is of the form G[z1,...,2q;71,...,7%; Tk41], Where the vertex set of the fragment F is
{1,..., g, 71, Tk, Tht1}

e The vertices 71,...,7,,Tr+1 are from whatever node of the fragment F' will be
pasted to another fragment in the next amalgamation involving F' that occurs in the
post-order.

o The root-subgraph of fragment F' is the induced subgraph on vertices rq, ..., 7,
Tk+1-

e Vertex 7y is the pivot.

e The vertices z1, ..., z, are the remaining vertices of fragment F'.

DEF. In the course of reassembly of a graph from its node-fragments by iterative amal-
gamation, for each fragment F', whether a node-fragment or a compound fragment, its
partner fragment F' is the fragment to which F' is amalgamated during the reassembly.
Similarly, each node-fragment M has a partner node-fragment M’ .

Running Example — Part 2. The root subgraph of a node-fragment is the node-fragment
itself. In each node-fragment of Figure 3.1, the two vertices with bold labels are the first
two to be pasted to another node. The third vertex in the node is the initial pivot. These
are determined by the post-order traversal. We have taken the node G[; ¢, e; d] at the lower
left of the tree as the root-node of the decomposition tree and used a counter-clockwise
traversal.

Here is the reassembly sequence for the graph of Figure 3.1.

1. The first node-fragment is Fy = G[; e, g; h].
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Figure 3.1: Roots of a decomposition 2-tree for a graph G.

2. The node-fragment (at the center-right) adjacent to Fy is labeled G|; e, g; b]. When
node-fragments Fy = G[; e, g; h] and its partner F} = G[; e, g; b] are amalgamated,
the resulting fragment is

Fy, = Glh; b, g; €]

3. When fragment F; = G[h;b, g; €] is amalgamated with node-fragment F| = G[; b,
g; f], the resulting fragment is

F, = G[fvhab,eag}
4. When fragment F = G|[f, h;b,e;g| is amalgamated with node-fragment Fj =
G[; b, €; c], the resulting fragment is
F3 = G[f7g7h;bac;e]
5. When fragment F3 = G|[f, g, h; b, ¢; €] is amalgamated with node-fragment £} =
G[; b, ¢; al, the resulting fragment is
Fy=Gla, f, g, hic e b]
6. When fragment Fy = Gla, f, g, h; e, ¢; b] is amalgamated with node-fragment F; =
GJ; e, ¢; d], the resulting fragment is

F5 = G[a"baf7gah;c7e;d] = G
We observe the following properties of each of the amalgamation in the sequence:

e The pivot of each of the amalgamand fragments F; and F is not a vertex of the other
amalgamand fragment.

e The root-subgraph of the amalgamated fragment F;; is the root-subgraph of one
of the amalgamand fragments F; and F;. More precisely, it is whichever of the two
root-subgraphs will be used whenever F;; is amalgamated to F} ;.
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o The pivot of the amalgamated fragment F;; is the unique vertex in the root-sub-
graph that will not be merged with another vertex in the next amalgamation step
involving fragment F); .

Remark 3.1. Although the partner fragments F/ were all node-fragments in this example,
this would not be the case with a more complicated decomposition tree.

4 Partitioning the Genus Distribution

Partitioning the embeddings of a rooted graph has proven to be a highly useful technique
in calculating genus distributions. A surface-by-surface inventory of the cells of the par-
tition is called a partitioned genus distribution. The criteria for partitioning has been the
incidence of fb-walks on the roots.

In the simplest case, we have a graph (G, v) rooted at a single 2-valent vertex v. We
can then partition the genus distribution sequence {g;(G) : i = 0,1, ...} into two partial
genus distribution sequences

d;(G,v):i=0,1,... and $i(G,v):1=0,1,...
where

e d;(G,v) is the number of embeddings of G in which two distinct fb-walks are inci-
dent on the root-vertex v; and

e s;(G,v) is the number of embeddings of GG in which a single fb-walk is twice incident
on the root-vertex v.

The prototypical approach to calculating these distributions is to construct simultaneous
recursions for d; and s; and to obtain g; by adding their solutions.

In the next smallest case, that of two 2-valent roots © and v, there are ten different
partial genus distributions. For instance, in [10] and [7], we have defined

e dd;(G,u,v) as the number of embeddings of G in S; in which there are two different
fb-walks incident on u, one of which is also incident on v, and another fb-walk
incident on v that is not incident on w.

e sdi(G,u,v) as the number of embeddings of G in \S; in which one fb-walk is twice
incident on « and also incident on v, and another fb-walk is incident on v and not
on u.

When there are multiple roots and/or a root-subgraph, the number of partial genus
distributions sequences grows rapidly with the total number of root-vertices or of vertices
in the root-subgraph. We can partition the genus distribution of a graph G into as many
partial genus distributions as needed, the sum of which is the genus distribution sequence
{9:(G) :i=0,1,...}.

In the general case now under consideration, the genus distribution of a subgraph-rooted
graph (G, H,u) is partitioned here according to the cyclic sequence of incidences of fb-
walks on the vertices of the root-subgraph H and on the pivot w. This section provides
the details, an example, and an upper bound on the number of restricted sequences in the
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partition corresponding to a graph of treewidth & and maximum degree A. This upper
bound depends only on the treewidth and maximum degree of a graph, and not on its
number of vertices.

DEF. A gapped word on the root-vertices r1, . . . , 7y, rg+1 of arooted graph (G, H, 7j11) is
a word on the alphabet {71, ..., 7k, 7511, ®} that contains no two consecutive occurrences
of the bullet e, which is called a gap. Each gapped word represents the cyclic order in which
the various root-vertices occur in an fb-walk of an embedding. When two root-vertices r;
and r; are separated by a gap symbol, it means that the subwalk of the corresponding fb-
walk between r; and r; contains one or more non-root-vertices. When two root-vertices r;
and r; are adjacent, it means that there is an edge r;r; traversed by the fb-walk.

Two gapped words are equivalent if one is a cyclic permutation of the other. The princi-
pal representative of each equivalence class of gapped words is the one that is lexicograph-
ically first. We regard the bullet as lexicographically last, i.e., after all the root-vertices.

DEF. A multi-set of principal gapped words (written as a tuple) is called a root-phrase it

e each root-vertex occurs in the union of the gapped words as many times as its valence
in G;

e the principal gapped words are in the order of non-increasing size, with lexicographic
order used for tie-breaking.

Each root-phrase represents a cell of the partition of the embeddings of (G, H, u). More-
over, each root-phrase may be subscripted by an integer that represents the genus of a
surface.

These two examples illustrate how a root-phrase is used in our generalization of partial
genus distributions. (With larger root-subgraphs, some components of a root-phrase may
have integer coefficients.)

Example 4.1. For non-adjacent roots w and v, dd}(G,u,v) is represented by the root-
phrase (ueve, ue ve),.

Example 4.2. For non-adjacent roots u and v, sd,(G,u,v) is represented by the root-
phrase (ueueve, ve);.

DEF. The partitioned genus distribution of (G, H,u) is a linear combination of the sub-
scripted root-phrases, in which the coefficient of each subscripted root-phrase is the number
of oriented embeddings of G corresponding to that root-phrase, in the surface whose genus
equals the particular subscript.

DEF. We use the abbreviation pgd for partitioned genus distribution.

DEF. We observe that the restriction of the pgd of (G, H, u) to a single root-phrase, taken
over all subscripts in the genus range, is the inventory of embeddings within a single par-
tition cell, i.e., the cell corresponding to the given root-phrase. This inventory is called a
partial genus distribution of (G, H,u). The word partial, when used here as a noun, is a
synonym for root-phrase. In this sense, we may say that the pgd is a linear combination of
the subscripted partials.
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Running Example — Part 3. The node-fragment G[; e, g; h| has the following pgd:
(egh,ehg)o 4.1

The only embedding of that fragment has two (oriented) fb-walks, egh and ehg. Since
all the vertices in the only two fb-walks are root-vertices, and since the root-vertices are
mutually adjacent, there are no gaps in the gapped words of the only root-phrase. Similarly
the node-fragment G[; e, g; b] has the following pgd:

(beg, bge)o 4.2)
The compound fragment G[h; b, g; e] has the pgd
(beeg, bge, ege)y + (bg @ €, beg, eeq)y + (begeebgeeg), + (beegebgeeyg)y 4.3)

To see this most easily, one draws the four embeddings and traces the fb-walks in each
embedding.

NOTATION. We use p(n) to denote the number of partitions of a positive integer n. We
recall the asymptotic formula of Hardy and Ramanujan:

()~ — eV -
n)~ e asn (0.¢]
P 4n\/3

We use the number of partitions toward an upper bound on the number of partials of a
rooted graph.

NOTATION. We denote the degree of a vertex v of a graph Y by dy (v). If Y is a subgraph
of a graph X, this convention distinguishes the degree of vertex v in the subgraph Y from
its degree in X.

Theorem 4.3. Let F be a family of graphs of treewidth k and maximum degree A, each of
which is rooted on an isomorphic copy of a fixed graph H, in which Vig = {r1,...,r¢}.
Then the number of partials associated with amalgamating two arbitrary members of F
across root-subgraph H is at most

[FA]!
(A

p(kA) - 284

That is, it has an upper bound that is independent of the number of vertices of the graphs
being amalgamated.

Proof. Here we regard a root-phrase as a “raw” character string in the alphabet Vy =
{r1,...,71}, into which gaps and commas are eventually inserted. The length of a raw
character string for a graph G is Zle 0 (r;). (We need to use 0 rather than ¢y because
we are concerned with the degree of each vertex of H within the graph G, not just within
H.) Thus, the cardinality of the set of raw character strings is

(b da(rlt _ kA
Hv 15G( )' a (A!)k
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We may insert the commas into each raw character string so that the number of characters
between two successive commas is non-increasing, as one reads the string from beginning
to end. The cardinality of the set of comma-enriched raw character strings so obtained is at
most p(kA). The number of ways to insert from 0 to kA gaps into such a comma-enriched
character string so that

e no two gaps are adjacent,
e 1o gap occurs immediately after a comma, and

e 1o gap occurs at the beginning of the first word

is at most 22, We have pre-normalized the root-phrases so that no gap occurs at the
beginning of a word and so that the gapped words are in the order of non-increasing length.
Thus, every normalized gapped word is a member of the set of such gap-enriched, comma-
enriched character strings. This establishes the upper bound of the theorem. O

When we are reassembling a graph G of treewidth £ and maximum degree A from the
node-fragments of a full decomposition tree, the k-vertex root-subgraph across which two
fragments are amalgamated varies by one vertex at a time, as we traverse the decomposition
tree. The isomorphism type of the root-subgraph across which we merge fragments may
vary from one amalgamation to the next. Thus, rather than only with the partials associated
with a fixed root-subgraph H, we need to be concerned with the set of all partials for
root-subgraphs with a given number of vertices.

Theorem 4.4. Let G be a graph of treewidth k and maximum degree A. Then the number
of partials required when reassembling G from the node-fragments of a full decomposition
tree of width k is at most

[(k+ 1D)A]!

W p((k+1)A) - 2k +DA

That is, the number of partials has an upper bound that is independent of the number of
vertices of the graph G.

Proof. As illustrated in Part 3 of the Running Example, we need to consider partials on
k 4+ 1 symbols. The isomorphism type of the k-vertex subgraph of amalgamation may
change from amalgamation to amalgamation, and we provide for this by permitting the
locations of the gaps to vary in the root-phrases. Since at most one gap occurs between two
letters of the alphabet, the number of ways to insert the gaps is at most 2(-+14 O

NOTATION. For a subgraph-rooted graph (G, H), we denote the corresponding set of par-
tials by Pp.

S Embeddings of the Amalgamated Graph

DEF. Let p and o be rotation systems for graphs X and Y, respectively, such that Y is a
subgraph of X. We say that they are consistent at a vertex v of Y if the rotation o at v is
the restriction of the rotation p at v. If at every vertex of Vy-, the rotation ¢ is the restriction



392 Ars Math. Contemp. 7 (2014) 379-403

of the rotation p, then p and o are consistent rotation systems. Moreover, the embeddings
corresponding to rotations systems p and o are then called consistent embeddings.

Given rotation systems p and o for the rooted graphs (G, H) and (G’, H') and an
isomorphism n : H — H’, such that the restriction of ¢ to n( H) agrees with the restriction
of o to H', we seek to count or give an upper bound for the number of embeddings of the
amalgamated graph (G x,, G', H %, H') that are consistent with p and . The balance of
this section is directed toward that objective. We consider the configuration at each vertex
of the subgraph H.

A list of citations of early studies of restricted rotation systems is given by [24].

ISOLATED VERTICES IN THE SUBGRAPH H

The following proposition is to be used when there is a vertex of the root-subgraph H
that has no neighbors in H.

Proposition 5.1. Let (G, H) and (G', H') be subgraph-rooted graphs andn : H — H' an
isomorphism. Let p and o be rotation systems for G and G’ such that o = nopon~1. Let
v be an isolated vertex of the root-subgraph H, that is, with 6 (v) = 0. Then the number
of rotations at v of (G *,, G', H %,) H') that are consistent with p and o is

5 (v) (5G(v) Jgsg)')(”) - 1) 5.1

Proof. A rotation at vertex v in (G *, G', H %, H') is a cyclic ordering of the edges of
(G *, G', H %, H') that are incident at v. We regard the edges of E; incident on vertex v
as partitioning a cycle into d;(v) compartments into which edges of F¢- incident at v are
to be inserted. Once one of these d¢(v) compartments is selected as the location of some
arbitrarily selected “first” edge of E¢, there are dg(v) + 1 compartments into which the
remaining d¢ (v) — 1 edges can be inserted. Since the order of these remaining edges is
fixed, we may regard each of them as a zero, and partition them with d (v) ones. Therefore,
the number of ways to insert these d¢ (v) — 1 edges equals the number of binary strings of
length 6 (v) + d¢g (v) — 1 with 6 (v) ones. O

Example 5.2. In [10], we amalgamate two vertex-rooted graphs (G,v) and (G’,v’) at 2-
valent roots. Thus, dg(v) = d¢(v) = 2, and 05 (v) = 0. The number of rotations in the
amalgamated graph that are consistent with a pair of rotations, one from G and one from

VERTICES OF POSITIVE DEGREE IN THE SUBGRAPH H

The case in which a vertex v of the root-subgraph H has positive degree requires suffi-
ciently complicated notation, that it is useful to precede the general analysis by a definition,
a lemma, and an example.
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DEF. Let a and 3 be linear orderings of disjoint sets S = {x1,...,zp} and T =
{y1,-..,yq}, respectively. We say that a linear ordering ~y of the set S U T is an inter-
leaving of the orderings o and (3 if the restrictions of 7y to .S and 7" are identical to o and
B, respectively.

Lemma 5.3. The number of ways to interleave two sequences of respective lengths p and

qis
7)
q
Proof. There is an obvious bijection from the set of interleavings to the set of binary strings
of length p + ¢ with q ones. O

Example 5.4. We depict in Figure 5.1 an amalgamation G * G’ in which the vertex v of
the root-subgraph H has degree 2 in H, degree 7 in G, and degree 5 in G’. The rotations
at vertex v are

pNoin H : e1,es
. . 11 1 2 2
pll’lG. C1,C2,C3,€1, C1,C9,€2
oin G': di,db,er, d?, es

Figure 5.1: A vertex v of degree 2 in the (darkened) subgraph H, degree 7 in GG, and
degree 5 in G'.

The vertex v has degree 10 in the amalgamated graph G * G’. A rotation at v in G x G’ is
consistent with the rotations p and o if and only if the edge-sets {c}, c3, ci} and {d3, d}} are
interleaved between e; and e; and the edge-sets {c?,c3} and {d?} are interleaved between
e1 and e3. By Lemma 5.3, the number of rotations at v in G * G’ that are consistent with

the rotations p and o is
9\ (3
2/ \1
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Proposition 5.5. Let (G, H) and (G', H') be subgraph-rooted graphs and n : H — H'
an isomorphism. Let p and o be rotation systems for G and G' such that ¢ = no pon~'.
Let v be a vertex of H with degree 6 (v) > 0 and the following rotations:

(pNo)|yinH: €1,€2,. €5, (v)
. 11 1 2 2 2
plvin G : ClyCoy v vy sy €1, €Ty Coyn s Col €2y s €5y ()
—— 17 1 2 52 2
olyin G": dl,d27...,d5i,€1,dl,dQ,...,dﬁé,CQ,...,eéH(v)

Then the number of rotations at v in (G x, G', H *,, H') that are consistent with p and o

is
51-1 ’U)
d; + 0}
I (")

i=1

Proof. A rotation 7|, at v in (G %, G, H %, H') is consistent with the rotations p|, and
0|, if and only if it has the following property:

In the rotation 7|,, between two consecutive edges ¢;_; and e; € Eg (and
between €51 (v) and ey) in the rotation pNo, the edge sequences i, ¢5, . . ., C5.
and di,ds, ..., dj, are interleaved.

By Lemma 5.3, the conclusion follows. O

COUNTING CONSISTENT ROTATION SYSTEMS

We have now arrived at the goal of this section.

Theorem 5.6. Let (G, H) and (G', H') be subgraph-rooted graphs and n : H — H' an
isomorphism. Let p and o be rotation systems for G and G’ such that ¢ = no pon~*. For
each vertex v € Vi, we have the rotation

(pNo)lvin H :ef,e5,.... €5,
according to the following parameter values:

e 65 (v) is the degree of v in H.

o Ifép(v) # 0, then for j = 1,...,01(v), let §; and 0; be the numbers of edges of
E¢ and E¢, respectively, that lie between the edges ej_1 and e; in the rotation p|,
and in the rotation o |, respectively (where j—1 is taken to be n if j = 1).

Then the number of rotation systems for (G *, G', H =, H') that are consistent with p and

T ) ) e

veVy vevy =1
8y (v)=0 8 (9)>0

Proof. This follows from Proposition 5.1 and Proposition 5.5. O
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Theorem 5.7. Let F be a family of graphs of treewidth k and maximum degree A, each
of which is rooted on an isomorphic copy of a spanning subgraph of Ky1. Let (G, H),
(G' H') € F, and letn : H — H' be an isomorphism. Let p and o be rotation systems
for G and G' such that o = no p on~'. Then the number of rotation systems for (G *,
G', H *,, H') that are consistent with both p and o is at most

k+1
{A (2A A_ 1)} (5.4)

That is, it has an upper bound that is independent of the number of vertices of the graph G.

Proof. This theorem is a corollary of Theorem 5.6. O

SPECIAL CASE: AMALGAMATING ACROSS AN EDGE

The simplest case of amalgamating graphs (G, H) and (G’, H') across isomorphic
root-subgraphs with edges is the case in which the root-subgraphs are isomorphic to Ks.
The subcase in which both endpoints of both root-edges are 2-valent was developed in [18].

Corollary 5.8. Let p and o be rotation systems for the rooted graphs (G,vw) and (G,
v'w’), where the pasting matches vertices v and w with vertices v' and W', respectively.
Then the number of embeddings of (G ,) G, vw) that are consistent with p and o is

deg.v+deg v — 2\ (deg,w + deg_,w' — 2
@ ¢ (5.5)
deg,v—1 deg,w —1
Proof. Every embedding of (G %, G’, vw) that is consistent with p and ¢ has its rotations
completely determined by p and o, except at the image of the vertices v and v’ and at the
image of the vertices w and w’. Figure 5.2 illustrates the situation. The names v and w for
vertices in G *,, G’ adhere to the notational convention introduced in §3.

Figure 5.2: Amalgating two graphs on an edge.

Formula (5.5) follows from application of Theorem 5.6. O

Remark 5.9. In Corollary 5.8, the notation vw for the root-edge of the graph G *,, G’
is consistent with the notational convention given in §3 for naming the root-vertices and
root-edges of G *,, G'.
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6 Production Rules for Graph Amalgamations

DEF. A production for a graph operation is a rule that prescribes the effect on the genus
distribution of applying that operation to its operands. That is, based on the partials of
the operands and the genera of their respective embedding surfaces, it says how many
embeddings the resulting graph has of each genus and of each type of partial. The operands
and the operation appear at the tail of a right-arrow and are called the antecedent of the
production. The consequential information appears at the head of the right-arrow and is
called the consequent of the production.

Running Example — Part 4. A single production suffices to calculate the partial genus
distribution (4.3) of the compound fragment G[h; b, g; ] from partial genus distributions
(4.1) and (4.2), for the node-fragments G[; e, g; h] and G[; e, g; b], respectively:

(Egh, ehg)z * (691)7 ebg)j — leg; eh,gh; eb,gb]
(beeg, bge, ege)iyj + (bgee, beg, eeg)iy
+(begeebgeeg)iyji1 + (beogebgeeg)itji1

Remark 6.1. We observe that this production is asymmetric. That is, it converts the pivot
vertex h of the earlier node-fragment in the post-order into a bullet.

This particular form of production is designed for reassembling a graph from a full
decomposition tree by iterative amalgamation of fragments. In each case, all of the vertices
of each of the two amalgamand-fragments lie in a single node within that fragment. For
treewidth k, the two nodes intersect in k vertices. We observe that the subscript

eg; eh, gh; eb, gb]
of the arrow operator contains three lists of edges.

1. The first list is the set of edges that lie in the root-subgraphs of both amalgamand
fragments.

2. The second list contains the other edges that join vertices within the presenting node
of the first amalgamand fragment.

3. The third list contains the other edges that join vertices within the presenting node of
the second amalgamand fragment.

The antecedent of each production is a root-phrase with an integer variable as subscript,
followed by an asterisk denoting amalgamation, and then another root-phrase with another
integer variable as subscript. The consequent of each production is a sum of root-phrases,
each of which has as its subscript a formula giving the genus of the surface of the amalga-
mated graph that corresponds to the two operand embeddings.

The coefficient of each such subscripted partial indicates in how many ways an fb-walk
corresponding to that partial can be created by amalgamating two operand embeddings that
correspond to the two partials in the antecedent. The sum of the coefficients is subject to
the upper bound of Formula 5.3.

If the two root-phrases in the antecedent are inconsistent on the root-subgraph (which
can occur for treewidth four or more), then the consequent is empty. We use the two
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partials in the antecedent and the first list of edges in the subscript of the arrow operator
to construct rotation systems for the set of embeddings of the amalgamated graph that are
consistent with those two partials. Figure 6.1 illustrates the situation for Running Example
— Part 4. For each of these rotation systems, we use the Heffter-Edmonds face-tracing
algorithm to calculate the number of faces in the consequent embeddings relative to the
sum of the numbers in the antecedent embeddings, after which we use the Euler polyhedral
equate to calculate the corresponding increment or decrement in genus. The time required
depends only on the root-subgraphs, not on the numbers of vertices in the amalgamands.

Figure 6.1: Deriving a production.

Theorem 6.2. Let G be a family of subgraph-rooted graphs of treewidth at most k and max-
imum degree at most A, where k and A are fixed positive integers. Let (G, H),(G',H') €
G, and letn : H — H' be an isomorphism. Then the number of productions required to
calculate the pgd of (G *, G', H) from the pgd’s of (G, H) and (G’, H') is at most

(Mot plle + Dy -2+

That is, the number of productions has an upper bound that is independent of the numbers
of vertices of the graphs G and G'.

Proof. One needs a production for each ordered pair of partials used, and no more. Thus,
the number of productions needed is at most the square of the number of partials determined
by Theorem 4.4. O

RECURRENCES AND CLOSED FORMS
Productions were used in [10], and then in [7], [18], and [15] to derive systems of

simultaneous recurrence relations for pgds. Using generating functions on the simultaneous
recurrences, one can sometimes derive closed forms, as in [5].

7 Genus Distribution Algorithm

A skeletal version of the algorithm for calculating the genus distribution of the graphs in a
family G of graphs of treewidth k£ and maximum degree at most Ag is straightforward and
intuitive.
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Algorithm 7.1 (Genus Distribution Algorithm).
Input: an n-vertex graph G of treewidth k& and maximum degree A
Output: a pgd and the genus distribution for G.

Comment: INITIALIZE
1. Calculate a full decomposition tree T of width k for G.

2. Determine a post-order for decomposition-tree 7', with the lines ¢1, 05, ..., 0,1
in the post-order, so that the j** amalgamation is across line ;.

3.Forj=1,....n—k—1,

(a) Construct the subgraph-rooted node-fragment (M;, M;,u;) as the induced

graph on the j*" node of T in the post-order.

(b) Identify the partner (M, M}, u), and construct the isomorphism 7; : M; —
fush = M — {ul}
Comment: ‘“Partner” is defined in §3.

(c) Calculate the pgd of the node-fragment (M, M;, u;).

4. Let (Fy, Hy,uy1) = (M, My, uy), and let (F{, Hy,u}) be its partner, i.e., let (F7,
Hi, u/l) = (M{> Miaull)
Comment: MAIN LOOP REASSEMBLES G
5. For each line ¢; of the decomposition tree
(a) Amalgamate the two fragments (F;, H;, u;) and (F}, H},u}) via the isomor-
phism 7); to produce the fragment F}; ;.
(b) Let H;,q be whichever of M; or M J’ is the latter node-fragment in the post-
order. Let the pivot u;; be whichever vertex of the root-subgraph H; 1 will
not be pasted in the next amalgamation that involves the fragment F;_ ;.

(c) Use productions to calculate the pgd of (Fj11, Hjt1,u;j41) from the pgd’s of
(Fy, Hj,uy) and (F}, H}, u).

Jr

Comment: CALCULATE g;’s BY SUMMING.
N.B. We recall from §4 that for a subgraph-rooted graph (G, H), we denote the
corresponding set of partials by Py.

6. Fori=0,...,|B(G)/2], calculate g;(G) by the formula
gi(G) = Y m(G)

TE€EPH,

BREADTH OF THE GENUS RANGE

Analysis of Algorithm 7.1 uses the concept of breadth of the genus range.
DEF. The breadth of the genus range of a graph G is given by the equation
B (G) = 'Ymax(G) - 'Vmin(G) +1
Thus, v5(G) is equal to the number of values of the index ¢ such that g;(G) > 1.
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Proposition 7.1. The breadth of the genus range of any graph G is at most (2| E¢|+ 3) /6.

Proof. 'YB(G) = ’Ymax(G) - ’Ymin(G) +1
G
< 290+
< |Ec|— Vel +1  |Eg|—3|Vg|+6 ‘1
2 6
_ 2|Eg|+ 3
N 6 O

Corollary 7.2. Let G be a family of simple graphs of maximum degree at most Ag. Then
the breadth of the genus range of any n-vertex graph G in G is at most (nAg + 3) /6.

Proof. Since 2|Eg| < nAg, by Euler’s theorem on degree sum, this follows immediately
from Proposition 7.1. O

ANALYSIS OF THE ALGORITHM

As established by [26], assigning an upper bound to the degree of a graph does not
reduce the computational complexity of the minimum genus problem. Thus, bounding the
treewidth is essential to the computational complexity of our algorithm.

Proposition 7.3. Let G be a family of subgraph-rooted graphs, each of treewidth at most
k and of maximum degree at most A\, where k and A are fixed positive integers. Let
(G,H,u),(G' H',u') € Gandletn : H— {u} — H' — {u'} be an isomorphism. Then
the time required to calculate the pgd of (G *, G, H,u) from the pgd’s of (G, H,u) and
(G H" ) isin O(|Vg| - |V |).

Proof. The time depends predominantly on the number of applications of productions,
which depends, in turn, only on the product of the numbers of partials in the respective
pgd’s of G and G’ with non-zero subscripted coefficients. The number of non-zero sub-
scripted coefficients of the partials depends on the breadths of their genus ranges. This
theorem now follows from Corollary 7.2 and Theorem 4.4. O

Theorem 7.4. Let G be a family of graphs of treewidth at most k and maximum degree at
most A\, where k and A are fixed positive integers. Then the time needed to calculate the
genus distribution of an n-vertex graph G € F, starting from a full decomposition tree T
for G, is in O(n?).

Proof. We proceed step by step.

Step 1. A full decomposition tree T for the graph G can be calculated in time proportional
to |Vr|, which is in O(n), by Corollary 2.8.

Step 2. The post-order of the decomposition tree 7" can be calculated in time proportional
to |Vr|, which is in O(n).
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Substep 3a. The time needed to construct each of the node-fragments My, ..., M,
from the given graph G is in O(k?), since each node of the decomposition tree 7" has k + 1
vertices. The time for this substep is in O(1).

Substep 3b. Each partner can be located by a post-order traversal. Each isomorphism 7);
is an artifact of the tree decomposition. The time for this substep is in O(1).

Substep 3c. There is a fixed upper bound of (k!)**! for the number of embeddings of
M;, since M; is a subgraph of the complete graph Kj,1. The time needed to determine
the appropriate subscripted partial for each embedding of a node-fragment, by using the
Heffter-Edmonds algorithm, is in O(kAjy, ), that is, linear in the number of edges of the
node-fragment, and constant, accordingly, with respect to [V|.

Step 3 total. Since there are n— k node-fragments, by Proposition 2.5, it follows that the
total time needed for Step 3 is in O(n).

Step 4. This initializing step takes O(1)-time.

Substep 5a. The time needed to calculate a representation of the amalgamated graph F);
from representations of the amalgamands is proportional to | Er, | +|E Fl |, which is linear in
\VE, | + |VFJ4 |, because the degree of the graph G is bounded. This substep takes O(|VE, | +
|Vy|)-time.

Substep 5b. This substep is achieved by referring to the post-order traversal of tree 7T'.

Substep Sc. The number of productions is constant, by Theorem 6.2. The numbers of
subscripted partials with non-zero coefficient in the pgd’s of the amalgamand fragments are
proportional to y5(F}) and v (F;), respectively. By Corollary 7.2, yp(F;) and v5(F})
are proportional to |V, | and |VFJ{\, respectively. By Proposition 7.3, the time for this
substep is O(|VF, | - |VFJ( ), subject to the assumption that multiplication of integers takes
constant time.

Step 5 total. Let S denote the sequence of pairs of fragments that occurs in the reassembly
of G from the node-fragments corresponding to the decomposition tree 7". The time for
each iteration of the body of the loop in Step 4 is dominated by the time needed for Substep
Sc. Thus, the total time needed to calculate the pgd of G is at most

> clVel- Vel =¢d  [Vel- Vel

(F,F")eS (F,F")eS

We further suppose that the number of vertices in the node-fragment F; is n;, for i =
1,...,n — k, and we observe that in the total reassembly no two node-fragments occur
twice as subgraphs of fragments that are amalgamated. It follows that

n—kn—k

n—k
> Vel Vel YD mmy = Y n
=1

(F,F")eS i=1 j=1

< (nitng A+ 4 nng)?

= ’]’LQ

Step 6. Of course, each term g;(G) in the genus distribution for G is obtained from the pgd
by summing all the coefficients of subscripted partials with subscript . The time needed for
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such a calculation of each g;(G) is proportional to the number of different partials, which
is bounded by a constant. Thus, the time needed to calculate the genus distribution from
the pgd is proportional to the size of the genus range, and thus, in O(n). O

8 Conclusions

Stahl [22, 23] has called a family of graphs H-linear if its members can be derived by
iterative amalgamation of copies of a graph H, and he has introduced a form of production
matrices whose elements are univariate polynomials, in which the degree of a term corre-
sponds to an increment of genus as an additional copy of the graph H is amalgamated to a
growing linear chain. The treewidth of the graphs in an H-linear family is the tree width
of the graph H. Although the size of such matrices can be very large, corresponding to
the number of partial genus distributions associated with a given maximum degree, it is of
fixed size. Accordingly, the time-complexity needed to take a power of such a production
matrix depends only on the time needed to multiply two polynomials of linearly increasing
degree.

Practical algorithms for the genus distributions and partitioned genus distributions of
the graphs in various interesting linear families of graphs, implicit in [23, 10, 15, 18, 11,
12], fall within the quadratic time-complexity upper limit given by Theorem 7.4. Moreover,
quadratic-time calculation of genus distributions is implicit in [7, 19] for graph families,
including circular ladders and Mo6bius ladders, that are not H-linear, but which could be
characterized as ring-like. Beyond that, there is a practical quadratic-time algorithm for the
cubic Halin graphs [9], which are a non-linear family.

We observe that in a genus distribution calculation by our algorithm, the partials and
productions can be generated dynamically as needed, rather than in advance. This suggests
the feasibility of implementing such an algorithm for graphs of reasonably small treewidth
and maximum degree, since the number of productions needed might be far smaller than
the total number possible for that treewidth and degree.

The exposition here illustrates once again how bounding the treewidth can be used to
reduce otherwise NP-hard calculations regarding embeddings to polynomial time. Here we
have also bounded the degree. This immediately suggests this general problem:

Research Problem 1. Determine whether the genus distribution of the graphs of bounded
treewidth can be calculated in polynomial-time, if the degree is not bounded.

Of course, rather than being content with an algorithm with such a vast proliferation of
partials and productions, one hopes for closed formulas or tractable recursions for interest-
ing classes of graphs. A related line of investigation would involve bounding the treewidth
and prescribing the minimum genus (which effectively bounds the average degree). The
following two problems may be approachable.

Research Problem 2. Algorithms for calculating the genus distributions of 3-regular and
4-regular outerplanar graphs are given by [8] and [19], respectively. Calculate the genus
distributions of arbitrary outerplanar graphs.
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Research Problem 3. A Halin graph is obtained from a plane tree with at least four
vertices and no vertices of degree two, by drawing a cycle through the leaves. An algorithm
for the genus distribution of any 3-regular Halin graph is given by [9]. Calculate the genus
distributions of arbitrary Halin graphs.

Research Problem 4. A remaining problem of self-evident theoretical interest is determi-
nation of a lower bound on the time needed to calculate the genus distribution of a graph
of fixed treewidth and bounded maximum degree.
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Abstract

In this paper, we show that fullerene patches with nice boundaries containing between
1 and 5 pentagons fall into several equivalence classes; furthermore, any two fullerene
patches in the same class can be transformed into the same minimal configuration using
combinatorial alterations.
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1 Introduction

A plane graph with all faces hexagonal except one external face, with all vertices on the
boundary of the outside face having valence 2 or 3, and with all other vertices (called inter-
nal vertices) having valence 3 is called a graphene patch. One way to construct a graphene
patch is to take a closed simple (non-self-intersecting) curve in A, the hexagonal tessel-
lation of the plane, and replace all vertices, edges and faces outside the curve by a single
outside face. It is clear that a graphene patch constructed in this way is uniquely deter-
mined (up to an isomorphism of plane graphs) by its boundary code; that is, the sequence
of valences of boundary vertices in cyclic order. A boundary code can be written starting
at any vertex and proceeding in either a clockwise or counterclockwise direction. Hence,
a given boundary code is actually a representative of the equivalence class of codes under
cyclic permutations and inversions.
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However, not every graphene patch may be constructed in this way. Specifically, the
boundary of a graphene patch may yield a self-intersecting curve when projected onto
A. In this case, the patch may not be uniquely determined by its boundary code. In [9],
Guo, Hansen, and Zheng described two nonisomorphic graphene patches with the same
boundary code. We say that the boundary code of a graphene patch is ambiguous if there are
two or more nonisomorphic graphene patches with the same boundary code. It is implicit
in [4] that ambiguity for graphene patches is topological in the following sense: Consider
two nonisomorphic graphene patches with the same boundary code and use the boundary
code to trace the boundary as a self-intersecting circuit in A. We may think of this self-
intersecting circuit as a local homeomorphism f of the unit circle into the plane. Then
each patch gives an extension of f to a local homeomorphism into the entire disk. That
these graphene patches are nonisomorphic corresponds to the fact that the extensions are
not homotopic.

In this paper we investigate patches with ambiguous boundaries that include some pen-
tagonal faces. In particular we will be interested in patches on a fullerene: a trivalent plane
graph with only hexagonal and pentagonal faces. For the patches we consider, we show
that the ambiguities are combinatoral rather than topological.

Definition 1.1. A fullerene patch or, in this paper, simply a patch is a plane graph with all
faces hexagonal or pentagonal except for one external face of a different degree (not 5 or
6), with all vertices on the boundary of the external face having valence 2 or 3, and with
all remaining internal vertices having valence 3. We again use the term boundary code to
describe the sequence of valences of 2’s and 3’s in cyclic order on the boundary.

We will adopt the notation from [7] and let a patch be denoted as IT = (V, E, F, B)
where V' and E are the vertex and edge sets, F' is the set of faces excluding the external
face, and B is the boundary of the external face. One method of constructing a patch is to
take a simple closed curve on a fullerene, and consider the subgraph created by deleting
all vertices and edges on the “outside” of the curve. However, the uniqueness property
of similarly-constructed graphene patches does not hold for fullerene patches constructed
in this way. In fact, very frequently nonisomorphic patches will have identical boundary
codes. Even graphene patches formed from closed simple curves on fullerenes are not
known to have unambiguous boundary.

Definition 1.2. Two patches with the same boundary code are similar. For any patch II the
collection of patches similar to IT is called its similarity class and is denoted by S(IT); the
class is trivial when all patches in S(II) are isomorphic.

In this paper we consider patches containing between 1 and 5 pentagons with “nice
boundaries.” We show that the similarity classes of these patches are of eight basic types
and that for patches in the same similarity class there exists a sequence of combinatorial
alterations that transforms one patch to another.
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2 Linear patches

Let IT = (V, E, F, B) be a patch. For any internal face f € F, let B(f) denote its bound-
ary; so either B(f) N B is empty or consists of one or more paths. These paths are the paths
on the boundary B joining consecutive degree-3 vertices.

Definition 2.1. The paths of B(f) N B over all f are called the segments of the boundary.
If B(f) N B consists of only one segment, then |B(f) N B is the length of the path. A
segment of length ¢ will be called an ¢-segment, and the number of i-segments in B will be
denoted by s;.

Definition 2.2. Linear patches are patches with s; = 0 consisting of strings of hexagons
capped off at each end with a hexagon or a pentagon — see Figure 1.

In [7] it was shown that the similarity class of a linear patch with at most one pentagonal
end is trivial. On the other hand, the similarity class of any linear patch with two pentag-
onal ends includes some additional nonlinear patches and is nontrivial, as is illustrated in

o« e
 SSSEee
Seeetse

Figure 1: Linear patches.

Lemma 2.3. Let 11 = (V, E, F, B) be a patch with s; = 0.

1. If I admits a face f such that B(f) N B consists of more than one segment, then 11
is a linear patch.

2. If I admits a pentagonal face f such that |B(f) N B| = 4, then 11 is a linear patch.
3. If I admits a hexagonal face | such that |B(f) N B| = 5, then I is a linear patch.

Proof. These results clearly hold for all patches with one or two faces. Let Il = (V, E, F,
B) be a patch with s; = 0 and n > 2 faces, and assume that these results hold for all such
patches with fewer than n faces.

First assume that IT admits a face f such that B(f) N B consists of more than one
segment. Since s; = 0, each boundary segment has length at least 2. Thus f is a hexagon,
each boundary segment of B(f) N B has length 2, and f shares one edge with a face ¢
and the antipodal edge with a face h. Deleting f leaves two subpatches, I1, and II;,, where
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|B(g)NB(Ily)| > 5 and |B(h) N B(II;)| > 5. So I, and II}, are both linear by induction,
and hence II is linear.

Assume next that IT admits a pentagonal face f such that |B(f)NB| = 4 or a hexagonal
face f such that |B(f) N B| = 5. Then f shares an edge with exactly one other face, g.
Since II has more than 2 faces, g has more than one boundary segment and we are back in
the first case. O

It is convenient to treat linear patches and non-linear patches separately.
Lemma 2.4. If11 = (V, E, F, B) is a non-linear patch with s; = 0, then

1. for f € F, B(f) N B is empty or a single segment;
2. for f € F, |B(f) N B| = 4 implies f is a hexagon;
3. S5 = 0,'

4. p(I1) = 6 — s3 — 284, where p(11) is the number of pentagons contained in the patch
1L

Proof. The first three conditions follow at once from Lemma 2.3. The fourth condition
is a special case of the following direct consequence of Euler’s formula, proved in [7]:
p(Il) =6 + 81 — s3 — 284 — 3s5. O

It is an obvious consequence of this fourth condition that a non-linear patch with s; = 0
may contain at most six pentagonal faces. If II is such a patch with six pentagonal faces,
s3 = s4 = s5 = 0. Hence its boundary consists of m segments of length 2, for some m.
Adding a layer of hexagons around this boundary yields another patch with an identical
boundary and m more faces; this is the F' expansion defined in [10]. Therefore all non-
linear patches with s; = 0 and six pentagonal faces have ambiguous boundary code, and
in fact the similarity class of each is infinite. Thus we restrict our attention to non-linear
patches with s; = 0 and with one to five pentagonal faces. Following [3]:

Definition 2.5. A pseudoconvex patch is a non-linear patch with s; = 0 containing one to
five pentagonal faces.

3 Pseudoconvex patches

Pesudoconvex patches were discussed in detail in [8], and we use the same terminology
here.

Definition 3.1. A side of a pseudoconvex patch is the section of the boundary (including
the faces) between a consecutive pair of degree 2 vertices. The length of a side is one less
than the number of faces on the side. Three consecutive degree 2 vertices on the boundary
correspond to a side of length zero containing just one face.

For a pseudoconvex patch or a linear patch II, we introduce several parameters and more
notation:

1. ¢(II) denotes the sum of the lengths of every side;
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2. s = s(II) denotes the number of sides of II;

3. The cyclic sequence [{1, ..., ¢;] denotes the side lengths of II listed in cyclic order
around the patch and is called the side parameters of the patch.

4. The similarity class S(IT) will also be denoted by Sy,
eters [(1,..., 0]

¢, when IT has side param-

.....

The following lemma summarizes a few results proven in [8].

Lemma 3.2. Let I1 = (V, E, F, B) be a pseudoconvex patch with side parameters [¢1, . . . ,
ls]. Then

1. s =s(II) = 6 — p(II).
2. There are no consecutive 0’s in [{q, ..., 0.

3. Ifls and {5 are both nonzero and all faces on the {1 side are hexagons (including both
terminal 3-faces when {1 > 0), deleting all of the faces on the {1 side of 11 results in
Il = (V', E', F', B') which is either a linear patch or another pseudoconvex patch.
The side parameters of I’ are

(a) [(1+ 1,00 —1,03,..., 01,05 — 1], when s > 2;
(b) [01 + 1,49 — 2], when s = 2;
(c) [¢1 — 1], whens =1

4 Combinatorial ambiguities

Definition 4.1. By a hexpath joining two pentagonal faces we mean either a linear patch
with pentagonal terminal faces or two linear patches with one pentagonal terminal face and
one hexagonal terminal face sharing the hexagonal terminal face and making an angle of
120 degrees. See Figures 3 and 4. The Coxeter coordinates (n) of a straight hexpath is
the length of the corresponding straight path in the dual; the Coxeter coordinates (n, k)
of a two leg hexpath are the lengths of the corresponding straight paths in the dual. We
often refer to them as either (n)-hexpaths or (n, k)-hexpaths. The notation (n, 0)-hexpath,
(0,n)-hexpath and (n)-hexpath will be used interchangeably.

Lemma 4.2. Let I1 be a pseudoconvex patch containing at least two pentagons and let T
be a subpatch of 11 containing at least one pentagon but not every pentagon. Then there
exists a hexpath from a pentagon in I1' to a pentagon not in II'.

Proof. LetII and II’ be as stated. Consider the facial distances between every pentagon in
IT' to every pentagon not in IT’. Let f be a pentagon in IT’ and g be a pentagonal face not
in IT so that the distance between f and g is the minimum over all such pairs. Consider
a shortest polygonal path of faces in II joining f to g. By the choice of f and g, all of
the faces on this polygonal path are hexagons; it remains to show that this path is indeed a
hexpath. Since all interior faces in the corresponding dual path are triangular, no shortest
path can make a sharp, 60° turn (see [1] in Figure 2); otherwise, the hexagon h at the turn
may simply be deleted from the path resulting in a shorter path.
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Figure 2: Pictoral proof of existence of hexpath from Lemma 4.2.

Next suppose that the shortest dual path joining f and g makes consecutive left turns
(see [2] in Figure 2). Let hq, ..., hq41 denote the faces on the segment between the turns
including both faces at the turns. Note that the edge in common with h; and face labeled
h} would be a boundary segment of length 1 if h} did not belong to the patch. Hence,
h} belongs to the patch. Also, h} must be a hexagon, otherwise we contradict the way f
and g were chosen. Now the same argument can be applied to h} and so it too belongs
to the patch. Inductively, hf, ..., h; are all hexagons belonging to the patch. Replacing
hi,...,hgr1 bY Ry, ..., h; results in a shorter dual path joining f and g and a contradic-
tion. By the same argument there cannot be two consecutive right turns.

Finally, we choose from among all shortest dual paths joining f and g the one with
the longest straight segment before a first left turn. (If the first turn is a right turn, we will
interpret this as starting off with a segment of length 0 followed by a left turn.) We wish to
prove that this particular shortest dual path has just two straight segments. Suppose there
is a right turn after the first left turn. Starting with the face at the right turn, we label the
faces back to but not including the face at the left turn hq, ..., h, (see [3] in Figure 2).
Employing the argument just used above, we see that the faces labeled h7, ..., h; must
be hexagons belonging to the patch. Replacing hy, ..., hq by hi, ..., hy then results in
an f, g-path of the same length but with a longer initial straight segment contradicting our
choice of this path. O



J. E. Graver, C. Graves and S. J. Graves: Fullerene patches I1 411

Figure 3: A (5)-hexpath, ¥, and the similar patchs X, and X g, each representing an «
step.

Endo and Kroto [5] provided a method of constructing a patch similar to a linear patch.
Let ¥ be an (n)-hexpath joining a pair of pentagonal faces, where n > 1. Then the similar
patch is formed by inserting one new vertex on each edge of X separating a pentagon from
its adjacent hexagon, and two new vertices on each edge of ¥ separating two adjacent
hexagons. Edges may then be added in two different ways, as demonstrated in Figure 3,
resulting in the similar patch ¥/ containing a (1, — 2)- hexpath or the similar patch X/,
containing a (n — 2,1)-hexpath. If II is a pseudoconvex patch containing such a hexpath
3, replacing ¥ by X1, or X results in a pseudoconvex patch IT’ that is similar to IT and
contains n — 1 more faces. Replacing IT by IT' is called an « step; if this replacement is
made in a larger patch, then the choice of ¥ versus ¥z may result in non-isomorphic
patches.

The Endo-Kroto construction can be generalized to any (n, k)-hexpath joining a pair
of pentagonal faces with nk > 1. Let X be such a hexpath. Then a similar patch is formed
by inserting one new vertex on each edge of X separating a pentagon from its adjacent
hexagon, and two new vertices on each edge of X separating two adjacent hexagons and
adding edges, as demonstrated in Figure 4, is a similar patch containing an (n — 1,k — 1)-
hexpath joining a pair of pentagonal faces. We denote this new patch by ’. Note that in
this case, the edges may be added in just one way. If II is a pseudoconvex patch containing
such a hexpath X, replacing 3 by X’ results in a pseudoconvex patch IT’ that is similar to
IT and contains n + k& — 1 more faces. Replacing II by IT’ is called an 3 step.

It is clear that any patch obtained from II by a sequence of a and S steps will be similar
to I1. We also note that when a (1, n—2)-hexpath, an (n—2, 1)-hexpath or an (n—1, k—1)-
hexpath is bordered by a sufficient set of hexagons, we may reverse these constructions. We
call this reverse constructions o~ ! and 5~ steps.

Since each « or § step produces another patch in the same similarity class with more
faces, the sequence of similar patches constructed by a sequence of a and 3 steps must all
be distinct. As we will soon verify, the number of patches in the similarity class of a pseu-
doconvex patch is finite. Therefore starting with any pseudoconvex patch, any sequence of
« and S steps must terminate in a similar pseudoconvex patch for which no « or 3 step is
possible.
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Figure 4: A (2,2)-hexpath X, and the similar patch ¥’ containing a (1, 1)-hexpath.

Cone Tip
Ay a pentagonal face

Ay(,) | aquadrilateral face

Aj3(q) | atriangular face
Asp) | a “half-edge”
Ay(a) | avalence 2 face

A4y | apendant vertex

As | aloop

Table 1: Geometric Cone Tips.

Definition 4.3. A patch I in the similarity class S is called a terminal patch if no o or
[ step is possible in II. The smallest linear or pseudoconvex subpatch of a terminal patch
containing all of the pentagonal faces is a minimal configuration.

Terminal patches and minimal configurations are closely related to nanocones and the tips
of nanocones. We will need several results that were proven in the context of nanocones.

Definition 4.4. A nanocone or cone is an infinite trivalent plane graph with hexagonal
faces and one to five pentagonal faces. Adopting the terminology from [3], two cones
are equivalent if each has a finite subgraph so that when the subgraphs are deleted the
remaining graphs are isomorphic.

This is an equivalence relation among cones forming eight equivalence classes. These
classes are described by Klein and Balaban in [11]. A proof that these are indeed the
only possibilities is given in [3]. That paper, in turn, relies in part on a result of Balke in
[1]. Using the terminology from [3], we summarize this classification and consolidate the
results from these three papers that are relevant to this paper. The classification of cones
is based on the classification of the nontrivial rotations in the symmetry group of A, the
regular hexagonal tessellation; the list of these rotations is given below.

Proposition 4.5. The nontrivial rotations in the symmetry group of A are:

1. rotations by 60° about the centers of faces;
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2. rotations by 120°

(a) about the centers of faces or

(b) about vertices;
3. rotations by 180°

(a) about centers of faces or

(b) about centers of edges;
4. rotations by 240°

(a) about the centers of faces or

(b) about vertices;
5. rotation by 300° about centers of faces.

If x is the center of one of the above rotations by k£ x 60°, we may excise a k£ x 60° wedge
at z and identify the edges to get a geometric cone, which we will denote by A, or Ay,
or Ay ). A geometric cone is an infinite graph that has, with exactly one exception at the
cone tip, only hexagonal faces and only vertices of degree 3. The exceptions at the tip of
these geometric cones are pictured in Figure 5 and listed in Table 1.

Now each of these geometric cone tips can be replaced by a tight configuration of
pentagonal faces resulting in a unique cone, called the representative cone, for each of the
eight equivalence classes; the smallest pseudoconvex patch containing the configuration of
pentagonal faces is called the cone tip. These eight cone tips are also pictured in Figure 5
and are denoted by €2; as shown in the figure.

Given a pseudoconvex patch IT with side parameters (¢1,...,£¢s) we may reverse the
process discussed in Lemma 3.2: instead of deleting all of the faces of a side we may add
a row of hexagons to a side. Adding a row of hexagons to each side in turn results in a
patch with all side parameters increased by 1; call this patch II;. Repeatedly adding rings
of hexagons produces an infinite sequence of nested graphs Iy = II, 1I;, Ilo, ..., and
the union of these patches is a trivalent graph with all hexagonal faces except exactly s
(1 < s < 5) pentagonal faces - that is, a cone. Hence each linear or pseudoconvex patch
may also be thought of as a patch in a uniquely determined cone.

The focus of [3] is the collection of pseudoconvex patches in which all side lengths are
equal, symmetric patches, or in which {1 = lo—1 = - -+ =, — 1, near-symmetric patches.
These patches are called cone patches in [3] when they include a pentagon as a bounding
face and correspond to our cone tips. Also, in [3], the appropriate cone tip for a given cone
patch is determined by whether the patch is symmetric or near-symmetric.

By repeatedly adding hexagons to the sides of a pseudoconvex patch, we may embed
each pseudoconvex patch in a symmetric or near-symmetric patch. To see this we consider
the pseudoconvex patches based on the value of s.

Lemma 4.6. Every pseudoconvex patch 11 is a subpatch of a symmetric or near-symmetric
patch, and there is a unique cone containing 11.
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symmetric A~ near-symmetric

A4a
Q40L

!
symmetric near-symmetric symmetric near: —symmetrlc

Figure 5: Cone Tips.
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Proof. Let II be a pseudoconvex patch. If s = 1, II is a symmetric patch containing 5
pentagons. It follows from [3] that the unique cone containing I has the cone tip €25. If
s = 2, let IT have side lengths [¢1, £5] with ¢; < ¢5. We may add a row of hexagons to the
side of length ¢5 to get a pseudoconvex patch with side length ¢] = ¢; + 2 and ¢, = /5 — 1.
If ¢} < ¢, — 1, we may repeat the process and we may continue to do so until we reach a
cone patch IT* with side lengths ¢5 = ¢5 — 1, {7 = {5 or {1 = ¢5 + 1. We also note that
0, — 0} = €y — {1 — 3 and therefore |¢5 — 5| = |¢3 — ¢1] mod 3. We conclude that when
{1 = {5 mod 3 the extension to a cone patch is symmetric and by [3] is the unique cone tip
Q44; otherwise the extension to a cone patch is near-symmetric and is the unique cone tip
Q4b.

When s = 3, let II have side lengths [¢1, {5, {3]; we again repeatedly add a row of
hexagons to the longest side which will result in a cone patch IT* with side lengths ¢ =
05 —1 =105 —1or {7 = {5 = {3 after suitable reordering. In this case, we note that the
process of adding a row of hexagons changes the parity of each length. Hence, if the side
lengths of II are all even or all odd, the resulting cone patch IT* will have equal side lengths
and by [3] the unique cone containing IT has the cone tip {23,; if the side lengths of II do
not all have the same parity, the unique cone containing IT has the cone tip Q3y.

Finally, consider s = 4, with II having side lengths [¢1, {a, {3, £4]. If o # {4, we may
repeatedly add hexagons to the larger of these two sides side until ¢ = ¢). Then, we may
add hexagons to the side corresponding to larger of ¢} and ¢/ and repeat this until we have a
pseudoconvex patch IT” with ¢ = ¢4 and ¢4 = ¢J. If the lengths are not all equal, (without
loss of generality) we assume that ¢; > ¢/. Now alternately adding hexagons to the ¢; and
£4 sides will result in a cone patch IT* with side lengths {7 = ¢5 = (5 = ¢} or (reordering
if needed, ¢5 = ¢5 — 1 = ¢5 — 1 = ¢; — 1. Noting that (¢5 + ¢5) = (¢5 + ¢;) mod 3
if and only if (¢; + ¢3) = (¢3 + ¢4) mod 3, we conclude from [3] that the unique cone
containing II has the cone tip 25, when (¢1 + ¢3) = ({2 + £4) mod 3 and the cone tip Qg
otherwise. O

Two observations: first, the cone tip (25, is the Stone-Wales patch from [12]. A 90°
rotation of the Stone-Wales patch is boundary preserving; that is, in a larger patch the
Stone-Wales patch can be replaced by its rotation. However, this rotation may result in a
non-isomorphic larger patch. Secondly, each pseudoconvex patch in a similarity class can
be embedded in a fixed cone patch. Since the number of faces in a cone patch is bounded
by a function of its side lengths, the number of faces in a patch in a given similarity class
is bounded. In the next lemma, we summarize our results along with some of those from
[1L[2], [3] and [11].

Definition 4.7. A pseudoconvex patch containing one of the cone tips 21, 29, (in either
orientation), Qap, N34, Q3p, Qua, Q4p or Q5 is called a cone tip patch.

Lemma 4.8. Let S be a non-empty similarity class of pseudoconvex patches. Then S is
finite and, with the exception of case (2) below, contains one unique cone tip patch.

1. If 8§ =S4, 0,,05,04,¢5)> then S contains the cone tip patches with configuration (), at
the tip.
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2. If S = Sy, 45,45,04], Where (€1 +£3) = (b2 +L4) mod 3, then S contains two cone tip
patches with configuration (s, (one in each orientation) at the tip or one cone tip
patch with configuration Qs, when the patch admits a symmetry agreeing with the
Stone-Wales transformation at the tip.

3. If S = Sy, 45,45,04], Where ({1 +€3) # ({2 + L4) mod 3, then the cone tip patch in S
has configuration oy, at the tip.

4. If § = Sy, 05,04], Where L1, 03 and U3 have the same parity, then the cone tip patch
in S has configuration s, at the tip.

5. If S = Sy, 05 ,04] Where Ly, {3 and U3 do not have the same parity, then the cone tip
patch in S has configuration sy, at the tip.

6. If S = Sy, 4,), where {1 = I3 mod 3, then the cone tip patch in S has configuration
Qyq at the tip.

7. If § = Sy, 0,), where £y # Ly mod 3, then the cone tip patch in S has configuration
Qyp at the tip.

8. If § = Syy,), then the cone tip patch in S has configuration ()5 at the tip.

The method by which the cone tip patch in Sy, .. 4.1 is constructed is described in [3].
In Figure 5, we have illustrated this or a similar construction for all of the cone tips except
Q5; the region of A included here is not large enough to include the path. Note that in the
cases that s equals 4 or 5, the triangle may actually cross the path and the identification
cannot be made. This simply means that no pseudoconvex patch exists with those side
lengths. For all other values of s the geometric cone can be constructed; but, in some cases,
the singularity may be so close to the boundary that the tip can’t be inserted and again
Sey,...,e,) Will be empty.

We now turn to minimal configurations. By definition, these linear or pseudoconvex
patches contain no pair of pentagons that are joined by an (n)-hexpath for n > 1 or an
(n, k)-hexpath for nk > 1 and they admit no pseudoconvex subpatch containing all of the
pentagonal faces. The cone tips (25, (in either orientation), Qop, Q34, Q3p, Q4q, Q4p OF
Q5 are clearly minimal. There is one other configuration that is clearly minimal: three
pentagons sharing alternate edges with a central hexagon, the left-hand configuration in
Figure 8 which we denote by (23.

Lemma 4.9. The only minimal configurations are the cone tips and (3.

Proof. We see at once that {2y, is the only minimal configuration that is linear. Let €2 be a
minimal configuration other than {29, Since €2 is pseudoconvex, any side of length O must
be a hexagonal face that can be deleted to get a smaller pseudoconvex patch containing all
of the pentagonal faces. Hence all of the side lengths are positive and all boundary segments
have lengths 2 and 3. It will be convenient to call the faces with boundary segments of
length 3 corner faces. If all of the faces on a side, including both corners, are hexagons,
they may all be deleted resulting in a smaller pseudoconvex patch containing all of the
pentagonal faces. Hence, each side of {2 contains a pentagonal face. There are two basic
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cases to consider: there is just one pentagon on the boundary or there are at least two
pentagons on the boundary.

Suppose first that 2 has more than one pentagonal face on its sides and list them in
counterclockwise order f1, ..., fi,. Since no side is devoid of pentagons, any two consec-
utive pentagonal faces are joined by an (n)-hexpath or an (n, m)-hexpath on the boundary.
Hence f; is joined to f; 1 by a (1)-hexpath or a (1, 1)-hexpath, fori = 1,...,m — 1, and
fm is joined to f1 by a (1)-hexpath or a (1, 1)-hexpath. We note that, if f; is joined to f; 1
by a (1, 1)-hexpath, the intervening hexagonal face must be a corner. We also note that the
number of corners is equal to the number of sides.

By formula (1) from Lemma 3.2, the number of pentagons on the sides (the number
of hexpaths) plus the number of sides (the number of (1, 1)-hexpaths) is six or less. We
conclude that the number of (1)-hexpaths plus twice the number of (1, 1)-hexpaths on the
boundary is six or less while the total number of hexpaths is less than six. Hence the
possibilities for the sequences of Coxeter coordinates for the hexpaths joining consecutive
pentagons around the boundary are:

LA, (MW

2.4, (4, D}

3. {(1,1), (1,1)};

4.4, (), M}

5.4, (M), (1L, D}

6. {(1), (1, 1), (1, )}

7. {(1,1), (1,1), (1, 1)};

8. {(1), (1), (1), (D}

9. {(1).(1), (1), (L, D}
10. {(1), (1), (1, 1), (1, 1)};
{1, (1, 1), (1), (L, 1)}
12..{(1), (1), (1), (1), (D };
13..{(1), (1),(1), (1), (1, 1)}

The number of (1) hexpaths plus 2 times the number of (1, 1) hexpaths is the number
of faces on the boundary. If this number is less than 5 (cases 1 to 5 and 8 ) then every face
is on the boundary. Case (1) with only 2 bounding faces is {25;. Case (2) can only be two
pentagons and a hexagon sharing a common vertex; this is not a minimal configuration but
contains {o5,. Case (3) with 2 pentagonal faces alternating with two hexagonal corners is
Q94; Case (4) can only be 23, and Case (5) can only be (23,. Case (6) has five faces in its
boundary hence the interior is a single pentagon and the patch is €24;. Case (7) has six faces
in its boundary; hence the interior is a single hexagon bounded by pentagons on alternate
edges: (23. The boundary in Case (8) consists of 4 pentagons giving 24,,.

In case Case (9), we have 4 pentagons and 1 hexagon on the boundary; hence, they
bound a pentagon giving 25. Cases (10) and (11) have boundaries consisting of 4 pentagons
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and 2 hexagons all incident with a common interior hexagon. In these cases there is always
a pair of pentagons joined by a (2) hexpath through the central hexagon; hence, these are
not minimal configurations. Case (12) is excluded since it has 5 pentagons around a central
pentagon, giving 6 pentagons. Finally Case (13) has 5 pentagons and one hexagon around
a hexagon and, like cases (10) and (11), admits a pair of pentagons joined by a (2)-hexpath
through the central hexagon and thus is not minimal.

Now we must confront the case where there is only one pentagon f on the boundary.
Since f must be incident with every other face, €2 has 1 or 2 sides; if it has 2 sides f must
meet both sides and hence must be a corner. In either case if f is a corner, its removal
leaves a pseudoconvex patch IT with 3 or 4 pentagons but all hexagons on its boundary. If
IT admits two pentagons joined by a (n)-hexpath with n > 1 or an (n,m)-hexpath with
mn > 1, then € is not minimal. Hence, II contains a pseudoconvex patch II' consisting
of one of Q3,, N3y, N3, 4, or 4y surrounded by a ring of hexagons. Using Lemma 4.2,
it is straight forward but somewhat tedious to verify that, in each case, f is joined to some
pentagon in II’ by a (n, m)-hexpath where mn > 1.

All that remains to consider is the case where {2 has one side and only one pentagonal,
non-corner face f on that side. In this case the interior of {2 contains a copy {4, or 4p.
As above it is straight forward but somewhat tedious to eliminate the possibility that f is
not adjacent to a face of this core. Assume then that f shares an edge with a face of {24, or
Q4p. Again, one easily checks that none of these possibilities is minimal. O

One last task before we can state and prove the main result of our paper is to introduce
two infinite families of exceptional similarity classes, Sj1.15,n, 7 > 1, (Figure 6) and
Sj0,2,;n,n+1]» * > 2, (Figure 7), and one additional exceptional similarity class Sz 2 9)
(Figure 8). Each of these similarity classes contain exactly two pseudoconvex patches
neither of which can be transformed into the other by a sequence of o, 3,a ! and ™!
steps. Specifically the arrangements of the pentagons precludes applying « or 5 and there
are not sufficient bounding hexagons to apply o' or 3~!. The patches in Figure 8 have
asymmetric boundaries and the symmetries of the patches in Figure 6 do not match the
Stone-Wales transformation at the tip.

Figure 6: The only two patches in Sy1,5,,n), 7 > 1.

Theorem 4.10. Let S be a nonempty similarity class of pseudoconvex patches different
from S 2 2], S1,1,n,n)> and Sjo,2,n n+1), and let 11 and 11" be two pseudoconvex patches in
S. Then there is a sequences of o, 3, o~ and B~! steps that transform 11 into I1.
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Figure 7: The only two patches in Sjg 2 n41], 7 > 2.

Figure 8: The only two patches in S|z 2 o). The patch on the left is {23.

Proof. Let II and II' be two pseudoconvex patches in S. Then by Lemma 4.9, there is
a sequence of o and [ steps taking II to a cone tip patch or a patch containing 23 in S
and a sequence of a and 3 steps taking II’ to a cone tip patch or a patch containing Q3
in S. If both sequences of steps end in the same patch, concatenating one sequence with
the reverse of the other is the sequence we seek. By Lemma 4.8 the only cases in which
the terminal patches could be different are: S equals Sjg, ¢, ¢,) Where {1, {3 and £3 have
the same parity and Sy, ¢, ¢, ¢, Where ({1 + £3) = ({2 + £4) mod 3. In these cases, there
are two distinct possibilities for the terminal patch. All that remains to show that, for
the similarity classes in these cases but different from the excluded case, there is a short
sequence of o, 3, o~ ! and 37! steps that takes one of the terminal patches into the other.
These steps are illustrated in Figures 9 and 10. In both cases, the necessity of avoiding the
excluded patches forces additional hexagonal faces providing sufficient room to transform
one patch into the other. O

11 A=) A(B~H(ID) B(B(B~H(ID)))

Figure 9: A patch IT with exactly three pentagons containing the exceptional case and at
least two more faces.
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II a~'(In) a(a” (1))

Figure 10: A patch II with two pentagons in configuration {295 and the transformation to
the rotated configuration €2o,. Only the shaded hexagons are necessary for the transforma-
tions; the others are “spectator” faces.

Using the terminology from [3], we have the following corollaries for cones.

Corollary 4.11. If © and ® are two equivalent cones then there is a sequences of «, f3,
a~t and B! steps that transform © into .

Corollary 4.12. With the exception of the patches with side parameters [1,1,1,1] or
[2,2,2], any symmetric or near-symmetric patch in a cone may be transformed into any
other symmetric or near-symmetric patch with the same boundary by a sequence of o’s,
B’s, o V’s, and B~ 1s.
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1 Introduction

In this paper, the rooted-graphs method is used for computing genus distributions of the
iterated 3-prism Pr%, i.e., the cartesian product C30P, of the 3-cycle Cs and the path
graph P,,. This is made possible by reducing the problem of computing genus distributions
of Pry to the problem of computing genus distributions of the iterated 3-wheel Wg“l
obtained by contracting one of two cubic 3-cycles in Pr%, for n > 2, to a single vertex.
Figure 1.1 shows the iterated 3-prisms Prg”'1 and the iterated 3-wheels W3 forn = 1, 2,

e
A A A

Figure 1.1: Tterated 3-prisms Prj " and iterated 3-wheels W} for n = 1,2, 3.

The motivation for obtaining genus distributions of iterated 3-prisms via genus distri-
butions of iterated 3-wheels stems from the observation that subdividing the edges incident
with a particular vertex of the iterated 3-wheel and adding an edge between the subdivision
vertices yields the iterated 3-prism, as shown in Figure 1.2.

A > 77 — 25 LD

Figure 1.2: Obtaining the iterated 3-prism Pr3 from the iterated 3-wheel W3.

Familiarity with fundamentals in topological graph theory is assumed (see [7] or [22]).
Graphs are assumed to be connected and graph embeddings are assumed to be 2-cellular.
The genus distribution of a graph is the sequence of the number of its 2-cellular embed-
dings in each orientable surface. It may be written as a sequence go, g1, g2, - -+ Or as a
polynomial gg + g1z' + gax2 + - - - . A closed walk along the boundary of a face is known
as a face-boundary walk. We abbreviate a face-boundary walk as fb-walk. An open sub-
walk of an fb-walk is known as a strand and a minimal open sub-walk of an fb-walk that
starts and ends at a vertex v, with no intermediate occurrences of v, is called a v-strand.

A single-vertex-rooted graph, or more simply a single-rooted graph, is a graph in
which any vertex is designated a root-vertex. The notation (G, v) is used to signify that the
vertex v serves as the root-vertex of the graph G. Analogously, a double-rooted graph is a
graph with any two vertices designated as roots. The rooted-graphs method has also been
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used with edges and sub-graphs serving as roots. In this paper, however, we assume that
any reference to a root is a reference to a root-vertex.

The problem of computing genus distributions was first introduced in [5]. Since then
genus distributions have been computed for various families of graphs using different tech-
niques (see, for example, [15], [16], [9], [1], [10], [17], [12], [18], [11], [2], [20], [19],
[21], and [3]). More recently, techniques for finding partitioned genus distribution of
rooted-graphs have been developed in [6], [4], [13], [8] and [14] for calculating genus
distributions of large classes of graphs. In contradistinction to all previous results, where
each graph operation results in one or more new root-vertices in the resulting graph, this
paper has the novel feature that the same root-vertex is retained as a root for each graph
W2, for successive values of n.

In §2, we introduce some machinery for obtaining recurrences for partitioned genus
distribution of the graph W3' in terms of the partials of W;ffl. In §3, a formula for the
genus distribution of Py is derived in terms of the partitioned genus distribution of ;' *.
It is also shown that genus distribution of Pr3 dominates the genus distribution of ng_l
and is dominated by the genus distribution of 3.

2 Genus distributions of iterated 3-wheels

2.1 Rim-insertion

Let (W3, v) be a rooted-graph with root-vertex v. The graph (W3, v) can be obtained
from (W3', v) by performing the following graph operations:

(i) each of the three edges incident on v is subdivided.

(i1) the subdivision vertices are made pairwise adjacent by adding three new edges.

The vertex v is retained as the root-vertex for VV"+1 Thus, W”Jr1 has three more vertices
and six more edges than the graph W3'. This is illustrated in Figure 2.1. We refer to this
operation as rim-insertion.

P
DS — [ — LS

Figure 2.1: Applying rim-insertion to W' iteratively, for n = 1 and 2.

2.2 Partials and partitioned genus distribution

In any given embedding ¢ of the graph (W3, v), the trivalent root-vertex v occurs exactly
thrice in the fb-walks of the regions of the embedding, giving rise to three v-strands. Based
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on how the three v-strands stand in relation to each other, the vertex v may occur once or
twice or thrice in the same fb-walk. As illustrated in Figure 2.2, the embeddings of (W', v)
on the surface .S; can be classified into the following four types:

e Type a: root-vertex v occurs in three distinct fb-walks.
e Type b: root-vertex v occurs twice in one fb-walk and once in another fb-walk.

e Types ¢ and ¢”: root-vertex v occurs thrice in the same fb-walk. The two ways in
which this can happen are shown in Figure 2.2.

These four types are referred to as partial-types. The number of embeddings of the graph
W3 of partial-types a, b, ¢/, and ¢”’ on the surface S; are known as partials and are denoted
by a;, b;, ¢; and ¢, respectively.

Figure 2.2: Partial-types a, b, ¢’ and ¢’ from left to right.

The partitioned genus distribution of the graph W3' is the set of sequences of its par-
tials for each orientable surface. Clearly, summing the partials for each orientable surface
would yield the genus distribution of the graph. Like the genus distribution sequence, the
partitioned genus distribution sequence may also be written as a polynomial.

Example 2.1. The partitioned genus distribution of the 3-wheel W3 is 2aq + 12by + 2¢}
which implies that its genus distribution is 2 + 14zx.

2.3 Productions for the rim-insertion operation

It is evident that for each embedding ¢,, of the graph W', the rim-insertion operation in-
duces (3!)3 = 216 embeddings of Wg”'l whose rotation systems are consistent with the
rotation system of ¢,,. By handling all 216 possibilities collectively with the rim-insertion
operation, rather than, say, by inserting the edges of a new rim one at a time, we are able to
keep the number of simultaneous recursions (see Corollary 2.4) down to four. This simpli-
fies the calculation of partitioned genus distributions for W3', as demonstrated in §2.4.

A production for rim-insertion classifies the 216 embeddings of W;“, produced as
a consequence of applying rim-insertion to an embedding of W', into their respective
partial-types. The productions for each of the four partial-types are given in Theorem 2.3.
A production is symbolically written as:

W3l — > aygaviralW5H
y ranges over all
sub-partial types
with A€{0,1,2}
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Each such production can be construed as signifying that any embedding of W3' of
partial-type x and genus ¢, as a result of rim-insertion, produces exactly a,,, , embeddings
of Wg”'l having partial-type y and genus i + A. For each such production, the sum of all
coefficients ay,, , on the right-hand-side is 216.

We refer to the left-hand-side of a production as the antecedent and the right-hand-side
of a production as the consequent.

Remark 2.2. If instead of the rim-insertion operation, the edges of a new rim are added
one at a time, the rim-insertion operation breaks into three stages. The first stage consists
of joining two of the three subdivision vertices, inserted on the edges incident on the root,
resulting in a 4-fold increase in the number of embeddings. The second stage consists of
a subsequent 6-fold increase in the number of embeddings from joining a trivalent vertex
to a bivalent vertex, and the third stage consists of a further 9-fold increase from joining
two trivalent vertices. Such a breakdown of the rim-insertion operation into three distinct
operations has the disadvantage that a different definition of production has to be used
for each of these three operations, leading to three sets of productions and three sets of
simultaneous recursions corresponding to these sets of productions. It would require a
considerable amount of effort to reduce the three sets of simultaneous recursions to the
single set of simultaneous recursions of Corollary 2.4.

Theorem 2.3 gives the complete set of productions for rim-insertion with the graphs
W3 and W3 *1 omitted from the antecedent and consequent, respectively, for greater read-
ability.

Theorem 2.3. When an embedding of the single-rooted graph (Wi, v) undergoes rim-
insertion it produces embeddings of the resultant graph (W:?H, v) whose partial-types
and genera are specified by the following productions:

i — a; + 420551 + 15bi1 + 117bi 4 + 30,45 + 11, @1
bi — 6a; + 54a;41 + 72041 + 54¢) o + 6ci 4 + 24¢] 5 (2.2)
¢; — 30a; + 15b; + 117b; 41 + ¢ +42¢;, + 11}, (2.3)
¢ — 2Ta; +162b;41 + 27¢; 2.4)

Proof. Subdividing the edges incident on the root-vertex of W3' does not change the partial-
type of the resultant graph embedding. All fb-walks other than the ones containing the
root-vertex remain unchanged. The fb-walks incident on the root-vertex are changed only
by the introduction of occurrences of the subdivision vertices. Similarly, the edge-ends of
the three new edges (added as part of the rim-insertion) are inserted into faces incident on
the root-vertex. Consequently, only the fb-walks incident on the root-vertex undergo any
change.

Each fb-walk incident on the root-vertex can be viewed as being constituted from
strands passing over the root and over one or more subdivision vertices. The addition
of the three new edges in effect breaks an fb-walk into strands which recombine with each
other and with traversals of the new edges to generate new fb-walks, as shown in Figure 2.3
for partial-type a. Figure 2.3 does not account exhaustively for all 216 embeddings and is
meant only as an illustration of the point in fact. The embedding types produced in the
cases shown are of types a, b, ¢, and ¢’ from left to right, respectively. Notice, that in
the first case the three fb-walks incident on the root break into strands that recombine to
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produce three additional faces. Since there are three additional vertices, six more edges
and three more faces, it follows by the Euler-polyhedral equation that the genus of the re-
sulting graph embedding is identical to the genus of the original graph embedding prior to
rim-insertion. In the remaining three cases shown, there is one less face resulting in a graph
embedding with a genus increment of two. This accounts for the four terms a;, b; 2, ¢} 12s
and ¢}/, , in the consequent of Production (2.1). Derivations of the remaining contributions
to the consequent are similar, and the number of drawings needed, if one proceeds by hand,
can be reduced by consideration of symmetries.

S
>N
'~
'~ -

Mg

Figure 2.3: Changes in fb-walks for partial-type a.

The proof for Productions (2.1)—(2.4) consists of running the above-mentioned algo-
rithm based on Heffter-Edmonds face-tracing for each partial-type. In doing this manually,
symmetries are useful for expediting the derivations. Figure 2.4 illustrates one such sce-
nario. The empty box covering one of the subdivision vertices represents an unknown
rotation. For the remaining two vertices, fixing the rotation at one and varying it in all six
ways on the other breaks the fb-walks into the four strands distinguished by the color and
graphic indicated in the legend to the left of the figure.

Figure 2.4: Similar embedding types produced from symmetries.

In the upper half of the figure, the placement of the strands is such that for each way of
choosing the unknown rotation, represented by the empty box, the same type of embedding
will be produced for all three models. Similar is the case for the three models shown at the
bottom. Such symmetries can simplify the derivation of the Productions (2.1)—(2.4).
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To organize the efforts for deriving the 216 partial-types in the consequent of the pro-
ductions, we consider the derivation of Production (2.4). We regard the rotations at the
vertices vy, ve and vg in the inserted rim of the embedding model of Figure 2.5 as the
canonical set of rotations.

Figure 2.5: Set of canonical rotations at vertices vy, v2 and v3 in the rim.

Then the remaining partial-types in the consequent of Production (2.4) can be obtained
according to three principles:

(i) Two of the three rotations at vq, ve, v3 are fixed as in the canonical set. Varying the
rotation at the third vertex in five ways gives 5 embeddings: 2 of type a; and 3 of
type b;+1. By symmetry, there are three ways to choose such a vertex. This yields a
total of 15 (= 3 x 5) embeddings: 6 (= 3 x 2) of type a; and 9 (= 3 x 3) of type
biy1.

(i1) Fix the rotation on v; as in the canonical set. There are 25 ways of varying the
non-canonical rotations at the vertices v, and vz. There are five ways of fixing a
non-canonical rotation at ve giving rise to five cases:

(a) For three of these five cases, the five non-canonical rotations at vs produce 5
embeddings of type b;1 giving a total of 15 (= 3 x 5) embeddings of type
bi+1.

(b) For the remaining two of the five cases, the five non-canonical rotations at vs
produce 2 embeddings of type a; and 3 of type b; ;1 giving a total of 4 (= 2 x 2)
embeddings of type a; and 6 (= 2 x 3) embeddings of type b; 1.

(c) This accounts for the 25 embeddings: 4 of type a; and 21 (= 15 + 6) of type
bi+1.

By symmetry, the same is true if the canonical rotation is retained on vertex vy or
vz instead of vy. This gives a total of 75 embeddings: 12 (= 3 x 4) of type a; and
63 (= 3 x 21) of type b;11.

(>iii) If none of the rotations at the vertices in the rim is a canonical rotation, then there are
a total of 125 embeddings. There are twenty five ways of fixing the non-canonical
rotations at v, and vs.

(a) For four of these twenty five cases, varying the non-canonical rotations at v
produces 2 embeddings of types a; and 3 of type b;y; giving a total of 8 (=
4 x 2) embeddings of type a; and 12 (= 4 x 3) embeddings of type b; ;1.
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(b) For nine of the twenty five cases, varying the non-canonical rotations at v; pro-
duces 2 embeddings of type b; 11 and 3 embeddings of type ¢, ; giving a total
of 18 (= 9 x 2) embeddings of type b;;1 and 27 (= 9 x 3) embeddings of type
Ciy1-

(c) In the remaining twelve of the twenty five cases, varying the non-canonical
rotations at v produces 5 embeddings of type b; ;1 for a total of 60 (= 12 x 5)
embeddings of type b;11.

(d) This gives a total of 125 embeddings: 8 of type a;, 90 (= 12 4+ 18 + 60) of type
biy1 and 27 of type ¢} ;.

In summary the following types of embeddings are accounted for:

e One embedding of type a; for the canonical set of rotations in Figure 2.5.
e From principle (i) 6 embeddings of type a,; and 9 embeddings of type b; 1.
e From principle (ii) 12 embeddings of type a; and 63 embeddings of type b; 1.

e From principle (iii) 8 embeddings of type a;, 90 embeddings of type b;;1 and 27
embeddings of type ¢_ ;.

The sum of the number of embeddings for each partial-type obtained above accounts for the
consequent of Production (2.4). The proofs for the remaining productions can be organized
along similar lines. For brevity, detailed proofs of the given productions are omitted. [

Corollary 2.4. Given the partitioned genus distribution of single-rooted graph (W3, v),
the partitioned genus distribution of the graph (W;H, v) is specified by the following
recurrences that express the partials of W:;H'l as a sum of partials of W3':

NB: The partials on the right-hand-sides are for the graph W3'.

ai[Wit = a; + 42a;_1 + 6b; + 54b;_1 + 30¢] + 27¢ (2.5)
biWat™] = 15a; 1 + 117a;_o + 72b; 1 + 15¢, + 117¢,_, +162¢/_, (2.6)
AW = 30a;_g + 54b;_o + 6b;_1 + ¢, + 42¢,_, +27¢]_, (2.7)
Wat ] = 1la;_o + 24b; o + 11¢;_4 (2.8)

Proof. The terms a;[W3 '] + 42a;41[W4"] in the consequent of Production (2.1)
contribute to the terms a;[W3] + 42a;_1[W3] in Equation (2.5). Similarly, the terms
6a;[Watt] + 54a; 1 [W3 ] in the consequent of Production (2.2) contribute to all the
terms in Equation (2.5) containing partial-type b, and finally the terms 30a; [Wg‘“] and
27a; [Wg‘“] in the consequents of Productions (2.3) and (2.4), respectively, contribute to
the terms in Equation (2.5) containing partial-types ¢’ and ¢”, respectively.

Recurrences (2.6)—(2.8) can also be obtained by transposing the productions in a sim-
ilar manner. O

The reader may observe the similarity between Equations (2.5) and (2.7). In fact, as
the following result shows a;_1[W3] = ¢;[W3']. Corollaries 2.2 and 2.7 are given for the
interested reader and will not be used later.
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Corollary 2.5. The partial a;[W3'] = c; (W3] for all values of i and n.

Proof. By the Heffter-Edmonds face-tracing algorithm, the partitioned genus distribution
of the graph W3 is 2ag + 12b; + 2¢}. The result is clearly true for the base case. Assume
that the proposition is true for W¥ for all values of 7 and some k > 1. Then, by inductive
hypothesis, Equation (2.5) becomes

ai[WiT) = ¢ [WE] + 42¢,[WE] + 6b;[W5] + 54b; 1 [WE] + 30c;[W5]
+ 27 [WE)
—
ai_1 [WEHY) = W] + 42, [W5] + 6b;_1 [WF] + 54b;_o[W5] + 30c;_, [W4]

+27¢!_ W]

= ¢ [W3] + 42¢j_{ W3] + 6b; 1 [W] + 54b; o [W] + 30a;_o[W5]
+27¢!_ W] (by inductive hypothesis)

= ¢ [t

O

Remark 2.6. Corollary 2.7 below shows that the genus distribution sequence of an iterated
3-wheel is dominated by the genus distribution sequence of the successive member of the
family of iterated 3-wheels. All iteratively defined graph families do not necessarily exhibit
this characteristic. For instance, the edge-amalgamated open chains containing one, two
and three copies of K3 3, respectively, have rising minimum genus [13].

Corollary 2.7. The genus distribution sequence of W3' is dominated by the genus distri-
bution sequence of Wit

Proof. By re-arranging the terms, Equation (2.5) may be re-written as
ai[With] = a; (Wi + bW + W3] + W + (42a;-1 W] + 5b; (W3]
+ 54b; 1 [W3'] + 29¢;[W3'] + 26¢; [W3'))
= g:i[(W3] + (42a;-1[W3] + 5b;[W§] + 54b;_1 [WF] + 29¢5[W3']
+ 26¢; [W3'])
It follows that g;[W3' ] > g;[W#], for all i > 0. O

2.4 Genus distributions of W2, W3, W3, and W3
By using the Heffter-Edmonds face-tracing algorithm the partitioned genus distribution of
Wiis

alWs] =2 b[Ws] =12 W] = 2

Substituting these values into the recurrences given in Corollary 2.4, we get the partitioned
genus distribution of W# as follows:
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a[Wi] = ag = 2

bo[W3] =

co[W3] =

W3] =

a1 [W2] = ay +42ag + 6by + 54by + 30c; + 27¢]
=0+42x2+6x124+0+30x2+0 = 216

bi[W3] = 15a0 +15¢; = 15x2+15x2 = 60

AaWil = ¢ =2

/Wil =0

ap[W3] = 54b; = 54 x 12 = 648

bo[W3] = 117ag 4 72by +117¢) = 117 x 2+ 72 x 12+ 117 x 2 = 1332

ch[W2] = 30ag + 6b; +42¢) = 30x2+6x 12+42 x 2 = 216

AW = 1lag+11¢) = 11 x2+11x2 = 44

az[Wi] = 0

bs[W3] = 0

AW3] = 54by = 54 x 12 = 648

4W3I] = 24b; =24 x 12 = 288

The partitioned genus distribution of W2 and the genus distribution obtained from it is
listed in Table 2.1.

Table 2.1: Genus distribution of WZ.

1| a; b ; ol | g
012 0 0 0 2
11216 | 60 2 0 278
2| 648 | 1332 | 216 | 44 2240
310 0 648 | 288 | 936

For partitioned genus distribution of W3, we again use Corollary 2.4 and substitute the
values of partials of W3 from Table 2.1 as follows:

a[W3] = ag = 2
bo[W3] =
co[W5] =
W3] =



M. I. Poshni et al.: Genus distributions of iterated 3-wheels and 3-prisms 433

a1 [W3] = a1 +42ag + 6b; +30¢, = 216 +42 x 246 x 60 +30 x 2 = 720
bi[W3] = 15a0 +15¢) = 15x2+15x2 = 60
W] = ¢ =2
AW3l =0
ax[W3] = ag + 42a1 + 6by + 54by + 30ch, + 27¢)

= 648 +42 x 216 + 6 x 1332 + 54 x 60 + 30 x 216 + 27 x 44 = 28620
bo[W3] = 15a1 + 117ag + 72by + 15¢5 + 117¢}

= 15x 216+ 117 x 2+ 72 x 60 + 15 x 216 + 117 x 2 = 11268
h[W3] = 30ag + 6by + b +42¢) = 30 x 2+ 6 x 60 + 216 +42 x 2 = 720
AIW3] = 1lag+11c) = 11 x2+11x2 = 44

as[W3] = 42ay + 54by + 30c, + 27¢4
= 42 x 648 + 54 x 1332 + 30 x 648 + 27 x 288 = 126360
bs[W3] = 15as + 117ay + T2by + 15¢ + 117¢h + 162¢)
= 15 x 648 4+ 117 x 216 + 72 x 1332 4 15 x 648 + 117 x 216 + 162 x 44
= 173016
W3] = 30a; + 54by + 6by + ¢ + 42, + 27¢)
= 30 x 216 4 54 x 60 + 6 x 1332 + 648 + 42 x 216 + 27 x 44 = 28620
4W3] = 1lay + 24by + 11¢y = 11 x 216 + 24 x 60 + 11 x 216 = 6192

as[W3] = 0

by W3] = 117ag + 117c5 + 162¢4 = 117 x 648 + 117 x 648 + 162 x 288 = 198288
4 [W3] = 30az + 54by + 42¢5 + 27cy

30 x 648 + 54 x 1332 + 42 x 648 + 27 x 288 = 126360

W3] = 1lag + 24by + 11¢; = 11 x 648 + 24 x 1332 4 11 x 648 = 46224

The partitioned genus distribution and the genus distribution of W3 is given in Table 2.2.

Table 2.2: Genus distribution of W3.

i | @i bi & cf i
0|2 0 0 0 2

1| 720 60 2 0 782

2 | 28620 11268 720 44 40652
3| 126360 | 173016 | 28620 | 6192 334188
410 198288 | 126360 | 46224 | 370872

Similar computations can be made for larger values of n. See Tables 2.3—2.4 for genus
distributions of W3 and W3J.
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Table 2.3: Genus distribution of W3.

il oa; b; cl e Ji

012 0 0 0 2

1| 1224 60 2 1286

2 | 152496 26388 1224 44 180152

3 | 4000752 1845504 152496 17280 6016032
4 | 20878560 | 23948136 | 4000752 900072 49727520
5 | 10707552 | 51333264 | 20878560 | 6932304 | 89851680
60 0 10707552 | 4758912 | 15466464

Table 2.4: Genus distribution of W3.

i | b d g
0|2 0 0 0 2

1| 1728 60 2 0 1790

2 | 403380 41508 1728 44 446660

3 | 27945000 6768360 403380 28368 35145108

4 | 576580680 291382272 27945000 3988224 899896176

5 | 3302335008 | 3432610224 576580680 132308640 7443834552
6 | 3671430624 | 10025837856 | 3302335008 | 1034083584 | 18033687072
710 3276510912 3671430624 | 1467564480 | 8415506016

3 Genus distributions of iterated 3-prisms

Subdivision of any two edges incident on the root-vertex v of (W4 ~*,v), and adding an
edge between the subdivision vertices produces the graph (Prj,v). For the rest of this
section, we use the term edge-addition to refer to this particular operation. Each embedding
tw of (W31, v) induces four embeddings of (Pry,v) under edge-addition. The partial-
types of the four embeddings of Pry produced are determined by the partial-type of the
embedding ¢,,.

3.1 Productions for edge-addition

Akin to productions for rim-insertion, one can also define productions for other graph op-
erations. In what follows, we derive productions for the edge-addition operation:

Theorem 3.1. When an embedding of the single-rooted graph (W31, v) of partial-type
a, ¢’ or ¢ undergoes the edge-addition operation to produce (Pr%, v), the types of embed-
dings of Pry produced are specified by the following productions:

ai[W3™ — a;[Pry] + 3bi1 [Pry] (3.1)
AW — 3b,[Pry] + ci[Pry] (3.2)
/W] — 4b;[Pry] 3.3)
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Proof. In any given embedding of W' ~1 of type a, subdividing the edges incident on the
root-vertex ensures that each pair of subdivision vertices occurs in exactly one of the fb-
walks incident on the root-vertex. Because of this symmetry, for any choice of subdivision
vertices adding an edge between them results in the same type of embeddings. As illus-
trated in Figure 3.1, the partial-types and genera of the embeddings produced as a result
are specified by Production (3.1).

Figure 3.1: Production (3.1).

A similar argument can be made for the productions for types ¢’ and ¢”’. These are
visualized in Figure 3.2 and Figure 3.3, respectively. O

Figure 3.3: Production (3.3).

Theorem 3.2. When an embedding of the single-rooted graph (W31, v) of partial-type b
undergoes the edge-addition operation to produce (Pr},v), the types of embeddings of
Pry produced are specified by only one of the following two productions:
bWy — 2a;[Pry] +2c;,,[Pry] (3.4)
bWy — a;[Pry] + b;[Pry] + 2¢), [Pr}] 3.5

Proof. Let ¢ be a type b embedding. The left-hand-side of Figure 3.4 illustrates how sub-
dividing the three edges incident on the root-vertex produces the subdivision vertices vy,
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vy and vs such that the fb-walks incident on the root-vertex are (vy * v2 * vo * v3*) and
(vs * v1%), where * represents zero or more occurrences of vertices other than the subdivi-
sion vertices. Figure 3.4 illustrates the case when an edge-addition takes place between vy
and vy. By symmetry, this is also true for the case when an edge is added between vy and
vs. Both cases correspond to Production (3.4).

Figure 3.4: Production (3.4).

Production (3.5) specifies the scenario when an edge is added between vy and v3, as
shown in Figure 3.5. O

Figure 3.5: Production (3.5).

Corollary 3.3. Let t; represent an embedding of Pry of genus i and any partial-type.
When an embedding of the single-rooted graph (Wg“l, v) undergoes the edge-addition
operation, the genera of the embeddings of Pry produced are specified as follows:

ai[Wi™ — t;[Pri] + 3tig1 [Pry] (3.6)
biW3™ — 2t;[Pry] 4 2t [Pry] (3.7)
Q[Wg‘ 1 — 3ti[Pry] + ti[Pr5] (3.8)
Wrl — 4t [Pry (3.9)

Proof. Productions (3.6), (3.8) and (3.9) follow directly from Theorem 3.1. Production
(3.7) follows from Theorem 3.2, as an embedding of W3’ ~1 of partial-type b and genus i in
all cases produces two embeddings of Pr% of genus ¢ and two of genus ¢ + 1. O

Corollary 3.4. Given the partitioned genus distribution of single-rooted graph (W3’ 1),
the genus distribution of the graph Pr% is specified by the following formula:

GilPry] = ai[W3 ™ + 3a;_1 [W3 ] + 20, (W] + 2b; W] (3.10)
+ 4 W + 4d Wy
Proof. This follows by transposing the productions in Corollary 3.3. O

Remark 3.5. It may be observed that the genus distribution sequence of Prj also domi-
nates the genus distribution sequence of W'~ *.
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3.2 Genus distributions of small iterated 3-prisms

The genus distribution of Pr% can be computed by substituting the values of the partitioned
genus distribution of 3" ! into Equation (3.10), for n > 2. We show this for n = 3 and
n = 4 by substituting values from Tables 2.1 and 2.2 into Equation (3.10) as follows:

Genus distribution of Pr3

go[Pr3]

91[Pr3)

g2[Pri)

gs[Pr3]

ao[Wi] 4 200 [W2] + 4cp[W2] + 4c)[W3)
= 24+2%x04+4x04+4x0 = 2

= a1 [W3] + 3ao[W3] 4 201 [W2] + 2bo[W3] 4 4c; [W2] + 4c) [WZ]
= 216+3x2+2x604+2x04+4x24+4x0 = 350

= ag[W3] + 3a1 [W§] 4 2b2[W2] + 201 [W3] + 4ch[W2] + 4cy [WZ]
= 648 +3x 216 +2x 1332 +2x 60 +4 x 216 +4 x 44 = 5120

= as[W3] + 3aa[W3] + 2b3[W5] + 202[W3] + 45 [W3] + 4c5[W3]
— 043x648+2x0+2x 133244 x 648 +4 x 288 = 8352

Genus distribution of Pr

go[Pr3] =

ao[W3] + 2bo[W3] + 4ch (W3] + 4c) W3]

= 242x04+4x04+4x0 = 2

gi[Pr3] =

a1 [W3] + 3ag[W3] 4 2b1 [Wi] + 2bo[W3] + 4cy [W3] + 4] W3]

= T720+3x24+2x604+2x0+4x24+4x0 = 854

g2[Pr3] =

gs[Pr3] =

galPr3) =

gs[Pr3] =

as[W3] + 3a1[W3] + 2bo[W] 4 2b1[W3] + 4ch[W3] + 4cy [W]
28620 + 3 X 720 + 2 x 11268 + 2 x 60 4+ 4 x 720 + 4 x 44 = 56492

az[W3] + 3az[W3] + 2b3[W3] 4 2bo[W3] + 4y [W3] + 4cy [W3]
126360 + 3 x 28620 + 2 x 173016 + 2 x 11268 + 4 x 28620 + 4 x 6192
720036

as[W3] + 3az[W3] + 204 [W3] 4 2b3[W3] + 4c, [W3] + 4 [W3]
0+ 3 x 126360 + 2 x 198288 + 2 x 173016 + 4 x 126360 + 4 x 46224
1812024

as[W3] + 3a4[W3] + 205 [W3] 4 2b4[W3] + 4ck [W3] + 4l [W3]

=04+3x0+2x04+2x198288+4x0+4x0 = 396576

In a similar manner, genus distributions of Prj can be computed for larger values of n.
We show genus distributions of Pr% for some small values of n in Table 3.1
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Table 3.1: Genus distributions of Pry, forn = 5,6,7, and 8.

gi | Pr} PrS§ Pri Pr§

w0 |2 2 2 2

g1 1358 1862 2366 2870

gz | 214136 498788 910448 1449116

gs | 8881128 44501868 137348784 319427892

gs | 104071392 | 1384449840 | 8434131048 32260431816

gs | 335149488 | 15315619320 | 215271967896 1516697746416

ge | 196655040 | 57841006176 | 2282687116992 | 33465180312144
gr |0 58174969824 | 9638974212192 | 343447934792400
gs | O 0 13727729155968 | 1575240986550240
go | O 0 4218604167168 | 2866735730052288
gio | 0 0 0 1571115983393664

As noted in Remark 3.5, genus distribution of the iterated 3-prism Pr% always domi-
nates genus distribution of the iterated 3-wheel W;_l, where Pr? is obtained by adding
an edge to a homeomorphic copy of W5' ~1. A shift in perspective would be to view the
iterated 3-wheel W3' as having been obtained from Pr% by adding a 3-valent vertex to
it. A natural question here would be to ask how the genus distributions of W3' and Pr¥
compare. From Tables 2.1—2.4 and Table 3.1, it can be observed that genus distribution of
W3' dominates the genus distribution of Pr¥, for small values of n. In fact, this is true in
general as the following theorem shows:

Theorem 3.6. Genus distribution of W3' dominates the genus distribution of Pry.

Proof. Let vy, v2, v3 be the three vertices in Pry to which a new vertex is joined, in order
to obtain W3'. There are 8 possible sets of rotations at these three vertices. For each such
set of rotations, examining the strands of fb-walks incident at vy, v, and v3 leads to the
conclusion that every embedding of Pr% contains a face in which all three vertices appear.
Thus, for every embedding of Pr¥, it is possible to obtain an embedding of W3" on the
same surface, by placing the new vertex in that face. It follows that for each surface, there
are at-least as many embeddings of W3' as there are for Pry. O

4 Conclusions

Unlike previous results using the rooted-graphs method, this paper uses a single unchanging
root-vertex for computing genus distributions for each member of the family of iterated 3-
wheels W3 and of the family of iterated 3-prisms Pr%. This paper also establishes that
the sequence of genus distribution of W3' dominates the sequence of genus distribution of
Pr%, which in turn dominates the sequence of genus distribution of Wg’fl.

A general direction for future work is to programatically examine the possibilities for
manipulating root-vertices for computing genus distributions. The approach and algorithm
used in this paper seem in principle to be extendible to Pr], for any fixed m, with a cor-
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responding increase in the size of the productions and partials, with definitions of partials
based on integer partitions analogous to the way they have been defined in [8].

Some questions raised by this paper are as follows:

1. In keeping with the strong unimodality conjecture, genus distributions of iterated 3-
wheels W3 and 3-prisms Pr7, that were computed for small values of 1, were found
to be log concave. Can the recurrences for the partials be analyzed for affirming the
log concavity of genus distributions for these families?

2. It can also be observed from Tables 2.1—-2.4 that for some small iterated 3-wheels
the mode of the genus distribution is either the maximum genus or one less than the
maximum genus. For larger n, the mode seems to migrate backwards. Our empirical
evidence suggests that for large n, the ratio of the maximum genus of W3' to the
mode of its genus distribution is approximately 1.185. Can this be proven using the
recurrences for the partials of iterated 3-wheels?

3. The distribution of each partial is observed to be log concave for the iterated 3-wheel
W3, for small values of n (See Tables 2.1—2.4 for n = 2, 3,4, and 5). Does this
hold true in general?

4. In case of W:;:L_l and PrZ, it is clear that the domination of genus distribution of
Pry is an outcome of the fact that it is obtained from ng_l by an edge-addition
between vertices adjacent to the 3-valent root vertex of TW;'~'. This means that for
any embedding of W3' ~1, there is a way to embed this edge in a way that subdivides
a face. For the same reason, it is also clear that if we were to take an arbitrary
graph G with a 3-valent vertex, then subdividing any two edges incident on the 3-
valent vertex and adding an edge between the subdivision vertices, results in graph
whose genus distribution dominates the genus distribution of G. The result does not
generalize to graphs with edges that do not share a 3-valent endpoint. For instance,
a dipole D4 has 6 planar embeddings, but subdividing two edges and adding an
edge between the subdivision vertices produces a graph with 4 planar embeddings.
Similarly, the result does not generalize to the case where the edges being subdivided
do not share a common endpoint, for instance, it is possible to subdivide two edges
of the planar circular ladder C'L3 and add an edge between the subdivision vertices
so as to produce a homeomorphic copy of K3 3 in the resultant graph. It would be
interesting to have general results that characterize the operations that, when applied
to a graph, produce graphs whose genus distributions dominate that of the original
graph.
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Abstract

Let G = (V,E) be a connected graph on n vertices. Denote by [(G) the average
distance between all pairs of vertices in G. The remoteness p(G) of a connected graph G
is the maximum average distance from a vertex of G to all others. The aim of this paper is
to show that two conjectures in [5] concerned with average distance, radius and remoteness
of a graph are true.

Keywords: Distance, radius, eccentricity, proximity, remoteness.
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1 Introduction

All graphs considered in this paper are finite and simple. For notation and terminology not
defined here, we refer to West [21]. Let G = (V, E) be a finite simple graph with vertex
set VV and edge set E, |V'| and | E| are its order and size, respectively. The distance between
vertices u and v is denoted by d(u, v), is the length of a shortest path connecting u and v.

The average distance between all pairs of vertices in G is denoted by I(G). Thatis [(G) =
(5%) > uwev(c) Au,v), where the summation run over all unordered pairs of vertices. The
eccentricity ec(v) of a vertex v in G is the largest distance from v to another vertex of
G, i.e. max{d(v,w)| w € V(G)}. The diameter of G is the maximum eccentricity in G,
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denoted by diam(G). Similarly, the radius of G is the minimum eccentricity in G, denoted
by rad(G); and the average eccentricity of G is denoted by ecc(G). In other words,

. . 1
rad(G) = min eq(v), diam(G) = max eqg(v) and ece(G) = - 1;6@(11).

For a connected graph G of order n, o (u) denotes the average distance from w to
all other vertices of G, that is o¢(u) = 1 > vev(c) Au,v). The proximity 7(G) of
a connected graph G is the minimum average distance from a vertex of G to all others.
Similarly, the remoteness p(G) of a connected graph G is the maximum average distance
from a vertex of G to all others. They were recently introduced in [2, 3], that is

7(G) = minog(v) and p(G) = maxog(v).
(G) = minog(v) p(G) = maxog(v)

The sum of distances from a vertex of GG to all others is known as its transmission.
Proximity and remoteness can also be seen as the minimum and maximum normalized
transmission in a graph. Indeed, by their definitions

m(G) < rad(G) < ecc(G) < diam(G) and 7(G) <IU(G) < p(G) < diam(G).

There are a number of results which are devoted to the relation between average dis-
tance and other graph parameters (see [6-15, 22]). A vertex u € V(&) with the minimum
eccentricity is called a center of G. It is well-known that every tree has either exactly one
center or two, adjacent centers. The center of graphs have been extensively studied in the
literature (see [16]). Some more results on the radius of graphs can be found in [18, 17].

A Soltés or a path-complete graph is the graph obtained from a clique and a path by
adding at least one edge between an endpoint of the path and the clique. The Soltés graphs
are known to maximize the average distance / when the number of vertices and of edges
are fixed [20].

In [4] Aouchiche and Hansen established the Nordhaus-Gaddum-type theorem for
7(G) and p(G). In [5] the same authors gave the upper bounds on rad(G) — 7(G),
diam(G) — 7(G) and p(G) — 7(G), and proposed five related conjectures, two of which
are the following.

Conjecture A. (Conjecture 5, [S]) Among all connected graphs G on n > 3 vertices with

average distance [ and remoteness p, the Soltés graphs with diameter L%J maximize p—I.

Conjecture B. (Conjecture 1, [S]) Let G be a connected graph on n > 3 vertices with
remoteness p and radius r. Then connected graph G on n > 3 vertices,

712 n . .
p—r> o1 5, ifniseven,
A if n is odd.

The inequality is best possible as shown by the cycle C,, if n is even and of the graph
composed by the cycle C), together with two crossed edges on four successive vertices of
the cycle.

The aim of this note is to confirm the validity of the above conjectures.
Conjecture 2 in [5] is solved in [19], and Conjecture 4 in [5] is solved in [1]. Up to
now, Conjecture 3 in [5] still remains open.
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2 Proof of Conjecture A

For convenience, we use some additional definition and notations. Let GG be a connected
graph. A vertex u € V(G) is called a peripheral vertex if o(u) = p(G). For a vertex u €
V(G),let Vi(u) = {v € V(G)]| d(u,v) = i} and n;(u) = |V;(u)| foreachi € {1,...,d},
where d = eg(u). In what follows, V;(u) is simply denoted by V; for a peripheral vertex u
of G.

Lemma 2.1. Let G be a connected graph of order n > 3. Let u be a peripheral vertex
of G and let d = e (u). Let G’ be the graph obtained from G by joining each pair of all
nonadjacent vertices x,y of G, where x,y € V; U V41 for some j € {1,...,d — 1}. We
have

p(G") = U(G") > p(G) - U(G),
with equality if and only if G' = G.

Proof. Ttis clear that for any x € V(G), dg/(u, x) = dg(u, x) and dev (v, w) < dg (v, w)
for any v,w € V(G). It follows that og/ (u) = og(u) and o/ (v) < og(v) for any
v € V(G’). Combining this with the assumption that u is a peripheral vertex of G, it
follows that w is also a peripheral vertex of G’. Thus p(G’) = o¢/(u) = og(u) = p(G).

Moreover, it is obvious that {(G’) < [(G), with equality if and only if G’ = G. So,

p(G") —1(G") > p(G) — I(G), with equality if and only if G’ = G. O
Lemma 2.2. Let G be a connected graph of order n > 3. Let u be a peripheral vertex of
G and e (v) = d. Assume that G[V; U V1] is a clique for each j € {0,...,d — 1}. Let
G’ be the graph with V(G') = V(G) and E(G') = E(G)U{zy : x € Vy_o,y € Vy}. If
d> |2 ], then

p(G) — (G < p(G) ~ T(G),

with equality if and only if n is even and d = 5 + 1.
Proof. Note that

oc(z) — —Ling, ifz e U7V, U {u}
oo (x) = § og(x), ife e Vi
oc(z) — 25 (n—ng_1—ng), ifzeVy.

Since w is a peripheral vertex of G, o¢/(u) > og/(x) for any z € U;i;f V;. Moreover,
since d > L"THJ, ng—1 +nq < %, with equality if and only if n is even and d = § + 1.

Thus n — ng—1 — nqg > 5. Again by the assumption that u is a peripheral vertex of
G, og'(u) > og/(z) for any x € V. Also, for any y € Vy_1, og(y) = og(x) for
any © € Vg Thus o¢/(u) > o¢s(y). It means that w is a peripheral vertex of G, and
p(G') = o¢i(u). So, p(G) — p(G') = 5¢/(u) — 6 (u) = —L5ng. On the other hand, one
can see that

[(n—na—1—na)na] > Nd.

(G)-1(G) = T[(nfnd_l fnd)nd] = ( 2

n—1)n n—1

It follows that

(G) —U(G") = p(G) — p(G"),
with equality if n is even and d = 3 + 1. O
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Lemma 2.3. Let G be a connected graph of order n > 3. Let u be a peripheral vertex
of G and e (v) = d. Assume that G[V; U Vj11] is a clique for each j € {0,...,d — 1}.
Let i be the smallest integer in {1,...,d} such that n;(u) > 2. Let V;_1(u) = {u;—1}
and v a vertex in Vi(u). Denote by G’ the graph with V(G') = V(G) and E(G') =
EG)\ ({ui—1y: y e Vi\{v}}UA), where A = {vx: z € Viy1}ifi <d-—1, and
A = 0 otherwise. If d < | L], then

p(G") = U(G") > p(G) = 1(G).
Proof. One can see that if i < d — 1, then

L (n—i-1), ifa:eU;;lleU{v,u}

n—1
oc(x) —og(r) = 1, ife e V;\ {v}
. . d
n£1(2+1)’ ifz e Uj:i-i-l ‘/j’

if i = d, then

1 . d—1
——(n—-d-1), ifxelJ,_;V;U{y,
oer(z) — og(z) = n;l(n ) 1 T U371 U{v,u}
—d, ifx e Vy\ {v}
Ifi <d—1,thenbyd < [2H] -1, wehavei+1 < |2H | —landn—i—1>i+1.
Moreover, since u is a peripheral vertex of G, u is also a peripheral vertex of G'. If i = d,

then it is trivial to see that u is a peripheral vertex of G’. So, p(G’) — p(G) = o¢'(u) —

og(u)=A-(n—i—1).

On the other hand, if i < d — 1, then

Z(G/) - Z(G) = é)[(l + 1) (nz‘+1 + N2+ + nd) + Z(nZ - 1)]
= D) il —1)]

(3)
2
(n—1)n L(

Define a function: f(i) = (n—i—1)— 2[(i+ 1)n —4* — 2i — n;]. By an easy calculation,

one has f(i) =n — 3(i + 1) + 2(i*> + 2i + n;) and thus f'(i) = —3 + 2(2i + 2). Since

i <d-—1,byd < |®H], wehave f'(i) < 0. Thus f(i) is a decreasing function on
n+1

, | == | — 2|, and achieves 1ts minimum value at | —5—= | — 2. One can check that
0,2 2] , and achieves its mini 1 2] —-2.0 heck th

i+1)n—1i%—2i—n.

A -2 >0

Therefore f(i) > 0, and thus p(G’) — p(G) > I[(G') — I(G), the result follows.

If i = d, then p(G’) — p(G) = 25 (n —d — 1), and

n—1

Z(G’) — i(G) _ QElTEnd 1—)71) _ Qd((z : Cll); 1) .
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Lemma 2.4. Let G be a connected graph of order n > 3. Let u be a peripheral vertex of
G and e (v) = d. Assume that G[V; U V1] is a clique for each j € {0,...,d — 1} and
that n;(u) > 2 for some i € {1,...,d — 1}. Further, assume that i is the minimum subject
to the above condition. Let v be a vertex in Vi(u) and V;—1 = {u;_1}. Let G' be the graph
with V(G') = V(G) and E(G') = E(G) U A\ {vu;_1}, where A = {vy : y € Viqa}if
1 <d—2 and A = () otherwise. If d = L’%IJ then

p(G") = 1(G') > p(G) — U(G).
Proof. Note thatif ¢ < d — 2, then

. i—1
o ifz e UiV U{u}
Ug/(x) - CTG(I') =140, ifre VUV,
. d
-1, ife el Vi,

ifi =d —1, then

L ifze UV uu)
() — ={n g=1"J
7e(@) ~ oal@) {0, ifr eV UV,
Thus p(G’) = o¢(u) = o¢(u) + =27 = p(G) + —15. On the other hand, since

i<d—1=[21] <2, wehave

- - 1
(@) -1G) = ) [i = (ni2 + nigs + -+ na)]
2
2 .
= m(ni+ni+1+2l_n)
< 72 ]
- (n— l)nl
- 1
n—1
The results follows. ]

The statement of Conjecture A is refined as follows.
Theorem 2.5. Among all connected graphs G onn > 3 vertices with average distance 1
and remoteness p, the maximum value of p—1 is attained by the Soltés graphs with diameter

d, where

2 b

d=ntl if n is odd
de{3,5+1} ifniseven.

Proof. Tt is immediate from Lemmas 2.1-2.4.

In the remaining sections, we prove Conjecture B.
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3 Some preparations

Let G be a connected graph. Recall that for a vertex u € V(G), let Vi(u) = {v €
V(G)| d(u,v) =i} and n;(u) = |V;(u)| foreachi € {1,...,d}, where d = diam(G).

Lemma 3.1. Let G be connected graph with order n and radius v > 2. If u is a center of
G, then n;(u) > 2 forallic {1,...,r —1}.

Proof. By contradiction, suppose that n;(u) = 1 for some 1 < i < r — 1 and let V;(u) =
{w}. Let P be a shortest path connecting v and w in G, v be the neighbor of « on P. For
avertex x € V(G) \ {v},
=d(u,z) — 1, ifd(u,z)>1
d(v,z) { <d(u,x)+1, ifd(u,z)<i.

It follows that ecc(v) = r — 1, a contradiction. O

Corollary 3.2. If G is a connected graph with order n and radius r, then v < 3.

Proof. Let u be a center of G. By Lemma 3.1, n;(u) > 2 foralli € {1,...,r — 1}. So,
n>1+ 22:1 n;(u) > 2r, the result then follows. O

For a graph G, p(G) denotes the maximum cardinality of a subset of vertices that induce
apathin G.

Theorem 3.3. (Erdds, Saks, Sos [18]) For any connected graph G, p(G) > 2rad(G) — 1.

Corollary 3.4. Let G be a connected graph of order n > 3. For an even n, rad(G) = 5
ifand only if G = P, or G = C),.

Proof. The sufficiency is obvious. Next we prove its necessity. By Theorem 3.3, p(G) >
n—1. Let P = v; ... v,_1 be an induced path of GG, and let v,, be the remaining vertex of G.
We consider the vertex vz.. Since d(vz ,v;) < 5 foreachi # %, and rad(G) = 7, we have
d(vn,v,) = 5. So, vv; ¢ E(G) foreach 2 <7 < n — 2, and thus N (v,) C {v1, v, }. It
implies that G € {P,,C,}. ]

For an odd integer n > 5, we define some special graphs of order n with rad(G) =
"T_lz Cp—1(1) is the graph obtained from C,,_; by adding a new vertex which joins two
adjacent vertices of C),_1; C,,—1(2) is the graph obtained from C,,_; by adding a new
vertex which joins two vertices with distance two on C),_1; C,_1(3) is the graph obtained
from C,,_; by adding a new vertex which joins three consecutive vertices of C,,_1. One
can see that p(Cy,) = p(C,—1(1)) =n — L and p(Cy,—1)(2)) = p(Cp—1(3)) =n — 2.

The construction of the following graphs are illustrated in Figure 1. Forani € {1,...,
n—1}, P,_1(i—1,4,i+1) is the graph obtained from P,_; by adding a new vertex which
is adjacent to the vertices v;_1,v;, vitr1; Pn_1(¢ — 1,4 4+ 1) is the graph obtained from
P,,_; by adding a new vertex which is adjacent to the vertices v;_1,viy1; Pp_1(4,7 + 1)
is the graph obtained from P, _; by adding a new vertex which is adjacent to the vertices
v, vi41; For j € {2,...,n — 2}, P,,_1(j) is the graph obtained from P,,_; by adding a
new vertex which adjacent to v;, where ¢ — 1,4 + 1 are taken modulo n — 1.
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-
- bbb
i

Figure 1. Graphs with an odd order n, rad(G) = % and p(G) =n—1

Note that P,,_1(n—1,n,n+1) = P,_1(n—1,1,2) 2 C,(1) and P,_1(n—1,n) = C,.
It is easy to see that p(P,,— 1( 1,4,i4+1)) = p(Ph—1(i—1,i4+1)) = p(P,— 1(2’ i+1)) =
n—1foreachi € {1,...,n— 1}, and p(P,_1(j)) =n — 1foreachj € {2,...,n — 2}.

The result of Lemma 3.5 is straightforward. But its proof is somewhat tedious and will
be given in Section 4.

Lemma 3.5. Let G be a connected graph of order n > 5. If n is odd and rad(G) = an
then

(1) p(G) =nifand only if G = P,

(2)p(G) =n—1ifandonly if G € {P,_1(i—1,4,i+1), P,_1(i—1,i4+1), Po_1(i,i+
1):ie{l,...,n—1}}, or G = P,_1(j) for some j € {2,...,n —2}.

(3)p(G) =n—2ifand only if G € {C,_1(2),Cr,—1(3) }.
Corollary 3.6. Let G be a connected graph of order n > 5. If nis odd and rad(G) = ”T_l
then p(G) > "L, with equality if and only if

G € {Cp,Cn(1),C(2), Co(3)}.

Proof. By Lemma 3.5, we consider the following cases. If G = P, then

1 .on_ n+1
@)= =3 i=5>

Assume that either G = P,,_4(1, 2) orG € {P,_1(i — 1,4, +1),Py_1(i — 1,7 +
1), Py—1(i,i4+1),Pp_1(i) : i €{2,...,n—2}. Let P = vy ... v,_1 be the induced path
of GG, and v,, be the new vertex, added to P in the construction of G. Since n > 5,

n—2
1 . n—2_n+1
> _ = > .
p(G)_p(v1)>n_1;l >
We saw that P,_1(n — 1,1) =2 C,, P,_1(n — 1,n,n + 1) = C (1) 1(n —
1,1,2). Itis easy to check that p(G) = 2H for G € {Cy,Cy(1),Cn(2),C ( )} and
P(Pr1(2,n—1)) = p(Ppo1(n —2,1)) > i O
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Now we are ready to prove Conjecture B.

Theorem 3.7. Let G be a connected graph onmn > 3 vertices with remoteness p and radius
r. Then

2
n n . .
p—r > 1~ 5, ifniseven,
- 32", if n is odd,

with equality if and only if

G=C,, if n is even,
G e {Cn7 Cnfl(l)a Cn71(2)7 Cnfl(g)}v lfn is odd .

Proof. If n = 3, then G = P; or G = K3. Since p(Ps) = 2, p(K3) = 1, and rad(P3) =
rad(Ks3) =1,

p—r >0,
the result holds. Next we assume that n > 5, and consider r — p, instead of p — r. Let u be
a center of G, and n; = n;(u) foreachi € {1,...,7}.
Define a function f(r) = r — n% n — 2r + r2). By Corollary 3.2, since r < 2,

2
n _n
In—1 atr = 5

1
f'(r) =1——1-(2r — 2) > 0. Thus f(r) is a strictly increasing function on the interval
e

[1, 3], and achieves its maximum value % —
Case 1. n is even

By Lemma 3.1, n; > 2 foreach i € {1,...,r — 1}. Therefore,

1 s
r—p < r—n_liz:;ini
1 r—1
< —n_1<(n—2r+2)+z2l+r>

=2

1
= r— (n —2r +1?)

IN
\
|

By Corollary 3.4, it is easy to check thatr — p = § — 4:i4 if and only if G = C,,.
Case 2. nis odd

By the similar argument as in Case 1, we have

r—p<r-—

1 o
1(n—2r—|—r ) = f(r).

Since f(r) is a strictly increasing function on the interval [1, 251], if r < 271 — 1, then
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forn > 5,
n—1 n—1 1 n—1 9
i = Cm - — e+ (-1
B n—1 2n—06
- 4 n-1
n—3
< 1
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So, it remains to consider the case when r = ”7’1 By Corollary 3.6, since p(G) >

n+1
4 9

n+1 n—3

n
r—p<

<7
4 = 4

with equality if and only if G € {C},, C,,(1), Cr(2),Cr(3)}.

4 Proof of Lemma 3.5

(1) is trivial.

The sufficiency of (2) is obvious by the construction of those graphs. To show the
necessity of (2), let P = vy ...v,_1 be an induced path of G and v,, be the remaining

vertex of G.

Claim 1. If v,, has two neighbors v;, v; € N(v,,) withi,j € {1,...,n—1},then |i—j| <2

orji—j|>n—-3=(Mn-1)—2.

Proof of Claim 1. If n = 5, the cliam holds trivially. Next we show the claim by
contradiction for n > 7. Suppose that there exist two vertices v;,v; € N (vp,) with
i, € {1,...,n—1}such that 3 < |i — j| < n—4 = (n — 1) — 3. Without loss of

generality, let 7 < j.

- n—1 . n+l1
Casel.i > *5=orj < =

By the symmetry, we just consider the case when ¢ > "T’l Note that

dp(’l)nT—l,Uk) <

n—1
2

2

foreach k € {1,...,n — 2}, dp(v%,vn_l) = 2=l and

dg(Uanl,’Un) < dg(v%,vi) + 1.

Since 3 < [i —j| < n—4 = (n—1) -3, we have dg(va_s,v;) < n-l 3, and

dg(vn-1,v,) < ”?*1 — 2. Furthermore
2

de(vazt,vn-1) < dp(vnz1,v;) + 24 dp(vj,vn-1) <

This proves that ecc(vanl) < =L, which contradicts rad(G) = 25*.

Case2.i<”7_1<"7+1<j

2

n—1
2

n—1
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We show that ecc(v,,) < "T_l Let C be the cycle obtained from the segment of P

between v; and v; adding the vertex v, and joining it to v; and v;. It is clear that the
length of C'is at most n — 2. So, for any vertex v on C, d(v,,v) < @ < "T_l To prove
d(vp,w) < "T’l, it suffices to show that max{d(vy, v1),d(vp, vn—1)} < %4 This holds,
because

n—1 n—1

dg(vp,v1) < dP('Uanlavl) <5 dG(Vn,vn-1) < dP('U"T*laUnfl) <

So, ecc(v,) < 5%, which contradicts rad(G) = 251, U

By Claim 1 and p(G) = n — 1, one has d(v,,) < 3. Furthermore, if d(v,) = 3, then
N(vy) = {vi—1,v5,vi41} forsomei € {1,...,n—1},and thus G = P,_1 (i — 1,4, +1).
Also, if d(v,) = 2,then 1 < |i—j| < 2,and thus G € {P,,_1(¢,i+1), Py_1(i—1,i+1)}
forsomei € {1,...,n—1}. Ifd(v,) = 1, thenby p(G) =n—1, G = P,_1(j) for some
j €42,...,n — 2}. This completes the proof of (2).

The sufficiency of (3) is trivial. Next we show its necessity. By Theorem 2.3, let
P =w;...v,_5 be an induced path of G, and v,,_1, v, the remaining two vertices of G.

Claim 2. Either N (v,,—1) \ {vn} = {v1,vn—2} or N(vp) \ {vn-1} = {v1,vn_2}.

Proof of Claim 2. By contradiction, suppose that Claim 2 is not true. If there exist ¢, j €
{2,...,n — 3} such that v; € N(v,_1) and v; € N(v,), d(vnT_l,vk) < ol — 1 for
k € {n — 1,n}. Together this with d(v%,vk) <ozl —dfork e {l,...,n—2} we

have ecc(va-1) < 251 — 1, a contradiction. Hence,
2

either N(vp—1) \ {vn} C {v1,vn—2} or N(vy) \ {vn—1} C {v1,vp—2}.

Without loss of generality, assume that N (v,,—1) \ {v,} C {v1,v,—2}. Since N(v,—1) \
{vn} # {v1,vn—2} and p(G) = n — 2, we have N (v,_1) \ {v,,} = 0. Moreover, since G
is connected, we conclude that

N(vp—1) = {vn} and N(v,) \ {vn-1,v1,0n—2} # 0.

If there exists ¢ € {3,...,n — 4} such that v; € N(vy,) \ {vn—1,v1, Un—2}, then it follows
d(va1,vn) < 2-1 — 2 and thereby d(va1,vp-1) < n—1l — 1. So, ecc(vnoa) < n-l

2
which contradicts rad(G) = 251. This means that

N(Un) \ {’Unfl,’l)l, 'Un72} - {UQ,’Un,g,}.

Since N (vp,) \ {vn_1,v1,0n_2} # 0, let va € N(v,,), without loss of generality. If n = 5,
then by p(G) = 3, v1,v3 € N(vs), and thus e(vs) = 1, a contradiction. For n > 7,
since p(G) = n — 2, v,_3 € N(vy,) or v,_2 € N(v,). In both cases, one can see that

ecc(vy) < max{%52,2} < 251 This proves Claim 2. O

By Claim 2, let N(v,,—1) \ {vn} = {v1,vn—_2}. Since P = vy ...v,_2 is an induced
path, G[{Ul, S ,Unfl}] ~Ch_1.

Claim 3. If v,, has two neighbors v;, v; € N(v,) withé,j € {1,...,n—1}, then |[i—j| < 2
orjfi—j|l>n—-3=(n-1)-2.
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Proof of Claim 3. By contradiction, suppose that v,, has two neighbors v;,v; € N(v,,)

withé,j € {1,...,n — 1} and 3 < |i — j| < n — 4. One can see that, for any vertex v,

{\ifjHl n717|i—j\+1} < n=3
2 2 =3

d(vp,vg) < max < 251, it means that ecc(v,) < 251, a
contradiction. O

)

By Claim 3 and p(G) = n — 2, one has d(v,,) < 3. Furthermore, if d(v,) = 3, then
N(vy) = {vi—1,v4,vi41} for some i € {1,...,n — 1}, and thus G = C,,_1(3). Also,
if d(v,) = 2, then |[i — j| = 2, and thus G = C,,_1(2). This completes the proof of the
necessity of (3).
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1 Introduction

Let n > 2 and let M,,(FF) be a ring of all n X n matrices over a field F. The commuting
graph I'(M,,(F)) of M,,(F) is a simple graph with the vertex set consisting of all non-
scalar matrices from M, (F), and two vertices form an edge if the corresponding matrices
are distinct and commute.

Recently, connections between various algebraic structures and their commuting graphs
were investigated, see, e.g. [1, 3, 4, 5, 8, 9, 10, 12, 15]. For example, Mohammadian
[15] recently proved that a ring is isomorphic to My (F), with F finite, if and only if the
commuting graph of the ring under consideration is isomorphic to I'(M5(F)). Akbari,
Ghandehari, Hadian and Mohammadian conjectured in [3] that this is also true for M, (F),
where n > 2.

The connectedness and diameter of the commuting graph of a matrix ring M, () have
been also studied extensively. If I is an algebraically closed field and n > 3, Akbari,
Mohammadian, Radjavi, and Raja [4, Corollary 7] proved that the diameter of I'(M,,(IF))
is always equal to four. For fields which are not algebraically closed the situation is com-
pletely different, e.g. if [F is the field of rational numbers, then the commuting graph is never
connected (see [2, Remark 8]). A necessary and sufficient condition for which T'(M,, (F))
is connected was given in [2, Theorem 6]. Namely, it was proven that I'(M,, (F)) is con-
nected if and only if every field extension of F of degree n contains at least one proper
intermediate field. In the case when commuting graph of M, (TF) is connected, its diameter
is known to be at most six and it is conjectured that it is at most five, see [4, Theorem 17]
and [4, Conjecture 18]. In the present paper, we show that I'(My(Zz)) is connected and
has the diameter at least 5, where Z,, is the ring of integers modulo m. We also char-
acterize connected commuting graphs in the language of centralizers. Observe that this
characterization is different from [2, Theorem 6], where the language of field extension
was used.

Definition 1.1. For a matrix A € M,,(F), the centralizer of A, denoted by C(A), is the set
of all matrices in M, (F) commuting with A.

Let us remark that the set of non-scalar matrices in C(A) coincides with the closed
neighborhood of vertex A € T'(M,,(F)).
Centralizer induces a natural equivalence relation on M, (F):

Definition 1.2. Matrices A and B are C-equivalent (abbreviated A ~ B) if C(A) = C(B).

Definition 1.3. A matrix A is C-minimal if for every X € M, (F) with C(A) D ¢(X) it
follows that A ~ X

Definition 1.4. A non-scalar matrix A is C-maximal if for every non-scalar X € M, (F)
with C(A) C ¢(X) it follows that A ~ X.

Let us remark that C-minimal and C-maximal matrices in M, (F) were already classi-
fied, see Semrl [16] and recent paper [7] by the authors. Also, C-minimal and C-maximal
matrices were used as a main tool by Dolinar, Kuzma, and Oblak [8] to investigate dis-
tances between vertices in the commuting graph I'(M,, (F)) and they will be used to prove
the results of this paper as well.

We use the following notations. By E;; we denote the matrices with 1 on (4, j)-th
position and O elsewhere. By 0 and I we denote the k£ x k zero matrix and the k£ x k
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identity matrix, respectively. When it is clear from the context, we omit the subscript. For
a given scalar A € T, define Ji(\) = A\ + Zf;ll E;(;11) to be an elementary upper-
triangular Jordan matrix. We denote J;, = Jj(0). A matrix A € M,,(F) is an idempotent if
A? = A, itis a nilpotent if there exists an integer k£ > 1 such that A¥ = (. Non-zero matrix
A with A% = 0 is called a square-zero matrix. For a monic polynomial m € F[x] we let
C(m) = X0 By — Sorey mi—1 By € M, (F) be a companion matrix of 1, where
m(x) = mo+mix+- - -+m,_12" 1 +2". Givenamatrix A, let F[A] = {p(A)| p € F[z]}
be the unital algebra generated by A.

2 Connectedness of commuting graphs

In this section we provide a characterization of matrices for which I'(M,, (F)) is connected
in the language of extremal centralizers. We need the following result on C-maximal ma-
trices from our recent paper [7].

Proposition 2.1. [7, Theorem 3.2] Let F be an arbitrary field. The following statements
are equivalent for a non-scalar matrix A € M, (F).

(i) Ais C-maximal.

(ii) A belongs to one of the following three classes:
(a) A is C-equivalent to an idempotent,
(b) A is C-equivalent to a square-zero matrix,

(c) A is similar to C @& --- @ C, where C is a companion matrix of an irreducible
polynomial, such that there is no proper intermediate field between F and F[C].

Theorem 2.2. Let n > 2 and let F be an arbitrary field. A commuting graph T'(M,,(F))
is not connected if and only if there exists a matrix in M, (F) which is simultaneously
C-minimal and C-maximal.

Proof. First, let n = 2. Then, I'(M>(IF)) is never connected because every non-scalar
matrix in C(FE11) is diagonal, hence C-equivalent to F1; and thus E1; and Fjo are not
connected in I'( M2 (IF)) (see also Akbari and Raja [5, Remark 8]). Moreover, E1; is always
a C-minimal and C-maximal matrix, so the theorem is true in the case n = 2 for every field
F.

Second, let n > 3. We will prove each direction of the equivalence in the theorem
separately.

(). Suppose A is a C-minimal and C-maximal matrix. According to Proposition 2.1 we
have to consider three cases separately.

Case 1. Let A be C-equivalent to an idempotent. Then we may assume that A =
I, ®0,_, forsome r € {2,...,n — 1}. Thus C(A) = M,(F) ® M,,_.(F). Recall that
Jr € M,.(FF) is a nilpotent upper-triangular Jordan cell, so C(I. + J;-) = {aol, + a1 J +
<o+ ap_1 "7 o € F} = F[J,]. Tt easily follows that

c((I + J.) ®0,_p) = F[J.] ® M,,_.(F).

Hence C((I + J;) ® 0,—) € C(A), so A is not C-minimal, a contradiction.
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Case 2. Let A be C-equivalent to a non-scalar square-zero matrix. Then we may assume

0, 0 I,
A=10 Op2 0| = J}" for some integer 7, 1 < r < Z. However, C(J,) C
0 0 0,

C(A), hence A is not C-minimal, a contradiction.

Case 3. Let A = C @ --- ® C, where C is a companion matrix of some irreducible
monic polynomial m € F[z], such that there is no proper intermediate field between IF and
F[C]. We will prove that actually A = C.

Suppose F is an infinite field. Then A being C-minimal implies that A is non-derogatory
(see [7, Lemma 2.7]). Therefore A = C, i.e. A contains only one summand. Hence F[C)|
is a field extension of F of degree n. Recall that C' is a companion matrix of an irreducible
polynomial, such that there is no proper intermediate field between F and F[C] thus it
follows by [2, Theorem 6] that I'(M,,(IF)) is not connected.

Suppose F = GF(p*) is a finite field and suppose that A = C' @ --- @ C contains
more than one summand. Since F[C] is a field extension of F with degree d = degm,
it is isomorphic to K = GF(p*?). Let yo € K correspond to matrix C' under this iso-
morphism. Since A contains more than one summand, d is a proper divisor of n. So,
K = GF(p*?) is a proper intermediate field between F and GF(p*™). It is known that
the multiplicative group of G F(p*™) is cyclic, so let ¢ € GF(p*™) be its generator. Then
F[¢] = GF(p*") and minimal polynomial f € F[z] for ¢ is irreducible over F of degree
n. For matrix X = C(f) € M, (F), F[X] is a field isomorphic to GF(p*™). Since
GF(pk?) C GF(p*"), some polynomial in X is isomorphic to vo € GF(p*?), and
hence also to C. Consequently, by Skolem-Noether theorem, p(X) is similar to a ma-
trix A =C @ --- & C for some p € F[x]. By applying a suitable similarity to X we can
assume that p(X) = A, hence C(X) C C(A). Since A is C-minimal, C(X) = C(A), so X
is a polynomial in A by the centralizer Theorem (see [13, p. 113, Corollary 1] and also [17,
p- 106, Theorem 2]). Therefore the rational form of X (see [11, Chapter 3] for details) has
at least as many cells as the rational form of A. A contradiction to the fact that X is similar
to C(f). It follows that A = C and we conclude as in the infinite case that I'(M,, (TF)) is
not connected.

(ii). Suppose the commuting graph I'(M,,(IF)) is not connected. By [4, Theorem 11]
any two non-scalar idempotents are connected and thus there exists a non-scalar matrix A
which is not connected to any non-scalar idempotent. We may assume that A is already
in its rational form. Then A consists of a single cell because otherwise a matrix A; ® Ao
would be connected to an idempotent I @ 0. Hence A = C(m®) for some irreducible
polynomial m and positive integer a.. If & > 2, then A would be connected to a non-scalar
square-zero matrix B = m(A)*~!. It is easy to see that B commutes with a rank-one
matrix which further commutes with an idempotent, a contradiction. So, & = 1 and thus
A is non-derogatory, hence C-minimal as it was proved in [7, Theorem 2.6]. If A = C(m)
is not C-maximal, then there exists a proper intermediate field K between F and F[A] by
Proposition 2.1. We can assume K = F[X] is a simple extension for some X € F[A]. The
minimal polynomial of X has smaller degree than the minimal polynomial of A, otherwise
F[X] = F[A]. Hence the rational form of X contains more than one cell and therefore X,
and thus also A is connected to a non-scalar idempotent, a contradiction. O
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3 Commuting graph with diameter greater than four

Recall that the diameter of a commuting graph I'(M,, (F)), where T is algebraically closed
and n > 3, is equal to four [4]. Below we provide an example showing that if ' is not
algebraically closed, then the diameter of I'(M,, (IF)) can be indeed greater than 4.

Theorem 3.1. The graph I'(Mo(Zs)) is connected with diameter at least 5.

Proof. Note that Zy permits only one field extension of degree n = 9, the Galois field
G F(2°) which contains GF(2%) as the only proper intermediate field. So, by [2, Theorem
6] the commuting graph of Mo (Zs) is connected. To see that its diameter is at least 5,
consider a polynomial m(\) = A + A% + A* + A2 + 1 € Zy[)\]. It is easy to see that
this polynomial is irreducible. Let A=C (m) € My(Z2) be its companion matrix. Since
A has a cyclic vector, C(A) = Zs[A] by a well known Frobenius result on dimension
of centralizer (see for example [2, Corollary 1]), and thls is a field extension of Zy [14,
Theorem 4.14, p. 472] of index n = 9. Actually, C(A) is isomorphic to GF(2?) by the
uniqueness of field extensions for finite fields. In the sequel we identify these two fields.

Since the field extension Zy C GF(2°) contains only GF(23) as a proper intermediate
field, we see that each X € ¢(A) \ GF(23) satisfies Zs[X] = Zz[A ] = C(A ) and in
particular X and A are polynomials in each other so they are C-equivalent. Moreover, each
non-scalar Y € GF(23) satisfies Zo[Y] = GF(23), because no proper intermediate fields
exist between Zs and its overfield GF(23), and in particular, C(Y;) = ¢(Y3) for any two
non-scalar Y1, Y, € GF(2%) C GF(2°) = ¢(A).

There exists a polynomial p so that Y = p(A) € GF(2%)\ {0,1}. As the field GF(23)
contains no idempotents other than 0 and 1 we see that the rational canonical form of Y
consists only of cells which correspond to some powers of the same irreducible polyno-
mial. Likewise, the field contains no non-zero nilpotents, so each cell of Y corresponds
to the same irreducible polynomial. Moreover, GF(23) has no subfields other than Zs,
s0 Zy[Y] = GF(2%) and hence the minimal polynomial of ¥ € GF(2%) has degree
[GF(23) : Zs] = 3. This polynomial is relatively prime to its derivative, so in a split-
ting field, Y has three distinct eigenvalues. It easily follows that Y is similar to a matrix
C @ C @ C, with C being a 3 x 3 companion matrix of some irreducible polynomial of
degree 3. Let S; be an invertible matrix such that Y = S;*(C' @ C' @ C)S; and define

A=5,AS7"
Clearly, p(A) = SllA/Sl_l =C & C @ C and it follows that

Z5[C) Zs|C] Zs|C]
C(p(A)) = |Z:2[C] Zo[C] ZoCT| . 3.1
Z5[C) Zo|C] Z2|C]

Since Z,[Y] = GF(23) we obtain Zs[C] = GF(23).
Consider a 3 x 3 block matrix

Fi3 0 O
N=|0 0 Eiz|, Ei3,E3,E3 € M3(Zy).
E3 0 0
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It is immediate that N3 = 0, so I 4+ N is invertible. Define
B=(I+N)A(I+N)*"

We will show that d(A4, B) > 5.

Suppose there exists a path A—V — Z — W — B of length 4. Note that V' € GF(23)
C C(A). Otherwise, if V € C(A)\GF(23), then ¢(V) = C(A) and such V has exactly the
same neighbours as A. Since B = (I + N)A(I + N)~1, it follows W = (I + N)U(I +
N)~! for some U € GF(23) C C(A) = (I + N)~'¢(B)(I + N). Recall that any
two non-scalar elements in GF(23) have the same centralizer. So in particular we might
take U = V = p(A) = C & C @ C where polynomial p was defined before. For any
Zec(V)yne((I+ N)V(I+ N)~1) wehave

Z=(I+N)Z(I+N)"', zZecV)
and hence, by postmultiplying with (I + V) and rearranging,

Z-7=NZ-ZN. (3.2)

~

Let us write Z = [Z”] 1<i,j<3 and 2 = [Zij]lg <3

we have that Zija Z\” € Lo [C] = GF(23) - M3(Z2
invertible. Then (3.2) implies

as 3 x 3 block matrices and by (3.1)

hence each of them is either zero or

—Z11F3 — Z13F32 + E13Zl1 E13§12 E13§13 — Z12F3
= | =ZuEws — ZasEsp + EizZs1 Ei3Zsy  Ei3Zss — Zaz ks
—Z31 B3 — Z33F30 + B3 Z11  E3pZi1o E3pZiz — Z3p K3

(Zi; — Zi)

ij

Observe that each block on the left side belongs to Z2[C] = GF(23) C M;3(Zs), and so
is either zero or invertible. On the other hand, on the right side, each block in the last two
columns has rank at most two. We deduce that the last two columns on both sides are zero.
In particulaAr, comparing the Asecond columns we see that Z15 = Z12 = 0 and Z3, = 0,
SO Zoo = Zos, and Zg/g\ = Z3p = 0. Puttir}g this in the abovg equation and si/rpplifying,
the last column gives Z13 = 0, so Z13 = Z13 = 0, Zog = Zas, and Zs3 = Z33. Also,
comparing the (2, 3) positions, we obtain

0 = Zog — Zog = Br3Zs3 — ZozFrg = 61(25363)T — 2226165-

Moreover, 23?363 = Aes and 22261 = Xei, A € Zo. Since 233, 222 € 7Z5|[C] and every
vector is cyclic for C' we see that Z33 = Zss = Al3. The matrix equation therefore
simplifies to

711 — Zu 0 0 —Zukns + E1s7Zy; 00
Za1 — ?\21 0 0| = |—Zo1E13 — ZazEso + El?:\Z?;l 0 0
Zz1— 231 0 0 —Zs1 B3 — AEss + E32Z17 0 0

Comparing the position (1, 1) gives by similar arguments as above that Zn = Z1 = wls.
Inserting this into the equation we see after rearrangement that the rank of the block at
position (3,1) is equal to tk(( — A\) E32 — Z31E13) < 2, which forces the two blocks at



G. Dolinar et al.: Commuting graphs and extremal centralizers 459

position (3, 1) to be zero, i.e. Zs; — Zs; =0= (b — N B3y — Z31E13 = (1 — N)esed —

Zzieres . We immediately get Z3; = Z3; = 0 = (u — A). Therefore, Z1y = Zap =

Z33 = A3 Finally, comparing the (2, 1) positions gives
Zoy — Zoy = —Zo1Ery — Za3 B3,

and arguing as above, Zy; = Zs; = 0. Hence, Z is a scalar matrix. So, (V) N (W)

contains only scalar matrices, which gives that d(A, B) > 5. O
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1 Introduction

A social network comprises a set of participants and the relations among them. Such a
network is naturally modelled by a graph structure, where each participant in the network
is assigned to a vertex and relations are represented by edges connecting pairs of vertices.

Analysis of social network graph data [15, 17], and evolution [9] is a source of valuable
information for numerous research areas, including sociology, psychology, economics and
epidemiology, to mention but a few. The results of such research have shed light on wide
range of problems, from the dynamics of happiness [5], obesity [4] and smoking [12] to
crime investigation [6]. Notwithstanding the benefits that such studies offer in various
areas of life, they also introduce threats to individuals’ privacy. Social networks contain
sensitive personal data whose publication or exchange would compromise their members’
privacy. As an example, consider a graph in which nodes are e-mail addresses and the
edges represent ‘message exchange’ relations. The list of people a person communicates
with is an example of very sensitive data. In order to alleviate privacy risks, it is generally
accepted that access to social network data for scientific research requires a pre-processing
phase to reduce the opportunities for inferring information about individuals. This should
be done in such a way so as to maintain a high quality of the transformed data so that the
analysis can be performed with acceptable accuracy.

Privacy in social networks considers two basic aspects:

o Vertex anonymity: It should not be possible to infer the identity of vertices in the
published anonymized network.

o Edge anonymity: Given two social network participants, it should not be possible to
infer whether an edge exists between their corresponding vertices, i.e., whether they
are related.

Naive anonymization provided by the removal of individuals’ identifiers has been
proven insufficient since background knowledge such as the vertex degree or the
neighborhood subgraph of some participants often permits the identification of many of
the vertices. Therefore, additional privacy measures must be applied. These measures can
be classified into:

o Generalization based techniques: Nodes and edges are first clustered and then
collapsed into supervertices and superedges [2, 8].

o Perturbation based techniques: The original social network is modified by adding
and/or removing vertices and/or edges [3, 10, 19, 20, 21].

Privacy of any anonymization technique depends on the previous knowledge the
attacker is assumed to have. In [10] the attacker is assumed to know the degrees of all
the vertices in the network, and thus the original network is modified by edge additions
and/or deletions until the degree sequence is k-anonymous [14]. A similar approach is
given in [21], which provides k-anonymity even when the attacker has prior knowledge
about the neighborhood subgraph of target vertices.

Recently, information-theoretic models have been proposed, which seek to achieve
robustness against any background structural knowledge of the attacker. The k-
Symmetry [19] and k-Automorphism [20] models aim to protect against “identity
disclosure” (vertex anonymity) by adding vertices and edges until, for each vertex of the
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graph, there exist at least £ — 1 other vertices that are structurally equivalent to it. The k-
Isomorphism [3] model also considers edge privacy and generates an anonymous graph
that consists of k disjoint isomorphic subgraphs. Such models impose hard structural
requirements on anonymized graphs that require extensive modifications to the original
graph. From the computational point of view, implementing these security models depends
on the capability to cope with some known NP-hard problems on graphs.

In [16], n-confusion is proposed as a privacy model that generalizes k-anonymity. This
model requires that the set of nodes from the released graph that can correspond to any
given identity has a size larger or equal to n. In this paper, the privacy is analyzed from that
point of view.

1.1 Our approach

Information-theoretic models achieving k-anonymity against any structural knowlege [3,
19, 20] are hard to put into practice and require extensive perturbation of the original graph.
We claim adequate privacy can be achieved by means of simpler random noise techniques.

Structural background knowledge may be of diverse nature. We focus our attention on
two specific parameters: vertex degree and the number of triangles passing through a given
vertex. In [19] it is shown that their combined knowledge provides a high re-identification
power in a trivially anonymized graph. Both parameters are implicit parts of other structural
properties. For instance, knowledge of the neighbourhood subgraph of a vertex implies
knowing its degree and all triangles passing through the vertex. Any anonymization
procedure that perturbs both parameters also impairs re-identification methods based on
more complex structural knowledge implicitly involving the parameters. An additional
important aspect is that both parameters are easy to measure so that they can be part of
computationally efficient anonymization techniques.

We propose a method that first removes the triangles of the graph (by deleting at least
one edge of each triangle) and next randomly adds edges to the resulting graph so as to
create approximately as many triangles as there were in the original graph. This triangle
randomization process makes the information about triangles passing through a vertex less
reliable for matching purposes, while it also perturbs the degree of the vertices in the graph.
At the same time, the global structure of the graph remains very similar to the original one.
It is easy to see that this procedure preserves the connected components since removing
one edge from a triangle can never disconnect the graph and new edges are only added
between vertices that are connected by a path of length 2. Experimental results show that
other graph structure parameters are preserved to a high extent.

1.2 Main contributions

In this paper we propose a novel perturbation technique for preserving privacy in social
networks, based on randomization of the locations of triangles in the graph. Our technique
(1) is simple and can be efficiently implemented on large graphs; (2) provides high level
of privacy, as supported by our experiments; (3) provides a high degree of data utility, as
supported by experimental evidence.

The organisation of the paper is as follows. In the next section we present the
anonymization algorithm and give bounds on the number of triangles in the perturbed
graph. In Section 3 we analyse the privacy of our technique by providing the bounds
for the degree and a number of triangles passing through each vertex of the perturbed
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graph, and using these bounds to measure degree-triangle anonymity. Section 4 presents
our experimental results on real and synthetic data sets, both in terms of utility and privacy.
In Section 5 we give some concluding remarks and directions for future research.

2 Anonymization procedure

We model a social network as an undirected graph G = (V, E), where V and E are the
sets of vertices and edges, respectively. If u, v, w € V and uwv, vw, wu € F, then (u, v, w)
is said to be a triangle of G.

Our proposal is a perturbation-based technique consisting of two rounds, where
anonymization is achieved by means of edge removal and addition. Its description is given
in Algorithm 1.

Input: Original graph G = (V, E)

Output: Masked graph G

1 T = NumTriangles(G);
2 while NumTriangles(G) > 0 do

3 (vi,vj,vr) = TakeTriangle At Random(G);
4 b = TakeAtRandomFrom({0,1,2});

5 if b=0 then

6 | RemoveEdge(G, (vj,vr))

7 else if =1 then

8 | RemoveEdge(G, (vi,vi))

9 else
10 | RemoveEdge(G, (v;,v;))
1 end
12 end

13 while NumT'riangles(G) < T do

14 (vi,v;) = TakeEdge At Random(G);
15 b = TakeAtRandomFrom({0,1});
16 if b=0 then

17 vg, = TakeNeighbor At Random (G, v;);
18 if v, # v; and (vg, v;) ¢ E then

19 | AddEdge(G, (vk, v;))

20 end

21 else

22 v = TakeNeighbor AtRandom(G, v;);
23 if vy # v; and (vg, v;) ¢ E then

24 | AddEdge(G, (vk,v;))

25 end

26 end

27 end

28 return (G)
Algorithm 1: Triangle randomization algorithm
The first round (steps 1-12) is a procedure that randomly selects a triangle of G, then
randomly selects one of its edges and removes it; this is repeated until there are no more
triangles left. Note that the removal of a single edge may cause the deletion of several
triangles. The second round (steps 13-27) adds edges that create one or more triangles



L. Brankovic et al.: Triangle randomization for social network data anonymization 465

each.

Note that the number of triangles after the algorithm has finished, 7", may not equal
the original number 7. Since Algorithm 1 terminates when the addition of a single edge
gives a graph with the total number of triangles 77 > T, it is very likely that this results
in T” = T. This fact introduces some additional uncertainty that further obstructs possible
matching attempts.

We next provide a bound on the number of triangles 7’ in the perturbed graph G'.

Proposition 2.1. Let G be a graph that has been perturbed into G' using Algorithm 1,
and let T > 1 and T’ be the number of triangles in G and G', respectively. Then
T < T+ A" — 1, where A’ is the maximum degree in G'.

Proof. Let G' = (V/,E') and G" = (V',E"), V" =V’ and E" = E’\ {uv}, where
uv is the very last edge added by the Algorithm 1 (informally, G” is the graph obtained
by Algorithm 1 just before the very last edge, say uv, is added), and let 7" be the number
of triangles in G”. Then T" = T" + T"?, where T is the number triangles created by
addition of the edge uv. Then we have 7% = |N"(u) N N (v)| < |[N"(u)| < A’, where
N"(u) is the neighbourhood of w in G”. Since T < T —1wehave T' < T+ A'—1. O

The previous proposition states that T is at most 7'+ A’ — 2. From the proof, this
extremal situation is given when 7" =T — 1 and T"¥ = |[N"(u) N N” (v)| = |[N"(u)| =
A’ — 1. We pose the following open problem.

Problem 2.2. Is there a family of graphs G with arbitrarily large values of 7" that can be
perturbed to graphs G’ such that 7/ =T + A’ — 2?

3 Data privacy

In this section, we analyse the privacy of our proposal assuming that the attacker’s
background knowledge comprises the degree and the number of triangles passing through
some vertices. The objective of the proposed method is to disrupt any attempt to obtain
knowledge about the identity of the nodes in the published anonymized network. So
as to evaluate the extent to which this objective is achieved, we need some methods for
measuring it. These are the privacy metrics.

3.1 Degree-triangle variation

Let us consider a vertex u € G, and let us denote its degree, that is, the number of vertices
adjacent to u, as d,,. The number of triangles passing through « is denoted by ¢,,. For each
vertex u, we consider the pair (d,, t,,).

When Algorithm 1 is applied to a particular graph G, given a vertex wu, its degree-
triangles pair (d,, t,,) is transformed to another pair (d.,, ¢, ). Next proposition defines the

destiny region of a pair (d,, t,,), that is, the subset of Z x Z where the pair (d, t!,) may
take its value.

Proposition 3.1. Let G be a graph that has been perturbed into G' using Algorithm 1.
Let (dy,t,,) be the degree-triangles pair of u in G where d,, > 1, and let (d,,,t,,) be the

ur u

corresponding pair in G'. Denoting by T and T’ the number of triangles of G and G’,
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respectively, the following inequalities hold:

max{1l,d, —t,} <d, <d, +T ;

d (d, —1
max{0,d,, — d,} <t,, < min {T'7 “(;)} :

Proof. In the first round of Algorithm 1, edges of triangles are randomly removed until no
triangles are left in G. For each edge removed from a triangle, the degree of its vertices
is decreased by at most one. Hence, at the end of the first round, (d,,, t,) is transformed
to (x,0), where x is an integer that ranges between max{1,d, — t,} and d,, (the edge
adjacent to a vertex of degree one will not be removed since it cannot be part of any
triangle). Since the degree of a vertex cannot decrease during the second round, we obtain
max{1,d, —t,} <d,.

After that, the second round of Algorithm 1 adds edges that create triangles. Each edge
addition to the graph increases the degree of a vertex by at most one. Since the second
round iterates at most 7' times, we get the degree of u cannot be more than d,, + T. At
the end, the number of triangles passing through a vertex may be at most 7”. Taking into
account that a vertex of degree d cannot be part of more than @ triangles, we get
t!, < min {T’7 7%@%_1) }

A vertex u with d}, > d,, implies that its degree has increased during the triangle
addition phase. In this phase, each time u receives a new edge, the number of triangles
passing through it also increases by at least one. This implies that d/, — d,, < t/,. Since t,

cannot take a negative value, we obtain max{0, d], — d, } < t.,.
O

triangles (t) A : d(d—1)

dy dy +T
degree (d)

Figure 1: Destiny region D,, of (d,,, t,,) whose bounds are given in Proposition 3.1.

There are some special cases where the destiny region of a vertex can be better
estimated. For instance, Algorithm 1 does not perturb isolated vertices (d,, = 0) nor
connected components with just two vertices. Such simple structures are very common
in social network graphs, and classical k-anonymity is directly provided on them when



L. Brankovic et al.: Triangle randomization for social network data anonymization 467

such isomorphic structures appear k times. In general, given a pair (d,, t,,) from a graph
containing 7 triangles, we can compute the bounds of its destiny region D,,. The size of
this region depends on 7" and 7”. Our experiments have shown that in practice T' =~ T” so
that its size is O(T?). The shape of D, is illustrated in Figure 1.

Not every point in D,, corresponds to a vertex u with (d,,,t,), as illustrated by the
following example.

Example:

Let G = (V, E) be a graph with V' = {a,b,c,d,e} and E = {ab, ae, bc, be, cd, de} (see
Figure 2). G contains one triangle (a, b, €). Regarding vertex a, we have (d,t,) = (2,1).

Figure 2: Graph G (left) and its anonymized graph G’ (right) generated by Algorithm 1. In
this case T'= 1 and 7" = 2. Numbers in brackets indicate the degree-triangles pairs.

From Proposition 3.1 we have D, = {(1,0),(2,0),(2,1),(3,1),(3,2)}. Algorithm 1
will first eliminate the triangle by randomly removing one of its edges. It will result in
(da,ta) = (1,0) with probability % (either ab or ae are removed) and (d,,t,) = (2,0)
(edge be is removed) with probability % Next, one edge will be added so as to create a new
triangle. It can be seen that at the end (dq, t,) becomes (2,1) with probability 2; (1,0)
with probability +; and (3,1) or (2,0) with probability 2. Moreover, 7" may become 2
in some cases (this is the case in G”), but the tuple (3,2) € D, is not possible for vertex a
starting from its original value (2, 1).

3.2 Measuring degree-triangle confusion

Let us consider an adversary whose goal is to re-identify a vertex v in an anonymized graph
G’ assuming her knowledge on u is given by the pair (d,, t,), that is, the adversary knows
the number of relationships of u and the number of ‘three party friends’ that u belongs to.
Confusion is provided as long as the adversary has some level of uncertainty about the
vertices of G’ that may correspond to u. The set of candidate vertices is given by the set of
vertices in G’ that belong to the destiny region of u, namely D,,. The adversary does not
know the value of 7" (number of triangles in the original graph G), but a good estimate is
givenby T ~ T". If just one vertex of G’ falls in D,,, then u will be re-identified resulting in
the corresponding privacy compromise. The desirable situation is that in which the destiny
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region contains a large number of vertices, thus ensuring a high level of confusion. Let us
define

Ma.c(u) = {v €V [(d,,t,) € Du}l,

as a local measure of confusion on u once G’ has been released. Although not all vertices
in D,, have the same probability of corresponding to u (as shown in the previous example),
identifying w is not an easy task for an adversary with a limited knowledge of the original
graph G. Hence, we propose the following confusion measure.

Definition 3.2 (Degree-triangle confusion). Let G = (V, E) and G’ = (V, E’) be two
graphs with a common set of vertices V. We say that (G,G’) is a k-degree-triangle
confusing pair of graphs if Mg ¢/(u) > k for every u € V. That is, every vertex in
G has at least k matching candidate vertices in G

Note that the largest k satisfying Mg g/(u) > k for each v € V corresponds
to min,ey {M¢g,o/(vw)}. In the example of Figure 2, Mg ¢/ (b) = 4 since vertices
{V/,c/,d’, e’} fall in the destiny region of b (see Figure 3). For the rest of the vertices,
we have Mg ¢/(a) = 4, Mg,g/(c) = Mg,g'(d) = 3 and Mg e (e) = 4. Hence,
(G, @) is 3-degree-triangle confusing.

Since k = minyev{Mg ¢ (u)}, it usually happens that the destiny region of most
vertices contains more than k vertices. In order to provide more information about
degree-triangle confusion, we will also analyze the median and the maximum values in
{Mg¢.,q'(u) | u € V}. The median value will provide the number of matching candidates
for a “typical” vertex, meanwhile the maximum one corresponds to the worst case for an
attacker.

triangles () A

degree (d)

Figure 3: Destiny region of vertex b. Vertices of G’ are represented by little circles (tuple
(2,1) appears twice since it corresponds to vertices b’ and d’). Vertex o', (1,0), is out of
Dy,.
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4 Experimental results

The proposed anonymization procedure has been implemented in Python' using the
Networkx? v1.7 graph library and tested over real and synthetic social network data.

4.1 Graph data sets

The following real data sets and synthetic graph generators have been employed in our
experiments:

o The Coauthors graph is generated from bibliographic data available at the collection
of Computer Science Bibliographies®, where each author is assigned a vertex and
edges are built from co-authorship relations. In our experiments, a graph with 11510
vertices and 11135 edges has been built. Data sets constructed in the same way have
been previously used in [10, 20].

e The Condmat graph represents the collaboration network of scientists posting
preprints on the condensed matter archive at www.arxiv.org. This version is
based on preprints posted between January 1, 1995 and June 30, 2003. This graph
is composed of 31163 vertices and 120029 edges. It has been used by several
authors as a test-bed for community-finding algorithms for large networks (see, for
example,[13]).

e The Holme-Kim model produces scale-free synthetic graphs in which the probability
P(k) that a vertex interacts with k other vertices follows a power law distribution,
thatis, P(k) ~ C-k~7. Many real world graphs have a power law degree distribution
with 2 < v < 4, as noted in [1]. The graphs generated by this model have v ~ 2.9
which is considered a good approximation to many real world graphs. This model
extends the well known Barabasi-Albert model (see [1]) including an extra step
referred to as triangle formation step. In the Barabasi-Albert model, an empty graph
with m vertices is first generated. After that, the construction algorithm iterates by
adding a degree m vertex v at each step. Each edge of v is attached to an existing
vertex with a probability proportional to its degree (this is the preferential attachment
(PA) step). The Holme-Kim model incorporates an additional phase: for each edge
between v and w added in the PA step, add one more edge from v to a randomly
chosen neighbor of w with a given probability p. As a consequence, Holme-Kim
graphs range between low-clustered graphs for p = 0 (Barabasi-Albert graphs) and
highly-clustered ones for p = 1 (see [7]).

e The Watts-Strogatz model was inspired by the small-world phenomenon which is
based on the notion that every person in the world is connected to anyone else
through a chain of six mutual acquaintances at most (also known as “six degrees of
separation”). Starting from a ring lattice on n vertices, where vertices have degree k,
this model takes each edge and rewires it with probability p. This model interpolates
between regularity (p = 0) and total disorder (p = 1). For 0 < p < 1 we obtain
highly clustered graphs having a small diameter, as it happens in many real world
graphs (see [18]).

"http://python.org
Zhttp://networkx.lanl.gov
3http://liinwww.ira.uka.de/bibliography
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4.2 Graph utility measures

The method proposed in this paper introduces some changes to a graph prior to its release.
In order to quantify the extent to which the original graph has been modified, we compute
some statistical network measures and see how they are affected as a result of masking.
These are the utility metrics.

The following utility measures have been considered:

e Number of links (size),

e Number of triangles,

Average clustering coefficient,

Average shortest path length (Av. SPL),

e Minimum, median and maximum vertex degree.

The (local) clustering coefficient c,, of a vertex u measures how close the neighbors of
u are to being a clique, that is, ¢, = % when d,, > 2, and ¢,, = 0 otherwise. Given
an order n graph G = (V, E), the average clustering coefficient is,

1

— E Cy-

n
Besides, the average shortest path length is,

1
Z dist(u, v),

n(n - 1) u,veV

where dist(u, v) is the distance (length of a shortest path) between u and v. The other
parameters are self-explanatory.

4.3 Experiments on real data sets

Algorithm 1 has been run ten times over the Coauthors and Condmat graphs. The median
computation time has been 2.03 and 4.19 minutes, respectively.

Utility measures

Utility measures of the original graphs and their anonymized versions are shown in Table 1.
As can be seen, the metrics of a graph and its perturbed versions exhibit a high correlation.
After masking, the size is slightly increased while the median number of triangles is
preserved although in some experiments it resulted in a slightly larger value (no more than
four additional triangles were created in all the experiments). Degree parameters are well
preserved in both graphs too. The average clustering and average SPL have been the most
affected parameters in the Condmat graph. Figure 4 shows the distribution of (d,, t,)
pairs for both graphs. Focusing our attention on the Condmat graph, it can be seen that
vertices with high degree have less trianges after anonymization. As a consequence, the
Auv. clustering is reduced.
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H Coauthors | Condmat ‘
Original | Anonymized | Original | Anonymized
(median) (median)
Size 11135 12040 120029 179244
Triangles 6395 6395 232994 232994
Av. Clustering 0.4591 0.4206 0.6488 0.47217
Av. SPL 3.3543 3.207 5.2995 4.2047
Min. Degree 0 0 0 0
Median Degree 2 2 25 27.5
Max. Degree 73 74 202 211

Table 1: Metrics of Coauthors and Condmat graphs before and after anonymization.

Coauthors Condmat
‘ ‘ %
100 B x
1500 |
g
= 15 4 = X
2 © g
2 Ox 21000
bt Z
=} =}
B X g
£ S
g 2 500 g
L = 0 - L L L
60 80 0 50 100 150 200

degree degree

Figure 4: Degree-triangles distribution for coauthors and condmat graphs before (symbol
x) and after (symbol o) anonymization.

Degree-triangle privacy

The value of Mg,/ (u) has been measured individually for every vertex u after each
experiment.

The Coauthors graph has 11510 vertices: 2574 of them are isolated vertices and 1982
are located in connected components with two vertices. These vertices are not affected
by Algorithm 1 but they are indistinguishable in terms of re-identification. The remaining
6954 vertices are masked by Algorithm 1. Table 2 summarizes the results. As can be seen,
the minimum value for M¢ ¢/ (u) is 20, that is, (G, G’) is a 20-degree-triangle confusing
pair of graphs. Nevertheless, a ‘typical’ vertex has an elevated amount of vertices (6947)
in its destiny region (more than 60% of vertices).

The Condmat graph contains 703 isolated vertices and 830 vertices belonging to
connected components with two vertices. The remaining 29630 vertices have been masked
by Algorithm 1. The destiny region of a ‘typical” vertex contains 29630 vertices (95.1% of
vertices). The smallest destiny region for any node includes 7198 vertices, that is, 24.3% of
vertices (see Table 2). In this example, the degree-triangle confusion parameter is £ = 703
which comes from isolated vertices.
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Values in {M¢g.q(u) |u eV}
vertices u such that Coauthors Condmat
(dy, t,) satisfies (11510 vertices) (31163 vertices)
Min. | Med. | Max. || Min. | Med. | Max.
d, =0 2574 | 2574 | 2574 703 703 703
d, =1 1982 | 1982 | 1982 830 830 830
dy>1lort, >1 20 6947 | 6954 | 7198 | 29630 | 29630

Table 2: Minimum, median and maximum values of { M ¢ ¢/ (u) | uw € V'} for Coauthors
and Condmat graphs. The degree-triangle confusion measure for each graph is the
minimum value in the table.

4.4 Experiments over synthetic graphs

Experiments on synthetic graphs have been performed over graphs with 10° vertices. For
each model, we have generated ten random graphs with parameter p taking the following
values: 0,0.2,0.4,0.6,0.8, 1. Regarding Watts-Strogatz graphs, they have been generated
from cubic graphs so that the resulting graphs have a minimum degree equal to three, except
for p = 0, where the resulting graph is regular of degree 6. In all the cases, the generator
provided by the Networkx library has been employed. Each graph from the test set has
been masked ten times and the utility and privacy metrics have been computed (average
values are analyzed).

Utility measures

The computation time of Algorithm 1 on both models is depicted in the left graphic of
Figure 5. It can be seen that the computation time is strongly correlated with the number
of triangles of the graph (right graphic of Figure 5). For a Watts-Strogatz (WS) graph of
order 10° containing 300000 triangles, Algorithm 1 takes a little bit more than 11 hours.
When p = 0.5, both models generate graphs with a close number of triangles (50000) and
a similar computation time (around 4 hours) is required for both models. The number of
triangles in the anonymized graphs almost equals the amount of triangles of the original
ones, as it can be seen from the overlapping lines in the right graphic of Figure 5. More
specifically, the maximum difference of 7/ — T has been 6, which is a negligible quantity
for graphs containing 300000 triangles.

The number of edges of the generated Watts-Strogatz (WS) graphs has been 3 - 10°
in all the cases. The amount of edges after anonymization has been increased in all the
cases, except for p = 0, where the anonymized graph contains 299591 edges (a 0.001%
difference). The maximum difference appears for p = 0.2, where the corresponding
anonymized graph has 322052 edges. Nevertheless, the maximum difference is about
7.35% of edges. Regarding Holme-Kim (HK) graphs, their size is close to 2 - 105, The
HK anonymized graphs contain more edges than the corresponding value for the original
ones, but again the maximum relative difference (for p = 0.6) is 2.07% (See Figure 6).

Degree parameters variation appears in Figure 7. It can be seen that the maximum
difference of WS graphs appears for p = 0.2, where the maximum degree has been doubled
(from 12 to 24), the median degree increases from 5.5 to 7.5 and the minimum degree
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Figure 5: Computation time (left) and number of triangles for Watts-Strogatz (WS) and
Holme-Kim (HK) graphs with 10° vertices, as a function of parameter p, before and after
anonymization (right).

decreases from 3 to 1. Regarding HK graphs, degree parameters have been less affected.

The clustering coefficients in both models have been preserved to a high extent (see
Figure 8). In WS graphs, the difference tends to zero as p — 1. Besides, we observe the
reverse behaviour in the HK model where the maximum difference appears at p = 1 where
anonymized HK graphs are less clustered.

Degree-Triangle privacy

The minimum, median and maximum values of the degree-triangle confusion measure have
been computed in both models. The results are shown in Figure 9 and Table 3. For
Holme-Kim graphs, the privacy has been compromised for p = 0,0.4 and 0.6, where
min{Mg,e (u) | v € V} = 1, that is, there is at least one re-identifiable vertex in
these cases. Holme-Kim graphs have a few vertices with high degree containing a small
number of triangles. These vertices are difficult to mask, specially when the number of
triangles T of the whole graph is also low. Masking data sets with outliers is known to
be a thorny issue [11]. Prior to releasing a masked graph containing such nodes, some
additional measures such as removing them or adding some additional noise should be
taken. Nevertheless, a ‘typical’ (median) vertex contains an acceptable number of vertices
in its destiny region, as Table 3 shows.

Regarding the Watts-Strogatz graphs, we have min{ Mg ¢/ (u) | u € V} = 1 just for
p = 1. WS graphs have a low number of triangles (only 20 in our experiment) for p = 1.
As a consequence, Algorithm 1 produces an insignificant modification to WS graphs so that
vertices with a high degree are probably not affected and become easily re-identificable in
the masked graph. Nevertheless, a ‘typical’ vertex contains a high number of vertices into
its destiny region (7276), as Table 3 and the dashed line in left graphic of Figure 9 shows.
As could be expected, these examples show the presented algorithm is not adequate for
graphs having a reduced amount of triangles.
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Figure 6: Number of edges for Watts-Strogatz (WS) (left) and Holme-Kim (HK) (right)
graphs with 10° vertices, as a function of parameter p, before and after anonymization.

Values in {M¢ e/ (u) |ueV}
Parameter p Watts-Strogatz Holme-Kim

Min. | Med. | Max. Min. | Med. | Max.
0 10° 10° 10° 1 13 | 70087
0.2 12368 | 90486 | 10° 2 320 | 91885
0.4 271 | 59702 | 99990 1 968 | 95642
0.6 43 36453 | 98897 1 2278 | 99163
0.8 6 19392 | 87726 23 6489 | 99906
1.0 1 7276 | 44654 || 86101 | 99999 | 10°

Table 3: Minimum, median and maximum values in {Mg ¢/ (u) | u € V} for Watts-
Strogatz (WS) and Holme-Kim (HK) graphs.

5 Conclusion and future work

In this paper a new anonymization method for social network graph data has been
presented. The method is composed of two differentiated phases. The first phase iterates
by randomly removing one edge of a randomly selected triangle in the graph until no
triangles are left. In the second phase, the removed triangles are randomly reallocated
in the graph. Due to its simplicity and low cost of the required operations, the method
can be efficiently implemented in an algorithm whose running time grows linearly with the
amount of triangles.

Empirical experiments have shown the method provides a high privacy level. Regarding
data quality, experiments have shown structural parameters are better preserved in graphs
with a larger homogeneity among vertices.

Some open issues that will be addressed in future research are:

¢ Quantify the probability distribution of the degree-triangles pair in the destiny region.

e Find techniques to increase structural parameters preservation in non-homogeneous
graphs.
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Figure 7: Maximum, median and minimum degree for Watts-Strogatz (WS) and Holme-
Kim (HK) graphs with 105 vertices, as a function of parameter p, before and after
anonymization.
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Abstract

In the study of topological (ny,) configurations in the projective plane we have n pseudo-
lines and n points. Precisely & of these points are incident with each pseudo-line and, vice
versa, precisely k pseudo-lines are incident with each point. We describe a non-orientable
2-manifold associated in a natural way to a topological (ny) configuration in the projective
plane. Apart from being interesting in its own right, this manifold defines an equivalence
class within topological configurations. It can be used to distinguish topological (ny) con-
figurations.

Keywords: Point-line configuration, pseudo-line, 2-manifold.

Math. Subj. Class.: 51E20, 52C30, 05B30

1 Introduction

This article concerns point-line configurations in the sense of B. Griinbaum‘s research
monograph, [8]. We recommend the reader to have a look at this book and we assume
the reader to know pseudo-line arrangements in the projective plane as rank 3 oriented
matroids, compare [1], or [2].

We define a topological (ny;) configuration in the projective plane as a pair of n pseudo-
lines and n points in the projective plane such that the point-line incidence graph is k-
regular.
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The study of these topological configurations can help to solve problems for geometric
configurations, i.e., when all pseudo-lines are straight lines. When we consider pseudo-
lines and points only as abstract elements, we have a combinatorial (ny) configuration.
When starting with a combinatorial configuration, we can first try to find all corresponding
topological ones, a corresponding investigation was done in [9].

Whenever a class of topological (ny) configurations is given, we provide in this paper
a concept to subdivide this class into natural subclasses. We use for that an associated
2-manifold.

2 Manifold associated to a topological configuration

When two pseudo-line arrangements are given, it is in general not an easy task to tell of
whether they are isomorphic. We say that the pseudo-line arrangements are isomorphic
up to a relabeling of its elements when there exists a relabeling of the pseudo-lines and
a topological transformation of the projective plane that maps the first set of pseudo-lines
onto the possibly relabeled second set of pseudo-lines. This notion defines equality of
oriented matroids (in rank 3) up to relabeling its elements.

We can also say that two given topological (ny) configurations are isomorphic up to
relabeling, when their oriented matroids are equal up to relabeling its elements and when
the point-line incidences remain the same.

However, for a given combinatorial configuration there are in general many topological
configurations. It is useful to subdivide them into natural classes. This is what we suggest.

We associate a 2-manifold to each topological (ny) configuration. When the 2-manifold
differs for two topological (ny) configurations, the configurations are not isomorphic up to
relabeling, When the 2-manifolds coincide, we have a natural common property of the
configurations.

The n pseudo-lines of a topological (n) configuration form a rank 3 oriented matroid
or a pseudo-line arrangement in the projective plane.

We pick for such a topological (n) configuration with n pseudo-lines in the projective
plane an additional pseudo-line as the pseudo-line at infinity. This allows us to orient
all given pseudo-lines of the topological (ny) configuration. These orientations induce a
cyclic order for each set of k points lying on a particular pseudo-line of the configuration.
We call an oriented pair (P;, P;;1) of adjacent points in such a cyclic sequence of points
(Py,..., P;) on apseudo-line ! of the configuration a segment s;(1).

A segment s; (1) can also be considered to be that part of the pseudo-line [ that connects
the corresponding defining points (P;, P;11) and that contains no additional point of the
configuration. We distinguish for such a segment s;(1), i € {1,...,k}, its two sides, the
right side s;* (1) with respect to the orientation of the pseudo-line [ and the left side s; (1)
with respect to its orientation. We speak of the two signed segments of a segment. When
we follow a signed segment across the pseudo-line at infinity, the right side and the left side
interchanges, i.e., s} (1) = (Pg, P1)* and s7 (I) = (P1, P2)~ form a connected path. We
say that sj (1) points to the right of the oriented pseudo line [ between P; and Py, and up to
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the pseudo-line at infinity. In the remaining part of s;f (1) points to the left.

When we go around a point p of the configuration, we have 2 k adjacent pairs of signed
segments. The signed segments of such a pair both point to the same adjacent region, and
they both are joined via the midpoint p. We call these 2 - k pairs of signed segments angles
at p. We glue angles with the same signed segment along their equal signed segments.
When we do this repeatedly, we obtain a polygon of signed segments: a closed path.

Definition 2.1. Configuration manifold of a topological (ny) configuration. We define a
manifold given by a topological (ny) configuration by taking as its 2-cells all closed paths
that we obtain from the above construction. The manifold property is clear. Each 2-cell has
at least three edges (signed segments) and each signed edge is incident with precisely one
additional signed edge.

In Figure 1 we see as an example, a geometric (123) configuration. All pairs of segments
between adjacent points of the configuration are drawn. When we follow the sequences of
connected line segments, we can count the path lengths of them.

Figure 1: Configuration manifold of a (123) configuration
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3 Mutation class of a topological configuration

For a combinatorial configuration we often have many topological realizations. Already
in the (174) case, the unique combinatorial configuration that admits a topological con-
figuration, compare [8], Figure 3.2.2, or [3], Proposition 3, has not a unique topological
realization. We have several topological solutions that can be changed via mutations of
the pseudo-line arrangement without changing the combinatorial configuration. A muta-
tion is sometimes also referred to as a Reidemeister move. We have depicted this example
in Figure 2. On the line at infinity there are two points, not points of the configuration,
at which precisely three pseudo-lines meet. We can change the topological configuration
locally such that one pseudo-line of these three pseudo-lines is not incident with the meet
of the other two. Locally meens that we have no other pseudo-line intersecting the trian-
gle formed by the three pseudo-lines. We can get two different oriented triangles bounded
by the corresponding 3 pseudo-lines at those points without changing the combinatorial
configuration. A change of the orientation of such a triangle is called a mutation.

The oriented matroid does change this way, however, these changes are not considered
to change a lot the topological configuration.

We define a graph in which the points are pseudo-line arrangements with a given num-
ber of elements and edges occur between pairs of pseudo-line arrangments when they dif-
fer just by one orientation of such a triangle of three pseudo-lines and when there is no
pseudo-line intersecting this triangle. This graph is known as the mutation graph for uni-
form oriented matroids.

Figure 2: Topological (17,) configuration

Definition 3.1. Mutation class of a topological configuration. We call such a mutation
of the topological configuration that keep the combinatorial configuration invariant an ad-
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missible mutation, and we speak about the connected component of the mutation graph of
topological realizations generated via admissible mutations and call it the mutation class
of a topological configuration.

4 Cycle length vector of the associated manifold

Definition 4.1. Cycle length vector. We calculate all cycle lengths of a configuration mani-
fold, we sort these lengths in increasing order to obtain what we call the cycle length vector
of the configuration.

From the definition it is clear that the cycle length vector does not change when we
relabel the pseudo-lines, it is invariant under relabeling the configuration.

For example, the three (geometric) (93) configurations (93)1, (93)2, and (93)3, com-
pare [8], Figure 2.2.1, have different cycle length vectors (6, 6,14, 14, 14), (3, 3,3, 3, 3, 3,
3,33), and (3, 3, 3,14, 14, 14), respectively. When we have another geometric version of
one of these drawings, we can tell via the cycle length vector which version we have. We
have depicted the second case in Figure 3. The cycles of length 3 are easily seen. The
reader can verify that there is only one additional final cycle of length 33.

AA
A AV

Figure 3: Geometric (93)2 configuration

The cycle length vector provides us with a short invariant of a topological configuration.
It has turned out that it can e.g. distinguish all different 17 mutation classes of (184)
configurations. We present all these 17 cycle length vectors in Table 1, listed in the order
in which the examples were presented in [7]. The last vector in Table 1 is the cycle length
vector of the additional topological configuration that was found recently when all mutation
classes of topological (184) configurations were generated, see [4]. In Figure 4 you see the
new topological example, on the right, together with the former known combinatorially
isomorphic Case 5.
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[3,3,8,8,8,8,8,13,13,13,13,13,33], [3,3,3,3,3,3,8,8,8,18,28,28,28], [3.3,8,18,18,45,49],
[3.3,3,3,44,44,44], [3,3,8,8,10,13,13,13,13,29,31], [5,5.8,8,8.8.8.8,8,8,8,31,31],
[3.3,3,8,28,45,54], [3,3,12,13,13,13,13,13,13,48], [8,13,13,13,13,13,18,19,34],

[8,13,13,13,13,13,13,18,40], [3,3,12,13,13,13,13,34,40], [3,8,13,13,13,13,18,29,34],
[3,5,8,8,8,8,8,13,13,13,57], [3,3,8,8,8,8,13,13,18,29,33],
[3.8,8,8,13,13,13,13,13,13,13,13,13],
[3,3,3,3,3,3,18,18,18,18,18,18,18], [3,3,3,13,24,98].

Table 1: All possible cycle length vectors for topological (184) configurations.

Figure 4: Two topological (18,) configurations with an isomorphic combinatorial configu-
ration

S Properties of the configuration manifold

Before we write the next theorem with properties of configuration manifolds, we wish to
mention [6], i.e., another paper with a link between pseudo-line arrangements and topolog-
ical graph theory.

Theorem 5.1. Properties of configuration manifolds.

1. Configuration manifolds are non-orientable 2-manifolds.

2. The configuration manifold of a topological configuration determines its combinato-
rial configuration.

3. The configuration manifold of a topological configuration is an invariant of its mu-
tation class.

Proof. Ad 1: Since we work in the non-orientable projective plane, we can go along the
Mobius strip of any closed pseudo-line of the arrangement. This Mobius strip is a part of
the configuration manifold. So the configuration manifold is non-orientable.

Ad 2: In the definition of the configuration manifold we have the information of all
circular sequences of points along each pseudo-line. We only have to follow all straight
ahead paths along the edges. This is the information of the combinatorial configuration.
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Ad 3: The definition of a mutation class tells us that the configuration manifold does not
change when an admissible mutation changes the topological configuration. The construc-
tion of the manifold simply ignores those intersections of pseudo-lines that do not occur at
points of the configuration. 0

Remarks: 1. A combinatorial configuration which admits topological configurations can
have different configuration manifolds. This property was already shown via Figure 4.

2. The cycle length vector can be used to distinguish all 17 connected admissible muta-
tion graph components in the (184) case. The list of cycle length vectors in Table 1 together
with the result of the generation algorithm of topological configurations, presented in [4],
provides us with this property.

Our cycle length vector of a configuration manifold has already been tested as an invari-
ant in the classification of [5] that was based on [4] . An algorithm was used for generating
all topological (ny) configurations in the projective plane for given n and given k without
determining first all corresponding abstract (ny) configurations.

The (184) case (JAVA code of V. Pilaud with one hour CPU-time) had mainly the char-
acter of confirming the satisfiability result of Lars Schewe, [9], however, the case of Figure
4 appeared as a surprising additional aspect. The behavior of the (194) case (JAVA code
with 16 days of CPU-time) was completely different. Here we had to sort the output of
nearly 70,000 mutation classes of topological (19,) configurations, i.e., topological config-
urations up to mutation equivalence. For this investigation additional techniques are useful
and the presented invariant here was only one intermediate step within this investigation.
A detailed report about this (194) case can be found in [5].

References

[1] A. Bjorner, M. Las Vergnas, B. Sturmfels, N. White and G. Ziegler, Oriented Matroids, Ency-
clopedia of Mathematics and its Applications, vol. 46, Cambridge University Press, Cambridge,
1999.

[2] J. Bokowski, Computational Oriented Matroids, Cambridge University Press, Cambridge, 2006.

[3] J. Bokowski, B. Griinbaum and Lars Schewe, Topological configurations (n4) exist for all n >
17, Eur. J. Comb. 30 (2009), 1778-1785.

[4] J. Bokowski and V. Pilaud, Enumerating topological (n)-configurations, Computational Geom-
etry: Theory and Applications 47 (2014), 175-186, special issue for the 23rd Canadian Confer-
ence on Computational Geometry, available via arXiv.

[5] J. Bokowski and V. Pilaud, On topological and geometric (194)-configurations, 13p., 2013 sub-
mitted, available via arXiv.

[6] J. Bokowski and T. Pisanski, Oriented matroids and complete graph embeddings, Journal of
Combinatorial Theory Series A 114 (2007), 1-19.

[7] J. Bokowski and L. Schewe, On the finite set of missing geometric configurations (n4), Compu-
tational Geometry: Theory and Applications 46 (2013), 532-540.

[8] B. Griinbaum, Configurations of Points and Lines, Graduate Studies in Mathematics, vol. 103,
American Mathematical Society, Providence, RI, 2009.

[9] Lars Schewe, Satisfiability Problems in Discrete Geometry, PhD thesis, Shaker, Technische Uni-
versitit Darmstadt, 2007.






creative ARS MATHEMATICA
@commons CONTEMPORANEA

Also available at http://amc-journal.eu
ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)

ARS MATHEMATICA CONTEMPORANEA 7 (2014) 487-497

Fast recognition of direct and strong products®

Richard H. Hammack

Department of Mathematics and Applied Mathematics,
Virginia Commonwealth University,
Richmond, Virginia, USA

Wilfried Imrich

Department Mathematics and Information Technology,
Montanuniversitcit Leoben,
A-8700 Leoben, Austria

Received 9 April 2012, accepted 17 May 2014, published online 24 September 2014

Abstract

This note describes fast algorithms for computing the prime factors of connected, non-
bipartite graphs with respect to the direct product, and of connected graphs with respect
to the strong product. The complexities are O(m min(n?, A3)) for the direct product, and
O(ma(G)A) for the strong, where n is the order of the graph G to be factored, m its size,
a(@) its arboricity, and A its maximum degree. That is, the complexities are linear in m
for fixed A.
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1 Introduction

The Cartesian, direct, and strong products of graphs are the only nontrivial, associative
products defined on the Cartesian products of the vertex sets having the property that the
projections onto the factors are weak homomorphisms [4]. These products enjoy many
interesting algebraic properties, such as unique prime factorization. Connected graphs have
unique prime factor decompositions with respect to the Cartesian and the strong product in
the class I of simple graphs [9, 10, 1, 7], and connected nonbipartite graphs have unique
prime factor decompositions with respect to the direct product in the class I'y of graphs
where loops but not multiple edges are allowed [7].
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In the case of the Cartesian product the prime factors can be computed in linear time,
that is, in O(m) time, where m is the size of the graph; see [6].

For the other two products the situation is different. For the strong product the paper
[2] by Feigenbaum and Schiffer was the first that presented a polynomial algorithm for
the unique factorization of connected graphs. This was then extended to the factorization
of nonbipartite connected graphs with respect to the direct product by Imrich [5]. In both
papers the main aim was to show that the factorization was possible in polynomial time,
hence neither of [2, 5] contains an estimate of the complexity of the algorithm presented
there. A rough estimate shows that it is O(n*?) in [2] and O(n®) in [5], where n is the
order of the graph.

Both algorithms depend on the factorization of auxiliary graphs with respect to the
Cartesian product. The auxiliary graphs are called Cartesian skeletons and are defined
algorithmically in [2, 5]. The algorithmic definition makes it difficult to work with them.

Later, non-algorithmic definitions were given [3], along with efficient algorithms that
compute them. However, it was not known whether it was possible to find the prime factors
with respect to the direct and the strong products within the same time complexities needed
for computing the skeletons.

The present paper shows that this is indeed the case. We prove that connected, nonbi-
partite graphs can be factored over the direct product in O(m min(n?, A3)) time, and that
the prime factors of connected graphs with respect to the strong product can be found in
O(ma(G)A) time, where n is the order, m the size, A the maximum degree, and a(G)
the arboricity of the graph G that is to be factored. (The arboricity a(G) of a graph G is
the minimum number of forests into which E(G) can be partitioned. It is easily seen that
a(G) < A)

Although both algorithms that are presented here have complexities close to O(n*) in
the worst case, which just slightly better than that of the algorithms of Feigenbaum and
Schiffer [2] (for the strong product) and of Imrich [5] (for the direct product), their main
advantage is that their complexities for graphs with known bounds on the maximum degree
or the arboricity (in the case of the strong product) and can be explicitly stated.

In particular, we wish to point out that, for fixed A and growing m, we have m < nA,
hence n also grows, and A must eventually become smaller than n2. Also note that
a(G)A < AZ?. Hence the complexities grow linearly in m for fixed A. Algorithms with
such complexities are called quasilinear.

On the way, in Section 2.1, we also prove new bounds on the number of prime factors
of a graph with respect to the strong and the direct product.

2 Definitions

We consider finite graphs G which may have loops but not multiple edges, and denote the
class of these graphs by I'g, while I' C I'y is the class of graphs without loops. An edge
joining g to ¢’ is denoted gg’. The open neighborhood of a vertex g is denoted N (g), or
N¢(g) when it is necessary to indicate the graph under discussion. The closed neighbor-
hood of g is N[g] = N(g) U {g}. Again, we often write this as N¢[g].

Given graphs H and K, the Cartesian product H O K, the direct product H x K and
the strong product H X K, are defined on the Cartesian product V(H) x V(K) of the
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vertex sets of the factors and have the following edge sets:

E(HOK) = {(hk)(W,K)|hW € E(H),k=Fk, orh=hkk' € E(K)},
E(HxK) = {(hk)(W k)| hlk' € E(H)and kk' € E(K)},
E(HRK) = E(HOK)UE(H x K).

(Examples are shown in Figure 1.) All three products are commutative and associative.
Also, the complete graph K7 on one vertex is a unit for O and X, as K1 O H = H and
K, X H = H for all graphs H. The graph K} consisting of a single vertex with a loop
satisfies K; x H = H, and is the unit for x.

K HOK K Hx K K HXK

T IXX IR

Figure 1: The three standard graph products

Let a = (a1,a2,...,a;) be a vertex of a product G = G1 * Ga * --- x Gy, where
* designates any of the symbols O, x, or X. Then the G;-layer G¢ of G; through a is
defined as the subgraph of G induced by the set of vertices

{(al,ag, ey A1, Ty Qg - ,ak.) | x; € V(Gz)}

For the Cartesian and the strong product, the G;-layers are isomorphic to G;. For the direct
product, G = G} if all a; have aloop in G for j # i. Otherwise G has no edges.

We call the mapping a — a; a projection. For a subgraph H of G, it restricts to a
mapping p; : H — G;. For the direct product this is a homomorphism; for the other two
products it is a weak homomorphism!.

If X C V(G), the subgraph of G induced on X is denoted (X), or (X )¢ if there is a
risk of ambiguity. As a consequence of the definitions, if X; C V(G;) for 1 < i < k, then

(X1 x Xg X+ x Xp)gio6,0--0G, = (X1)g, O(X2)e, 0 -+ O(Xk)g,, (2.1)

where the x indicates the Cartesian product of sets.

A nontrivial graph is called prime with respect to a particular product if whenever it
is represented as a product of two factors, one of the factors is the unit for the product.
As already mentioned, connected graphs have unique prime factor decompositions with
respect to the Cartesian and the strong product in I', and connected nonbipartite graphs
have unique prime factor decompositions with respect to the direct product in I'y.

There are two significant equivalence relations R and S on the vertex set of a graph.
To motivate this, note that Cartesian products possess a certain degree of rigidity; any
automorphism of H O K is induced by automorphisms of H and K (or their transposition

Recall that a homomorphims is an edge-preserving map, whereas a weak homomorphims either preserve
edges or maps them into single vertices.
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Figure 2: Left: Graphs H, K, H x K (solid) and H* K*, (H x K)*® (dotted). Right:
Graphs H, K, H x K (solid) and Cartesian skeletons .S ( ), S(K), S(H x K) (dotted).

if they are isomorphic). This is not so with the direct and strong products. For example,
in Figure 1 the vertices w and v of H X K can be transposed. The same is true for = and
yin H X K. It is easy to see the reason for this. In the case of the direct product, the
interchange is possible because N (u) = N (v); it is possible for the strong product because
N[z] = N[y]. We declare that two vertices x,y are in relation R if N(x) = N(y), and
they are in relation S if N[x] = N|y]. Notice that both R and S are equivalence relations.

We say a graph is R-thin if every R-equivalence class consists of a single vertex; it is
S-thin if every S-equivalence class has a single vertex. In discussions of prime factoring
over the direct product, it is helpful (at least initially) to assume that all graphs are R-thin.
For the strong product, we assume S-thinness.

Another important concept is the Boolean square. The Boolean square G° of a graph G
has vertex set V(G*) = V(G) and edges E(G*) = {zy | Na(x) N Ng(y) # 0}. The left
side of Figure 2 shows graphs H, K and H x K (bold) and their Boolean squares (dotted).
It is easy to confirm that

(Gl X Gg)s = Gi X G;,
and this is indeed reflected in the figure. Furthermore, letting N'G denote the graph G after
removal of all loops, we have

The most important concept in this paper is a certain subgraph of G* called the Carte-
sian skeleton. It is obtained from G*® by removal of the so-called dispensable edges.

We call an edge xy of G* dispensable if x = y or if there exists some z € V(G) for
which both of the following statements hold.

I. Ne(z) N Ne(y) C Ng(z) N Ng(z) or Ng(z) C Ne(2)C Na(y),

2. Ng(y) N Ng(z) € Na(y) N Ng(z) or Ng(y) C Ng(z)C Ng(x

In Figure 2 (left) the edge zy is dispensable because Ng(2)NNg(y) C Ng(x)NNg(z)
and Ng(y)NNg(z) C Ng(y)NNg(z). Also, 'y’ is dispensable, as Ng(z') C Ng(z') C
N¢(y') and Ng(y') N Ng(2') € Ne(y') N N (2').
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K HXK S[K] S[H X K] = S[H|OS[K]

1 ——————— 5]

Figure 3: Left: Graphs H, K, H X K Right: Closed Cartesian skeletons S[H], S[K],
S[H R K].

The Cartesian skeleton of a graph G is the graph S(G) obtained from G*® by removing
all dispensable edges. For example, the dotted lines in Figure 2 (right) are the Cartesian
skeletons of H, K and H x K. This figure illuminates a general principle that was proved
in [3]: If the product H x K is R-thin and has no isolated vertices, then

S(H x K) = S(H) O S(K). (2.3)

For the strong product a similar construction, the closed Cartesian skeleton S[G], is
useful. It is a subgraph of G obtained by removing all dispensable edges of GG, where an
edge xy of G is dispensable if for some z € V(&) both of the following conditions hold:

1 (strong). Nglz] N Ngly] € Nglz] N Nglz] or Nglz] C Nglz] € Nelyl,
2 (strong). Nely] N Nelz] € Nelyl N Nelz] or Nely] € Nelz] € Nela.

Figure 3 shows graphs H, K and H X K on the left and their closed Cartesian skeletons
S[H], S[K] and S[H K K] on the right. Notice the edge xy (for example) is dispensable,
because Ng[z]NNgly] C Ng[z]NNg|z] and Ng[y]NNg|z] C Ng[y]NNgz]. Also, 'y’
is dispensable, as Ng[2'] C Ng[z'] C Ngly'] and Ng[y'] N Nglz'] € Ngly'] N Nel2'].

If H X K is S-thin, then, similarly to Equation (2.3), we have

S[H R K] = S[H] O S[K], (2.4)

as noted in reference [3], in which it is also shown that the Cartesian skeletons of connected
nonbipartite graphs are connected. Moreover, the condition of nonbipartiteness can be
dropped in the case of the closed Cartesian skeleton: S[G] is connected if G is.

Note that Equations (2.3) and (2.4) express equality of graphs, not just isomorphism.
That s, e.g., graphs S(H x K) and S(H) O S(K) have identical vertex sets and edge sets.

The article [3] also presents algorithms and complexity analysis for computing S(G)
and S[G]. The skeleton S(G) can be computed in min{O(mn?), O(mA3)} time. Its space
complexity is determined by the size of the output and is thus between O(n) and O(n?).

On the other hand, the closed Cartesian skeleton S[G] can be computed in O(m a(G)A)
time, where a(G) is the arboricity of G, that is, the minimum number of forests into which
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the £/(G) can be partitioned. One can show that 6/2 < a(G) < A, where ¢ is the minimum
degree of G.2

2.1 Bounds on the number of factors

We will need bounds on the number of prime factors of graphs relative to different products.
A simple computation shows that a product of k nontrivial graphs has at least 2* ver-
tices. In other words, a graph on n vertices can have at most log, n factors with respect to
any product. However, note that the strong product of k copies of K5 is Ky, and that every
vertex has degree 2¥ — 1. Thus any vertex of a strong product of k£ nontrivial connected
factors has degree at least 2% — 1.
For the Cartesian product it is well known that a connected graph has at most § factors.

Lemma 2.1. Suppose a graph G has n vertices and minimum degree §. Then:

1. G has at most logy n factors with respect to the Cartesian, direct, or strong product.
2. If G is connected, it has at most § factors with respect to the Cartesian product.

3. If G is connected, it has at most log, (6 +1) factors with respect to the strong product.

Proof. We have already addressed the first two statements. If G is connected, then so are
all of its strong product factors. If G has k factors, then § > 2k _1,s0 logy(6+1) > k. O

For the direct product we have the following corollary.

Corollary 2.2. A connected, nonbipartite graph has at most logy(6A + 1) factors with
respect to the direct product.

Proof. LetG = G1 x Gg X - -+ X Gy. Then G* = G x G x --- x G, so any bound on
the number of factors of G* also bounds the number of factors of GG. Equation (2.2) implies

NG =NG;RNGR--- KNG .

Hence k is also bounded by the number of factors of A'G* over the strong product. As

logs(dargs + 1) > k, the assertion will follow as soon as we establish g Ag > dargs.
Indeed, for any vertex = of N'G* the definition of G* yields deg (z) A > degp s ().

If z has minimum degree in G, this is 6gAg > degprqs (2); thus dgAg > dargs. O

3 Thin graphs and the direct product

Suppose we want to compute the prime factorization G = G; X G2 X --- X G}, of an
R-thin, connected, nonbipartite graph GG. The compatibility of the Cartesian skeleton with
the direct product as expressed in Equation (2.3) implies

S(G)=5(G1)0S(Ge) 0O --- OS(Gy). 3.1
Because S(QG) is connected, there is a Cartesian prime factorization

s@) = 1 H; (3.2)

i€l

2These relations are not hard to show. The right side is routine. For the left side one invokes a theorem of
Nash-Williams [8], see [4, Exercise 20.2] and the hint thereto.
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that is unique up to the order and isomorphisms of the factors. By [4, p. 296], this equals
the presentation in (3.1) or a refinement of it. Thus the number of Cartesian factors of S(G)
can be larger than the number of direct factors of G. Since we can compute S(G) and its

prime factorization over O, our task is to find a partition Jy, Ja, . . ., Ji of I such that
S(Gy) = U H
JjE€J;

foralli,1 <i <k.

Section 24.3 of [4] shows that each J; is a minimal subset of I for which the H j,-layers
of H;, O Hp j, (Where Hj, = O] jes, Hj and Hp\ 5, = O] jer\J; Hj) correspond to
the layers of a factor of G with respect to the direct product. In other words, each J; is
a minimal subset of I for which G = p;,(G) x pp\ 5, (G), where py, is the projection of
V(G) =V(S(G)) onto V(H,), and py, (G) is the smallest graph for which this projection
is a homomorphism. (The graph p;\ 7, (G) is defined similarly.)

It is also shown there that the complexity of checking whether a subset J C I induces
a factoring G = p;(G) x pp 7(G) is O(m|I|). As I has 2/!! subsets, the complexity of
checking them all is O (m 211|1]).

Now, the Cartesian skeleton S(G) has the same number of vertices as G. By
Lemma 2.1, we infer that |I| < log,n. Hence the prime factors of G' with respect to
the direct product can be computed from the Cartesian skeleton in O(m2'°82" log, n) =
O(mnlogn) time.

Recall that the Cartesian skeleton can be computed in min{O(mn?), O(mA?)} time.
Clearly O(mnlogn) < O(mn?), so if nlogyn < A3, then the prime factorization of G
over the direct product (from S(G)) does not cost more than the computation of S(G).
But, if A% < nlog, n, then the computation of the Cartesian skeleton is cheaper than the
computation of the prime factorization as presented above.

If we could somehow reduce the number of subsets of I that must be investigated, then
we might be able to retain the time complexity O(mA3) for the prime factorization of G
even when A? < nlog, n. This is indeed possible.

But before stating it in the next proposition, we first recall an elemental fact about
vertex neighborhoods in direct products, namely if G = G; x G X - - - x G}, then

Ne((ar,a9,...,ar)) = Ng,(a1) X Ng,(az) x -+ x Ng, (ag), (3.3)
where X is the Cartesian product of sets. Taking induced subgraphs, this becomes

(Ne((a1,az,...,ax)))c = (Na, (a1))a, X (Na,(az))a, x -+ x (Ng, (ak))c,, (3.4)

where X is the direct product of graphs. A subgraph of a product that is a product of
subgraphs of the factors is called a box relative to the product. The above equation implies
that the subgraph induced on any open neighborhood of a graph is a box relative to any
direct product factorization of the graph.

Proposition 3.1. If G is a connected, nonbipartite R-thin graph of order n and size m,
then its direct product prime factorization can be found in min{O(mn?), O(mA3)} time.

Proof. By the above arguments it suffices to treat the case A3 < n?; see also [4, p. 296].
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Let us have a closer look at the Cartesian skeleton of a graph G with prime factorization
G1 X G X - -+ x Gy. By our previous discussion we have:

G = Gy xGyx--xGy, 3.5)
S(G) = S(G1)DS(G2) 0 --- O8(Gy), (3.6)
G* = G xG5x---xGy. 3.7

Furthermore, given a € V(G), the layers G, S(G;)® and (G§)® have the same vertex sets.
Moreover, the layers (G$)* are all isomorphic to G§. Given v € V(G?), Equation (3.4)

applied to (3.7) gives
k

(New()a: = X {Na; (v) g (3.8)
Notice that all (Ng: (v;))g: are connected, but that they need not be prime (with respect to
the direct product), and that the G may not be R-thin.
Equation (3.3) applied to (3.7) gives Ng=(v) = Ng: (v1) X Ngg(v2) X - - - ¥ Ng; (vk).
Consider the subgraph of S(G) = S(G1)0S(G2) O --- OS(Gy,) induced on this vertex
set. Using Equation (2.1), we get

k
(Ng:(v))s(@) = |;|1 (N (vi))s(cy)- (3.9
Call this box S(G)(v).

Comparing Equations (3.9) and (3.6), we see that S(G)(v) contains all edges of S(G;)?
that are incident with v for any . Thus, the connected component of S(G)(v) through v
contains edges from all S(G;). Clearly it is a box, and we denote it by B. By Equation (3.9)
we have

S(G) = S(Gy) O SGy) o - O S(Gk)
Ul Ul Ul Ul (3.10)
B = DB o By o ... 0O Byg.

Observe that the number of vertices of S(G)(v) is the same as the number of vertices of
Ngs (v), which is at most A2, a bound for the maximum degree of G*. But then the number
of Cartesian factors of S(G)(v) is at most 2log, A, and this also bounds the number of
Cartesian factors of B. Thus the factoring of B in Equation (3.10) has a refinement B =
B/ OB,0 --- 0By, where { < 2log, A, and each B is a prime factor of some B;.
(Recall that — as mentioned in the introduction — computing the prime factorization of
S(@) is linear in m, and hence this is also the case for B.)

From (3.10), we see that each Cartesian prime factor B/, of B is a prime factor of some
B;, and hence i is the only index 1 < ¢ < k for which S(G;) has prime factors H; with
E(B[") N E(H}) # . Form a new partition .J{, J;, ..., J; of I, where .J| consists of
indices j € I for which E(B.") N E(H}) # &. This new partition need not be unique, for
an E(H}) may meet layers of several prime factors of B. To be definite, we define the .J;
inductively by first declaring J; = {j € I | E(B{") N E(H}) # 0} and thereafter .J; =
(i € 1-UsZy J'n | B(BL) N E(H) # 0},

Letting the ¢ graphs

H, = [ 4
Je;
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play the role of the H; we thus see that we can find the prime factors of G from S(G) in
O(m22°8221og A) = O(mA?log A) = O(mA?)

time, which is the same time complexity as that for computing S(G) if A3 < n?, O

4 Thin graphs and the strong product

Let GG be a connected S-thin graph. It is uniquely factorable into prime graphs with respect
to the strong product, say as

G=GKGX. - -KG.

By [3], the strong Cartesian skeleton of G is the Cartesian product of the strong Cartesian
skeletons of the GG;, in symbols,

Similarly to the case of the direct product, there is a unique prime factorization
SIG) = U H,.
iel

It is equal to the the presentation in Equation (4.1) or to a refinement of it. Again our task
is to find a partition Ji, Jo, . . ., J of I such that
SiGi) = U H;
Jjedi

for all 4,1 < ¢ < k. As before we have to check all minimal subsets J; of I. We have
to ensure that the H ,-layers of H;, O Hp\ j, (where H;, = O] jes, Hj and Hp\ 5, =

] jen\, Hj) correspond to the layers of a factor of G with respect to the strong product.
(Again, see Section 24.3 of [4].)

Here too the complexity of doing this is O(m2!°¢2 11 1og, |I|). Since the bound log, 7

for |1| yields the bound O(mn logn), which will usually be larger than O(m a(G)A), we
follow a similar approach as before.

Before beginning, we note that in the case of the strong product, Formulas (3.3)
and (3.4) play out as follows. If G = G; K Gy X - - - K G, then

Ng((a1,az,...,ak)] = Ne, [a1] X Ng,[az] x - - X Ng, |ax], (42)
where X is the Cartesian product of sets.

Proposition 4.1. Let G be a connected S-thin graph of order n and size m. Then its prime
factors with respect to the strong product can be computed in O(m a(G)A) time.

Proof. The proof parallels that of Proposition 3.1. Choose a vertex v of minimal degree in
G and consider its closed neighborhood

Ng[v} = NGI['Ul] X NG2 [’Ug] X e X NG;C [Uk].

By Equation (2.1), the subgraph of S[G] = S[G1] O S[G2] O - - - O .5[Gk] induced on this
vertex set is the box

(Na[v])sia) = (Nai [v1]) si61) B (Na, [v2]) s16,) O -+ O (Nay [vi]) sia,)-
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As before, let B be the component of this box containing v. Then B is a box with no more
than § + 1 vertices, and it factors as

SIG] = S[Gy] O S[Gy] O --- O S[Gy
ul ul ul Ul 4.3)
B = B 0O B, 0O ... 0O B.

This factoring of B has a refinement B = B} O B, 0 --- O By, where ¢ < log, (0 + 1),
and each B! is a prime factor of some B;. As in the proof of Proposition 3.1, we can
form a new partition Ji, J3, ..., J; of I, where J. consists of indices j € I for which
E(B")N E(H}) # @. Arguing as before, we see that we can find the prime factors of G
from S[G] in
O(m2'°8%log(5 + 1)) = O(m 6log d)

time. From § < 2a(G) we infer that O(m dlogd) = O(ma(G)A). The observation that
the prime factors of B can be computed in O(6A) time completes the proof. O

We wish to point out that we have no guarantee that N¢[v] is thin, which excludes it
from our present factorization methods.

5 Factoring graphs that are not thin

Up to here we have factored only thin graphs. The reason is that we made strong use of
properties of the Cartesian skeleton that do not hold if the graphs are not thin. In order to
factor a graph G that is not thin we first compute the quotient graphs G/R or G/S. These
are formed from G by contracting all R-classes (respectively all S-classes) of G to single
vertices. The resulting graphs are thin, and factored by the methods just described. (See
Section 8.2 of [4, 24.4].) Notice that one can compute G/ R, respectively G/S, in O(m)
time.

Once G/R, respectively GG/S, has been factored, the question is whether this leads
to factorization of G. While every factorization of G induces a factorization of G/R,
respectively G /.S, this is not true in the other direction. For example, consider the graph
G consisting of a triangle C'5 on the vertices vgv v and two pendant edges vga and vgb.
It is not R-thin, because the vertices a and b have the same neighborhoods. As G has 5
vertices, it is prime. Contracting the R-class {a, b} to a single vertex, we obtain the thin
graph G/ R, which is a triangle with one pendant edge. It is easily seen that this graph is
the direct product of two copies of an edge with a loop. Similar examples are possible for
the strong product.

Hence, we observe that G may have fewer prime factors than G/ R, respectively G/S.
We now use [4, 24.4] to compute them. First the direct product.

By [4, 24.4], connected, nonbipartite graphs G of size m and order n can be factored
with respect to the direct product in O(m2*k) time, where & is a bound on the number of
direct factors of G. With the general bound k < log, n this yields the bound O(mn?) for
the factorization of G.

If A% < n? we use the bound k < log,(§A) from Corollary 2.2. It yields the estimate

m2Fk < m2'°8208) 1og, (A) < méA(log, 8 + logy A) < 2mA3

Theorem 5.1. The prime factors (over the direct product) of a connected, nonbipartite
graph of size m, order n, and maximum degree A can be found in O(m min(n?, A3))
time.
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For the strong product we have the same complexity O(m2¥k), but here k is the number
of strong factors of G. Using the bound log,(d + 1) for k we thus obtain the following.

O(m2"k) = O(m2'°e20 D 1og, (6 + 1)) = O(m(5 + 1)8) = O(ma(G)A).

Theorem 5.2. The prime factors (over the strong product) of a connected graph of size m,
arboricity a(G), and maximum degree /A can be computed in O(m a(G)A) time.

Acknowledgement We thank the two reviewers for thorough and thoughtful reports.
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1 Introduction
We must begin by introducing Cayley (di)graphs and circulant (di)graphs.

Definition 1.1. Let G be a group and S C G such that 15 ¢ S. Define a digraph I' =
I'(G,S) by V(I') = G and E(T') = {(u,v) : v"tu € S}. Such a digraph is a Cayley
digraph of G with connection set S. A Cayley graph of G is defined analogously though
we insist that S = S~! = {s7! : s € S}. If G = Z,, then a Cayley (di)graph of G is a
circulant (di)graph of order n.

It is straightforward to verify that for g € G, the map g1, : G — G by gr(x) = gx is
an automorphism of I". Thus G, = {gr. : g € G}, the left regular representation of G, is a
subgroup of the automorphism group of T', Aut(T").

Determining the full automorphism group of a Cayley (di)graph is one of the most fun-
damental questions one can ask about a Cayley (di)graph. While it is usually quite difficult
to determine the automorphism group of a Cayley (di)graph, characterizing almost all Cay-
ley graphs of a group G, based on the structure of GG, has been of consistent interest in the
last few decades. Babai, Godsil, Imrich, and Lovész (see [2, Conjecture 2.1]) conjectured
that almost all Cayley graphs of any group G that is not generalized dicyclic or abelian
with exponent greater than 2 are GRRs (graphs that have automorphism group Gr,). A
similar conjecture (with no exceptions) was made for digraphs being DRRs (digraphs that
have automorphism group G;) by Babai and Godsil [2]. Babai and Godsil [2, Theorem
2.2] proved these two conjectures for nilpotent (and nonabelian in the case of undirected
graphs) groups of odd order.

Definition 1.2 (Xu [15]). A normal Cayley (di)graph of the group G is a Cayley (di)graph
I' =T(G, S) such that G, < Aut(I").

Xu also conjectured [15, Conjecture 1] that almost every Cayley (di)graph is normal.
The precise formulation of Xu’s conjecture is:

Conjecture 1.3 (Conjecture 1, [15]). For any positive integer n, we let F,, denote the class
of all groups of order n, and let

# of normal Cayley digraphs of G
# of Cayley digraphs of G

f(n) = mingeF,

Then lim f(n)=1.
n—o0
In 2010, the second author showed that almost all Cayley graphs of an abelian group G
of odd prime-power order are normal [4].
Before proceeding farther, we specify what we will mean in this paper when we say
something about “almost all” graphs in a particular family:

Definition 1.4. Let F> C F} be two families of circulant (di)graphs, and F;(n) (i = 1,2)
be the graphs of order n € N in F;. Then by almost all circulant (di)graphs in F} are in
F5, we mean that

[Fa(n)| _

neN,n—o00 |F1 (TL)|

If in the above we replace N by some set I of infinitely many integers, we say that “almost
all” circulant (di)graphs in F} of order n, where n € I, are in F5.
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Our object in this paper is to determine as far as we can what the automorphism group
of a generic circulant (di)graph should look like, by recursively classifying (or attempting to
classify) the automorphism groups of almost all circulant (di)graphs that do not fall within
a previous step’s classification.

The following maps will be used in a number of places in this paper:

Definition 1.5. Let . : G — G be defined by (¢ (g) = g~ ! forevery g € G. If G = Z,,
we use (,, instead of ¢z, .
Let p: Z,, — Z, by p(i) =i+ 1 (mod n). Thus {p) = (Z,)L.

Notice that if G is abelian then ¢ is an automorphism of every Cayley graph I'(G, .S)
since S = S~!. Thus it is not possible for a Cayley graph on an abelian group G to be a
GRR unless G = Z%, k > 1, while Imrich [7, Theorem] has shown that Z’g has a GRR if
and only if k # 2, 3, 4. Nowitz showed [11] during the classification of GRRs that a Cayley
graph on a generalized dicyclic group cannot be a GRR.

Definition 1.6. We say that a Cayley (di)graph I' = T'(G, S) has automorphism group as
small as possible if one of the following holds:

e I'is a GRR or a DRR; or
e G is either abelian or generalized dicyclic, and |Aut(T")| = 2|G].

When G = Z,,, we let Small(n) denote the set of all circulant graphs whose automorphism
group is as small as possible, and Small = U,,enySmall(n).

When G is abelian and Aut(T(G, .S)) is as small as possible, we have that Aut(I'(G,
S)) = (GL,tq). Clearly ¢, normalizes (Zy,) 1, so every member of Small will be a normal
circulant graph. The first theorem in this paper, Theorem 3.2, shows that almost all circu-
lant graphs are in Small, and thus are normal. This represents some progress towards the
proof of Xu’s conjecture, and is the first step in our determination of the structure of the
automorphism group of a generic circulant graph. It is a natural extension of the work of
Babai and Godsil, mentioned above [2, Theorem 2.2].

From there, we proceed to consider classifying the automorphism groups of circulant
(di)graphs that are not DRRs. In [4, Conjecture 4.1], the second author conjectured that
almost every Cayley (di)graph whose automorphism group is not as small as possible is
a normal Cayley (di)graph. We show that this conjecture fails for circulant digraphs of
order n, where n = 2 (mod 4) has a fixed number of distinct prime factors (Theorem
3.5), and point out some “gaps” in the proof of [4, Theorem 3.5], which lead to additional
counterexamples to [4, Conjecture 4.1] for graphs in the case where n = p or p? and p is
a safe prime, i.e. p = 2¢ 4+ 1 where ¢ is prime, or when n is a power of 3 (Theorem 3.6).
Finally, we prove that the conjecture holds for digraphs of order n where n is odd and not
divisible by 9 (Theorem 3.7) and for graphs of order n, where n is odd, not a safe prime or
the square of a safe prime and not divisible by 9 (Theorem 3.8).

In Section 4, we focus on non-normal circulant (di)graphs. A variety of authors (see
[5,6,8,9]) have shown that non-normal Cayley (di)graphs are either generalized wreath
products (see Definition 2.5) or have the same automorphism group as a deleted wreath
product (see Definition 2.14). We show in general, neither of these classes dominate.

In the next section, we will focus on background results and terminology, as well as
developing the counting tools needed in Sections 3 and 4.
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2 Preliminaries and tools

We start by stating basic definitions, and then proceed to known results in the literature that
we will need. We will finish with results that will be the main tools throughout the rest of
the paper.

Definition 2.1. Let G be a transitive permutation group with block system B. By G /B, we
mean the subgroup of Sg induced by the action of G on B, and by fixg(B) the kernel of
this action. Thus G/B = {g/B : g € G} where g/B(B;1) = By ifand only if g(B;1) = B,
By,B; € B, and fixg(B) = {g € G : g(B) = Bfor all B € B}.

Let G be a transitive permutation group, 3 a block system of GG, and (p) < G. Since
(p) is transitive and abelian, it is regular [13, Proposition 4.4], and so there is a subgroup
of (p) (namely fix ) (B)) whose orbits are precisely the blocks of B. It is therefore not
difficult to show that B consists of the cosets of some (cyclic) subgroup of Z,,.

A vertex-transitive (di)graph is a (di)graph whose automorphism group acts transi-
tively on the vertices of the (di)graph.

Definition 2.2. The wreath (or lexicographic) product of I'; and I'5, denoted 'y ¢ ', is
the digraph such that V(I'y : T's) = V(T'y) x V(I'2) and edge set

{((z,2), (y,9)) s ay € E(T),2",y" € V(Iy) orz = yand 2y’ € E(T3)}.

We remark that the wreath product of a circulant digraph of order m and a circulant
digraph of order n is circulant. Note that what we have just defined as I'; : 'y is sometimes
defined as I's ¢ I'y, particularly in the work of Praeger, Li, and others from the University
of Western Australia.

Definition 2.3. Let Q) be asetand G < S, be transitive. Let G act on Qx Q by g(w1,ws) =
(9(w1), g(we)) for every g € G and wy,wy € €. We define the 2-closure of G, denoted
G®), to be the largest subgroup of Sp, whose orbits on € x § are the same as G’s. Let
O1, ..., 0, be the orbits of G acting on  x €. Define digraphs I'y, ..., T by V(T;) = Q
and E(T';) = O;. EachT';, 1 < i < r, is an orbital digraph of G, and it is straightforward
to show that G?) = N7_, Aut(T';). A generalized orbital digraph of G is an arc-disjoint
union of orbital digraphs of G. We say G is 2-closed if G(?) = G.

Clearly the automorphism group of a graph or digraph is 2-closed.

The following theorem appears in [10] and is a translation of results that were proven
in [6, 8, 9] using Schur rings, into group theoretic language. We have re-worded part (1)
slightly to clarify the meaning. In the special case of circulant digraphs of square-free order
n, an equivalent result was proven independently in [5].

Theorem 2.4. Let G < S,, contain {p). Then one of the following statements holds:

1. There exist G, . ..,Gy such that G® = G x ... x Gy, and for each G;, either
G, =2 Sy, or G; contains a normal regular cyclic group of order n;. Furthermore,
r > 1, ged(ng, n,) = 1fori# j, andn =ning---n,.

2. G has a normal subgroup M whose orbits form the block system B of G such that
each connected generalized orbital digraph contains a subdigraph I' which is an
orbital digraph of G and has the form T' = (T'/B) ! K}, where b = |M N (p)|.
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Definition 2.5. A circulant digraph I'(Z,,, S) is said to be a (K, H )-generalized wreath
circulant digraph (or just a generalized wreath circulant digraph) if there exist groups
H, K with1 < K < H < Z,, such that S\ H is a union of cosets of K.

The name generalized wreath is chosen for these digraphs as if K = H, then I' is in
fact a wreath product. We now wish to investigate the relationship between generalized
wreath circulant digraphs and the preceding result. We shall have need of the following
lemma.

Lemma 2.6. Let I' be a disconnected generalized orbital digraph of a transitive group G.
Then the components of I form a block system B of G.

Proof. As the blocks of G® are identical to the blocks of G [12, Theorem 4.11] ( [12]
is contained in the more accessible [14]), we need to show that the set of components
B of T is a block system of G(?). This is almost immediate as G?) = NI_, Aut(T;),
where I'y, - - - , I, are all of the orbital digraphs of G. Assume that I' = U;_,I';, for some
s < r. Then Ni_; Aut(T;) < Aut(T"), so that B is a block system of N{_; Aut(T;). Also,
G < G@® = ni_ Aut(T;) < Ni_;Aut(T;). Thus B is a block system of G(?) as B is a
block system of N7_; Aut(T;). O

We will require the following partial order on block systems.

Definition 2.7. We say that B < C if for every B € B there exists C' € C with B C C.
That is, each block of C is a union of blocks of B. For g € Stabg(C), C' € C, we denote
by g|c the permutation defined by g|c(z) = g(x) if z € C and g|¢(x) = x otherwise. For
H < Stabg(C), we write H|c = {g|c : C € C}.

Our main tool in examining generalized wreath circulants will be the following result.

Lemma 2.8. Let G be 2-closed with a normal subgroup M and a regular subgroup {p).
Let B be the block system of G formed by the orbits of M, and suppose that each connected
generalized orbital digraph contains a subdigraph T which is an orbital digraph of G and
has the form T = (T /B)1 Ky, where b = |M N {p)|. Then there exists a block system C = B
of G such that fixq2) (B)|c < G@ for every C € C.

Proof. Observe that we may choose M = fixg (B), in which case |[M N (p)| = | B|, where
B € B, so that b is the size of a block of B. First suppose that if B, B’ € B, B # B’, then
any orbital digraph I'” that contains some edge of the form zj with z € B, y € B’ has every
edge of the form 2y, with z € B, y € B’. It is then easy to see that every orbital digraph
" of G can be written as a wreath product IV = T"; 1 'y, where I’y is a circulant digraph of
order n/b and I'; is a circulant digraph of order b. Then G/B ! fixg(B)|p < Aut(I”) for
every orbital digraph I, and so G//B (fixg(B)|g) < G(?). Then result then follows with
C = B. (Note that G is 2-closed, so G?) = G.)

Denote the orbital digraph that contains the edge £j by I';;,,. We may now assume that
there exists some B, B’ € B, B # B’, and x € B, y € B’ such that I';,, does not have
every edge of the form #/y/, with 2/ € B andy’ € B’. Note then that no Iy witha' € B
and y’ € B’ has every directed edge from B to B’. Let & be the set of all I';,, such that if
x € By € Bandy € By € B, By # By, then I';,, does not have every edge from B; to
Bs. Let T be the generalized orbital digraph whose edges consist of all edges from every
orbital digraph in X, as well as every directed edge contained within a block of B. Then no
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orbital digraph that is a subgraph of I can be written as a connected wreath product IV K,
for some IV, and so by hypothesis, I" must be disconnected.

By Lemma 2.6, the components of I" form a block system C = B of G. (To see that
C = B, note that I" contains every edge from B to B’, so B is in a connected component
of T. Since G is transitive, C = B.) LetI'y,T's, ..., T, be the orbital digraphs of G, and
assume that US_ T; = I If 1 < i < s, then (G® /) (fixge (C)|c) < Aut(I;); this
is because G2 < Aut(T;), T'; is disconnected, and each component is contained in a
block of C. Thus fixge) (B)|c < Aut([;) forevery 1 < i < s. If s+ 1 < i < r, then
if B,B' € B, B # B’ and 2y € E(I;) for some © € B,y € B’, then 2y € E(I;)
for every x € B and y € B’. Also observe that as the subgraph of I' induced by B is
Ky, the subgraph of I'; induced by G is K;. We conclude that I'; = I';/B{ K3, and
so Aut(T;/B) 1 Sy < Aut(I';). Then fixge) (B)|p < Aut(T;) for every B € B. As
B = C, fixge (B)|c < Aut(T;) for every 1 < i < r and as G = nI_, Aut(T;),
fixq@ (B)|o < G for every C € C. O

Lemma 2.9. Let I be a circulant digraph of order n. Then T is a (K, H)-generalized
wreath circulant digraph if and only if there exists G < Aut(I') such that G contains a
regular cyclic subgroup, and fixge) (B)|c < G for every C € C, where B < C are
formed by the orbits of K and H, respectively.

Proof. Suppose first that G < Aut(T") with p € G, and there exist block systems B < C
of G such that fix;e (B)|c < G? < Aut(T") for every C € C. Since p € G, the action
of fixze2) (B)|c is transitive on every B C C, so between any two blocks By, By € B that
are not contained in a block of C, we have that there is either every edge from B to Bs or
no edges from B to Bs. Let B be formed by the orbits of K < (p). Then for every edge
2y whose endpoints are not both contained within a block of C, (y — z) + K C S. Let C
be formed by the orbits of H < (p). Then S\ H is a union of cosets of K as required.
Conversely, suppose that T" is a (K, H)-generalized wreath circulant digraph. Then
p™c € Aut(T) for every C' € C, where m = [Z,, : K]. Let G < Aut(T") be the maximal
subgroup of Aut(I") that admits both B and C as block systems; clearly p € G. Also,
since G(?) has the same block systems as G and G?) < Aut(T'), G® = G. Now, if
g € fixg(B), then g|c € Aut(T") as well. But this implies that g|¢ € G. O

Combining Lemma 2.8 and Lemma 2.9, and recalling that the full automorphism group
of a (di)graph is always 2-closed, we have the following result.

Corollary 2.10. Let I' be a circulant digraph whose automorphism group G = Aut(I")
satisfies Theorem 2.4(2). Then T is a generalized wreath circulant digraph.

We now wish to count the number of generalized wreath circulant digraphs.
Lemma 2.11. The total number of generalized wreath circulant digraphs of order n is at

most
g/t ( > 2<n—n/p>/q) ,
pln

q|(n/p)

where p and q are prime.

Proof. LetT'be a (K, H)-generalized wreath circulant digraph of order n. By Lemma 2.9,
there exists G < Aut(I") that admits B and C such that p € G, and fixg) (B)|c < Aut(T)
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for every C' € C, where B is formed by the orbits of K and C is formed by the orbits of
H. Let B consist of m blocks of size k. Then p™|c € Aut(I") for every C' € C. Choose
q|k to be prime, and let G’ < Aut(T") be the largest subgroup of Aut(T") that admits a
block system D consisting of 7/¢ blocks of size ¢. Note then that p™/?|c € G for every
C € C. Let p be a prime divisor of the number of blocks of C, and £ the block system of
(p) consisting of p blocks of size n/p. Then C < £ and p"/9|p € G’ for every E € £.
Thus every (K, H)-generalized wreath circulant digraph is a (Lq, M),)-generalized wreath
circulant digraph, where L, has prime order ¢ where ¢ divides |K| and M, has order n/p
where p divides n/|H|. Note that there is a unique subgroup of Z,, of prime order ¢ for
each g|n, and that M), is also the unique subgroup of Z,, of order n/p.

As |L,| = ¢, we use the definition of an (L, M,,)-generalized wreath circulant digraph
to conclude that S\ M), is a union of some subset of the (n — n/p)/q cosets of L, that are
not in M. Thus there are 2("~"/P)/4 possible choices for the elements of S not in M,,. As
there are at most 2"/P~1 choices for the elements of S contained in M, there are at most
on/p=1 . 9(n=n/p)/a = gn/ptn/a—n/(pa)=1 choices for S. Summing over every possible
choice of ¢ and then p, we see that the number of generalized wreath digraphs is bounded

above by
S g/ ( 3 2<nn/p>/q> .
pln

al(n/p)
O

We will denote the set of all circulant digraphs of order n whose automorphism groups
are of generalized wreath type by GW(n). The corresponding set of all circulant graphs
will be denoted by GWG(n). Note that no term in the previous summation given in Lemma
2.11 is larger than 2/P+7/a=n/(P)=1 where ¢ is the smallest prime divisor of n and p is
the smallest prime divisor of n/q. As the number of prime divisors of n is at most log, n,
we have the following result.

([. ! en g s i ividi 8 M d p the smalles prime pr ime
leldll’lg n/ . Th an t
| W( L)‘ S (10g2 n)2”/‘ n/q—n/pg—1 .

Using the fact that there are at most two elements that are self-inverse in Z,, (namely 0
and n/2 if n is even, and 0 ¢ S), and at most one coset of Z,,/ L, that is self-inverse and
not in M, (as Z,,/ L is cyclic), and the fact that (p+ ¢ — 1)/pg < 3/4, a similar argument
shows that:

Corollary 2.13. Let q be the smallest prime dividing n, and p the smallest prime prime
dividing n/q. Then

IGWG(n)| < (logg n)Q"(P+q—1)/(2PQ)+1/2 < (bgg n)23n/8+1/2.

We now consider circulant (di)graphs I for which Aut(T") satisfies Theorem 2.4 (1),
and use the notation of that result. If no G; & S,,, with n; > 4, then Aut(T") contains a
normal regular cyclic group and I' is a normal circulant digraph. Otherwise, we have the
following definition.

Definition 2.14. A circulant (di)graph I'(Z,,, S) is of deleted wreath type if there exists
some m > 1 such that:
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o m|n;

e gcd(m,n/m) =1; and

e if H = (n/m) is the unique subgroup of order m in G, then SN H € {0, H \ {0}},
and for every g € (m)\ {0}, SN(g+ H) € {0,{g}, (¢9+H)\{g}, g+ H}. (Notice

that because ged(m, n/m) = 1, the group (m) contains precisely one representative
of each coset of H in G.)

A circulant digraph is said to be of strictly deleted wreath type if it is of deleted wreath
type and is not a generalized wreath circulant.

There are deleted wreath type circulants which are not of strictly deleted wreath type.
For an example of this, consider a circulant digraph on pgm vertices where m > 4 and p, q
and m are relatively prime, whose connection setis S = ({pgq) \ {0}) U (m + (mgq)). This
digraph is an (H, K)-generalized wreath circulant for H = (q) and K = (mg). It is also
of deleted wreath type with H = (pq), since SN H = H \ {0}, while for g € (m) \ {0},
wehave SN (g+ H) ={g}if g € m+ (mq) and SN (g + H) = 0 otherwise.

Definition 2.15. For a positive integer m, and a digraph I', we denote by mI" the digraph
consisting of m vertex-disjoint copies of I'. The digraph I K,,, — m[I  is a deleted wreath
product. Thus this digraph is the digraph whose vertex set is the vertex set of I ? K,,, and
whose edge set is the edge set of I' ¢ K,,, with the edges of mI' removed.

The name deleted wreath type is chosen as these digraphs have automorphism groups
that are isomorphic to the automorphism groups of deleted wreath products.

Lemma 2.16. LetT" = I'(Zy,, S), and let m > 4 be a divisor of n such that gcd(m,n/m) =
1. Then T is of deleted wreath type with m being the divisor of n that satisfies the condi-
tions of that definition, if and only if Aut(I") contains a subgroup isomorphic to H x S,
with the canonical action, for some 2-closed group H with Z,, /p, < H < S, /.

Proof. In this proof for a given m satisfying n = km and ged(m, k) = 1, it will be
convenient to consider Z,, = Zj X Z,, in the obvious fashion. For i € Zj, set B, =
{(4,§) : J € L}

First, suppose I' is of deleted wreath type with m > 4 being the divisor of n that
satisfies the conditions of that definition, and n = mk. Using Z,, = Zj X Z,,, we see
that for every ¢ € Zj \ {0}, we have S N B; € {0,{(i,0)}, B; \ {(¢,0)}, B;}. Also,
SN By e {0,By\{(0,0)}}. Let B={DB; :i € Zt} and let G < Aut(T") be maximal
such that G admits B as a block system. Let H < S}, be the projection of G onto the first
coordinate. Since Zy, X Z,, = (p) < G, clearly Z, < H.

We claim that H x.S,,, < Aut(T"). Let ((41,71), (i2,72)) € E(I"),and (h, g) € H X Sp,.
Suppose first that iy = io. We have S N By € {0, By \ {(0,0)}}, and i3 = iy forces
S N By # (). Hence T'[B;] is complete, so clearly ((h(1), 9(j1)), (h(i2), g(j2))) € E(T),
as h(iz) = h(i1). Now suppose i1 # ia. So h(i1) # h(iz). Leti = iy — 47 and let
i" = h(iz) — h(i1), with 1 < ¢,i" < k — 1. By the definition of H, there is some g € G
that takes B;, to By,(;,) and B;, to By, (;,). Hence the number of arcs in I" from B;, to B;,,
which is |S N B;|, must be the same as the number of arcs from B (iy) 10 Bp(iy), which
is |SN By|. Since 1 < 4,7 <k —1and (i1, j1), (i2,42) € ET), |SNB;| =[S N By|
must be 1, m — 1 or m. Since m > 4 > 2, the integers 1,m — 1 and m are all distinct,
so SN B; and S N By are uniquely determined by their cardinality. If |S N B;| = 1, then
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SN B; = {(i,0)} and jo = Hence ¢(j1) = ¢(j2), and since S N By = {(¢/,0)},

the arc ((h(i1),g(j1)), (h(i2), g (]2))) is in T'. Similarly, if the cardinality is m — 1, then

SNB; = {B;\ {(:,0)}} so jo # j1. Hence g(j1) # g(j2), and since S N By =

{Bi \ {(¢',0)}}, the arc ((h(i1),9(j1)), (h(i2), g(j2))) is in T'. Finally, if the cardinality
N

is m, then S NB; = B;,and SN By = By, so the arc ((h(i1),9(j1)), (h(i2), g(j2))) is in
I'. Thus H x S, < Aut(T).

By [12, Theorem 4.11], we have that (H x S,,)?) admits B as H x S,, < Aut(T")
does. Finally, by [3, Theorem 5.1], Aut(T") > (H x S,,,)® > H® x S,,. As H is the
projection of G onto the first coordinate, we conclude that H(?) = H and H is 2-closed.

Conversely, assume that Aut(I") contains a subgroup isomorphic to H x S, with
the canonical action, for some 2-closed group H with Z,,/,, < H < S, /p,. Clearly
Stabixs,, (0,0) is transitive on B; \ {(¢,0)}, and so the orbits of Stab;xs,, (0,0) on B;
are {(i,0)} and B;\{(%,0)}. Also 1x.S,,, < H xS, < Aut(T") implies Stab; s, (0,0) <
Stabrxs,, (0,0) < Stabaur)(0,0). Thus each SN B; is a union of some (possibly none)
of these two orbits. Hence the only possibilities for each SN B; are §, {(¢,0)}, B; \ {(4,0)}
and B; if 1 <i <k — 1;and since 0 € S, S N By is either § or By \ {(0,0)}. O

We remark that the above lemma shows that a deleted wreath product type circulant
digraph is not a normal circulant digraph when m > 4.

The following result is an easy consequence of Lemma 2.16 together with the fact that
the 2-closure of a direct product is the direct product of the 2-closures of the factors [3,
Theorem 5.1].

Corollary 2.17. A non-normal circulant (di)graph whose automorphism group satisfies
the conclusion of Theorem 2.4(1) is of deleted wreath type with m > 4.

Corollary 2.18. There are at most 2"/™ graphs T and at most 2*™/™ digraphs T that
contain K xSy, for any choice of K that is 2-closed and has Ly, < K < S, /m,
where m > 4. Equivalently, there are at most 2*™/™ digraphs of deleted wreath type,
and at most 2™+ graphs of deleted wreath type, for any fixed m > 4 with m | nand
ged(m,n/m) = 1.

Proof. A consequence of Lemma 2.16 is that there are 2 - 47%/m~1 < 4n/m — 92n/m
digraphs I" of order n such that K x S, < Aut(T") for m > 4. Note that a digraph T
with Aut(I') = K x S,,, m > 3, is a graph if and only if K contains the map ¢, ,,,. Then
tn/m(g + H) = (—g) + H where H = (n/m), and so if n/m is odd, there are at most
4n/(2m) — 9n/m graphg T' that contain K x S,,, for any choice of K that is 2-closed and
has Z,, jp, < K < Sy, /m. Evenif n/m is even, only one nontrivial coset of (n/m) is fixed
bY Ly /m. S0 there are at most 2 - 4 - 4("/m=2)/2 = gn/m+1 graphs I" that contain K x S,
for any choice of K that is 2-closed and has Z,, /,, < K < Sy, /1. O

3 Normal circulants

In this section our main focus is on determining whether or not almost all circulants that do
not have automorphism groups as small as possible are normal circulants, as conjectured
by the second author [4, Conjecture 1]. We begin by showing that almost every circulant
graph of order n has automorphism group as small as possible. We remark that Babai and
Godsil [2, Theorem 5.3] have shown this to be true for Cayley graphs on abelian groups of
order n, where n = 3 (mod 4).
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We require some additional notation that will be used through the remainder of this
paper.

Definition 3.1. Let ACG(n) be the set of all circulant graphs of order n.

Throughout this paper Z; denotes the group of units (invertible elements) of Z,,. For
a € Z}, wedefine a : Z,, — Z, by a(i) = ai. As previously defined, if a = —1 then we
denote a by ¢,,. Finally, by |g| we denote the order of any element ¢ in any group G.

Theorem 3.2. For almost every circulant graph T, Aut(T") is as small as possible. More
precisely,

i Sl

w5 [ACG(n)|

Proof. We first count the number of circulant graphs of order n not in Small(n). By
Corollary 2.13, there are at most loga n - 23™/8+1/2 generalized wreath circulant graphs of
order n.

Now assume I' € GWG(n) U Small(n). By Corollary 2.10, Aut(T") satisfies Theo-
rem 2.4(1). Either Aut(I") normalizes (p) or G; = S,,, for some n; > 4 (using the notation
of Theorem 2.4(1)). We will find an automorphism « of Z,, such that & € Aut(T') \ (¢,,).
Obviously, if (p) < Aut(I"), then since I' & Small(n), such an « exists. If G; = S,,, and
n; > 4, then GG; contains a nontrivial automorphism b of Z;- Regard Zy, as Ly, jp; X L,

in the usual way. If n; > 7 then we may choose b # +1, and o = (1,b). We may assume
n is arbitrarily large, so if 4 < n; < 7 we may assume n/n; > 3, and let « = (—1,1).
Thus there exists « € Aut(Z,,) N Aut(I") but not in (¢,,).

Now observe that ¢,, has at most two fixed points, and so has at most (n — 2)/2 + 2
orbits. Let a € Aut(Z,,) be such that o & (¢,,). Observe that we may divide the orbits
of {1, @) into three types: singleton orbits, orbits of length 2, and orbits of length greater
than 2. As (i) has at most 2 singleton orbits, (.,,, &) has at most two singleton orbits,
namely 0 and n/2. If x # 0,n/2, then x is contained in an orbit of (v,,) of length 2. If such
an x is contained in an orbit of (v, &) of length 2, then setting « = @, a € Zy,, we have
that {z, —x} = {az, —ax}, in which case either x = az and z is a fixed point of «, or
x = —ax and z is a fixed point of . If x = ax set f = a and if x = —ax, set § = 1,0
Then (i, @) = (tp, B), and x is a fixed point of 5. It is easy to see that the set of fixed
points of 3, say H(f), forms a subgroup of Z,, and so |H(8)| < n/2. Thus (i, @) has at
atmost (n/2—1)/2 orbits of length two, and so at most (n/2—1)/2+2 orbits of length one
or two. Every remaining orbit of (¢,,, «) is a union of orbits of {¢,,) of size 2, and so every
remaining orbit of (¢, ) has length at least 4. Clearly, the number of orbits of (¢, «) is
maximized if it has 2 orbits of length 1, (n/2 — 1)/2 orbits of length 2, and the remainder
have length greater than 2. In this case, there will be at most (n/2 —1)/4 = n/8 —1/4
orbits of length greater than 2. We conclude that there are at most 3n/8 + 5/4 orbits of
(tn, @), and as S must be a union of orbits of (v, @) not including {0}, there are at most
23n/8+1/4 quch circulant graphs for each v € Aut(Zy,), a & (1,,). As there are at most n
(actually o(n) of course) automorphisms of Z,,, there are at most n - 23"/3+1/4 circulant
graphs that contain an automorphism of Z,, other than ¢,,.

We have shown that there are at most n - 23%/8+1/4  log3 n . 237/8+1/2 < \/3(n +
logs 1)2%"/8 circulant graphs of order n that are not in Small(n). As there are
2(n=2)/2+1 — 9n/2 circulant graphs of order n if n is even and 2("~1)/2 circulant graphs
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of order n if n is odd,

V2(n 4 logj n)237/®
o [Small(n)] _
A TACG) © T A 2n-1)/2 1

O

The above theorem clearly shows that almost all circulant graphs are normal. In 2010,
the second author made the following conjecture for Cayley (di)graphs (not necessarily
circulant) whose automorphism group is not as small as possible [4, Conjecture 1].

Conjecture 3.3. Almost every Cayley (di)graph whose automorphism group is not as small
as possible is a normal Cayley (di)graph.

It is difficult to determine the automorphism group of a (di)graph, so the main way to
obtain examples of vertex-transitive graphs is to construct them. An obvious construction
is that of a Cayley (di)graph, and the conjecture of Imrich, Lovasz, Babai, and Godsil
says that when performing this construction, additional automorphisms are almost never
obtained. The obvious way of constructing a Cayley (di)graph of G that does not have
automorphism group as small as possible is to choose an automorphism « of G and make
the connection set a union of orbits of a. The above conjecture in some sense says that
this construction almost never yields additional automorphisms other than the ones given
by the construction.

Throughout the remainder of this paper, all circulant digraphs of order n whose auto-
morphism groups are of deleted wreath, and strictly deleted wreath types will be denoted
by DW(n), and SDW(n) respectively. The corresponding set of all graphs whose auto-
morphism groups are of deleted wreath type will be denoted by DWG(n). If we wish
to consider a subset of one of these sets with a restriction on m, we indicate this in a
subscript, as for example DW (n),,>4. Also, the sets of all digraphs that are circulants,
DRR circulants, normal circulants, and non-normal circulants of order n will be denoted
as ACD(n), DRR(n), Nor(n) and NonNor(n), respectively. The corresponding sets of all
graphs that are circulants, normal circulants, and nonnormal circulants, will be denoted by
ACG(n), NorG(n), and NonNorG(n), respectively.

The following lemma will prove useful in determining how many circulant (di)graphs
are not normal.

Lemma 3.4. If a circulant digraph T of composite order n that is a (K, H)-generalized
wreath circulant digraph is normal, then 4 | n.

Proof. Without loss of generality we may assume that K is of prime order p. Let B be
the block system of (p) formed by the orbits of (p™), where |H| = n/m. Then p"/?|g5 €
Aut(T) forevery B € B. Set G = (p, p"/P|p : B € B), and let C be the block system of G
formed by the orbits of (p"/?), so that fixg(C) = (p™/?|5 : B € B), and has order p™/™.
Then C is also a block system of N(n), where N(n) = {& — ax +b:a € Z5,b € Zyp}.
Let n = pi*p3? - - - p2 be the prime power decomposition of n. As N(n) = II7_, N (p]*),
we see that a Sylow p-subgroup of fix (., (C) is a Sylow p-subgroup of 1s, ) pe X N(p%),
where p = p; and a = a; for some j. Let € be the block system of N (p®) consisting of
blocks of size p. Then a Sylow p-subgroup of fix (,«)(€) has order at most p? as a Sylow
p-subgroup of N (p®) is metacyclic. If I' € Nor(n), then (p) < G since G < Aut(I'), so
G < N(n). This implies that a Sylow p-subgroup of fixg (C) has order at most p?, and
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SO p”/m < p2. Since H > 1 we have n > m, so this forces n = 2m, and B consists
of 2 blocks. Finally, let § = p"/p|3, where B € B with 0 € B. If I' € Nor(n), then
v = p~ 17 1ps € (p), and straightforward computations will show that (i) = i + n/p
if i is even, while y(i) = ¢ — n/p if i is odd. As v € (p), we must have that n/p =
—n/p (mod n), and so 2n/p = 0 (mod n). This then implies that p = 2 and so 4|n as
required. O

We first show that Conjecture 3.3 is false for circulant digraphs of order n, where n = 2
(mod 4) has a fixed number of distinct prime factors.

Theorem 3.5. Letn = 2pS'ps? - - - pir, where the p; are distinct odd primes and r is fixed.
Then

lim |[NonNor(n)| 1
n—oo,r fixed INOI‘(H)\DRR(H)| - 2(2T — 1) '

Proof. By Lemma 3.4, we have that |[NonNor(n)| > |[GW(n)|. We claim that (GW (n)| >
2n/2+n/(2P)=1 where 1 # p is the smallest divisor of n/2. To see this, we construct this
number of distinct generalized wreath circulant digraphs of order n, as follows: B will be
the block system formed by the orbits (cosets) of (n/2), and C the block system formed
by the orbits (cosets) of (p). Since there are n/p elements in each block of C, there are
2n/P=1 choices for S N Cy, where Cj is the block of C that contains 0. Since there are
n/2 — n/(2p) orbits (cosets) of (n/2) that are not in Cj, there are 2"/2~"/(2P) choices
for S — Cy that create a generalized circulant digraph with this choice of B and C. These
on/ptn/2=n/(2p)=1 — gn/2+n/(2p)=1 generalized circulant digraphs are all distinct (though
not necessarily nonisomorphic), so [GW (n)| > 27/2+7/(2)=1 a5 claimed.

Let S(n) be the set of all circulant digraphs of order n whose automorphism group
contains a nontrivial automorphism of Z,,. Clearly then |S(n)| > |[Nor(n)\DRR(n)|. We
now seek an upper bound on |S(n)|. Observe that for any circulant digraph T, if there
exists an nontrivial automorphism o € Aut(I') N Aut(Z,,), then we may choose such an «
of prime order.

Let 1 # a € Z} have prime order ¢. We first consider the case that a has a fixed point
i # 0. Then ai = i (mod n), so (a — 1)i = 0 (mod n). Since a # 1, we must have
ged(i,n) = m > 1, which clearly implies ¢ € (m). Since a € Z¥, a = sn/m + 1 for
some 0 < s < m must be a unit, i.e., ged(n,sn/m + 1) = 1. Note that m > 2, since
if m = 2 then s = 1, but ged(n,n/2 + 1) > 2 since n/2 is odd. Now, a fixes n/m
points {0, m,---,(n/m — 1)m}, and since |a| = ¢ is prime, every non-singleton orbit
of @ has length ¢. So @ has n(1 — 1/m)/¢ orbits of length ¢, and n/m + n/¢ — n/(mf)
orbits in total. We will separate the cases ¢ = 2 and ¢ = 3 to make the proof easier. If
0=2then1/m+1/¢—1/(mf) = 1/2+1/(2m) < (p+ 1)/(2p) since m > p (p is
still the smallest nontrivial divisor of n/2), so if |a| = 2, then « has at most (p + 1)n/(2p)
orbits. If £ = 3 then 1/m + 1/¢ — 1/(mf) = 1/3 4+ 2/(3m) < (p + 2)/(3p) since
m > p, so if |a| = 3, then a has at most (p + 2)n/(3p) orbits. Finally, if £ > 5 then
1/m+1/0—1/(ml) < (m+4)/(5m) < 7/15 since m > 3, so if |a| > 5 then @ has at
most 7n /15 orbits.

Finally, notice that if a fixes only 0, it will have 1 fixed point and n — 1 points that are
not fixed. If |a| = 2 then its orbits are all of length 1 or 2, and since n — 1 is odd, it cannot
be partitioned into orbits of length 2. So an element of order 2 must have some fixed point
other than 0. Hence if a fixes only 0, it must have order at least 3, so each non-singleton



S. Bhoumik et al.: On the automorphism groups of almost all circulants 511

orbit must have length at least 3. Hence a has at most | (n — 1)/3] < n/3 orbits other than
{0}.

‘We now split the set of all elements of Z;, that have prime order into disjoint subsets: U
(consisting of all elements of order 2 that have fixed points); V' (consisting of all elements
of order 3 that have fixed points); ¥ (consisting of all elements of order 5 or greater that
have fixed points) and X (consisting of all elements that have no fixed points other than 0).
Notice that Z;, = Z*p1 X ... X ZF er and each Z*f is cyclic, so contains a unique element

of order 2. Any element of order 2 in Z} must be a product of elements of order 1 or 2
from the Z;i at least one of which must have order 2. So there are 2" — 1 elements of order
2 in Z},. Also, there are at most n elements of any other order in Z} . Thus,

IS(n)| < Z 9(p+1)n/(2p) | Z 9(p+2)n/(3p) | Z QTn/15 | Z on/3
aeu acv aew aex
< (20— 1)2(P+1)n/(2p) + n(Q(P+2)n/(3P) 4 2n/15 o Qn/?’).

Now,

|NonNor(n)| _ on/2+n/(2p)—1 1

I > .
nsoonr fixed [Nor(n)\DRR(n)| = nosoorr fixed  |S(n)] 2027 — 1)

O

A safe prime is a prime number p = 2q 4 1, where ¢ is also prime.

We now show that it is not true that almost all circulant graphs of order p or p?, where p
is a safe prime, or of order 3%, are normal. This shows that [4, Theorem 3.5] is not correct.
We provide a correct statement of [4, Theorem 3.5] as well as point out explicitly where
“gaps” occur in the proof. As a consequence, much of the following result is essentially the
same as the proof of [4, Theorem 3.5]. The entire argument is included for completeness.

Theorem 3.6. Let X = {p,p? : pis a safe prime} U {3* : k € N}, T the set of all powers
of odd primes, and R =T \ X. Then

lim [NonNorG(n)| 0
neftnsoo [ACG(n) \ Small(n)]

Additionally, if n € X, then more than one fifth of all elements of ACG(n) \ Small(n) are
in NonNorG(n).

Proof. Letn = p* € T, where p is an odd prime, I' = I'(Z,, S).

First suppose that k = 1. The statement about X is vacuously true for p = 3 and
easy to verify for p = 5, so we assume p > 5. If p = 2¢ + 1 is a safe prime, then Z is
cyclic of order 2q > 6, so every element of Z; has order 2, g, or 2¢. Since ¢, € Aut(T),
if ' ¢ Small(p) is normal then a € Aut(T) for a € Zj of order g or 2¢. Since ¢ > 2,
the orbit of length g that contains 1 in Z; does not contain —1, so the orbits of {a, )
have length 1 (the orbit of 0) and 2¢ = p — 1 (everything else). SoI' = K, or Kp and
Aut(T") = S, contradicting I" being normal. Hence ACG(p) \ Small(p) C NonNorG(p).
(The proof of [4, Theorem 3.5] overlooks this case.)

Now if p is not a safe prime, then we can write (p—1)/2 =rswhere 1 <7 < s < (p—
1)/2. As Z; is cyclic of order p — 1, there is a € Z; with |a| = 2r. Then a has s + 1 orbits
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(the cosets of (a) in Zj, together with 0). Since |a| is even, —1 € (a). If S is a union of
these orbits, I is a graph, and since |a| > 2, " ¢ Small(p). Hence |ACG(p) \ Small(p)| >

25 > 2V(P=1/2 Meanwhile, if Aut(I') ¥ AGL(1,p) then Aut(T') = S, by [1], and

I = K, or K. So [NonNor(p)| = 2 and clearly 2/(2V P~1)/2) 5 0 as p — co.

Now let £ > 2. Through the rest of this proof, let a = ]ok_1 + 1. We show that
a € Aut(T") if and only if I' € NonNor(n). Using the binomial theorem, it is easy to
see that |a| = p. Furthermore, a fixes every element of (p), and fixes setwise every coset
of (p*~1). Since |a| = p and @ does not fix any element of any coset of (p*~!) that is
not in (p), the orbits of @ on each coset of (p*~1) that is not in (p) have length p. Thus
if @ € Aut(T), then T'is a ((p*~1), (p))-generalized wreath circulant digraph, and in fact
by Lemma 3.4, I' € NonNor(n). Conversely, if I' € NonNor(n), then by Theorem 2.4,
Aut(T) either falls into category (1) with a single factor in the direct product (since n = p¥
does not permit coprime factors) and since I' € NonNor(n), I" is complete (or empty), or
category (2) so by Corollary 2.10, ' € GW(n). Since K,,, K,, € GW(n),T € GW(n).
It is straightforward to verify using the definition of a generalized wreath circulant, that
a € Aut(T).

Now suppose p = 3. We have Z3, is cyclic of order 2 - 351, For ' € Nor(3%) \
Small(3%), there exists —1 # b € Z3, with b € Aut(T'). If |b] is divisible by 3, then
since Z3,, is cyclic and a generates the unique subgroup of order 3, we have a € (b), so
a € Aut('). Hence I' € NonNor(3*). But the only divisor of 2 - 3*~1 not divisible by
3is 2, and so b = —1. This shows that if I' € NorG(3*) then I' € Small(3*). Thus
ACG(3%) \ Small(3¥) C NonNorG(3F).

Now we calculate |NonNorG(n)|. As noted above, if I' € NonNorG(n) then a €
Aut(T"), and the orbits of @ all have length 1 or length p. Now since multiplication is
commutative, ¢,= permutes the orbits of (@), and since |a| = p is odd, t,x & (@), SO L,k
will exchange pairs of orbits of (a), except the orbit {0}. Consequently, (a, ¢,») will have
one orbit of length 1 ({0}); (p*~! — 1) /2 orbits of length 2 (whose union is (p) \ {0}); and
(p* —p*~1)/(2p) orbits of length 2p (everything else). So (@, ¢, ) has exactly pF~1 — (1+
p¥=2)/2 orbits other than {0}. Since we have shown that T' € NonNor(p*) if and only if
(@, 1,x) < Aut(T), [NonNor(ph)| = 20" ~(142"7%)/2,

Now we find a lower bound for |[ACG(n) \ Small(n)| when n € R and k > 2. Since
p is an odd prime, Z;k is cyclic of order (p — 1)p*~!. Let b € Z;k have order p — 1. Note
that Lpk € <B> since b has even order, and b =+ Lpk since D> 3 (the proof of [4, Theorem
3.5] overlooks the fact that b = ¢,,» when p = 3). Clearly, b fixes 0, and since the order of
bis p — 1, every other orbit of b has length at most p — 1, so b has at least (p* —1)/(p — 1)
orbits other than {0}. Thus there are at least 2" =1)/(r=1) ¢irculant graphs of order p*
whose automorphism group contains b, and [ACG(p*) \ Small(p)| > 21+ -1/(-1),
p > 3. Note thatas k > 2, (p*¥ —1)/(p — 1) # 1. Then

|NonNorG (p*)| op" = (1Pt ) /2
lim < lim ——————
pE—oo |ACG(pF) \ Small(p*)| phooo  2F—1)/(p—1)
1

lim - =
pk’—>00 2(317 72“"1)/2“"271:0 p*

Thus as k > 3, the result follows. (The proof of [4, Theorem 3.5] concludes the above
limit is 1 in all cases — hence the gap in that theorem when k& = 2.)
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For the remainder of the proof we suppose that k = 2 and p > 3. Substituting k¥ = 2
into our formula for [NonNorG(n)|, we conclude that [NonNorG(p?)| = 2P~

If p = 2¢ + 1 is a safe prime, ¢ prime, then (@) is the unique subgroup of order p
in Zzg, so any subgroup of Z; that contains —1 but does not contain ¢ = p + 1, must
have even order not a multiple of p. Since Z;g is cyclic of order p(p — 1) = 2pgq, the
group C of order 2q is the only such subgroup. Then if I' € Nor(p?) \ Small(p?), then
Aut(I') = C - (Zy2) 1. Now, C fixes 0 and since C' has order 2¢ and is cyclic, the other
orbits of C' all have length precisely 2¢ (it is not hard to show that the only elements of
Z;z that fix anything but 0 are 1 and the elements of order p; this forces the orbit lengths
of C to be the order of C), so there are (p?> — 1)/2¢ = 1 + p orbits of C other than
{0}, and hence fewer than 217 graphs in Nor(p?) are not in Small(p?) (the “fewer than”
is due to the fact that some of these graphs are not normal, for example K,2). Hence
NonNor(p?)/(ACG(p?) \ Small(p?)) > 2P~1/(2P~1 4 2PF1) = 1/5.

Suppose now that p is not a safe prime. Then there exists b € Z;z of order p — 1. Since
p is not a safe prime, there exists 1 < r < s < (p — 1)/2 such that rs = (p — 1)/2.
As every non-singleton orbit of (b) has length p — 1 (as shown for the orbits of C in the
preceding paragraph), every nonsingleton orbit of (b*) has length (p — 1)/s. Then b* has
s(p + 1) orbits not including {0} and since [b%| = 2r > 2, b* # 1,2. We conclude that
there are at least 25(P*1) graphs of order p? in ACG(p?) \ Small(p?). As there are 2P~!

non-normal circulant graphs of order p? and s > /(p — 1)/2,

. |[NonNorG (p?)] ) op—1
lim < lim — —
> 00 [ACG(p?) \ Small(p?)| ~ p—roo 25(p+1)

O

We now verify that Conjecture 3.3 does hold for circulant digraphs of order n, and also
for circulant graphs of order n, for large families of integers. Note that, using Corollaries
2.10 and 2.17, we have for any n, [NonNor(n)| < [DW(n),,>4] + |GW(n)|.

Theorem 3.7. Let n be any odd integer such that 9 t n. Then almost all circulant digraphs
of order n that are not DRRs are normal circulant digraphs.

Proof. A lower bound for |[ACD(n) \ DRR(n)| is the number of circulant graphs of order
n, which is 2("~1)/2, We first find an upper bound for [DW (n),,>4|. As n is odd, we have
2n/m < 2n/5. Also, n is an upper bound on the number of nontrivial divisors of n. By
Corollary 2.18, [DW (1) 4| < 32,1, g 227/ ™ < m - 2205,

By Corollary 2.12, we have [GW(n)| < logsn - 27/P+7/a=n/(Pa)=1 \yhere ¢ is the
smallest prime divisor of n and p is the smallest prime divisor of n/q. Since n is odd
we have ¢ > 3, and since 9 1 n we have p > 5. If ¢ > 5then 1/p + 1/q — 1/(pq) <
1/p+1/q < 2/5, while if ¢ = 3 then 1/p + 1/q — 1/(pq) = 2/(3p) + 1/3 < 7/15, so
we always have 1/p + 1/q — 1/(pg) < 7/15. Note that if 9|n then p = ¢ = 3, and this
inequality is not true. Then

lim |[NonNor(n)| < im 22n/5 4 log2n . 27/15

n—o0 |[ACD(n) \ DRR(n)| ~ n—oo o(n—1)/2
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Theorem 3.8. Let n be any odd integer such that 9 1 n, and n is not a safe prime or
the square of a safe prime. Then almost all circulant graphs of order n that do not have
automorphism group as small as possible are normal circulant graphs.

Proof. We need to show that

lim |[NonNorG(n)| —0
n—oo,ngT |[ACG(n) \ Small(n)|

where T = {p,p? : pisasafeprime} U{n : 9 | n} U{n : 2 | n}. This is true if n is
a prime power by Theorem 3.6, so we assume there is a proper divisor m of n such that
ged(m,n/m) = 1. We also assume that n/m > m, and regard Zy, as Z,, /p, X Zy, in the
natural way.

We begin by finding a lower bound for |ACG(n) \ Small(n)|. LetT" € ACG(n)
such that @ € Aut(T") where a = (1,—1). Obviously @ ¢ (p, (), so I' € Small(n).
Straightforward computations will show that the orbits of (a,¢,) < Aut(T") are the sets
{(07 0)}’ {(Zv O)a (_iv 0)}’ {(07])7 (07 _j)}’ and {(7’;])7 (_iaj)7 (i’ _j)v (_iv _j)}’ where
i € Ly \ {0} and j € Zy, \ {0}. We conclude that (@, ¢,,) has

1+n/m—1+m—1+n—n/m—m+1 _n+n/m+m+1 S
2 2 4 B 4 4

orbits. Hence [ACG(n) \ Small(n)] > 2"/%. Recall (by Corollaries 2.10 and 2.17)
[NonNorG(n)| < |[DWG(n)m>4| + |GWG(n)|. By Corollary 2.18, we have that
IDWG(n)m>a] < Zm\n,m24 on/m+1 " Since n is odd, m is odd, so m > 5, so n/m <
n/5,and 32, s, 20/ < p2n/54 L By Corollary 2.13, we have that [GWG(n)| <
(loga n)2m(P+a—1)/(2pa)+1/2 \where p is the smallest divisor of 7 and g is the smallest di-

visor of n/p. As in the proof of Theorem 3.7, it is straightforward to show that since n is
odd and not divisible by 9, (p + ¢ — 1)/(pq) < 7/15. Hence

lim |[NonNorG(n)| - - n2n/5+1 4 (log2 n)27m/30+1/2
n—o0,n¢Ss ‘ACG(TL) \Small(n)| T n—oo,ngS on/4
= 0.

4 Non-normal circulants

By Theorem 2.4, a circulant (di)graph that is not normal is generalized wreath or deleted
wreath type. For each of these classes, we will now consider whether or not almost all
non-normal circulant (di)graphs lie within this class. The short answer is “No” and is given
by the following result.

Theorem 4.1. Let I be a circulant digraph of order pq, where p and q are primes and
p,q > 5. Then

1. if q # p then
IGW(pg)| _ gpta—l —2

[SDW (pg)| ~ 22»—1 4 22a-1 —9» — 20 — 2’
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2. if pis fixed, then lim,_, |GW (pq)|/|SDW (pq)| = 0,
3. if ¢ = p + cfor some constant ¢ > 2, then

i |CWOQ| 2
poo [SDW (pg)] (1 + 22¢)

4. if ¢ = p then all non-normal circulants are generalized wreath products.

Proof. Note that for I' € SDW (pq) we have m € {p,q} som > 5and I" € NonNor(n).

(1): We require exact counts of |GW(pq)| and of |[SDW(pq)|. First, when n = pq a
generalized wreath product will actually be a wreath product. For a wreath product digraph
with p blocks of size g, there are ¢ — 1 possible elements of S N (p), and p — 1 choices
for the cosets of (p) to be in S. Hence there are 2P*9~2 wreath product circulant digraphs
with p blocks of size q. Similarly, there are 297P~2 wreath product circulant digraphs with
q blocks of size p. The only digraphs that have both of these properties are K, and its
complement, each of which has been counted twice, so |[GW (pq)| = 2 - 2P+t4=2 — 2 =
op+q=1 _ 9

Now we count strictly deleted wreath products. As mentioned in the first sentence of the
proof of Corollary 2.18, there are precisely 2 - 4°~1 digraphs whose automorphism group
contains K x S, and 2 - 4971 digraphs whose automorphism group contains K’ x S,.
Of the first set, 2 - 27~ 1 are wreath products (those in which S N (rq + (p)) is chosen
from {(),7q + (p)}, for every 1 < r < p — 1). Similarly, of the second set, 2 - 2971 are
wreath products (those in which S N (rp + {(q)) is chosen from {@,rp + (q)}, for every
1 <r < g —1). Finally, notice that if a digraph is counted in both the first and second sets
then its automorphism group must contain S, x .S;,. Consequently, the number of elements
in SN (rp+ {(q)) is constant over r, as is the number of elements in S N (rq + (p)).
Since we have already eliminated wreath products from our count, the first number must
be 1 or p — 1, and the second must be 1 or ¢ — 1. Furthermore, if the first number is 1
then we have p € S but p + g € S, so the second cannot be ¢ — 1 (and the same holds
if we exchange p and ¢), so there are only 2 choices for such digraphs: that in which all
of the values are 1, which is K,[JK, (where [] denotes the cartesian product), and its
complement, in which all of the values are p — 1 or ¢ — 1. Summing up, we see that
|ISDW(pq)| =2-4P~t + 2. 4971 —2.2p=1 _2.29=1 — 2 The result follows.

(2): This follows from (1) by letting ¢ tend to infinity.

(3): Substituting ¢ = p + c into (1) and letting p tend to infinity, we have

- IGWpg)| _ 2emt —2l7%
lim —————— = lim .
p—oo [SDW(pq)| p—oo 2714 22¢-1 _2-p _ 2c—p _ 21-2p

Deleting the terms that tend to zero, we are left with

2(:—1 9¢
pll{{io 2—1 4 92c—1 = 1 4 22¢’

as claimed.

(4): By Theorem 2.4, if I' € NonNor(p?), then Aut(T") must either fall into category
(1) or category (2). If it falls into category (1) then, since n = p? and the n; are coprime,
there can only be a single factor in the direct product, and since I' € NonNor(n), the factor
must be Sz, s0 ' € {K)2, K,2} € GW(p?). If it falls into category (2) then by Corollary
2.10,T € GW(p?). O
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Notice that if we choose a constant ¢ > 2 and define T,. = {pq : ¢ = p+c} where p and
g are prime, then as a consequence of Theorem 4.1(3), since 0 < 2¢/(1 +220) < o0, neither
generalized wreath circulant digraphs nor strictly deleted circulant digraphs dominates in
T.. The recent breakthrough by Zhang [16] shows that the union of the first 70 million
T.s is infinite, and therefore that at least one of these sets is infinite. Essentially, we have
shown that if n = pq is a product of two primes, then generalized wreath products dominate
amongst circulant digraphs of order n if p = ¢ (in fact there are no others); neither family
dominates if p and g are “close” to each other, and strictly deleted wreath products dominate
if one prime is much larger than the other.

We now give two infinite sets N; and Ny of integers, each integer in both sets being
divisible by three distinct primes. In Ny, almost all non-normal circulant digraphs are
of strictly deleted wreath type (and NV includes all of the square-free integers that are
not divisible by 2 or 3). Meanwhile in N, almost all non-normal circulant digraphs are
generalized wreath circulant digraphs.

Theorem 4.2. Let Ny = {n € N| n is the product of at least three primes and ¢* { n where
g > 5 is the smallest prime divisor of n}. Then,

ISDW(n)|
neNi,n—oo |[NonNor(n)|

Proof. By Corollaries 2.10 and 2.17, NonNor(n) € GW(n) U SDW(n),,>4, and by the
definition of SDW (n), these sets are disjoint. Since ¢ > 5 we also have m > 5 for any
proper divisor m of n, so SDW(n) = SDW(n),,>4. Hence [NonNor(n)| = |[GW(n)| +
[SDW (n)|. We show that lim,, % = 0, which implies the result.
The first sentence of the proof of Corollary 2.18 notes that for a proper divisor m of n,
the number of digraphs I' with H x S, < Aut(I") for some 2-closed group H < S,/
is precisely 2 - 4%/™~1, The maximum number of times that a specific circulant digraph
I" can be counted in 22 . 4”/’”*1, is the number of divisors of n, d(n) < n. Thus
m|n
IDW(n)| > Z 2.4™/™=1/n_and so by Lemma 2.16, [NonNor(n)| > Z 2. 4n/m=1/p,
m|n m|n
By Corollary 2.12, we have that [GW(n)| < (logsn)2"/P+n/a—n/(0)=1 where q is the
smallest prime divisor of n and p is the smallest prime divisor of n/q. Then

1i |GW (n)| I (log2 n)2n/ptn/a—n/(pa)=1
m = im
n—00 |NOHNOI‘(’H,)| ~  n—oo Zm\n 2. 4n/m71/n
R (logZ n)2n/(a+2)+n/q
nl—>H;o 4. 4n/q71/n
i nlogsn
= lim

n—oo 22"/((1(‘1"‘2)) ’

Since ¢(q + 2) < n?/? as ¢ is the smallest prime factor of 7, ¢> { n, and n has at least 3

prime factors, we have n/(q(q +2)) > n'/3, so lim,, ;0 % =0. O

Theorem 4.3. For any natural number n, let p,, be the smallest prime divisor of n, and q,
the smallest prime divisor of n such that g, # p, and > 1 n. Let No = {n € N : p,, >
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5,p2 | n, n has at least 3 distinct prime divisors, and q,, > 2p,, }. Then

W)
n€Nz,n—oco |NonNor(n)]

Proof. Let p = p,. First notice that there are 27~ '+"/P=1 circulant digraphs that are
wreath products T'; ¢ I'y where I'y has order n/p and I'y has order p: 2P=1 choices for
S N (n/p) and 2"/P~1 choices for which cosets of (n/p) are in S. All of these digraphs
are di/stinct, so since by Lemma 3.4 these are all non-normal, we have |NonNor(n)| >
2ptn/p=2,

By Corollary 2.18, for a proper divisor m > p,, > 4 of n, the number of digraphs of
deleted wreath type is at most 47/, Thus

IDW (n)| < > gnim.
m|n,ged(m,n/m=1)
Let Hle p;* be the prime decomposition of n, and let p* = 11211<1 {p}*}. Clearly 47/ (Pi*)
<:<t

is the largest term in this sum, and there are at most d(n) (the number of divisors of n) terms
in this sum. Thus [DW (n)| < d(n) - 47/ #:").

Observe that if a;, > 2, then pZ’“ > 5p > 2p since p > 5 is the smallest divisor of n.
Also, if a;, = 1, then by hypothesis pi, > ¢, > 2p. Hence p;* — 2p > 1 since both are
integers. Now,

IDW (n)| . d(n) - 4n/ (")
m ——— < lim ———
n—oo |NonNor(n)| n—oo  2ptn/p=2
4
< lim ar n ay
n—oo gp+n:(p* —2p)/(pp,*)

4n

< im —\.
- n—oo 2p+n/(ppkk)

Since n has at least 3 distinct prime divisors, there is some j such that p; # p, pr. Now
p?j > py* by our choice of k, and p;j > pj > p, so since n/(ppy*) > p‘;j, we have
(n/(pp*))? > ppi*. Hence ppi* < n?/3,s0o n/(ppi*) > n'/3. So the above limit is at

most
4n

1m ——=
n—oo 9p+nt/3

=0.
O
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Abstract

A map, as a 2-cell embedding of a graph on a closed surface, is called a k-orbit map
if the group of automorphisms (or symmetries) of the map partitions its set of flags into
k orbits. Orbani¢, Pellicer and Weiss studied the effects of operations as medial and trun-
cation on k-orbit maps. In this paper we study the possible symmetry types of maps that
result from other maps after applying the chamfering operation and we give the number of
possible flag-orbits that has the chamfering map of a k-orbit map, even if we repeat this
operation ¢ times.

Keywords: Map, flag graph, symmetry type graph, chamfering operation.
Math. Subj. Class.: 52B15, 05C10, 57M15, 5IM20, 52B10

1 Introduction

Topologically, a map M is a cellular embedding of a connected graph on a closed surface,
with no boundary. While combinatorially, we define a map by an edge coloured cubic
graph G, to which we refer as the flag graph of the map M, as Lins and Vince (1982-83)
define it in [18] and [25], respectively. The vertex set of G is the set of flags of the map,
and the edges define the connectivity between pairs of flags. Flags are a very important
tool in describing combinatorially the structure of a map. They have been used not only
for maps but also for hypermaps [9, 23], maps on the surfaces with boundary [1], abstract
polytopes [22] or maniplexes [28].

A map M is called a k-orbit map if its group of automorphisms, or symmetries, par-
titions the set of flags into exactly k orbits. The most symmetric maps are well known as
regular (or reflexible) maps, those for which its automorphism group acts transitively on
their set of flags, i.e. they have exactly one flag-orbit. Other highly symmetric type of maps
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are the so called chiral maps, which flags are partitioned into two orbits in such way that
any two adjacent flags belong to different orbits, [12, 13, 22]. In other words, the flag graph
of a chiral map is a bipartite graph and each part is an orbit.

In [19] the question of possible symmetry types of maps resulting from other maps after
applying various operations was raised. In particular, the medial and truncation operations
on k-orbit maps were considered, for k < 4. In this paper we use the chamfering operation
on k-orbit maps and determine, in terms of k, the number of possible flag-orbits that has
the chamfering map of a k-orbit map. Table 1 depicts all possible cases.

The operation of chamfering an object is related to the idea of beveling (“to file down™)
the edges of a solid object. Given a map M, the chamfering operation replaces the edges
of M with hexagonal faces while keeping the faces of M. This operation divides each flag
of the map M into four different flags in the chamfering map. This operation is also used
on the study of fullerenes (see [6]), for instance, which also leads to chemical applications
as in [17]. Theorem 5.3 summarizes all the results presented in this paper.

To solve our problem, we define another graph to which we refer as the symmetry type
graph of a map, this is, the quotient graph of the flag graph of a map under the action of
its automorphism group. A strategy of how to generate symmetry type graphs is shown
in [2]. Dress and Huson (1987) refer to such graphs as the Delaney-Dress symbol, [7].
Dress and Brinkmann (1996), as well as Balaban and Pisanski (2012), give applications to
mathematical chemistry in [8] and [1], respectively.

In [20], Orbanié, Pellicer, Pisanski and Tucker (2011), show the 14 symmetry type
graphs of edge-transitive maps. Later, in [4] and [5], the complete list of possible symmetry
type graphs with at most 6 vertices is determined. In particular, in [4] are described some
properties of the symmetry type graphs, and also, the advantages of symmetry type graphs
were applied to completely solve the problem of symmetry types of medial maps. While,
in [5] is given an extension of the results in [19] of all possible symmetry type graphs of a
map and its truncated map might have, for up to 7 and 9 vertices.

The paper is organized in the following way. In Section 2, we formally define a map
and its flag graph. In Section 3, we define the symmetry type graph of a k-orbit map and
give some of its properties, also studied in [4]. In Section 4, we define the chamfering
map and find some conditions for the original map as for its chamfering map in manner to
determine whether the chamfering map of a k-orbit map has 4% flag-orbits or not. Finally,
we conclude with Theorems 5.1 and 5.3 where we obtain the number of flag-orbits that the
chamfering map has if we repeat this operation ¢ times on the same map.

2 Maps

A map M is defined as a cellular embedding of a connected graph on a surface. Let BS be
the barycentric subdivision of M and let ® be a triangle in BS. Label the vertices of ¢ by
®y, ; and P4 according to whether they represent a vertex, an edge or a face (mutually
incident) in the map M. Note that every triangle of BS is adjacent to other three triangles,
see Figure 1. If two triangles ® and ¥ of BS are adjacent by the edge with vertices ®;
and Oy, with j,k € {0,1,2} and j # k, then we say that ® and ¥ are i-adjacent, for
i € {0,1,2} and i # j, k. In this case we shall denote ¥ by ®* (likewise ® by ¥*) and
note that for every triangle ® and i € {0, 1,2}, (®°)’ = .

Combinatorially, a map can be seen as a set F (M) of flags, and the relation between
pairs of elements in F(M) in the following way. To each flag in F(M), we assign a
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Figure 1: Barycentric subdivision of M and the flag ® = ($g, D1, P3) € F(M).

triangle ® in BS described by the ordered triple (P, P71, P2 ), represented by the vertices of
® in BS, and denote by ®* the corresponding i-adjacent flag of ® in M, withi € {0,1,2}.
Note that as it happens for the degenerated cases: as a map with a single vertex and edge
but two faces, or a map with two vertices, one edge and a face; two adjacent flags can be
represented by the same triple, however they are assigned to different triangles. We shall
say that a map M is a non-degenerated map if the triples (®g, @, P2) are in one to one
correspondence to the flags of M.

Let sg, s1 and s be the three permutations in the symmetric group Sym(F(M)) such
that, for every flag ®,

P =5 =D,

with¢ = 0, 1, 2. Note that s, s1, S2 and sgs3 are fixed point free involutions. Furthermore,
by the connectivity of the map the action of the subgroup of Sym(F(M)) generated by
these three distinguished involutions, denoted by Mon(M) := (sg, s1, S2), is transitive on
the set of flags 7 (M). The group Mon(M) is known as the monodromy (or connection)
group of the map M, [10].

An automorphism of the map M is a bijection between vertices, edges and faces pre-
serving their adjacency on the map. Thus, an automorphism of M induces a permutation of
the flags in 7 (M) such that its action commutes with the elements of Mon(M). In other
words, for every automorphism « of M, every flag & € F(M) and every i € {0,1,2} it
follows that

% = (D),

[14]. The connectivity of the map implies that the only automorphism that fixes a flag is the
identity one. That is, the action of the automorphism group Aut(M) over the set F (M)
is semi-regular, and hence divides F (M) into k orbits of the same size; in such case M is
called a k-orbit map. If the action of Aut(M) over the set (M) is transitive we say that
the map is regular (or reflexible). The 2-orbit maps were widely studied and classified (in
different contexts) in [9] and [15]. The most studied and understood type of 2-orbit maps
is the chiral one, which has two orbits on its flags where any two adjacent flags belong to
different orbits.
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2.1 Flag graph

Given a map M, we can construct a graph G 4 in the following way. The set of flags F (M)
of the map M corresponds to the vertex set of the graph G4, and two vertices ® and W in
V(G ) are adjacent by an edge of colour ¢ = 0, 1, 2 if and only if the corresponding flags
are i-adjacent in M (see Figure 2). We shall refer to the graph G, as the flag graph of the
map M.

Figure 2: Local representation of the flag graph G of a map M.

Observe that the distinguished generators sg, s1 and s, of the monodromy group
Mon(M) of the map M label the coloured edges of its flag graph G in a natural way.
Hence, for each flag & € F (M), a word w = s;,5;, - - - s, € Mon(M) describes a path
along the edges in G, coloured by ig, i1, . . . , in, Starting at the vertex ® and ending at the
vertex ®%, with

PV = ((I)io) T ¢i077;17---77:n.

n

Since in general the action of Mon(M) is not semi-regular on F (M), this implies that one
can have differently “coloured” walks in G4 going from & to another flag ¥ that induce
different words of Mon (M) that act on the flag ® in the same way.

Note that in G the edges of a given colour form a perfect matching (an independent
set of edges containing all the vertices of the graph), and the union of two sets of edges of
different colour is a subgraph whose components are even cycles; such subgraph is known
as a 2-factor of G 4. In particular, note that since (5032)2 = 1 and sqss is fixed-point free,
the cycles with edges of alternating colours 0 and 2 are all of length four.

Note that the connected components of the 2-factor of colours 0 and 2 in G, define
the set of edges of M. In other words, the edges of M can be identified with the orbits
of F(M) under the action of the subgroup generated by the involutions sy and s5; that is,
E(M) = {®{052) | & € F(M)}. Similarly, we find that the vertices and faces of M are
identified with the respective orbits of the subgroups (s1, s2) and (sg, s1) on F(M). That
is, V(M) = {®G1s2) | @ € F(M)} and F(M) = {®(s051) | & € F(M)}. Thus, the
group (s, $1, S2) acts transitively on the sets of vertices, edges and faces of M.

The automorphism group Aut(M) of M induces a bijection between the flags of M
preserving their adjacencies, and an edge-coloured preserving automorphism of the graph
G 1s a bijection between the vertices of G4, preserving the adjacencies on the elements
of F(M). Consequently, Aut(,M) is isomorphic to the edge-coloured preserving auto-
morphism group of the flag graph G 4.
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Recall that Aut(M) partitions the set F(M) into k orbits of the same size. Let
Orb(M) := {Og|® € F(M)} be the set of all flag-orbits of M. By the connectivity
of G g we have the following lemma.

Lemma 2.1. Let 01,02 € Orb(M), & € F(M), and w € Mon(M). If ® € Oy and
D" € Oy, then U € O if and only if U € Oy, for any ¥ € F(M).

3 Symmetry type graph of a map

We define a graph T(M) (fairly, a pre-graph as in [24]), that we call the symmetry rype
graph of M, as the quotient of the flag graph G, under the action of the automorphism
group Aut(M) of the map. Hence, the vertices of T (M) correspond to the elements
in Orb(M), where two vertices Og, Oy € Orb(M) are adjacent by an edge of colour
i = 0,1, 2 if and only if there are flags &’ € Og and ¥’ € Oy that are i-adjacent in Gy
(if the two i-adjacent flags ®’ and ¥’ belong to the same flag-orbit, then the edge of colour
i is projected into a semi-edge in 7'(M)). By Lemma 2.1 the symmetry type graph 7'(M)
is a 3-valent (pre-)graph of chromatic index 3.

It can be seen that the action of Mon(M) on the set Orb(M) is defined as Og - w =
Ogw, for any w € Mon(M) and & € F(M). This action is transitive, as is the action
of Mon(M) on F(M). Since G, is a connected graph, then its corresponding symmetry
type graph T'(M) is connected as well.

The symmetry type graph of regular maps is a graph with a single vertex and three
semi-edges of colours 0, 1 and 2. Moreover, the symmetry type graph of chiral maps is a
graph with two vertices and three parallel edges coloured by 0,1 and 2, connecting both
vertices. In fact, chiral maps are commonly said to be of symmetry type 2.

The number of symmetry types of k-orbit maps is bounded by the number of connected
cubic graphs with k vertices, properly three edge-coloured, where the colours 0 and 2 are
as in the Figure 3. The reader can refer to [4] and [5] for all possible symmetry type graphs
with at most 6 vertices.

-WQU<

Figure 3: Possible quotients of 0-2 coloured 4-cycles of G 4.

4 Chamfering map

The chamfering map Cham(M) of any (non-degenerated) map M is produced, as its name
says: by chamfering the edges in M. More precisely, the edges of a map M are replaced
by hexagonal faces, surrounding the faces of M, in Cham (M) (see Figure 4). Hence, the
set of faces of Cham (M) is in correspondence with the set of faces F'(M) and the set of
edges F(M) of M. That is, the set of faces of Cham (M) is

F(Cham(M)) = F(M) U E(M).
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Figure 4: Dodecahedron (left) and the chamfering of the dodecahedron (right).

It is straightforward to see that the map Cham(M) has two types of edges: those between
hexagonal faces and those between a face ®5 in F'(M) and its adjacent hexagonal faces
(corresponding to the incident edges on the face ®5 in M). This is, the set of edges of
Cham(M) is

E(Cham(M)) = {{®o, {®o, P2 }}|® € F(M)} U {{P1, Po}[® € F(M)}.

In fact, Cham(M) has exactly 4|F(M)| edges. Finally, the set of vertices of M is
a proper subset of the vertices of Cham(M), and the remaining 2|E(M)| vertices in
V(Cham(M)) \ V(M) (each of these vertices are adjacent to exactly one vertex in
V(M)), all have degree 3. Thus, the set of vertices of Cham (M) is

V(Cham(M)) = V(M) U {{®g, D3 }|® € F(M)}.

For an alternative definition of chamfering we refer the reader to [6].
Observe that the map on the left (dodecahedron) in Figure 4 is regular, while the map
on the right is a 4-orbit map with symmetry type 4p, (Figure 5). There is a single orbit of

O\II 0@2,1,0
Oq,2 0‘1’271

Figure 5: Symmetry type graph 4p .

flags, Oy, on a pentagon and three different flags on a hexagon. Note that by chamfering a
non-degenerated map M, every flag ® := ($g, 1, P3) in F (M) is divided into four flags
of Cham(M), as is depicted in Figure 6, and the corresponding four flags to & € F(M)
in Cham(M) can be written as

((POa {(I)O’ {(I)O’ (1)2}}7 (I)l)v ((I)v 1) ::({(I’O’ (1)2}’ {CD()? {(I)O’ (1)2}}’ (I)l):
:({‘1)0, (1)2}, {@17 @2}, @1)7 (q), 3) Z:({(I)(), (1)2}, {(Dlv @2}, @2)

(,0)
(®,2)
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D,

L]
= d
N
Figure 6: The four respective flags of F(Cham(M)) to the flag & = {®g, P1, P2} €
F(M).

It is then straightforward to see that the adjacencies of the flags of Cham(M) are closely
related to those of the flags of M. In fact, we have that,

(2,0)" = (2,1), (2,0)" = (2°2,0), (®,0)* = (&,0),
(@,1)" = (2,0), (2,1)" = (2,2), (®,1)% = (2*,1),
(2,2)" = (2%, 2), (2,2)! = (2,1), (®,2)* = (®,3),
(®,3)" = (2%, 3), (®,3)! = (2*,3), (@,3)% = (,2)

Thus, we define the algorithm in Figure 7 to construct the flag graph of Cham (M) out of
Gm.

Proposition 4.1. The flag graph Gcnam(am), of the chamfering map Cham(M) of any map
M, can be quotient into a graph as the symmetry type graph 4p, .

Proof. Let A; = {(®,1)|® € F(M)} be the subset of F(Cham(M)) containing all flags
of Cham(M) of the form (®, ), with ¢ = 0, 1,2, 3. Then, F(Cham(M)) = Ay U A; U
Az U As and A; N A; = () whenever i # j. Hence, (Ao, A1, Az, As) is a partition of the
set of flags 7 (Cham(,M)). Based on Figure 7, it is straightforward to see that the quotient
of Geham () OVver such partition, is isomorphic to the symmetry type graph of a map with
symmetry type 4p,, (see Figure 5). O

Note that for any flags T € As, Y2 € Ay, T2 € A; and Y210 € Ag, we
can define a flag v € F(M), by assembling these four flags in Cham(M). Observe
that an automorphism & € Aut(Cham(M)) that sends a flag Y € A; to another flag
also contained in A;, with ¢ = 0,1,2,3, is induced by an automorphism o € Aut(M)
that sends @~ to the assembled flag ®y/5 in M. Say this in other way, for each au-
tomorphism o € Aut(M), there is an automorphism & € Aut(Cham(M)) such that
(®,i)a = (Pay, i), with @ € F(M) andi = 0,1, 2, 3. Then, it follows that

|Orb(Cham(M))| < 4|Orb(M)].

Motivated by Proposition 4.3 of [19], we are interested in studying the number of pos-
sible flag-orbits of the chamfering map Cham(M).
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Figure 7: Local representation of a flag in G 4, in the left. The image under the chamfering
operation, locally obtained, in the right.
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Certainly, the chamfering map Cham(M), of a k-orbit map M, has 4k orbits on the
set of flags F(Cham(M)), if for any &, ¥ € F(M) there is no flag of the form (P, 7)
in the same orbit as a flag of the form (¥, j), with 4,5 € {0,1,2,3} and i # j. In
fact, if the chamfering map Cham(M) of a k-orbit map M is a 4k-orbit map then, the
algorithm presented in Figure 7 works as an algorithm on the vertices of T(M) to obtain
the symmetry type graph 7'(Cham(M)) with 4k vertices, of the chamfering map of M.

We denote by 7, 1 and r5 the distinguished generators of Mon(Cham(M)). Observe
that, in particular, (®%°,3) = (®,3) - ro, (®°*,3) = (?,3) - r1, and (P°2,3) = (P, 3) -
ror1ToT1ToT1T2, for any ® € F(M). This is, the action of the subgroup

D = (ro,r1,r2r1m07m1707172) < Mon(Cham(M))

over the subset of flags 7 (M) x {3} in Cham (M) is isomorphic to the action of the mon-
odromy group Mon (M) over the set F (M), inducing the following action isomorphism.

(f,9) : (F(M), (s0,81,52)) = (F(M) x {3}, (ro, 71, 2m170T170T172) )5

where f : ® +— (®,3) is a bijective function, and ¢ : (sg,s1,82) +
(ro,T1,T2T1TT1T0T1T2) 1S @ group isomorphism, as that defined in [14]. Then, the ac-
tion of D is transitive on the set of flags F(M) x {3}. Moreover, the action of D on
F(Cham(M)) fixes the set A3 and permutes the sets A, .A; and As. Further on, because

(@,3) T = (CI), 2), (@,3) s TeT1 = ((I), 1) and ((I),?)) sTor1To = ((I),O),

conjugating D by the elements rq, ror1 and rarirg in Mon(Cham(M)), we obtain three
different subgroups of Mon(Cham(M)), that act transitively on the set of flags (M) X
{2}, F(M) x {1} and F(M) x {0}, respectively. Therefore, we say that the conjugate
subgroup D% < Mon(Cham(M)) fixes the set .4;, for each i = 0, 1,2, 3, and permutes
the sets Aj,, A;, and Aj,, with jy, j2, js € {0,1,2,3} \ {i}, where ag = rori79, a1 =
roT1, A2 = T9, and ag = id

With the following lemma we see that the chamfering map of a k-orbit map M, not
necessarily has 4k flag-orbits. By an equivelar map with Schlifli type {6,3} we mean a
map that all its faces are 6-gons, and all its vertices have degree 3.

Lemma 4.2. Letr Cham (M) be the chamfering map of a map M. If there is an automor-
phism o € Aut(Cham(M)) such that (P,i)a = (U, ) for some ®, ¥ € F(M) and
i1 # g, withi,j € {0,1,2,3}. Then, M is an equivelar map with Schldfli type {6, 3}.

Proof. Consider the partition (Ag, A1, Az, A3) of the set F(Cham(M)), where A; =
{(®,9)|® € F(M)}, i = 0,1,2,3, and recall that if we assemble the flags T € As,
T2 € Ay, Y21 € Ay and Y210 € Ay, we can define a flag &y € F(M).

Suppose that there is an automorphism « € Aut(Cham(M)) such that (®,i)a =
(P, 4) for some &, ¥ € F(M) and i # j, with i, € {0,1,2,3}. We shall verify the
image, under «, of the assembled flags (®,0), (P, 1), (P, 2), (P, 3), corresponding to ® €
F(M), in terms of the adjacent flags of (¥, j). Note that &y € (P,0) and &5 € (P, 3),
but they are neither in (P, 1) nor in (P, 2). Then, we have the following cases.

0) For: = 0.
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- If (?,0)a = (¥,1), then ®ga = {Vg, ¥y} and Py = (¥21)q, since
(‘I’,O)Oz = (\I/, 1) = ({‘1107\112}, {\Ifo{qfo, \112}}, \Ifl) and
(®,3)a = (9,0)%2a = ((®,0)0)®1? = (¥,1)%12 = (P21 0) =
(Wo, {0, {Wo, (U?)2}}, (¥21)y).

- If (?,0)a = (¥,2), then ®ga = {Vg, ¥y} and Py = (¥O1);, since
(®,0)a = (V,2) := ({ Vo, Ua},{¥1, P2}, ¥;) and
(®,3)a = (©,0)%2a = ((®,0))®12 = (¥,2)%12 = (PO 1) =
({20, T2}, {(T%)0, {(¥°)o, U2} }, (¥O)1)

- If (?,0)a = (¥,3), then ®ga = {Vg, U5} and Py = (VO1)y, since
((I),O)Oé S (\I/,?)) = ({\I/(),\IJQ}, {@1,@2}7 \:[12) and
(®,3)a = (©,0)%2a = ((®,0))®1? = (¥,3)%12 = (P01 2) =
({(¥)0, o}, {(¥*1)1, Ua}, (¥O1)1).

Similarly, we follow the same analysis in the next cases.
1) Fori =1.
- If ((I), 1)0& = (\I/,O), then (I)()Oé = {\1107 \:[12} and (I)QOZ = (\:[1271)1.
- If (®,1)a = (¥, 2), then Do = {(¥)g, U5} and Py = (V1);.
- If (®,1)a = (¥, 3), then Py = {(VY)g, U5} and Pycx = (V).

2) Fori = 2.
- If (®,2)a = (¥, 0), then Pga = { ¥y, (¥?)3} and Pycx = (V1)
- If (®,2)a = (¥, 1), then Pga = {(VY)g, U5} and Pycx = (V).
— If (®,2)a = (¥, 3), then Do = {(F10)y, Uy} and Poax = V.
3) Fori = 3.

— If (®,3)ar = (¥, 0), then ®oa = {Wo, (U12)5} and Bocr = .
- If (@,3)0& = (\117 1), then ®qa = {(\111’2)0, (\111’2>2} and P = V5.
- If (®,3)a = (¥, 2), then Do = {(¥1?)g, U3} and Py = (VD).

Observe from the cases above, that all the vertices {¥q, Wa}, {(TY), U5},
{Wo, (¥2)2}, {(¥10)0, Wa}, {Wo, (¥12)2}, {(W12)o, (¥1?)2} and {(¥1?)o, W2} are
vertices with degree 3 in Cham(M). So as all the faces (¥21);, (¥%1);, (¥1); and ¥y,
correspond to 6-gons in Cham(M). Thus, the vertex @ has degree 3 and the face ®5 is a
6-gon in M, with ® € F(M). Furthermore, let ®* = A € F(M), with w € Mon(M).
Then we have that

(A, i)or = (@7, i) = (,4)" o = (@, 8)a)” = (¥, )",

with @ € Mon(Cham(M)).  Recall that the conjugated subgroup D% of
Mon(Cham(M)) fixes the set .A; and permutes the sets A, , A, and A;,, with ji, jo, j3 €
{0,1,2,3} \ {i}, where a9 = rorirg, a1 = rori, aa = 1o, and ag = id. Since
(A,i) = (®,4)", it follows that w € D%, and henceforth (A,i)a = (V,5)” € Aj,,
with 7, ji € {0,1,2,3}\ {i}.

Thus, we follow with a similar analysis as the previous one for (A, i) = (¥, 5)%, and
we conclude that the vertex A has degree 3 and the face Ay is a 6-gon in M. This latter
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was for arbitrary A € F(M) and w € Mon(M). Therefore, we have that each vertex
in V(M) has degree 3 and every face F(M) is a 6-gon. Consequently, the map M is an
equivelar map with Schifli type {6, 3}. O

By the Euler characteristic of a map, the surface of an equivelar map with Schléfli type
{6, 3} is either the torus or Klein bottle. In the following subsection we find the number of
flag-orbits of the chamfering of an equivelar map of type {6, 3}.

4.1 Chamfering of equivelar maps of type {6, 3}

In [16] Hubard, Orbanié, Pellicer and Weiss studied the symmetry types of equivelar maps
in the torus, described as {6, 3}, +,, Where v; and v, are two linearly independent vectors.
In [27] Wilson shows that there are two kinds of maps of type {6, 3} in the Klein bottle, and
denotes them by {6, 3}, | and {6, 3}\ ..\ respectively, where the two glide reflections
of these maps are on axes that are at distance a multiple of n and have length a multiple of
m.

Regarding equivelar toroidal maps of type {6, 3}, from Theorem 8 in [16], we obtain
the following proposition.

Proposition 4.3. Equivelar toroids with Schliifli type {6,3} are either regular, chiral, or
have symmetry type 3°2 or 6 H,-

e o H M

Figure 8: Symmetry type graphs of regular, chiral, 3°? and 6 H,, Maps.

An equivelar toroidal map of type {6, 3} is described as {6, 3}, ,,, Where the linearly

independent vectors v and vo are a linear combination of the basis {\/361, @el + %62},
with the origin in the centre of an hexagon in the {6, 3}-tessellation of the plane.

In Figures 9-12 examples of equivelar toroids and their corresponding chamfering
maps are depicted. Note that by chamfering a toroidal map M := {6, 3}, ., we replace
the edges of M by the corresponding hexagonal faces in Cham(M). Thus, the centres of
adjacent faces of Cham (M) are at half distance than in the centres of adjacent hexagons
of M. This implies that the chamfering map Cham(M) is the equivelar toroidal map
{6, 3}20, 20, Thus, we have the following lemma.

Lemma 4.4. Let M be an equivelar toroidal map of type {6,3}. Then the symmetry type
graph T'(Cham(M)) is isomorphic to T(M).

As what it concerns to equivelar maps of type {6,3} in the Klein bottle. Following
[27], the two kinds of maps of type {6,3} in the Klein bottle are denoted by {6, 3}, |
and {6,3}\,,,\ respectively, where m and n are measured in
respect to the centres of the hexagons. The map in the Klein bottle, described as {6, 3} [m.nls
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{6,3}(1.1).2-1)

Figure 9: Chamfering of regular toroids of type {6, 3}.

{6,3}(2,1),(-1.3)

{6,3}(4,2),(~2.6)

Figure 10: Chamfering of chiral toroids of type {6, 3}.
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ﬁ; {6) 3}(2,0),(71‘2)

Cham(/\/l)\? “

{6,3}(4,0),(~2,4)

C j {6,3}2.1).3,-1)
Cham(M) \

{6,3}(4,2),(6,-2)

Figure 11: Chamfering of 3-orbit toroids of type {6, 3}.

M {6,3}2,1),2.0)
Cham(./\/l)\

< : >
/“‘)"
: ; {6,3}(4,2),(4,0)

Figure 12: Chamfering of 3-orbit toroids of type {6, 3}.
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results by using two glide reflections of length % on axes of type (a) or (b), as in Figure 13,
that are n? apart. And, the map in the Klein bottle, described as {6, 3}\m7n\, results by

using two glide reflections of length m@ on axes of type (c¢) or (d) as in Figure 13, that are
5 apart. In both cases, the generating glide reflections are symmetries of the regular hexag-
onal tessellation of the plane. Since the glide reflection axes (a), (b), (¢) and (d) are either

Figure 13: Possible glide reflection axes in {6, 3}.

parallel to the edges of the hexagons or cross the edges in their midpoint, by chamfering an
equivelar map M in the Klein bottle, of type either {6, 3}y, or {6, 3}\ 1\, the distance
between both glide reflection axes and their length are the half than for those in M. This
is, in Cham(M), the values of m and n are the half as those for M. Therefore, the cham-
fering map Cham(M) is an equivelar map in the Klein bottle described as {6, 3} |21 2n)-
or as {6, 3}\ 2,20\ » With glide reflection axes of type (a) or (d), respectively.

Hence, we obtain the following lemma.

Lemma 4.5. If M is the toroidal map {6,3},, v, or a map in the Klein bottle of type
either {6,3} . n|s 01 {6,3}\m n\, then Cham(M) is a map on the same surface of type
{6,3}20,,200, 16,3} 12m,2n)» 07 {6, 31\ 2m,2n\, Fespectively.

Following [27] we can see that maps {6, 3}, ) and {6, 3}, n\ have 3mn edges
and thereby 12mn flags. Moreover, the automorphism group of these maps have 4m
elements. Thus, the maps {6,3},, , and {6,3}\,,,\ are 3n-orbit maps. Hence,
Cham({G, 3}|m’n‘) = {6, 3}‘2m’2n‘ and Cham({G, 3}\m’n\) = {6, 3}\2m’2n\ have 48mn
flags and their respective automorphism group have 8m elements. Therefore, {6, 3} |2/, 25|
and {6, 3}\ 2y, 20\ are 6n-orbit maps. In Figures 14 and 15 are depicted examples of maps
of type {6,3} 1) and {6, 3}\ .1\, With m even and odd, and its chamfering maps. Note
that both maps of type {6,3},,,1| and {6,3},,,1\ have symmetry type 3°2, while their
chamfering maps {6, 3} |2y, 2| and {6, 3}\ 2,2\ have symmetry type 6, .

Corollary 4.6. If M is a k-orbit toroidal equivelar map of Schlifli type {6,3}, then
Cham(M) is a k-orbit map, with k = 1,2,3,6. If M is a k-orbit equivelar map of
Schlifli type {6, 3} in the Klein bottle, then 3|k and Cham(M) is a 2k-orbit map.
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Figure 15: Chamfering of a 3-orbit map of type {6,3}\,,,1\ in the Klein bottle.
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5 Conclusion

Putting our results together we see that lemma 4.2 implies that if M is a k-orbit map such
that Cham (M) is not a 4k-orbit map, then it is of type {6, 3}. Hence, Corollary 4.6 implies
the following theorem.

Theorem 5.1. Let M be a k-orbit map. Then, Cham(M) has either k, 2k or 4k flag-
orbits.

We denote as T'(Cham(7")) the chamfering symmetry type graph with 4k vertices that
results from applying the algorithm in Figure 7 to the symmetry type graph 7" of a k-orbit
map. (See for instance Figures 16). As a consequence of the above discussion we have the
following corollary.

Corollary 5.2. Let M be a k-orbit map with symmetry type either 1, 2, 392 or 6 H,, and
Cham(M) its chamfering map. Then the following holds.

(1) If M is a regular map, then Cham(M) is either regular of type {6,3} (and hence
toroidal), or has symmetry type 4p .

(2) If M is a chiral map, then Cham(M) is either chiral of type {6,3} (and hence
toroidal), or has symmetry type graph T'(Cham(2)) with 8 vertices. (See Figure 16.)

(3) If M has symmetry type 3°2, then Cham(M) is either a toroidal map of type {6, 3}
with symmetry type graph 3°2, or Cham(M) is a 6-orbit map in the Klein bottle and
has symmetry type graph 6y, or it has symmetry type graph T(Cham(3°%)) with
12 vertices. (See Figure 16.)

(4) If M has symmetry type 6, then Cham(M) is either a toroidal map of type {6, 3}
and has symmetry type graph 6y, or Cham(M) is a 12-orbit map in the Klein

bottle, or it has symmetry type graph T'(Cham (6, )) with 24 vertices. (See Figure
16.)

In [6] A. Deza, M. Deza and V. Grishukhin denote by Cham; (M) the ¢-times cham-
fering of M. It is straightforward to see that Cham; (M) of a k-orbit equivelar map M on
the torus is a k-orbit map described as {6, 3}2¢4, 2t,. Similarly, Cham, (M) of a k-orbit
equivelar map M on the Klein bottle is a 2k-orbit map denoted either {6, 3}|2¢7, 25, OF

{6, 3}\2%72%\.
Finally, based on the results obtained in the previous section, we conclude with the
following theorem.

Theorem 5.3. Let M be a k-orbit map and Cham; (M) the t-times chamfering map of M
having s flag-orbits. Then at least one of the following holds.

1. s =4k, 2%k or k.

2. If s # 4k, then x(M) = 0 (M is on the torus or on the Klein bottle) and M is of

type {6, 3}.

3. If M is on the torus of type {6,3} then s = kand k = 1,2, 3, 4.

4. If M is on the Klein bottle of type {6, 3} then s = 2'k and 3|k.

Furthermore, joining the results obtained for the medial and truncation operations on k-

orbit maps, in [19], that motivated the work done for this paper, with the results in obtained
for the chamfering operation on k-orbit maps, we obtain the following table.
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T(Cham(3%%))

Figure 16: Symmetry type graphs of Cham(M), with M of type 2, 3°% and 6.

::O_

i

I :

T(Cham(6,))

M Me(M) |  Tr(M) Cham(M)
|Orb(M")| | 2kork | 3k, 3% ork | 4k, | 2k ork
k3| k=1,2,3,6

Table 1: Possible number of possible flag-orbits of a map M’ with regard to k
, where M’ is the medial, truncation or chamfering map of M .

|Orb(M)
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