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Abstract

Let G be a ribbon graph and µ(G) be the number of components of the virtual link
formed from G as a cellularly embedded graph via the medial construction. In this paper
we first prove that µ(G) ≤ f(G)+γ(G), where f(G) and γ(G) are the number of boundary
components and Euler genus of G, respectively. A ribbon graph is said to be extremal if
µ(G) = f(G) + γ(G). We then obtain that a ribbon graph is extremal if and only if its
Petrial is plane. We introduce a notion of extremal minor and provide an excluded extremal
minor characterization for extremal ribbon graphs. We also point out that a related result
in the monograph by Ellis-Monaghan and Moffatt is not correct and prove that two related
conjectures raised by Huggett and Tawfik hold for more general ribbon graphs.

Keywords: Ribbon graph, medial graph, Petrie dual, extremal minor, orientation.

Math. Subj. Class.: 05C10, 05C83, 57M15

1 Introduction
A cellularly embedded graph is a graph G embedded in a surface Σ such that every con-
nected component of Σ − G is a 2-cell, called a face. If G ⊂ Σ, the homeomorphism
class of the surface Σ generates an equivalence class of cellularly embedded graphs, and
we say that cellularly embedded graphs are equal if they are in the same equivalence class.
We assume familiarity with cellularly embedded graphs, referring the reader to [6, 13] for
further details.

We use standard notations V (G), E(G) and F (G) to denote the sets of vertices, edges,
and faces, respectively, of a cellularly embedded graph G and v(G) = |V (G)|, e(G) =
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|E(G)| and f(G) = |F (G)|, respectively. In general, a finite number of connected cel-
lularly embedded graphs will form a disconnected cellulary embedded graph. Let k(G)
denote the number of connected components of G. A graph is said to be bipartite if it does
not contain odd cycles. A face of a cellularly embedded graph is called even if its boundary
has an even number of edges (it is possible that a single edge appears twice in the boundary
of a face and under such circumstances the edge will be counted twice).

Let µ(G) be the number of components of the virtual link formed from a cellulary
embedded graph G via the medial construction. It was originally called left-right paths of
cellularly embedded graphs in [16]. Let TG(x, y) be the Tutte polynomial [17] of the graph
G. It is shown in [10, 11] that

TG(−1,−1) = (−1)e(G)(−2)µ(G)−1,

if G is embedded in the plane, the real projective plane or the torus. For many families
of planar graphs, their link component numbers have been determined, see, for example,
[5, 8, 14, 15].

Cellularly embedded graphs are equivalent to ribbon graphs. In this paper we mainly
work in the language of ribbon graphs. In this paper we first prove that µ(G) ≤ f(G) +
γ(G) for any ribbon graph G, where f(G) and γ(G) are the number of boundary compo-
nents (i.e. faces of the corresponding cellularly embedded graph) and Euler genus of G,
respectively. A ribbon graph is said to be extremal if µ(G) = f(G) + γ(G) and a rib-
bon graph is plane if its Euler genus is zero. In [9], the authors studied extremal plane
graphs and in [7], Huggett and Tawfik studied extremal cellularly embedded graphs on ori-
entable surfaces of positive genus. In this paper we extend their results to any ribbon graph
and also obtain that a ribbon graph is extremal if and only if its Petrial is plane. In [12],
Moffatt introduced the notion of minors of ribbon graphs and gave an excluded minor char-
acterization of the family of ribbon graphs that represent knot and link diagrams. In [3],
Chudnovsky et al introduced a notion of bipartite minor and proved a bipartite analog of
Wagner’s theorem. In this paper we imitate them and introduce a notion of extremal minor
and provide an excluded extremal minor characterization for extremal ribbon graphs.

In [7], Huggett and Tawfik also conjectured

Conjecture 1.1 ([7]). If G is an extremal graph cellularly embedded on a torus then each
face of G is even.

Furthermore,

Conjecture 1.2 ([7]). If G is an extremal graph cellularly embedded on a torus then G is
bipartite.

It is obvious Conjecture 1.2 implies Conjecture 1.1. In this paper, we shall show Con-
jecture 1.1 holds for any extremal cellularly embedded graphs and Conjecture 1.2 holds
for any orientable extremal cellularly embeded graphs, but is not true for non-orientable
extremal embedded graphs. We also point out that the second claim of Proposition 3.27 in
[4] is not correct.

2 Preliminaries
There are several ways to represent cellularly embedded graphs, and it is often more con-
venient and natural to work in the language of one or the other of these representations.
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Thus, we briefly describe ribbon graphs. We refer the readers to [1, 2] and the monograph
[4] for details. Readers familiar with them can skip this section.

Definition 2.1 ([1]). A ribbon graph G = (V (G), E(G)) is a (possibly non-orientable)
surface with boundary, represented as the union of two sets of topological discs, a set
V (G) of vertices, and a set E(G) of edges such that

1. the vertices and edges intersect in disjoint line segments, we call them common line
segments;

2. each such line segment lies on the boundary of precisely one vertex and precisely
one edge;

3. every edge contains exactly two such line segments.

If we delete the two common line segments from the boundary of an edge in a ribbon
graph then we obtain exactly two disjoint line segments, we call them edge line segments
of the edge. Two ribbon graphs are said to be equivalent or equal if there is a homeomor-
phism between them that preserves the vertex-edge structure. A ribbon graph is said to be
orientable if it is orientable when viewed as a surface with boundary. Similarly, the genus,
g(G), of a ribbon graph G is its genus when viewed as a punctured surface. The genus of
a disconnected ribbon graph is the sum of the genera of its connected components. The
genus of a surface is not additive under connected sums. For example the connected sum
of a torus and a real projective plane, which, are both surfaces of genus 1, is homeomor-
phic to the connected sum of three real projective planes, a surface of genus 3. To get over
this technical difficulty, the Euler genus, γ, which is additive under the connected sum, is
defined. Let G be a connected ribbon graph. Then

γ(G) =

{
2g(G), if G is orientable,
g(G), if G is non-orientable.

If G is not connected, then γ(G) is defined as the sum of the Euler genus of each of its
connected components. We say that a ribbon graph G is a plane graph if γ(G) = 0.

It is well known that ribbon graphs and cellularly embedded graphs are equivalent:
if G is a cellularly embedded graph, a ribbon graph representation results from taking a
small neighbourhood of the embedded graph G. Neighbourhoods of vertices of the graph
G form the vertices of a ribbon graph, and neighbourhoods of the edges of the embedded
graph form the edges of the ribbon graph. On the other hand, if G is a ribbon graph, we
simply cap off the punctures to obtain a closed surface and then the core of the ribbon graph
is exactly cellularly embedded in this surface. An example is given in Figure 1 [4]. Since
cellularly embedded graphs and ribbon graphs are equivalent, we can, and will, move freely
between these representations, choosing whichever is most convenient at the time for our
purposes. In the context of ribbon graphs, f(G) is the number of boundary components of
the ribbon graph G.

The Euler characteristic, χ(G), of a ribbon graph G, is defined by

χ(G) = v(G)− e(G) + f(G).

It is related to the Euler genus by the following formula:

χ(G) = v(G)− e(G) + f(G) = 2k(G)− γ(G).
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(a) A cellularly embedded graphG. (b) G as a ribbon graph.

Figure 1: Two presentations of the same embedded graph.

A loop (respectively, cycle) in a cellularly embedded graph is said to be non-orientable
if its small neighbourhood is homeomorphic to a Möbius band. Otherwise it is said to be
orientable. It is more obvious if we use the language of ribbon graphs.

We use the language of ribbon graphs to define the deletion and contraction of an edge.
Let G = (V (G), E(G)) be a ribbon graph and e ∈ E(G). We denote by G− e the ribbon
graph obtained fromG by deleting the edge e. We denote byG/e the ribbon graph obtained
from G by contracting the edge e. In the case that e = (u, v) is not a loop, G/e is obtained
from G by deleting e, u and v and adding a vertex disc along the boundary of e, u and v
and in the case that e = (v, v) is a loop, G/e is obtained from G by deleting e and v and
adding a vertex disc or two vertex discs along the boundary of e and v (it is an annulus if
the loop is orientable and a Möbius band otherwise). Alternatively, G/e := (G∗ − e)∗,
where ∗ represents the geometrical dual.

3 Medial graphs and Petrials

Medial graphs as a tool will be used very often throughout this paper. If G is cellularly
embedded in Σ, we construct its medial graph Gm in the embedded surface by placing a
vertex on each of its edges, and for each face f with boundary e1, e2, . . . , ed(f), drawing
d(f) edges {e1, e2}, . . . , {ed(f), e1} inside the face f along the boundary of f . It is obvious
that Gm is also cellularly embedded in Σ. We can form the medial graph of a ribbon graph
inside the ribbon graph as shown in Figure 2. In particular, the medial graph of an isolated
vertex is a free loop. Another example is given in Figure 3. In the language of medial
graphs, µ(G) is exactly the number of “straight-ahead” walks in the medial graph Gm, as
described in [18].

Figure 2: The formation of the medial graph of a ribbon graph.

An all-crossing direction of Gm is an assignment of a direction to each edge of Gm in
such a way that at each vertex v of Gm, when we follow the cyclic order of the directed
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Figure 3: A non-orientable loop G and its medial graph Gm (µ(G) = 2, red component
and blue component).

edges incident to v, we find head, head, tail and tail. IfGm is equipped with an all-crossing
direction, then we can partition the vertices of Gm into c-vertices and d-vertices according
to the scheme shown in Figure 4. Accordingly edges of G are divided into c-edges and
d-edges.

(a) c-vertex (b) d-vertex

Figure 4: c-vertex and d-vertex.

The Petrial of a cellularly embedded graph G, which we denote by G×, is formed with
the same vertices and edges asG, but for the faces taking the Petrie polygons, which are the
result of closed “straight-ahead” walks inGm (see Wilson [18]). Since the “straight-ahead”
pattern effectively means crossing over each edge, when the graph is viewed as a ribbon
graph, this is simply giving each edge a half-twist, and hence G× is simply the result of
giving a half-twist to all of the edges as shown in Figure 5. An example of a ribbon graph
and its Petrial is given in Figure 7.

Figure 5: Add a half-twist to an edge of a ribbon graph.

Lemma 3.1. Let G be a ribbon graph. Then

µ(G) = f(G×).

Proof. This follows immediately from Figure 6.

Notice that rather than adding a half-twist to each of the edges of G, we may add
half-twists to only some of the edges of G. The result is a partial Petrial of G. Let G be a



642 Ars Math. Contemp. 17 (2019) 637–652

e

GGm G×

Figure 6: The relation between medial graph and Petrial.

ribbon graph and A ⊆ E(G). Then the partial Petrial, Gτ(A), of G with respect to A is
the ribbon graph obtained from G by adding a half-twist to each of the edges in A. Let
Orb(τ)(G) = {Gτ(A) | A ⊆ E(G)} denote the set of all partial Petrials of G. Ellis-
Monaghan and Moffatt in [4] claimed:

Proposition 3.2 ([4]). Let G be a ribbon graph. Then

1. |Orb(τ)(G)| is bounded above by two raised to the power of the number of cycles
in G.

2. if G is bipartite, then G× = G.

In fact the second claim of Proposition 3.2 is not true. A counterexample is given below.

Example 3.3. As shown in Figure 7, we have γ(G2) = 0 and γ(G×2 ) = 2, and hence
G2 6= G×2 but G is bipartite, contradicting the second claim of Proposition 3.2.

Figure 7: Counterexample G2 (and its Petrial G×2 ) of the second claim of Proposition 3.2.

4 Upper bound and extremal graphs
In this section, we give some basic properties of µ(G), extending results in [7] and [9]
from orientable ribbon graphs to non-orientable ones, and obtaining several new results at
the same time.

Lemma 4.1. Let G + e be the ribbon graph obtained from a ribbon graph G by adding a
new edge e connecting two (not necessarily distinct) vertices of G. Then

µ(G)− 1 ≤ µ(G+ e) ≤ µ(G) + 1.

Proof. If e is a loop and the common line segments of the loop are adjacent, then there are
two cases:

Case 1.1: If e is an orientable loop, then µ(G+ e) = µ(G), as in Figure 8.
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e

Figure 8: Case 1.1.

Case 1.2: If e is a non-orientable loop, then µ(G+ e) = µ(G) + 1, as in Figure 9.

e

Figure 9: Case 1.2.

Otherwise, there are also two cases (see Figure 10).

c

b

d

a

c

b

d

a

Figure 10: Case 2.1 and 2.2.

Case 2.1: If the arcs α (joining a and b) and β (joining c and d) are contained in different
components of G (here “components of G” means components of the virtual link formed
from G via the medial construction, in the following we take this convention and it causes
no confusion in the context), then µ(G+ e) = µ(G)− 1.

Case 2.2: If the arcs α and β are contained in same component of G, then there are two
subcases.

Case 2.2.1: Along this component, if the order of the four endpoints of the two arcs α and
β is a, b, c, d, then µ(G+ e) = µ(G).

Case 2.2.2: If the order of the four endpoints of the two arcs α and β is a, b, d, c, then
µ(G+ e) = µ(G) + 1.
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Theorem 4.2. Let G be a ribbon graph. Then

k(G) ≤ µ(G) ≤ f(G) + γ(G).

Proof. It is trivial that k(G) ≤ µ(G). Take a maximal forest F of G, it is obvious that
µ(F ) = k(G). There are e(G)− v(G) + k(G) edges of G outside F . By Lemma 4.1, we
have

µ(G) ≤ k(G) + (e(G)− v(G) + k(G)) = f(G) + γ(G).

A ribbon graph G is called extremal if µ(G) = f(G) + γ(G). The following lemma
expresses µ(G) in terms of G and its petrial G×.

Lemma 4.3. Let G be a ribbon graph. Then

µ(G) = γ(G) + f(G)− γ(G×).

Proof. Note that

χ(G) = v(G)− e(G) + f(G) = 2k(G)− γ(G),

χ(G×) = v(G×)− e(G×) + f(G×) = 2k(G×)− γ(G×).

In addition, v(G) = v(G×), e(G) = e(G×), k(G) = k(G×) and f(G×) = µ(G) by
Lemma 3.1. Hence µ(G) = γ(G) + f(G)− γ(G×).

The upper bound in Theorem 4.2 is also a direct consequence of Lemma 4.3 since
γ(G×) ≥ 0. The following theorem is simple, but critical in the next two sections.

Theorem 4.4. A ribbon graph G is extremal if and only if γ(G×) = 0, i.e. G× is plane.

If G,P and Q are ribbon graphs, then we say that G is the join of P and Q, written
G = P ∨ Q, if G can be obtained by identifying an arc on the boundary of a vertex of P
with an arc on the boundary of a vertex of Q as indicated in Figure 11. The two arcs that
are identified do not intersect any common line segments.

P

(a) P

Q

(b) Q

P v Q

(c) P ∨Q

Figure 11: The join P ∨Q of P and Q.

Lemma 4.5. Let G = B1 ∨B2 ∨B3 ∨ · · · ∨Bk. Then

µ(G) =

k∑
i=1

µ(Bi)− k + 1.
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Proof. It suffices to show that Lemma 4.5 holds for k = 2. Let v be the new vertex of G
formed by merging a vertex ofB1 and a vertex ofB2. Since v is a cut vertex, the arcs c1 and
c2 must belong to a single component, and c′1 and c′2 must belong to different components,
that is, splitting B1 ∨B2 at v into B1 and B2 increases the number of components by one,
as in Figure 12. Thus µ(G) = µ(B1) + µ(B2)− 1.

c1

c2

(a) B1 ∨B2

c′1

(b) B1

c′2

(c) B2

Figure 12: A component of B1 ∨ B2 is split into a component of B1 and a component
of B2.

Lemma 4.6. Let G be a ribbon graph and e be a bridge of G. Then µ(G) = µ(G/e).

Proof. This follows immediately from Figure 13. Since e is a bridge, the arcs c1 and c2
must belong to a single component, and so do the arcs c′1 and c′2. We have µ(G) = µ(G/e).

e
c1

c2

(a) G

c′1

c′2

(b) G/e

Figure 13: The medial graphs of G and G/e.

Lemma 4.7. Let G be a ribbon graph and e1 and e2 be two distinct edges of G (see
Figure 4.7).

1. If the 2-cycle given by {e1, e2} is orientable and the common line segments of e1 and
e2 are adjacent as in Case 1, then µ(G) = µ(G− e1 − e2).

2. If the 2-cycle given by {e1, e2} is non-orientable and the common line segments of
e1 and e2 are adjacent as in Case 2, then µ(G) = µ(G/e1/e2).

3. If e1 and e2 are not parallel edges, but are incident with a common vertex of degree
2 as in Case 3, then µ(G) = µ(G/e1/e2).
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e1

e2

(a) Case 1

e1

e2

(b) Case 2

e1 e2

(c) Case 3

Figure 14: The three cases of Lemma 4.7.

Proof. We illustrate the proof with the following figures.

Case 1:

Gm G (G− e1 − e2)m

e1

e2

Case 2:

Gm G (G/e1/e2)m

e1

e2

Case 3:

Gm G (G/e1/e2)m

e1 e2

Theorem 4.8. Let G be a ribbon graph.

(1) If G is extremal and e is not a bridge of G, then G− e is extremal.
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(2) IfG = B1∨B2∨B3∨· · ·∨Bk, thenG is extremal if and only if eachBi is extremal.

(3) If e is a bridge of G, then G/e is extremal if and only if G is extremal.

(4) Let v be a vertex of degree 2 with exactly one adjacent vertex, the two edges joining
these vertices are as in Case 1 of Lemma 4.7. Then G − v is extremal if and only if
G is extremal.

(5) Let v be a vertex of degree 2 with two different adjacent vertices x and y. Then
G/{v, x}/{v, y} is extremal if and only if G is extremal.

Proof. (1): Since G is extremal, µ(G) = f(G) + γ(G). By Lemma 4.1, we have

µ(G− e) ≥ f(G) + γ(G)− 1.

Moreover, µ(G− e) ≤ f(G− e) + γ(G− e) by Theorem 4.2 and

f(G− e) + γ(G− e) = f(G) + γ(G)− 1.

Therefore µ(G− e) = f(G− e) + γ(G− e). Hence G− e is extremal.
(2): Suppose that G is extremal. Then from Lemma 4.5 we have

µ(G) =

k∑
i=1

µ(Bi)− k + 1

= f(G) + γ(G)

=

k∑
i=1

f(Bi)− k + 1 +

k∑
i=1

γ(Bi)

=

k∑
i=1

f(Bi) + γ(Bi)− k + 1.

Therefore
k∑
i=1

µ(Bi) =

k∑
i=1

f(Bi) + γ(Bi),

and so each Bi is extremal. The converse is proved similarly.
(3): This follows from Lemma 4.6:

µ(G/e) = µ(G), f(G/e) = f(G) and γ(G/e) = γ(G).

(4): This follows from Case 1 of Lemma 4.7:

µ(G− v) = µ(G)− 1, f(G− v) = f(G)− 1 and γ(G− v) = γ(G).

(5): This follows from Case 3 of Lemma 4.7:

µ(G/{v, x}/{v, y}) = µ(G), f(G/{v, x}/{v, y}) = f(G) and
γ(G/{v, x}/{v, y}) = γ(G).
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5 Excluded extremal minor characterization
Definition 5.1. Let G = (V,E) be a ribbon graph and v ∈ V and e ∈ E. A deletion
G− e or G− v of G is admissible if e is not a bridge of G or v is an isolated vertex of G; a
contraction G/e or G/v is admissible if e is a bridge of G or v is a vertex of degree 2 with
two different adjacent vertices u,w and G/v = G/{v, u}/{v, w}.

Definition 5.2. LetG be a ribbon graph. We say that a ribbon graphH is an extremal minor
of G, denoted H ≺ G, if there is a sequence of ribbon graphs G = G0, G1, . . . , Gt =
H where for each i, Gi+1 is obtained from Gi by either an admissible deletion or an
admissible contraction.

Lemma 5.3. Let G be an extremal ribbon graph and H ≺ G. Then H is extremal.

Proof. It suffices to prove that admissible deletions and admissible contractions preserve
extremity. Cases of G − e, G/e and G/v follow from Statements (1), (3), and (5) of
Theorem 4.8, respectively. Let v be an isolated vertex of G. Then µ(G− v) = µ(G)− 1,
f(G − v) = f(G) − 1 and γ(G − v) = γ(G). Thus if G is extremal, G − v is also
extremal.

Lemma 5.4. H× ≺ G× if and only if H ≺ G.

Proof. We only need to prove the sufficiency since G = (G×)×. Then by Definition 5.2,
it suffices to prove that Lemma 5.4 holds for H = G − e and H = G − v (admissible
deletions), and H = G/e and H = G/v (admissible contractions). For clarity, we denote
by e× (respectively, v×) the edge (respectively, the vertex) of G× corresponding to the
edge e (respectively, the vertex v) of G. Then e is a bridge if and only if e× is a bridge of
G×, v is an isolated vertex if and only if v× is an isolated vertex of G×, and v is a vertex
of degree 2 with two different adjacent vertices of G if and only if v× is a vertex of degree
2 with two different adjacent vertices of G×. Hence H ≺ G implies H× ≺ G×.

Theorem 5.5. Let G be a ribbon graph. Then G is extremal if and only if it contains no
extremal minor equivalent to B1, B2, I3, I2, T1 or T2 (see Figure 15).

Proof. It is not difficult to obtain that

γ(B×1 ) = γ(I×
2

) = 1 and γ(B×
2

) = γ(I×3 ) = γ(T×1 ) = γ(T×
2

) = 2.

By Theorem 4.4, B1, B2, I3, I2, T1 and T2 are not extremal. It follows from Lemma 5.3
that G contains no extremal minor equivalent to B1, B2, I3, I2, T1 or T2. To prove the
converse we suppose that G is not extremal. Without loss of generality, we assume that G
is connected. Then, by Theorem 4.4, γ(G×) > 0.

Case 1: If G× is non-orientable, then G× contains a non-orientable cycle C. If C is odd,
thenC inG is orientable. The edges ofG not onC can be deleted or contracted admissibly,
and thus C ≺ G. Note that B1 ≺ C and hence B1 ≺ G, a contradiction. If C is even, then
C in G is non-orientable. It follows that C ≺ G, I2 ≺ C and thus I2 ≺ G, a contradiction.

Case 2: If G× is orientable, then g(G×) ≥ 1.

Step 1: If f(G×) > 1, we can take an edge e of G× whose two edge line segments belong
to different boundary components of G×. Such an edge e must be not a bridge, we can
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(a) B1 (b) B2 (c) I3

(d) I2 (e) T1 (f) T2

Figure 15: The “forbidden” minors in Theorem 5.5.

delete it in G×. Deleting such an e will decrease boundary component number by 1 and
preserve orientability and the genus. Repeat Step 1 we obtain an orientable ribbon graph
(G×)′ with f((G×)′) = 1 and g((G×)′) = g(G×).

Step 2: If g((G×)′) > 1, (G×)′ must have non-bridges. Take a non-bridge e of (G×)′,
deleting e will preserve orientability and connectedness, and must increase boundary com-
ponents by 1 since f((G×)′) = 1 and hence decrease the genus by 1.

Now go to Step 1. Then carry out Step 2 if the genus is greater than 1. Repeat above
process, finally we obtain an orientable ribbon graph (G×)′′ with f((G×)′′) = 1 and
g((G×)′′) = 1. Note that (G×)′′ ≺ G× and (G×)′′ has the cyclomatic number 2. After
contracting all bridges and vertices of degree 2 with two distinct adjacent vertices in (G×)′′,
we obtain four possible (G×)′′′ as shown in Figure 16. Note that a×, b×, c× and d× in
Figure 16 are B2, T1, T2 and I3, respectively. By Lemma 5.4, we have B2 ≺ G, I3 ≺ G,
T1 ≺ G or T2 ≺ G, a contradiction.

(a) (b) (c) (d)

Figure 16: Four possibilities for (G×)′′′.
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As a corollary, we obtain an excluded extremal minor characterization of extremal plane
graphs. We need the following lemma and leave its proof to readers.

Lemma 5.6. If H ≺ G, then γ(H) ≤ γ(G).

Corollary 5.7. A plane graph G is extremal if and only if it contains no extremal minor
equivalent to B1 or I3.

Proof. By Lemma 5.6, an extremal plane graph can not contain B2, I2, T1 and T2 as ex-
tremal minors. It then follows from Theorem 5.5.

6 Two conjectures and their generalizations
We first prove Conjecture 1.2 holds for any extremal cellularly embedded graphs on ori-
entable surfaces.

Theorem 6.1. If G is an orientable extremal ribbon graph, then G is bipartite.

Proof. By Theorem 4.4, γ(G×) = 0 which implies that G× is a plane graph and thus
orientable. If G is not bipartite, then it contains an odd cycle C. C, as a subgraph of the
orientable ribbon graph G, is also orientable which will become a non-orientable cycle of
G×. It follows that G× is non-orientable, a contradiction.

This theorem is not true for non-orientable extremal ribbon graphs. For example, the
non-orientable loop, as in Figure 3, is extremal, but not bipartite. By Theorem 6.1, any
orientable extremal ribbon graph with non-zero Euler genus (including the G× in Exam-
ple 3.3) is a counterexample of the second claim of Proposition 3.2. To show that Conjec-
ture 1.1 holds for any extremal cellularly embedded graphs we need the following lemma.

Lemma 6.2. Let G be a ribbon graph. If G× is orientable, then Gm has an all-crossing
direction such that each of the edges of G is a d-edge.

Proof. Since G× is orientable, it follows that G× can be drawn on the plane such that
each of its edge discs is untwisted. We orient each edge disc anticlockwise as illustrated
in Figure 17(a). Note that straight-ahead walks of Gm correspond exactly to boundary
components of G×. Then Gm is oriented in Figure 17(b) as boundary components of G×.
This is an all-crossing direction such that each of the edges of G is a d-edge.

e

G×

(a) Orient each edge disc anticlockwise.

e

G

(b) Get an all-crossing direction ofGm
and e is a d-edge.

Figure 17: The all-crossing direction of Gm.



Q. Yan and X. Jin: Extremal embedded graphs 651

Theorem 6.3. If G is an extremal ribbon graph, then each face of G is even.

Proof. Since G is an extremal ribbon graph, it follows that γ(G×) = 0 by Theorem 4.4,
and thus G× is orientable. By Lemma 6.2, Gm has an all-crossing direction such that each
of the edges of G is a d-edge. Since each edge is d-edge, we call one of edge line segments
in-edge line segment if two marking arrows are all “in” arising from the all-crossing direc-
tion of Gm. Otherwise, we call the other out-edge line segment, as in Figure 18(a). It is
immediate that the in-edge line segments and out-edge line segments are alternating in the
every face boundary of G, as in Figure 18(b). It follows that each face of G is even.

out-edge line segment

in-edge line segment

(a)

out

in

outout
in in

inin
out out

(b)

Figure 18: in-edge line segment and out-edge line segment.
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