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Abstract

We present the boundary-domain integral method, 
one of the numerical methods for solving the transport 
phenomena in porous media. The results for the case of 
double diffusive natural convection in a porous horizontal 
layer, which is fully saturated with an incompressible fluid, 
are obtained. Modified Navier-Stokes equations were 
used to describe the fluid motion in porous media in the 
form of conservation laws for mass, momentum, energy 
and species. Several results for different cases of double 
diffusive natural convection in a porous horizontal layer 
are presented and compared with some published studies 
in which calculations with other numerical methods were 
performed.
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1 INTRODUCTION

The main purpose of this article is to present the Bound-
ary Domain Integral Method as a numerical method for 
solving problems encountered with the flow through 
porous media. Fluid dynamics in porous media is an 
important topic in many branches of engineering and 
science, as well as in many fields of practical interest. 
It plays a fundamental role in ground-water hydrology 
and soil mechanics, as well as petroleum, sanitary and 
chemical engineering. New computational methods 
and techniques have allowed us to model and simulate 
various transport phenomena in porous media, which 
means our understanding of them is improving 
constantly. The aim of this work is to obtain a numerical 
solution for the governing equations describing the flow 
of a viscous incompressible fluid in a porous medium, 
using an appropriate extension of the boundary-element 
method. The numerical scheme was tested on a natural 
convection problem within a porous square cavity as 
well as in the porous layer, where different temperatures 
and concentration values are applied on the horizontal 
walls. The results for the different governing parameters 
(the Rayleigh number, the Darcy number, the buoyancy 
ratio and the Lewis number) are presented, commented 
on and compared with previously published work. 

1.1 TRANSPORT PHENOMENA IN POROUS 
MEDIA

Fluid transport phenomena in porous media refer to 
those processes related to the transport of fluid momen-
tum, mass and heat, through the given porous media. 
These processes, which are encountered in many differ-
ent branches of science and technology, are commonly 
the subject of theoretical treatments that are based 
on methods traditionally developed in classical fluid 
dynamics. Natural convection is the most commonly 
studied transport phenomena in porous media and also 
a process to which we pay full attention. There have been 
several reported studies dealing with natural convection 
due to thermal buoyancy forces, mainly because of its 
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importance in industrial and technological applications, 
such as geothermal energy, fibrous insulation, etc. Less 
attention, however, has been dedicated to the so-called 
double diffusive problems, where density gradients 
occur due to the effects of combined temperature and 
compositional buoyancy. There are some important 
engineering applications for this phenomenon, such as 
the transport of moisture in fibrous insulations or grain-
storage insulations and the dispersion of contaminants 
through water-saturated soil.

Three main configurations are studied when dealing 
with double diffusive natural convection in an enclosure 
filled with porous media [1], [2]:

–  temperature and species concentration or their gradi 
ents are imposed horizontally along the enclosure, 
either aiding or opposing each other,

–  temperature and species concentration or their 
gradients are imposed vertically, either aiding or 
opposing each other,

–  temperature or its gradient is imposed vertically 
and species concentration or its gradient is imposed 
horizontally or vice versa.

The present analysis focuses on the use of the Boundary 
Element Method for solving problems of fluid flows in 
porous media driven by coupled thermal and solutal 
buoyancy forces. The Darcy-Brinkman formulation 
is used for modeling fluid flow in porous media, thus 
enabling a satisfactory non-slip boundary condition on 
those surfaces that bound the porous media.

1.2 BOUNDARY ELEMENT METHOD FOR 
FLUID DYNAMICS IN POROUS 
MEDIA

Fluid flows in porous media have been studied both 
experimentally and theoretically over recent decades. 
Different numerical methods have been introduced to 
obtain the solutions for some transport phenomena, e.g., 
the finite-difference method (FDM), the finite element 
method (FEM), the finite volume method (FVM), as 
well as the boundary element method (BEM). ). The 
main comparative advantage of the BEM, the application 
of which requires the given partial differential equation 
to be mathematically transformed into the equivalent 
integral equation representation, which is later to be 
discretized, over the discrete approximative methods, is 
demonstrated in cases where this procedure results in 
boundary integral equations only. This turns out to be 
possible only for potential problems, e.g., inviscid fluid 
flow, heat conduction, etc. In general, this procedure 
results in boundary-domain integral equations and, 

therefore, several techniques have been developed 
to extend the classical BEM. The dual reciprocity 
boundary element method (DRBEM) represents one 
of the possibilities for transforming domain integrals 
into a finite series of boundary integrals, see for 
example [3] and [4]. The key point of the DRBEM is 
an approximation of the field in the domain by a set 
of global approximation functions and the subsequent 
representation of the domain integrals of these global 
functions by boundary integrals. The discretization of 
the domain is only represented by grid points (poles of 
global approximation functions) in contrast to FDM 
meshes. However, the discretization of the geometry 
and the fields on the boundary is piecewise polygonal, 
which gives this method greater flexibility compared to 
the FDM methods in coping with boundary quantities. 
In the DRBEM all the calculations reduce to the evalu-
ation of the boundary integrals only. Another more 
recent extension of the BEM is the so-called boundary 
domain integral method (BDIM), see [5], [6], [7] and 
[8]. Here, the integral equations are given in terms 
of variables on the integration boundaries, as well as 
within the integration domain. This situation arises 
when we are dealing with strongly nonlinear problems 
that have prevailing domain-based effects, for example, 
diffusion-convection problems. Navier-Stokes equations 
are commonly used as a framework for the solution of 
such problems, since they provide a mathematical model 
of the physical conservation laws of mass, momentum 
and energy. The velocity-vorticity formulation of these 
equations results in a computational decoupling of the 
kinematics and kinetics of the fluid motion from the 
pressure computation, see [9]. Since the pressure does 
not appear explicitly in the field functions’ conservation 
equations, the difficulty associated with the computa-
tion of the boundary pressure values is avoided. The 
main advantage of the BDIM, compared to the classical 
domain-type numerical techniques, is that it offers an 
effective way of dealing with boundary conditions on the 
solid walls when solving the vorticity equation. Namely, 
the boundary vorticity in the BDIM is computed directly 
from the kinematic part of the computation and not 
through the use of some approximate formulae. One 
of the few drawbacks of the BDIM is the considerable 
CPU time and memory requirements, but they can be 
drastically reduced by the use of a subdomain technique, 
see [10]. Convection-dominated fluid flows suffer from 
numerical instabilities. In domain-type numerical tech-
niques upwinding schemes of different orders are used 
to suppress such instabilities, while in the BDIM the 
problem can be avoided by the use of Green’s functions 
of the appropriate linear differential operators, which 
results in a very stable and accurate numerical descrip-
tion of the coupled diffusion-convective problems. There 
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are no oscillations in the numerical solutions, which 
would have to be eliminated by using some artificial 
techniques, e.g., upwinding, artificial viscosity, as is the 
case of other approximation methods.

2 GOVERNING EQUATIONS

Due to the general complexity of the fluid transport 
process in a porous medium, our work is based on a 
simplified mathematical model in which it is assumed 
that:

– the solid phase is homogeneous, non-deformable, 
and does not interact chemically with respect to the 
fluid,

–  the fluid is single phase and Newtonian; its density 
does not depend on pressure variation, but only on 
the variation of the temperature,

– the two average temperatures, Ts  for the solid 
phase and Tf  for the fluid phase, are assumed to be 
identical – the porous media is in thermodynamic 
equilibrium, which means it is described by a single 
equation for the average temperature = =s fT T T ,

– no heat sources or sinks exist in the fluid-saturated 
porous media; the thermal radiation and viscous 
dissipation are negligible,

– the porosity and permeability are assumed to be 
constant throughout the whole cavity,

– the density of the fluid depends on the temperature 
and concentration variations and can be described by 

[ ]ρ ρ β β= − − − −0 0 01 ( ) ( )T CT T C C , where the subscript 
0 refers to a reference state, βT  is the volumetric ther-
mal expansion coefficient β ρ ρ⎡ ⎤=− ∂ ∂⎣ ⎦1T C

T , and βC  
is the volumetric concentration expansion coefficient 
β ρ ρ⎡ ⎤=− ∂ ∂⎣ ⎦1C T

C .

The transport phenomenon in the porous media is 
described using modified Navier-Stokes equations in 
the form of conservation laws for mass, momentum, 
energy and species. The equations are written at the 
macroscopic level, derived by averaging the microscopic 
equations for the pure fluid over the porous representa-
tive elementary volume and expressed by continuity, 
momentum, energy and species equations [11]:

∂
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φ
⎛ ⎞∂∂ ∂ ∂ ⎟⎜ ⎟⎜+ = ⎟⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎜⎝ ⎠

j
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v CC CD
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The parameters used above are as follows: iv volume-
averaged velocity, ix  the i-th coordinate, ϕ porosity, t 
time, ρ  density, ν  kinematic viscosity, ∂ ∂ ip x the
pressure gradient, ig  gravity, K permeability of the
porous media and ε�ij  the strain rate tensor 

( )1 2ij i j j iv x v xε = ∂ ∂ +∂ ∂�  and finally F is the 
normalized density difference function and is given as 

[ ]0 0 0 0( ) ( ) ( )T CF T T C Cρ ρ ρ β β= − = − + − . Further-
more, ( )f fc cρ=  and ( )s sc cρ=  are the isobaric 
specific heat per unit volume for the fluid and solid 
phases, respectively, T is the temperature, eλ  is the effec-
tive thermal conductivity of the porous media given as 

(1 )e f sλ φλ φ λ= + − , where fλ  and sλ  are the thermal 
conductivities for the fluid and solid phases, respectively. 
In the final equation C stands for the concentration, and 
D for the mass diffusivity.

Equation (2) is known as the Darcy-Brinkman equation 
and consists of two viscous terms: the Darcy viscous 
term (third on the r.h.s.) and the Brinkman viscous 
term, which is analogous to the Laplacian term in the 
Navier-Stokes equations for a pure fluid (fourth on the 
r.h.s.). A non-slip boundary condition on a surface that 
bounds the porous media is satisfied by using the addi-
tional Brinkman term. There are several situations where 
it is convenient to use the Brinkman equation, e.g., when 
one wishes to compare the flows in porous media with 
those in a pure fluid or to investigate the convective 
flows in the context of solidification, where permeability 
and porosity are variables in space and time. If the 
included parameter K (the permeability) tends towards 
infinity ( K →∞ ) the Brinkman equation transforms 
into the classical Navier-Stokes equation for a pure fluid. 
On the other hand, if the permeability tends to zero
( 0K → ), the Brinkman term becomes negligible and 
the equation reduces to a classical Darcy equation [1].

A convective flow in a horizontal porous layer is 
possible above the critical Rayleigh number. In the 
case of double-diffusive convection, where the density 
differences are the result of combined temperature and 
concentration gradients, the critical Rayleigh number is 
a function of the Darcy number Da, the Lewis number 
Le and the buoyancy coefficient N [1].

In vertical cavities maintained to horizontal temperature 
and concentration gradients the flow in the cavity is 
always unicellular. In the case of a horizontal porous 
layer, where the temperature and concentration differ-
ences are imposed on the horizontal walls, the flow 
structure becomes multi-cellular and is also called a 
Rayleigh-Benard flow structure [2].
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3 NUMERICAL METHOD

The Boundary Domain Integral Method (BDIM), an 
extension of the classical Boundary Element Method 
(BEM), is used in order to solve the general set of equa-
tions. The discretization of the surface and the domain 
is required since the boundary and domain integrals are 
represented in the obtained set of integral equations. The 
above given equations (1), (2), (3), (4) should be modi-
fied in order to use the BDIM. Firstly, the kinematic 
viscosity in the momentum equation is partitioned into 
constant and variable parts, such as ν ν ν= + � , so the 
Brinkman term is also divided into two parts, and the 
equation becomes:

2

0

' '' 1 ' (2 )j ii i
i i ij

j i j i j

v vv vp Fg v
t x x K x x x

νφ
ν νε

ρ

∂∂ ∂∂ ∂
+ =− + − + +

∂ ∂ ∂ ∂ ∂ ∂
�� , (5)

where the term '
iv  is now the modified velocity 

'
i iv v φ= . In the same way as the kinematic viscos-

ity, the thermal diffusivity pa , which is defined as 
p e fa cλ= , and the mass diffusivity D are divided 

into the constant and variable parts p p pa a a= + �  , 
D D D= + � . By including the expression for the heat-
capacity ratio (1 ) /s fc cσ φ φ= + −  in the energy equa-
tion, the formulations (3) and (4) can be rewritten as:

2
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�
 .        (7)

In the next step the above-stated governing equations 
are transformed by the use of the velocity-vorticity 
formulation (VVF), and consequently the computational 
scheme is partitioned into its kinematic and kinetic 
parts [6]. The vorticity vector iω is introduced, which 
represents the curl of the velocity field:

k
i ijk

j

v
e

x
ω

∂
=

∂
 ,        (8)

where ijke is the unit permutation tensor. The kinematic 
part is represented by the ellipticalvelocity vector equation:

2 ' '
0i k

ijk
j j j

v
e

x x x
ω∂ ∂

+ =
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 ,        (9)

and the kinetics is governed by the vorticity, energy and 
species transport equation. The vorticity transport equa-
tion is obtained as a curl of the Brinkman momentum 
equation (5):

2' '
' iji i i i i

j ijk k j i
j j j j j j j j

fvFv e g
t x x x x x K x x x

ω ω ω ωνφ
ν ω ω ν

⎛ ⎞ ∂′ ′ ′∂ ∂ ∂ ∂ ∂∂ ∂ ⎟⎜ ⎟′ ′ ⎜+ = + + − + +⎟⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠
�  

, (10)

where 'iω  is the modified vorticity 'i iω ω φ=  and ijf  
is any contribution arising as a result of non-linear mate-
rial properties, given as ( )ij ijf ν ε= ∇×

�
�� .

The mathematical description of the transport phenom-
ena in fluid flow is completed by providing suitable 
Dirichlet and Neumann boundary conditions [12], as 
well as some initial conditions for the energy transport 
and species transport equations (see Fig. 1):

 T T= on the boundary 1Γ  ; j
j

T n q
x
∂

=
∂

 on the 

boundary 2Γ  ; 0T T=  in the domain Ω ,         (11)

 C C=  on the boundary 1Γ  ; j
j

C n q
x
∂

=
∂

 on the 

boundary 2Γ  ; 0C C=  in the domain Ω ,        (12)

In the present analysis, a two-dimensional problem 
is considered, therefore all subsequent equations will 
be written for the case of planar geometry. The linear 
elliptical Laplace differential operator can be used for the 
velocity equation (9): 

[ ]
2 ( )

j j

L
x x
∂ ⋅

⋅ =
∂ ∂

,        (13)

and the following relationship for the kinematics can be 
obtained:

[ ]
2 '

' 0i
i i i

j j

v
L v b b

x x
∂

+ = + =
∂ ∂

,       (14)

where ib  stands for the pseudo-body source term. An 
integral representation of the velocity vector can be 
formulated by using the Green theorems for scalar func-
tions or the weighting residuals technique, rendering the 
following vector integral formulation:

* * *'
( ) ' ( ) ' i

i i i
v

c v v q d u d b u d
n

ξ ξ
Γ Γ Ω

∂
+ Γ= Γ+ Ω

∂∫ ∫ ∫  ,   (15)

where ξ  is the source point, *u is the elliptical Laplace 
fundamental solution and *q  is its normal derivative, 
e.g., * *q u n=∂ ∂ . The fundamental solution *u is given 
by the expression:

* 1 1ln
2 ( , )

u
r sπ ξ

⎛ ⎞⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎜⎝ ⎠
,         (16)
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where r is the vector from the source point ξ  to the refer-
ence field point s. Equating the pseudo-body force as:

'
i ij

j

b e
x
ω∂

=
∂

 ,        (17)

we obtain the following integral formulation:

* * *' '( ) ' ( ) ' i
i i ij

j

v
c v v q d u d e u d

n x
ω

ξ ξ
Γ Γ Ω

∂ ∂
+ Γ= Γ+ Ω

∂ ∂∫ ∫ ∫  .(18)

The derivative of the vorticity in the pseudo-body source 
terms can be eliminated by using the Gauss divergence theo-
rem. The integral representation of the kinematics is now [13]:

* * * *'
( ) ' ( ) ' ' 'i

i i ij j ij j
v

c v v q d u d e n u d e q d
n

ξ ξ ω ω
Γ Γ Γ Ω

∂
+ Γ= Γ+ Γ− Ω

∂∫ ∫ ∫ ∫
,(19)

By using these expressions for the vorticity 
definition, unit tangent, and normal vector, e.g., 

,i i j jv n v x n∂ ∂ =∂ ∂

' , ( , )ij i i y x x ye v x v x v y n n nω = ∂ ∂ =∂ ∂ −∂ ∂ =
�  and 

( , )y xt n n= −
�

for , 1, 2i j = and applying the continuity 
equation (1), the following relationship can be derived:

''
' ji

ij j ij

vv
e n e

n t
ω

∂∂
+ =−

∂ ∂
 ,        (20)

The boundary integrals on the right-hand side of equa-
tion (19) can be rewritten as:

* * *'
( ) ' ( ) ' 'i

i i ij ij j
v

c v v q d e u d e q d
t

ξ ξ ω
Γ Γ Ω

∂
+ Γ=− Γ− Ω

∂∫ ∫ ∫ ,(21)

With further mathematical reformulations and by apply-
ing the Gauss theorem, the resulting integral representa-
tion can be written as follows:

* * *( ) ' ( ) ' ' 'i i ij j t ij jc v v q d e v q d e q dξ ξ ω
Γ Γ Ω

+ Γ= Γ− Ω∫ ∫ ∫  ,(22)

where *
tq  is the tangential derivative of the fundamental 

solution * *
tq u t=∂ ∂ , or in the form of the elliptical 

integral vector formulation:

* * *( ) '( ) ' ( ) ' 'c v v q d q n v d q dξ ξ ω
Γ Γ Ω

+ Γ= × × Γ+ × Ω∫ ∫ ∫
� � � � � ��

,(23)

The tangential form of equation (22) can be written as 
follows:

*( ) ( ) '( ) ( ) 'c n v n v q dξ ξ ξ ξ
Γ

× + × Γ=∫
� � � �

                                             

in order to obtain an appropriate non-singular implicit 
system of equations for the unknown boundary vorticity 
or tangential velocity component values to the boundary 
[13].

The formulations for the vorticity, temperature and 
concentration can generally be written as a non-homo-
geneous elliptical diffusion-convective equation [8]:

2

0j
i

j j j

v uu u b
x x x t

′∂∂
℘ − − + =
∂ ∂ ∂ Δ

 ,        (25)

where u is taken as the vorticity 'ω , the temperature 
T and the concentration C, respectively, ℘ is defined 
by considering the conservation laws and constitutive 
hypothesis always divided as ℘ =℘+℘� , and ib  stands 
for the pseudo-body source term. Since the fundamental 
solution exists only for steady diffusion-convective 
Partial Differential Equations (PDEs) with constant coef-
ficients, the velocity field is decomposed into an average 
constant vector 'iv and a variable vector 'iv� , such that 

' ' 'i i iv v v= + � . Thus, the following integral formulation 
can be obtained:

( )* * *( ) ( ) n ic u uq d q uv u d b u dξ ξ
Γ Γ Ω

′+℘ Γ= ℘ − Γ+ Ω∫ ∫ ∫ ,(26)

where *u is now the fundamental solution of the steady 
diffusion-convective PDE with a first-order reaction 
term [5], in the form of:

*
0

'1 ( ) exp
2 2

jv r
u K rμ

π

⎛ ⎞⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎜℘ ℘⎝ ⎠
 ,        (27)

Furthermore,  
*

* uq
n
∂

=
∂

and uq
n
∂

=
∂

 represents the 

normal derivative of the fundamental solution and a 
suitable field function. The parameter μ  is defined as 

2 2

0' '
2 2

kv v
μ β

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜= + = +⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜℘ ℘ ℘⎝ ⎠ ⎝ ⎠
 , where 2' ' 'j jv v v= ,

1 tβ = ℘Δ , 0K  is the modified Bessel function of the 
second kind of order 0 , and r  is the magnitude of 
the vector from the source to the reference point, i.e., 

( ) ( )i ir x x sξ= − . The following integral representa-
tions for the vorticity, temperature and concentration 
kinetics are obtained according to equation (26):

, (24)
* *( ) ( ) ' ( ) 'n q n v d n q dξ ξ ω

Γ Ω

Γ = × × × Γ+ × × Ω∫ ∫
� � � � � ��
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where * *Q U n=∂ ∂  represents a normal and
* *
j jQ U x=∂ ∂  a space derivative of the modified 

elliptical diffusion-convective solution *U defined as 
* *U uν= in the momentum equation, * *

pU a uφ=  
in the energy equation and * *U D uφ=  in the species 
equation. Furthermore, q u n=∂ ∂  represents a normal 
and j jq u x=∂ ∂  a space derivative of the field function 
(vorticity, temperature, concentration).                                                    

For an approximate numerical solution, the integral 
equations are written in a discretized manner, where 
the integrals over the boundary and the domain are 
approximated by the sum of the integrals over all the 
boundary elements and internal cells, respectively. The 
variation of the field functions within each boundary 
element or internal cell is approximated by the use of the 
appropriate interpolation polynomials [14]. After apply-
ing the discretized integral equations to the boundary 
and internal nodes, the implicit matrix systems can be 
obtained, firstly for the kinematic computational part as:

[ ]{ } [ ]{ } { }' ' 'i ij t j ij jH v e H v e D ω⎡ ⎤= − ⎢ ⎥⎣ ⎦ .        (31)

Furthermore, we obtain the implicit systems for the 
vorticity kinetics:

[ ]{ } [ ]{ }

{ } [ ] [ ]{ }1

1

1 1 1'

n ij j j j j

j j ij j j j F

H G q v e g Fn f n

D v e g F q f B B
K t

ω ν ω
ν

νφ
ω ν ω ω

ν ν ν −

′ ′ ′= − + + +

⎧ ⎫⎪ ⎪⎪ ⎪⎡ ⎤ ′ ′ ′+ − − − + +⎨ ⎬⎢ ⎥⎣ ⎦ ⎪ ⎪ Δ⎪ ⎪⎩ ⎭
� �

,(32)

then for the heat energy kinetics
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F
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a aH T G q Tv D q T v
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B T
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σ σφ φ
σ φ σ φ
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σ −

⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎡ ⎤′ ′= − − − +⎨ ⎬ ⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
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and finally for the species kinetics:
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.(34)

In the above equations the matrices [H], [Ht], [G], 
[Dj] and [B] are the influence matrices composed of 
those integrals that took over the individual boundary 
elements and internal cells. This system of discretized 
equations is solved by coupling these kinetic and 
kinematic equations and considering the corresponding 
boundary and initial conditions. Since the implicit set of 
equations is written simultaneously for all the boundary 
and internal nodes, this procedure results in a very large 
and fully-populated system matrix, influenced by diffu-
sion and convection. The consequence of this approach 
is a very stable and accurate numerical scheme with 
substantial computer time and memory demands. The 
subdomain technique is used to improve the economics 
of the computation, where the entire computational 
domain is partitioned into subdomains, to which the 
same described numerical procedure can be applied. The 
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final system of equations for the entire domain is then 
obtained by adding the sets of equations for each subdo-
main and considering the compatibility and equilibrium 
conditions between their interfaces, resulting in a 
sparser matrix system, suitable for solving using iterative 
techniques. In the present case, each subdomain consists 
of four discontinuous 3-node quadratic boundary 
elements and one 9-node corner continuous quadratic 
internal cell [6].

3.1 SOLUTION PROCEDURE

The obtained set of discretized equations (31)–(34) is 
solved by coupling the kinetic and kinematic equations. 
In this way the solenoidality of the velocity field for an 
arbitrary vorticity distribution is assured. The following 
numerical algorithm has to be performed in order to 
obtain a final solution:

(1)  Start with some initial values for the vorticity distri-
bution.

(2)  Kinematic computational part:
 - solve the implicit set for the boundary vorticity 

  values (equation (31)),
 - determine the new domain velocity values,
(3) Energy kinetic computation part:
 - solve the implicit set for the boundary and 

  domain values (equation (33)),
(4) Species kinetic computation part:
 - solve the implicit set for the boundary and 

  domain values (equation (34),
(5) Vorticity kinetic computational part:
 - solve the implicit set for the unknown boundary 

  vorticity flux and internal domain vorticity values 
  (equation (32)),

(6) Relax new values and check the convergence. If 
the convergence criterion is satisfied, then stop; 
otherwise go to step 2.

4 TEST EXAMPLES – RESULTS 
AND DISCUSSION

The convective flow in a horizontal porous layer is 
possible above the critical Rayleigh number. In the 
case of double-diffusive convection, where the density 
differences are a result of combined temperature and 
concentration gradients, the critical Rayleigh number is 
a function of the Darcy number Da, the Lewis number 
Le and the buoyancy coefficient N [14]. In vertical 
cavities maintained at horizontal temperature and 
concentration gradients, the flow in the cavity is always 

unicellular. In the case of a horizontal porous layer, 
where the temperature and concentration differences 
are imposed on the horizontal walls, the flow structure 
becomes multi-cellular and is also called a Rayleigh-
Benard flow structure [15]. Most of the studies regarding 
double-diffusive convection or thermohaline convection 
(the case where the constituent is salt) in a horizontal 
porous layer are focused on the problem of convective 
instability. There are many studies dealing with the onset 
of convection on the basis of the linear stability theory 
[16], [17] or nonlinear perturbation theory [18]. In 
these studies, the critical Rayleigh numbers for the onset 
of convective flows are predicted. The theoretical and 
numerical study of heat and mass transfer affected by a 
high Rayleigh number Benard convection in a porous 
layer heated from below is obtained in [19]. The numeri-
cal results and a scale analysis of the flow in a porous 
medium are presented, where the buoyancy effect is due 
entirely to temperature gradients.

Some further numerical results for a double-diffusive 
convection in a horizontal porous layer with two oppos-
ing buoyancy sources can be found in [20]. The influ-
ence of the governing parameters (the Rayleigh number, 
the Lewis number, and the buoyancy ratio) on the 
overall heat and mass transfer is discussed for the case of 
a square cavity (aspect ratio equal to 1). Double-diffusive 
convection in a horizontal layer with some numerical 
results is also discussed in [21]. In this study the critical 
values of the Rayleigh numbers for the onset of convec-
tive motion are predicted on the basis of a nonlinear 
parallel flow approximation. 

All the above-mentioned numerical results are obtained 
on the basis of the Darcy flow model, which is more 
convenient for porous media with a low permeability. 
The Brinkman extended Darcy model, which accounts 
for friction due to macroscopic shear is more appropri-
ate when describing fluid flows in the porous matrix, 
when the inertia effects are negligible. It was used 
in [14] to investigate the onset and development of 
double-diffusive convection in a horizontal porous 
layer with uniform heat and mass fluxes specified at the 
horizontal boundaries. The obtained analytical solution 
is compared to some numerical results obtained for 
different values of Ra, N, Le and Da.

Only a few recently published studies deal with the cross 
relation between the temperature and the solutal gradi-
ent (the temperature or concentration are imposed hori-
zontally and the concentration or temperature gradient 
imposed vertically) [22], [23], [24]. In those studies it 
is shown that the competition between the thermal and 
solutal force produces very complex flow patterns.
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In our case the system under consideration is a 
horizontal layer of width L and height H, filled with 
homogenous, nondeformable porous media, which 
is fully saturated with a Newtonian fluid. In the first 
case, the horizontal walls are subjected to different 
temperature and concentration values (TB, CB at the 
bottom boundary and TU, CU at the upper boundary), 
while the vertical walls are adiabatic and impermeable 
(Figure 1). In addition, the second case – the example 
of cross gradients of the temperature and concentra-
tion – is presented in Figure 4, where the horizontal 
walls are maintained at different concentrations (CB at 
the bottom boundary and CU  at the upper boundary) 
and the vertical walls at different temperatures (TL at the 
left boundary and TR at the right boundary). The fluid, 
saturating the porous media, is modeled as a Boussinesq 
incompressible fluid, where the density depends only 
on the temperature and concentration variations 

0 0 0(1 ( ) ( ))T CT T C Cρ ρ β β= − − − − . Tβ and Cβ  are the 
volumetric thermal and concentration expansion coeffi-
cients. The numerical results for the heat and mass trans-
fer induced by the double-diffusive natural convection in 
a horizontal porous layer subjected to vertical gradients 
of temperature and concentration are presented.

The governing parameters of the problem are:

– the porosity φ  ,
– the Darcy number 2/Da K Hφ= ,
– the aspect ratio /A L H= ,
– the modified (porous) thermal Rayleigh number 

/TRa K g T Hβ αν= Δ , where Tβ is the thermal 
expansion coefficient, α  the thermal diffusivity and  
ν  viscosity,

– the Lewis number /Le Dα= ,
– the buoyancy ratio /C TN C Tβ β= Δ Δ ,

where K is the permeability, D and H are the width 
and height of the layer, respectively, g is the accelera-
tion due to gravity, TΔ and CΔ  are the temperature 
and concentration differences between the upper and 
lower boundaries, α  is the thermal diffusivity and D 
is the mass diffusivity. For the aspect ratio 1A= , a 
non-uniform computational mesh 20×20 was used with 
a ratio between the longest and shortest elements of  

6r = , and for 2A=  and 4A=   20×10 subdomains 
were used. The computational mesh was denser near the 
solid walls, where large gradients in the temperature, 
concentration and velocity profiles were expected. 
Time-steps ranging from 1610t sΔ =  (steady state) 
to 410t s−Δ =  (time dependent) were employed, and 
the convergence criteria (representing the difference 
between two progressive values in each time step) were 
determined as 65 10ε −= ×  for all cases.

It should be noted that in the case of 0N = the buoy-
ancy effect is due entirely to temperature gradients. 
The mass transfer in this case is due to the temperature 
field and the concentration differences between the 
horizontal boundaries. In the case of positive values for 
the buoyancy ratio ( 0N > ), the thermal and solutal 
buoyancy forces aid each other (aiding convection) and 
for negative values of the buoyancy ratio ( 0N < ) the 
solutal and thermal effects have the opposite tendencies 
(opposing convection).

The obtained numerical model was tested for different 
values of the governing parameters. The results for total 
heat and mass transfer through the horizontal layer are 
given by the values of the Nusselt (Nu) and Sherwood 
numbers (Sh). Furthermore, some simulations of the 
temperature and concentration fields are presented.

Figure 1. Geometry of the first problem and the boundary conditions.
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The validation of the code was accomplished by a compari-
son with some published numerical experiments. However, 
it should be noted that there are not many published stud-
ies giving numerical results for the described problem. 

Table 1 presents some results for A=1, 510Da −= and a 
different Rayleigh number, Lewis number and buoyancy 
ratio. The values of the overall heat and mass transfer are 
compared to the published results, where the numerical 
calculations based on the Darcy model are obtained [20]. 
The first result is for the case of 600Ra= , 1Le=  and 

0N = , which means that only the thermal buoyancy 
force is present. The overall heat and mass transfers, which 
are represented by Nu an Sh, are identical. The other two 
cases are for the Rayleigh number 100, the buoyancy ratio 
0.2 and the Lewis numbers 10 and 30. In this case, both 
the thermal and solutal buoyancy forces are present and 
they aid each other. The values of the Sherwood numbers 
are now higher than those of the Nusselt numbers, which 
is a result of a higher Lewis number. The presented results 
are in agreement with the published ones.

Table 2 presents the influence of the Darcy number, 
where the governing parameters are as follows: an aspect 
ratio 1A=  , the Rayleigh number 100Ra= , the Lewis 
number 10Le=  and the buoyancy coefficient 0.2N = .

It is evident that with a decrease of the Darcy number 
the values of the Nusselt and Sherwood numbers 
increase. The Darcy number describes the influence of 
the additional Brinkman viscous term in the momentum 
equation. At higher values of the Darcy number, the 
effect of viscous forces is significant and generally slows 
down the convective motion. With a decrease of the 
Darcy number 0Da→  the viscous effect becomes 
smaller, so the convective motion becomes stronger, 
which can be observed from the presented results.

In Table 3 the results for the case of the opposing fluxes 
of heat and mass (N < 0) and the parameters A = 1 ,
Ra = 100, Le = 1, Le = 3 and N = -0.1  are presented. 
In the case where 3 110 10Da− −< <  the values of the 
Nusselt and Sherwood numbers equal 1.0, which means 
the heat and solute transfer are governed by diffusion. 
The Rayleigh number, which depends on the Darcy 
number, is not high enough for the onset of convective 
motion, which begins in this from values of 410Da −< .
In the case of  Le = 1 the values of the Nusselt and 
Sherwood numbers are identical. The Sherwood number 
increases with the Lewis number; however, on the other 
hand, the Nusselt number is almost independent of the 
Lewis number.

Table 1. Comparison of results with numerical experiments reported in the literature.
Nu Sh

This study Literature [20] This study Literature [20]
Ra=600, Le=1, N=0 7.01 6.6 7.01 -

Ra=100, Le=10, N=0.2 2.76 2.4 8.84 -
Ra=100, Le=30, N=0.2 2.50 2.5 14.80 15

Table 2. Nu and Sh numbers for different values of Da and A = 1 , Ra = 100, Le = 10, N = 0.2
Da 10-1 10-2 10-3 10-4 10-5 10-6

Nu 1.00 1.53 2.26 2.63 2.76 2.79
Sh 1.00 3.93 6.13 7.93 8.84 9.10

Table 3. Nu and Sh numbers for different values of Da and A = 1 , Ra = 100, N = -0.1
Da 10-1 10-2 10-3 10-4 10-5 10-6

Le = 1
Nu 1.00 1.00 1.00 2.30 2.40 2.42
Sh 1.00 1.00 1.00 2.30 240 2.42

Le = 3
Nu 1.00 1.00 1.00 2.32 2.42 2.44
Sh 1.00 1.00 1.00 4.05 4.30 4.36

Table 4. Nu and Sh numbers for different values of Da and A = 4, Ra = 300, Le = 0.1, N = -2
Da 10-1 10-2 10-3 10-4 10-5

Nu 1.00 2.05 2.82 3.12 3.50
Sh 1.00 1.02 1.04 1.05 1.06       
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Table 4 presents the results for a shallow layer with the 
governing parameters as follows: the aspect ratio A = 4,
the Rayleigh number Ra = 300, the Lewis number
Le = 0.1 and the buoyancy ratio N = –2. In this case again 
the thermal and solutal buoyancy forces oppose each 
other. Because of the higher value of N, the combined 
buoyancy is dominated by the buoyancy due to concen-
tration gradients. From the table it is evident that with 
any decrease in the Darcy number the value of the Nusselt 
number increases. In the cases where the Lewis number 
decreases 0Le→ , the values of the Sherwood number 
tend to unity ( 1Sh→ ), which implies that the mass 
transfer is dominated by diffusion. The same conclusions 
are also published in [14]. A direct comparison of the 
results is impossible, because of the different governing 
parameters (porosity, aspect ratio) in both studies.

The graphical simulations of the velocity, temperature 
and concentration fields are presented in Figure 2 for the 
square geometry (A = 1) with the parameters
Ra = 100, Da = 10-4, Le = 10  and N = 0.2 in Figure 3 for 
the case where A = 2 for the same parameters.

The flow structure consists of a unicellular circulation 
filling up the entire layer. The temperature and concentra-
tion field present the classical stratified structures of the 
natural convective flows. The temperature and concentra-
tion boundaries are observed at the top and bottom walls.

The governing parameters for the second case are A = 2,  
Ra =100, Da = 10-3, Le = 10, and N = 1.

The flow in the horizontal layer where A = 2 becomes 
multi-cellular (with two cells) as it is obvious from
Figure 3. The flow consists of rising hot fluid in the centre 
of the layer and colder fluid sinking along the vertical 
walls. In the centre of the domain, a higher solute concen-
tration is found than along the adiabatic and impermeable 
side walls. Thin temperature and composition boundary 
layers are evident at the top and bottom walls.

The next example presents the convection under cross 
gradients of temperature and concentration. The geom-
etry and boundary conditions are shown in Figure (4).

Figure 2. Streamlines, isotherms and isoconcentrations for A = 1, Ra = 100, Da = 10-4, Le = 10, N=0.2 .

Figure 3. Streamlines, isotherms and isoconcentrations in a 
horizontal layer for A = 2, Ra = 100, Da = 10-3, Le = 10, N=1.

R. JECL ET AL.: DOUBLE DIFFUSE NATURAL CONVECTION IN A HORIZONTAL POROUS LAYER WITH THE BOUNDARY DOMAIN INTEGRAL METHOD



ACTA GEOTECHNICA SLOVENICA, 2009/1 15.

Figure 4. Geometry of the second problem and the boundary conditions.

Figure 5. Streamlines, isotherms and isoconcentrations for A = 2, Ra = 100, Da = 10-3, Le = 10 and N = 0 (left side) and N = −1.5 (right side).
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In this case the temperature differences are imposed on 
vertical walls and the species concentration differences 
on horizontal walls.

Because a differentially heated cavity has a tendency to 
mix the fluid, while the solutal effect has a tendency to 
prevent such a mixing, it is expected that the competi-
tion between the solutal and thermal forces will produce 
complex flow patterns.

The graphical simulations for the streamlines, tempera-
ture and concentration fields are presented in Figures 
5 and 6 for the parameters A = 2,  Ra =100, Da = 10-3 
and Le = 10 and the values of the buoyancy coefficient 
from N = 0 to N = –4 . In the case when N = 0 the flow 
remains unicellular, while with any decrease in the 
buoyancy coefficient the flow forms two slow cells. 
The temperature and concentration fields have typi-

cally stratified structures. With any decrease in N, the 
isotherms and concentration lines become more linear, 
which means the convective mechanism is suppressing. 
For the case when N = –4, heat and mass transfer take 
place mainly by conduction, which is evident from the 
temperature and concentration fields in Figure 6, where 
the isotherms and isoconcentration lines are almost 
parallel to the vertical and horizontal walls, respectively.

The values of the Nusselt and Sherwood numbers for the 
presented examples are given in Table 5. The results are 
compared to reference [24], where the same problem is 
solved for planar and spatial geometries with the use of 
the finite-difference method. Good agreement between 
the results can be obtained, which proves the accuracy 
of the mathematical model and also of the numerical 
scheme.

Figure 6. Streamlines, isotherms and isoconcentrations for A = 2, Ra = 100, Da = 10-3, Le = 10 and N = −2 (left side) and N = −4 (right side).
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4 CONCLUSION

A numerical approach, based on the boundary domain 
integral method (BDIM), which is an extension of the 
boundary element method (BEM), was applied for the 
solutions of the transport equations in porous media. 
The modified Navier-Stokes equations, Brinkman-
extended Darcy formulation with the inertial term 
included, were employed to describe the fluid motion 
in porous media. The porous media is saturated with a 
viscous, incompressible fluid. A velocity-vorticity formu-
lation of the governing equations is adopted, resulting 
in the computational decoupling of the kinematics and 
kinetics of the fluid motion from the pressure computa-
tion. Since the pressure does not appear explicitly in 
the field function conservation equations, the difficulty 
connected with the computation of boundary pressure 
values is avoided. The proposed numerical procedure 
is applied to the case of natural convection in a porous 
layer where the horizontal walls are subjected to differ-
ent values of temperature and concentration and in a 
porous layer, where the horizontal walls are subjected to 
different values of concentration and the vertical walls 
to different values of temperature (convection under the 
cross gradients of temperature and concentration). The 
examples for different values of the modified Rayleigh 
number, the Darcy number, the Lewis number and 
buoyancy coefficient are presented and compared with 
the published studies. Very good agreement between 
the results obtained with alternative numerical methods 
(the finite difference method, the finite volume method, 
and the finite element method) can be observed. Since 
the final set of equations results in a very large and 
fully populated system matrix, the computer time and 
memory demands are large. The need to improve the 
economics of the computation, when using the bound-
ary domain integral method, is still one of the challenges 
for researchers. One of the efficient mathematical tools, 
developed especially for saving computational time and 
computer storage with the boundary element method, is 
the wavelet transform [25].

However, it can be stated that the boundary domain 
integral method, extended in a way that also enables 

Table 5. Nu and Sh numbers for different values of N and A = 2, Ra = 100, Le = 10, Da = 10-3.
N -4 -2 -1.5 -1 0

Nu
This study 0.49 0.50 0.50 0.52 0.81

Literature [24] - 0.50 0.50 0.55 -

Sh
This study 1.04 1.17 1.30 1.71 3.39

Literature [24] - 1.20 1.30 1.90 -

an investigation of the fluid-transport phenomena in 
a porous media, appears to possess the potential to 
become a very powerful alternative to existing numerical 
methods, e.g., finite differences or finite elements, as a 
means to obtain solutions to the most complex systems 
of nonlinear partial differential equations, when attack-
ing some unsolved problems in engineering practice.
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