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Improving AGV path planning efficiency using Genetic 
Algorithms with Hamming distance-based initialization 
Breznikar, Ž.a, Gotlih, J.a, Artič, Ž.b, Brezocnik, M.a 
aUniversity of Maribor, Faculty of Mechanical Engineering, Maribor, Slovenia 
bUniversity of Maribor, Faculty of Electrical Engineering and Computer Science, Maribor, Slovenia 

A B S T R A C T A R T I C L E   I N F O 
This paper presents a Genetic Algorithm (GA) framework for warehouse 
navigation as a Travelling Salesman Problem (TSP) variant for Automated 
Guided Vehicles (AGVs). The warehouse layout is represented as a graph, 
where pick-up locations serve as terminal nodes. A distance matrix, computed 
via Breadth-First Search (BFS) enables efficient route evaluation. To promote 
diversity in the initial population, a Hamming distance-based vectorized ini-
tialization strategy is employed, ensuring that the chromosomes are maximal-
ly distinct. The GA balances exploration and exploitation by dynamically ad-
justing the fitness function. Early generations emphasize diversity, while later 
ones focus on solution refinement, improving convergence and avoiding 
premature stagnation. Our key contribution demonstrates that the Hamming 
distance-based approach achieves comparable or better results with signifi-
cantly fewer chromosomes. This reduces computational cost and runtime, 
making the method well-suited for real-time AGV routing in warehouses. The 
framework is adaptable to structured environments and shows strong poten-
tial for integration into real-world logistics and robotics applications. Future 
work will focus on optimizing the algorithm and integrating it into the ROS 2 
environment. The simplified version of the algorithm can be accessed at: 
https://github.com/IntoTheVoid-61/Warehouse-Pathfinder. 

 Keywords: 
Automated guided vehicles (AGV); 
Warehouse routing; 
Genetic algorithms (GA); 
Combinatorial optimization; 
Hamming distance initialization; 
Robot operating system 2 (ROS 2) 

*Corresponding author: 
ziga.breznikar@student.um.si 
(Breznikar, Ž.) 

Article history:  
Received 6 July 2025 
Revised 24 October 2025 
Accepted 27 October 2025 

Content from this work may be used under the terms of 
the Creative Commons Attribution 4.0 International 
Licence (CC BY 4.0). Any further distribution of this work 
must maintain attribution to the author(s) and the title of 
the work, journal citation and DOI.

1. Introduction
The rapid expansion of automated manufacturing has brought increasing demand for intelligent 
logistics and autonomous systems in warehouses. Among these, Automated Guided Vehicles 
(AGVs) play a crucial role in transporting goods efficiently within complex environments. A con-
siderable body of research has investigated the application of AGV systems across a wide range 
of environments and operational contexts, supported by diverse methodological approaches. In 
recent years, studies have increasingly adopted metaheuristic techniques to enhance system 
performance and optimization [1-12]. As warehouse layouts become more intricate and dynam-
ic, determining optimal routes for AGVs becomes a critical challenge, essential for reducing de-
livery times and operational costs. 

Genetic Algorithms (GAs), inspired by the principles of natural selection and evolution, are 
well suited for solving complex optimization problems such as AGV routing. By evolving popula-
tion of candidate solutions through operations, inspired by biological evolution, GAs can effi-
ciently explore large solution spaces and efficiently convergence towards near-optimal solutions 
even in the presence of multiple constraints and non-linearities. Their flexibility and robustness 

https://github.com/IntoTheVoid-61/Warehouse-Pathfinder
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have made them a popular choice for various combinatorial problems, including the well-known 
Travelling Salesman Problem (TSP) [13, 14], which closely parallels AGV routing in warehouses. 

Traditional or uninformed search strategies, such as brute-force or blind random search, 
quickly become impractical as the scale of the problem increases [15]. In high-dimensional 
warehouse environments, the combinatorial explosion of possible routes leads to significant 
computational costs and sub-optimal outcomes. This underscores the need for heuristic or me-
taheuristic approaches that can guide the search process intelligently. 

In this study, we propose a GA-based approach for warehouse routing, tailored for a top-
down two-dimensional warehouse representation. Our algorithm encodes AGV routes as se-
quence of terminal locations and evolves these sequences to minimize travel distance. A central 
focus of this work is the effect of initial population diversity on GA performance. Specifically, we 
compare two initialization strategies: the conventional random initialization and a Hamming 
distance-based approach [16] explicitly designed to maximize population diversity, thereby en-
hancing exploratory capabilities in the early stages of the GA. 

To evaluate the efficiency of the proposed method, extensive experiments were conducted 
using both initialization strategies under controlled settings. Results demonstrate that Hamming 
distance-based initialization performs comparably or better than standard approach, even when 
using significantly fewer individuals per generation. This indicates that strategic population de-
sign can reduce computational costs while maintaining solution quality-a critical insight for real-
time AGV routing applications in operational warehouse systems. 

The remainder of this paper presents the implementation of our GA-based routing algorithm, 
the design of the Hamming-based initialization, and detailed statistical analysis of the results 
obtained through multiple experimental runs. 

2. Related work 
The Travelling Salesman Problem (TSP) is a classic benchmark in combinatorial optimization and 
has been extensively addressed using GAs due to their ability to explore large, complex search 
spaces and avoid local optima through evolutionary operators. Standard GA implementations 
typically start with randomly generated populations, which help avoid early convergence but 
still frequently lead to premature stagnation in complex or highly constrained problems. 

In the context of warehouse logistics, the TSP is frequently adapted to model route optimiza-
tion for AGVs, where efficient sequencing of pick-up and delivery tasks is critical. Several works 
have proposed heuristic and metaheuristic-based solutions, including Ant Colony Optimization 
(ACO) and GA-based frameworks [13]. However, many approaches assume idealized conditions 
or rely on brute-force exploration, which becomes computationally expensive as the number of 
tasks and constraints grow. As a general approach, the authors in [17] proposed an enhanced GA 
for the TSP, in which the population is initialized using the Iterative Approximate Method, signif-
icantly improving solution efficiency and convergence speed. 

Recent advancements have focused on enhancing diversity within GA population to improve 
exploration and convergence stability. For example, some authors have introduced adaptive 
mutations rates or hybridized GAs with local search techniques to maintain population diversity. 
Hamming distance, a measure of dissimilarity between binary strings, has been proposed for 
initializing populations that are maximally distinct [18]. While it has been applied in other do-
mains, its use in structured, graph-based environments like warehouse routing remains relative-
ly underexplored.  
 To our knowledge, few studies have empirically compared Hamming distance-based initiali-
zation with traditional random initialization in the context of AGV routing on warehouse graphs, 
employing statistically rigorous analysis to evaluate performance and convergence behaviour. 
This paper contributes to the existing literature by integrating a Hamming distance-based popu-
lation initialization within a GA specifically designed for AGV navigation. By fostering high initial 
diversity, the algorithm reduces reliance on large population sizes, thus enhancing computation-
al efficiency without sacrificing solution quality.  
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3. Environmental modelling and preprocessing 
3.1 Matrix-based environment encoding 

The warehouse environment is defined by three structural parameters: 
• number of aisles,  
• number of storage locations per aisle,  
• number of storage blocks.  

These parameters provide a compact and flexible description of the warehouse layout, which is 
essential for scalable simulations and graph-based modelling. 
 To facilitate algorithmic processing, the physical warehouse is first abstracted into a two-
dimensional matrix. Each cell in the matrix corresponds to a discrete warehouse location and is 
assigned an integer label representing its functional role. Fig. 1 illustrates the top-down view of 
the warehouse layout and its matrix representation. 
 

 
Fig. 1 Top-down view of the warehouse layout and its matrix representation 

 
Table 1 Classification of colours and numerical values from Fig. 1 

Value Colour code Description 
0 White Free space: Traversable 
1 Black Empty storage location: Untraversable 
2 Red Storage location: Untraversable 
3 White Pickup location: Traversable 
9 Green Start and end point: Traversable 

 
Table 1 summarises the classification scheme used to assign numerical values to different ele-

ments of the warehouse. 
Only the cells labelled 0, 3 and 9 are traversable. Among these, all nodes labelled as 3 represent 

mandatory pickup locations that the AGV must visit at least once. This matrix formulation allows 
a direct transformation into a graph, where each traversable cell becomes a node and edges rep-
resent valid moves between adjacent cells. 

3.2 Graph-based preprocessing 

To enable efficient path planning and distance evaluation, the matrix representation of the 
warehouse is transformed into a weighted graph [19]. In this graph, each traversable matrix cell 
(labelled as 0, 3 or 9) becomes a node. An undirected edge is created between every pair of adja-
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cent traversable nodes. By default, edges are assigned a weight of 1, representing uniform 
movement cost. However, in real-world applications, factors such as bottlenecks, blocked or 
narrow passages, and other environmental constraints may increase the traversal difficulty. 
Such conditions are modelled by assigning higher weights to the affected edges. 
 Once the graph is constructed, all terminal nodes, marked with the label 3 in the matrix, are 
identified. These represent the pickup locations that the AGV must visit at least once. The set of 
terminals serves as the basis for solving a TSP-like optimization task. 
 To quantify distances between terminals, a distance matrix is computed using a BFS algo-
rithm [20]. For each terminal node, BFS calculates the shortest path (in terms of total edge 
weight) to every other terminal. The resulting distance matrix is a symmetric square matrix 
where each element 𝐷𝐷𝑖𝑖,𝑗𝑗 represents the shortest traversable distance between terminals 𝑖𝑖 and 𝑗𝑗. 
 The distance matrix serves as a critical input to the optimization algorithm. It allows for rapid 
evaluation of the total route length of any candidate solution, without requiring real-time path-
finding through the graph [21]. This preprocessing step thus transforms the original navigation 
problem into a purely combinatorial optimization task, significantly reducing computational 
overhead during the evolutionary search. 

4. Genetic algorithm optimization 
4.1 Chromosome representation and problem complexity 

To apply a GA to the problem of AGV routing within a warehouse, we first define how a potential 
solution (chromosome) is represented. Each chromosome encodes a specific sequence in which 
the autonomous vehicle should visit all required terminal nodes, that is, the pickup locations 
identified during preprocessing. 
 A chromosome consists of a permutation of all terminal nodes, where each gene represents a 
single terminal node, and the order of genes determines the traversal path of the AGV. This is 
represented in Fig. 2, which illustrates 5 different potential solutions to the routing problem, 
given 8 pickup locations. 
 

 
Fig. 2 Example of 5 different solutions to the routing problem with 8 terminal nodes. 

 
This problem closely resembles the mentioned TSP, a well-known combinatorial optimization 

problem. For 𝑛𝑛 terminal nodes, there are 𝑛𝑛! possible permutations, making exhaustive search 
methods computationally infeasible, even for relatively small values of 𝑛𝑛. As the problem scales, 
brute-force methods become impractical due to factorial growth in complexity. 
 Given a set of terminals 𝑇𝑇 =  {𝑝𝑝1,𝑝𝑝2, … ,𝑝𝑝𝑛𝑛}, the objective is to find a permutation π, as shown 
in Eq. 1, that minimizes the total travel distance. 
 

𝜋𝜋 = �𝐷𝐷𝜋𝜋(𝑖𝑖),𝜋𝜋(𝑖𝑖+1)

𝑛𝑛

𝑖𝑖=1

 (1) 

 

Since brute-force methods become computationally infeasible for large 𝑛𝑛, a GA is employed to 
address this challenge. GAs are well-suited for permutation-based combinatorial problems and 
enable efficient exploration of large solution spaces by evolving a population of chromosomes 
through genetic operations. 
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4.2 Hamming distance-based population initialization 
A critical step in ensuring the effectiveness of a GA is the initialization of a diverse population. 
Diversity promotes broad exploration of the solution space in early generations and helps avoid 
premature convergence to local optima. To systematically promote diversity, we employed a 
strategy based on the Hamming distance. 
 For two sequences of equal length, the Hamming distance is defined as the number of posi-
tions at which the corresponding elements differ [22]. In our context, each chromosome is a 
permutation of terminal nodes, and the Hamming distance between two chromosomes indicates 
the number of differing terminal positions in the visitation sequence. 
 The population is initialized by iteratively generating random permutations and comparing 
them against the already selected chromosomes. A candidate chromosome is accepted into the 
population only if a minimum Hamming distance from the set of existing chromosomes exceeds 
a decreasing threshold, starting from the maximum value 𝑛𝑛 (the number of terminals). This en-
sures that the initial population is highly diverse, therefore promoting broad exploration of the 
solution space. If, after a predefined number of attempts, no chromosome meets the current 
Hamming threshold, the threshold is reduced by one and the process repeats. This adaptive 
mechanism balances diversity with feasibility. A high-level implementation of the described 
method is shown in Fig. 3.  

 
Fig. 3 Flowchart of a high-level hamming distance-based algorithm to ensure initial population diversity. 
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This Hamming distance-based algorithm ensures diversity in the starting population, ena-
bling a broader and more efficient exploration of the solution space. The computational com-
plexity of the initialization process increases approximately as 𝑂𝑂(𝑃𝑃2𝐴𝐴 𝑛𝑛), where 𝑃𝑃 denotes the 
population size, 𝑛𝑛 the number of pickup locations, and 𝐴𝐴 the number of random Hamming dis-
tance attempts per chromosome. 

4.3 Evolutionary dynamics and evaluation 

This section describes the key components of the GA, including selection mechanisms, elitism 
strategy, mutation operators, and the dynamic fitness evaluation. These mechanisms were de-
signed to balance exploration and exploitation throughout the optimization process. 
 A dynamic tournament selection method is used to select chromosomes for reproduction or 
crossover. In each tournament, a subset of 𝑘𝑘 chromosomes from the current population is ran-
domly selected, and the best-performing individual is chosen. To balance exploration and exploi-
tation over time, the tournament size is dynamically adjusted, as shown in Eq. 2. 
 

𝑘𝑘 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟((𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) · 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) (2) 
where 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 is defined in Eq. 3. 
 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 =
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
𝑚𝑚𝑚𝑚𝑚𝑚_𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

 (3) 
 

This allows smaller tournament sizes early on (encouraging diversity) and larger tourna-
ments later (favouring selection pressure). Following the selection, each chromosome is either 
reproduced directly into the next generation with probability 𝑝𝑝, or undergoes crossover with a 
different chromosome with probability 1 − 𝑝𝑝. 
 To preserve high quality solutions, elitism is applied by copying the top 𝑖𝑖 chromosomes unal-
tered into the next generation. The number of elite chromosomes increases quadratically with 
the progress of generations as shown in Eq. 4. 

𝑖𝑖 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟((𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚) · 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝2 + 𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚) (4) 

This strategy ensures that more optimal solutions are retained as the algorithm converges. 
 Two types of mutation operators are employed to maintain genetic diversity: 

• Single-gene swap: Two genes (positions) in the chromosome are randomly swapped [23]. 
• 2-opt-swap: A sub-sequence of genes is reversed, a common local optimization technique 

in TSP-like problems [24]. 

The mutation probability is dynamic and is sampled from a uniform distribution U(a,b), 
where bounds a and b evolve as generations progress, as shown in Eq. 5 and Eq. 6. 

𝑎𝑎 = (𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) · 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,   where  𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 > 𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒 (5) 

𝑏𝑏 = (𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) · 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 +  𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,   where  𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 > 𝑏𝑏𝑒𝑒𝑒𝑒𝑒𝑒 (6) 
This allows higher variability early on (favouring exploration), which gradually decreases as 

the algorithm approaches convergence. 
 The fitness function transitions from the exploration phase to the exploitation phase to bal-
ance global search and solution refinement. During the exploration phase, the fitness incorpo-
rates both solution quality and population diversity, as shown in Eq. 7. 

𝑓𝑓 = 𝛼𝛼 · 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛_𝑝𝑝𝑝𝑝𝑝𝑝ℎ_𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ −  (1 − 𝛼𝛼) · 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛_ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎_𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (7) 

Normalization is necessary to account for differing numerical scales. Path lengths are normal-
ized relative to population statistics, while Hamming distances are normalized relative to the 
maximum possible value, corresponding to the chromosome length. The coefficient 𝛼𝛼 balances 
the two terms and is defined by a sigmoid function [25] as shown in Eq. 8. 

𝛼𝛼 =
1

1 + 𝑒𝑒−𝑥𝑥
 (8) 
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where 𝑥𝑥 is defined as shown in Eq. 9. 

𝑥𝑥 = 20 ·  
𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔_𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒_𝑒𝑒𝑒𝑒𝑒𝑒

 − 10 (9) 

In Eq. 9, generation_counter is an integer value representing the current generation number, 
while exploration_end is the predefined generation at which exploitation begins. During the ex-
ploitation phase, fitness is based solely on the provided path length of a chromosome. This phase 
focuses entirely on improving the solution quality. 
 A high-level schematic of the proposed GA framework is illustrated in Fig. 4. 
 

 
Fig. 4 Algorithmic structure of the GA-based navigation framework 

5. Results and discussion 
This section presents a comprehensive evaluation of the impact of Hamming distance-based 
population initialization (H) compared to random initialization (NH) in a GA designed for opti-
mizing warehouse routing. The analysis spans four key performance metrics: 

• runtime duration, 
• initial population diversity, 
• convergence speed, 
• final solution quality (best tour length). 
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The experiments were performed over 20 independent runs per setting, using identical seeds 
and warehouse environments to ensure consistency. 

5.1 Equal population size comparison 

In the first series of experiments, both methods were executed under identical setting with 30 
individuals per generation. Each configuration was repeated 20 times using the same seeds and 
warehouse environment. To validate the use of parametric tests, Shapiro-Wilk and D’Agostino-
Pearson normality tests were conducted for all metrics [26]. Results indicated normal distribu-
tion across all groups. Table 2 summarizes the results. 
 

Table 2 Statistical analysis of GA metrics: Hamming vs. Non-Hamming 
Metric Hamming (Mean ± SD) Non-Hamming (Mean ± SD) 𝑝𝑝-value Significance 
Runtime (s) 45.0283 ± 5.3 40.2011 ± 5.79 0.0057 significant 
Initial population 
Hamming distance 

80.3567 ± 0.03 78.2347 ± 0.05 < 0.0001 significant 

Generations 6122.05 ± 692.09 5907.45 ± 739.28 0.2904 not significant 
Best tour length 400.8000 ±11.19 403.6000 ± 9.46 0.3915 not significant 

 
Key takeaways: 

• Population diversity: The Hamming-initialized population achieved significantly higher 
diversity, confirming the effectiveness. 

• Runtime: Hamming initialization introduced a slight computational overhead due to pair-
wise distance calculations. 

• Final Quality & Convergence: No statistically significant improvement was observed. 

5.2 Exploring population size effects 

Additional experiments were conducted to investigate whether Hamming distance-based initial-
ization can effectively compensate for a reduced population size in GA applications. This evalua-
tion was carried out on a structurally distinct warehouse layout to ensure generalizability of the 
findings. In this setting, we compared the performance of a GA configured with only 30 individu-
als initialized using the Hamming distance strategy (H30) against a GA employing 150 individu-
als initialized randomly (NH150). Despite the fivefold disparity in population size, the H30 con-
figuration consistently demonstrated comparable solution quality to the NH150 setup in both 
final tour length and convergence behaviour. 
 Statistical analysis of the tour length distributions supported this finding, yielding a signifi-
cant 𝑝𝑝-value [27] (p < 0.05) indicating that the performance difference favoured the H30 config-
uration. These results underscore the effectiveness of diversity-promoting strategies in evolu-
tionary algorithms. Instead of compensating for insufficient diversity by brute-force scaling of 
the population size, initializing the population with maximally dissimilar chromosomes enables 
more efficient exploration of the solution space. This provides a strong argument for adopting 
informed initialization techniques, especially in resource-constrained environments where com-
putational efficiency is critical, such as real-time AGV routing in dynamic warehouse settings.  

6. Conclusion  
This work explored the application of a GA to solve warehouse routing problem, a task critical to 
the efficiency of AGV system in logistics and manufacturing environments. Our results confirm 
that a GA-based approach is not only viable but effective for generating high quality routing so-
lutions within reasonable computational budget. The simplified version of the algorithm can be 
accessed at: https://github.com/IntoTheVoid-61/Warehouse-Pathfinder. Future work of the algo-
rithm will extend to its optimization and integration into the ROS2 environment. 
 In a targeted comparison, a GA with just 30 chromosomes initialized using Hamming-based 
method achieve statistically comparable results in tour quality relative to that of a GA with 150 
randomly initialized individuals. This outcome highlights the central contribution of our study: 

https://github.com/IntoTheVoid-61/Warehouse-Pathfinder
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intelligent population seeding can significantly reduce the required population size without 
compromising performance. 
 This finding has tangible implications for real-world deployment. Reducing population size 
lowers computational time and memory usage, making approach more suited for embedded or 
real-time systems commonly used in AGV applications. Accordingly, this study provides a practi-
cal and scalable GA-based framework for warehouse routing, with added benefit of an initializa-
tion method that enhances performance under constrained resources.  
 Future work should focus on deploying the proposed system on real-world AGV platforms 
and evaluating its performance through experiments and field-testing. While the algorithm 
demonstrates strong results in two-dimensional navigation (based on top-down view of the 
warehouse), it does not yet account for three-dimensional considerations. Furthermore, as this 
study was conducted on an abstracted AGV model, specific characteristics of actual vehicle were 
not incorporated. Notably, the model assumed that AGV could transport an unlimited mass of 
cargo and did not require a return to the starting point for unloading. Future implementations 
on embedded system should therefore account for such practical constraints, including limited 
payload capacity and the need for cargo drop-off behaviour. 
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A B S T R A C T A R T I C L E   I N F O 
Metaheuristic methods are approximate solution techniques that are widely 
used to solve complex optimization problems. Drawing inspiration from na-
ture, physics, or human behavior, researchers have developed a diverse range 
of metaheuristic algorithms, either population-based or single-solution-based, 
with varying neighborhood structures and memory usage. Due to the diversi-
ty and complexity of optimization problems in different domains, no single 
algorithm can be universally effective for all types of problems. This study 
proposes a novel metaheuristic algorithm, the Golden Drop Algorithm (GDA), 
which is simple, efficient, and easy to implement. GDA is a physics-inspired 
method that simulates the propagation of circular waves formed by raindrops 
falling into water, with wave expansion governed by the golden ratio. The 
algorithm was evaluated using the Congress on Evolutionary Computation 
(CEC) 2017 benchmark functions and was compared with three well-known 
metaheuristics: Genetic Algorithm (GA), Grey Wolf Optimizer (GWO), and 
Particle Swarm Optimization (PSO). The results demonstrate that GDA is not 
only straightforward and computationally efficient, but also capable of pro-
ducing competitive and feasible solutions. In 50 % of the CEC 2017 benchmark 
functions, GDA ranked first, while in 32 % of the functions, it secured second 
place. In addition, its performance was validated through three benchmark 
engineering design problems: welded beam design, pressure vessel design, 
and compression spring design, highlighting its robustness and effectiveness 
in solving constrained nonlinear optimization tasks. 
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1. Introduction
Optimization is a process of solving a problem under certain constraints and with a specific ob-
jective in mind [1]. It is a major topic of investigation in applied mathematics [2]. Optimization 
research is carried out not only to broaden theoretical perspectives but also to solve real-life 
problems in diverse disciplines ranging from economics to finance, engineering to management, 
and statistics to computer science [3, 4]. 

The methods used to solve optimization problems are divided into two main categories: exact 
and approximate solution methods [5]. The more complex the problems, the more difficult it 
becomes to produce solutions by using exact solution methods. However, with approximate 
methods, near-optimum results can be obtained in a shorter time. Approximate methods can be 
divided into two groups: problem-specific heuristics and metaheuristics that can be applied to 
diverse problems [5]. The number of studies on metaheuristics has increased exponentially, 
especially with the development of computer technologies [6]. 

Using different perspectives, researchers have classified metaheuristics in different ways. 
There are classifications based on the inspiration source of the algorithm, the neighborhood 
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structure, the memory status, whether the search is population-based or single-point [7]. In an-
other classification, algorithms are divided into four categories according to their behavior: evo-
lution, swarm intelligence, physics, and human behavior-based [8, 9]. 

This study proposes a novel nature-inspired metaheuristic optimization algorithm. The pro-
posed algorithm is population-based, employs a binary neighborhood structure—where each 
candidate solution has two neighbors, and the search continues in the direction of the better 
neighbor—incorporates memory, and is based on physics. This method is called the GDA. The 
purpose of the present study was to develop a new algorithm that is simple and can easily be 
implemented. This algorithm is inspired by the propagation of circular waves formed by 
raindrops falling into water. The solution space is searched by the propagation of the waves. 
When searching for neighborhoods, waves move according to the golden ratio. The algorithm 
developed was tested on the CEC 2017 functions, which are known to be extremely challenging 
[2]. The results are compared with those produced by the GWO, GA, and PSO, which are popular 
algorithms. The data revealed that the GDA yielded successful and satisfactory results. 

To assess its practical effectiveness, the proposed algorithm was applied to three benchmark 
engineering design problems: welded beam design, pressure vessel design, and compression 
spring design. For these problems, the widely recognized Differential Evolution (DE) and Covar-
iance Matrix Adaptation Evolution Strategy (CMA-ES) algorithms were also incorporated into 
the set of comparison methods. The comparative analysis against CMA-ES, DE, GWO, GA, and 
PSO demonstrated that GDA consistently delivered the best performance across all test instanc-
es, with the exception of a single case. 

As far as is known, the term metaheuristics was coined by Glover in 1986 [10]. While the 
foundations of metaheuristic algorithms were initially laid after the 1950s, major developments 
took place in the 1980s [11]. For example, Holland presented the GA as an optimization tool in 
1975 [12]. Kirckpatrick developed the simulated annealing algorithm in 1983 [13]. Glover pro-
posed the tabu search algorithm in 1989 [14]. Kennedy presented the PSO in 1995 [15]. The ant 
colony optimization method, which Dorigo founded in 1991 [16], is presented as a metaheuristic 
method together with Di Caro in 1999 [17]. Karaboga developed the artificial bee colony algo-
rithm in 2005 [18]. Yang developed the firefly algorithm in 2008 [19]. 

In addition to these popular algorithms, many other algorithms and their hybrid versions 
have been developed. Since metaheuristic algorithms are not intended to solve specific prob-
lems, they can be successfully used to address various types of problem. However, their success 
may vary depending on the type of problem itself. Therefore, besides doing work on existing 
algorithms, researchers have a strong desire to develop new algorithms. 

The present study was inspired by water, one of the fundamental components of nature. The 
expansion and propagation of circular waves formed on the surface of water was the idea behind 
this algorithm. Therefore, previous studies on water and waves were investigated. The water 
cycle algorithm, for example, modeled tributaries that merge to form rivers and rivers that 
merge and flow into the sea. The sea is considered as the optimum or near-optimal result [20]. 
The intelligent water drop algorithm was developed by relating the amount of sand carried by 
multiple water drops from one point to another in a river [21, 22]. In another study, the way this 
algorithm progressed was modified and used [23]. In water wave optimization, better solutions 
were sought in solution space using different wavelengths [24]. The circular water waves algo-
rithm is designed based on the propagation principle of circular waves produced by a water 
drop falling into water [25]. The solution starts with a single drop and twice as many neighbor-
hoods as the problem size are computed in each iteration. This negatively affects the computa-
tional performance of the algorithm. The vortex search algorithm also resembles waves in terms 
of shape. However, this algorithm is inspired by the motion of vortices and is an algorithm based 
on a single solution [5]. 

Studies using the golden ratio for optimization purposes have started to diversify, particular-
ly in the last five years. It was first introduced in the golden section search technique, developed 
by the American mathematician Jack Kiefer in 1953 [26]. In another technique introduced in 
another study, PSO was used in combination with the golden ratio [27]. An optimization algo-
rithm was developed by combining the sine function with the golden ratio [28]. Inspired by the 
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golden ratio in the growth of plants and animals, Nematollahi et al. introduced the golden ratio 
optimization method (GROM) [29]. Various researchers have used the GROM or its hybrid ver-
sions in combination with other methods to solve some problems [30-35]. For example, in an-
other study, a hybrid version of the teaching–learning-based optimization algorithm with the 
golden ratio was proposed [36]. 

An examination of the algorithms developed in recent years brings forth various algorithms, 
including the water strider algorithm, which takes into account the life cycle of the water strider 
(a type of insect) [37]; the colony-based search algorithm, which mimics the hunting strategies of 
flocks living in colonies [2]; and the modified Archimedes optimization algorithm, inspired by 
Archimedes' principle [4]. There are also other studies that we cannot mention here due to 
space constraints. Apparently, such studies have always put an effort to create a novel algorithm 
that is more efficient and more successful. Similarly, GDA was inspired by nature and developed 
as a relatively efficient, easy-to-understand, and easy-to-implement method. 

2. Methodology 
The GDA was inspired by circular waves created by raindrops falling on water. It is a population-
based algorithm, and the movement of waves is in line with the golden ratio. 
2.1 The golden ratio 

The golden ratio is an irrational number defined as �1 + √5�/2 [38]. It is symbolized by the 
Greek numeral phi (Φ), and its value is approximately 1.618034. The golden ratio can also be 
explained on the Fibonacci spiral, as seen in Fig. 1a. The sum of two consecutive numbers in the 
Fibonacci sequence gives the next number. The ratios of the larger numbers to the smaller num-
bers throughout the sequence are very close to each other. From the 17th number onward, it is 
approximately equal to the value of Φ. The golden ratio has been used in many fields, from 
mathematics to physics and architecture to art. As far as known, the golden ratio was first men-
tioned in the book De Divina Proportione by the mathematician Luca Pacioli, illustrated by Leo-
nardo da Vinci, and published in 1509 [38]. The golden ratio, also called the divine proportion by 
Pacioli, is thought to provide the best harmony among the parts of a whole and is found in na-
ture (Fig. 1b) [39]. It is known that this ratio was used in ancient Sumerian tablets, pyramids 
built by the Egyptians, and the Parthenon design of the Greeks [40, 41]. 
 

 
              Fig. 1a Fibonacci spiral [39]              Fig. 1b the divine proportions from nature [39] 

2.2 Drops and waves 

The GDA starts with a population (X) that is composed of n raindrops, which are randomly gen-
erated at a given interval. Each drop represents a feasible solution and has d dimensions. In na-
ture, drops falling into water form circular waves surrounding themselves (Fig. 2). 
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These waves are formed sequentially from the center outward. The distance between the 
waves is called wavelength (λ), which refers to the distance from the peak of the first wave to the 
drop in the center. This distance depends on the velocity of the wave (v). The λ and v do not 
change unless the frequency (f) changes. The v is equal to the ratio between the λ and the fre-
quency of the wave (Eq. 1). 

 

 
Fig. 2 Drops falling into water [42] 

𝑣𝑣 =
𝜆𝜆
𝑓𝑓

 (1) 

In nature, waves are reflected when they hit reflective materials and damped when they hit 
non-reflective materials. In the GDA, the property of reflection in waves is disregarded, but the 
property of damping is used. 

2.3 Motions of waves 

As illustrated in the pseudocode (Algorithm 1), the algorithm begins by initializing the parame-
ters d, hk, hmax, n and the maximum number of iterations Itermax. Here, hmax represents the maxi-
mum number of waves, while hk denotes the number of waves designated for a precise search. 
These parameters, which influence the search velocity, should be determined according to the 
type of problem. Then the objective function values are computed for the randomly generated 
population X, and the resulting objective function value (dbestval) and corresponding position vec-
tor (dbestpos) are stored for each drop. The global best values are recorded as gbestval and gbestpos. 
Subsequently, wave motions are initiated. The GDA algorithm incorporates four distinct types of 
wave motion, one of which is implemented as an optional mechanism.  

The first wave type corresponds to the motion of standard circular waves propagating 
around the drops (Fig. 3a). If the frequency is assumed to be 1 in Eq. 1, then λ and v become 
equal. In other words, once v is calculated, λ is effectively determined as well. As shown in Eq. 2, 
the value of v is first computed by dividing the position value of the center drop by the golden 
ratio. Then the value of v is both added to and subtracted from the position value of the center 
drop (Eq. 3). Thus, the points w+ in the positive direction and w- in the negative direction. In this 
way, the first circular wave is formed. The distance traveled by the wave, that is, λ, changes by an 
amount proportional to the golden ratio at the wave's current position. 

The objective function values are evaluated at these two points, and the better of the two is 
compared with dbestval. If an improved value is found, it is treated as a new drop, and the second 
type of wave motion is initiated. Otherwise, successive waves are generated using the same v 
value. The same procedure is repeated for each new wave. 
 

𝑣𝑣𝑖𝑖 =
𝑥𝑥𝑖𝑖
𝛷𝛷

 (2) 
 

𝑤𝑤𝑖𝑖−,𝑤𝑤𝑖𝑖+ = 𝑥𝑥𝑖𝑖 ± 𝑣𝑣𝑖𝑖  (3) 
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Algorithm 1 The pseudocode of GDA 
1 Set input parameters d, hk, hmax, n, Itermax 
2 Create the initial population 
3 Compute the objective function 
4 dbestval = The best objective function value of the xi 

dbestpos= The best position vector of the xi 
5 gbestval = The best objective function value of the X 

gbestpos= The best position vector of the X 
6 Compute v using Eq. 2 
7 While (Iter < Itermax) 
8 For i = 1:n 
9 If 1 < h < hk 

10 Calculate v using Eq. 7 
11 Else if hk ≤ h ≤ hmax 

12 viiter = viiter-1 
13 End if 
14 Update wi+ and wi- positions using Eq. 3 
15 Compute objective function values for wi+ and wi- 
16 Choose the better one as new objective function value Objnew 
17 If h > hmax then 
18 Update the xi using Eq. 5 and Eq. 6 
19 Compute objective function value Objnew 
20 Compute v using Eq. 2 
21 h = 1 
22 End if 
23 If Objnew < dbestval then 
24 Update the dbestval  and dbestpos vector 
25 Compute the v using Eq. 4 
26 Else 
27 h = h + 1 
28 End if 
29 If dbestval < gbestval 
30 Update the gbestval and gbestpos vector 
31 End if 
32 End for 
33 Iter = Iter + 1 
34 End while 

 
The second type of wave motion treats the newly identified drop as the new center point 

(Fig. 3b). A circular wave is then generated around this point; however, the corresponding v is 
smaller than that of the previous wave, as the golden ratio is applied to the distance between the 
previous drop and the current one. The value of v is computed using Eq. 4, which enables the 
GDA to perform more refined searches, thereby enhancing its local search capabilities. A new 
wave is generated by substituting the computed v value into Eq. 3. 
 

𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖−1

𝛷𝛷
 (4) 

 

The third type of wave motion is triggered following a damping condition (Fig. 3c). If the ob-
jective function does not improve after the generation of hmax consecutive waves, the current 
wave is considered damped, and a new drop falls into the water. The golden ratio of the distance 
between gbestpos and dbestpos is computed, as defined in Eq. 5, and this value is assigned as the new 
value of v. A new drop is then randomly generated within the interval [g-bestpos, g+bestpos], using this 
newly computed v value Eq. 6. The objective function value for the new drop is subsequently 
evaluated. Thereafter, the value v for the new drop is computed using Eq. 2, and the wave gener-
ation procedure restarts. 
 

𝑣𝑣𝑖𝑖 =
𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 − 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝛷𝛷
 (5) 

𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏− ,𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏+ = 𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ± 𝑣𝑣𝑖𝑖 (6) 
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The fourth wave type is an optional component of the algorithm, structurally similar to the first 
wave type (see Fig. 3a), but operating at lower velocities compared to the first and second wave 
types. This wave is particularly effective for conducting a more refined and precise search, com-
plementing the algorithm’s fast exploration capability by enhancing detailed local exploitation. The 
parameter p governs the velocity of this wave and is selected within the range (0, Φ − 1). Smaller 
values of p yield lower computed v values, resulting in the subsequent wave being generated clos-
er to the current one. After computing v using Eq. 7, a new wave is produced via Eq. 3, and poten-
tial solution points are generated along this wave in both positive and negative directions. 

 
𝑣𝑣𝑖𝑖 = 𝑥𝑥𝑖𝑖 × 𝑝𝑝 (7) 

 

 
Fig. 3a Motion type 1      Fig. 3b Motion type 2              Fig. 3c Motion type 3 

3. Experiments on CEC 2017 benchmark problems 
The GDA was tested using the CEC 2017 which is currently composed of 28 functions [43]. Two 
of these functions are unimodal; seven are multimodal; ten are hybrid, and nine are composition. 
More information about these functions is provided in Awad et al. [44]. The 10-dimensional 
(10D), 30-dimensional (30D), and 50-dimensional (50D) versions of these functions were 
solved. As in CEC 2017, the maximum number of function evaluations (MaxFES) was accepted as 
the stopping criterion of the algorithms and its value was used as 10,000 X D. The search range 
was [-100, 100]. Each function was executed independently 20 times for the 10D case, and 50 
times for both the 30D and 50D cases. The results obtained were compared with proven and 
popular algorithms, including GA, GWO and PSO [45]. 

The mean, standard deviation, and best values of the results are presented in Table 1 for 10D, 
Table 2 for 30D, and Table 3 for 50D, based on the functions and algorithms. As shown in Table 1, 
for the 10D case, the best results were obtained using GDA in 15 functions, GWO in 6 functions, 
and PSO and GA in 4 functions each. Among these, GDA was ranked first overall. Table 2 shows a 
similar trend. For 30D, the best results were achieved using GDA in 15 functions, GWO in 7 func-
tions, PSO in 5 functions, and GA in 1 function. Once again, GDA ranked first overall, and for the 
functions where it did not achieve the best result, the difference from the best-performing algo-
rithms was generally small. As presented in Table 3, for 50D, the best results were obtained with 
GDA in 12 functions, GWO in 10 functions, and PSO in 6 functions. In the 9 functions where GDA 
did not rank first, it secured second place. 
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 Table 1 Results of 10D problems 
 GDA GA GWO PSO 
Fn Mean Best Std Mean Best Std Mean Best Std Mean Best Std 
1 2.52E+03 1.08E+02 2.51E+03 9.89E+06 5.12E+06 3.90E+06 7.36E+07 2.32E+04 1.33E+08 2.64E+03 3.05E+02 3.56E+03 
3 3.40E+02 3.00E+02 6.43E+01 1.24E+04 3.68E+03 8.51E+03 2.61E+03 1.33E+03 1.72E+03 3.00E+02 3.00E+02 4.77E-14 
4 4.22E+02 4.00E+02 3.09E+01 4.12E+02 4.10E+02 2.54E+00 4.10E+02 4.05E+02 9.51E+00 4.17E+02 4.00E+02 2.89E+01 
5 5.38E+02 5.08E+02 1.55E+01 5.24E+02 5.20E+02 4.06E+00 5.11E+02 5.07E+02 4.39E+00 5.24E+02 5.10E+02 1.62E+01 
6 6.12E+02 6.00E+02 7.26E+00 6.09E+02 6.06E+02 2.93E+00 6.01E+02 6.01E+02 4.04E-01 6.06E+02 6.01E+02 7.06E+00 
7 7.44E+02 7.22E+02 1.78E+01 7.33E+02 7.24E+02 6.02E+00 7.24E+02 7.17E+02 1.04E+01 7.29E+02 7.23E+02 7.38E+00 
8 8.22E+02 8.07E+02 9.26E+00 8.14E+02 8.11E+02 4.57E+00 8.14E+02 8.09E+02 3.76E+00 8.20E+02 8.13E+02 5.92E+00 
9 1.04E+03 9.02E+02 1.27E+02 9.04E+02 9.02E+02 2.47E+00 9.10E+02 9.00E+02 1.33E+01 9.04E+02 9.01E+02 4.75E+00 
10 1.80E+03 1.14E+03 2.83E+02 1.60E+03 1.35E+03 2.57E+02 1.61E+03 1.45E+03 1.65E+02 1.79E+03 1.47E+03 2.79E+02 
11 1.17E+03 1.12E+03 4.95E+01 2.18E+03 1.11E+03 2.07E+03 1.15E+03 1.12E+03 4.29E+01 1.14E+03 1.13E+03 1.27E+01 
12 7.00E+03 3.08E+03 4.21E+03 5.09E+05 1.48E+05 3.17E+05 1.19E+06 3.84E+04 8.26E+05 7.02E+03 2.33E+03 4.49E+03 
13 8.94E+03 1.46E+03 8.84E+03 4.60E+04 7.39E+03 7.23E+04 8.86E+03 5.68E+03 2.79E+03 5.77E+03 2.21E+03 5.87E+03 
14 1.51E+03 1.46E+03 3.97E+01 1.11E+04 3.36E+03 8.09E+03 2.20E+03 1.45E+03 1.51E+03 2.74E+03 1.43E+03 2.24E+03 
15 3.08E+03 1.89E+03 1.11E+03 4.07E+03 1.83E+03 2.63E+03 5.13E+03 3.24E+03 1.32E+03 7.81E+03 2.65E+03 4.31E+03 
16 1.83E+03 1.60E+03 1.23E+02 1.77E+03 1.70E+03 4.82E+01 1.71E+03 1.61E+03 7.47E+01 1.87E+03 1.79E+03 1.04E+02 
17 1.76E+03 1.73E+03 2.44E+01 1.75E+03 1.74E+03 2.17E+00 1.76E+03 1.72E+03 5.97E+01 1.74E+03 1.74E+03 4.91E+00 
18 7.55E+03 1.97E+03 7.32E+03 1.10E+04 3.17E+03 5.67E+03 1.70E+04 5.60E+03 1.19E+04 1.86E+04 2.71E+03 1.68E+04 
19 3.29E+03 1.92E+03 1.82E+03 5.49E+03 2.16E+03 2.73E+03 4.82E+03 1.94E+03 4.89E+03 2.12E+04 2.51E+03 3.02E+04 
20 2.12E+03 2.02E+03 7.09E+01 2.04E+03 2.03E+03 8.81E+00 2.14E+03 2.11E+03 4.47E+01 2.14E+03 2.12E+03 2.40E+01 
21 2.24E+03 2.20E+03 5.60E+01 2.28E+03 2.22E+03 4.17E+01 2.30E+03 2.29E+03 3.26E+00 2.30E+03 2.29E+03 6.62E+00 
22 2.30E+03 2.22E+03 2.28E+01 2.32E+03 2.31E+03 2.74E+00 2.31E+03 2.30E+03 8.39E+00 2.31E+03 2.30E+03 1.86E+01 
23 2.64E+03 2.61E+03 1.91E+01 2.65E+03 2.63E+03 1.18E+01 2.61E+03 2.61E+03 5.53E+00 2.64E+03 2.63E+03 7.35E+00 
24 2.76E+03 2.50E+03 8.31E+01 2.71E+03 2.57E+03 1.01E+02 2.73E+03 2.69E+03 2.86E+01 2.74E+03 2.72E+03 2.65E+01 
25 2.93E+03 2.90E+03 2.25E+01 2.95E+03 2.93E+03 1.25E+01 2.94E+03 2.93E+03 9.50E+00 2.92E+03 2.90E+03 2.53E+01 
26 3.10E+03 2.80E+03 3.26E+02 2.90E+03 2.74E+03 1.76E+02 3.21E+03 2.96E+03 3.73E+02 2.90E+03 2.82E+03 7.15E+01 
27 3.11E+03 3.10E+03 1.61E+01 3.15E+03 3.11E+03 3.64E+01 3.11E+03 3.09E+03 3.50E+01 3.13E+03 3.10E+03 3.14E+01 
28 3.38E+03 3.17E+03 1.22E+02 3.22E+03 3.14E+03 1.54E+02 3.31E+03 3.18E+03 8.72E+01 3.27E+03 3.16E+03 8.36E+01 
29 3.27E+03 3.17E+03 6.51E+01 3.22E+03 3.18E+03 3.54E+01 3.24E+03 3.18E+03 7.81E+01 3.24E+03 3.16E+03 7.12E+01 
Rank  1   4   2   3  

 
Table 2 Results of 30D problems 

 GDA GA GWO PSO 
Fn Mean Best Std Mean Best Std Mean Best Std Mean Best Std 
1 2.92E+08 4.67E+06 4.79E+08 1.49E+08 1.11E+08 4.18E+07 1.39E+09 2.29E+08 1.93E+09 1.17E+09 3.14E+03 2.40E+09 
3 1.71E+04 2.34E+03 1.23E+04 1.40E+05 1.06E+05 4.30E+04 3.48E+04 3.04E+04 3.56E+03 2.66E+04 1.90E+04 7.10E+03 
4 6.11E+02 5.09E+02 5.66E+01 7.53E+02 7.10E+02 3.05E+01 5.53E+02 5.07E+02 3.28E+01 5.97E+02 5.06E+02 1.17E+02 
5 6.63E+02 5.99E+02 3.77E+01 6.70E+02 6.28E+02 4.00E+01 6.02E+02 5.68E+02 2.95E+01 6.11E+02 5.91E+02 2.90E+01 
6 6.44E+02 6.24E+02 9.79E+00 6.25E+02 6.19E+02 4.34E+00 6.10E+02 6.04E+02 5.04E+00 6.39E+02 6.29E+02 8.68E+00 
7 1.01E+03 8.47E+02 7.33E+01 9.29E+02 8.96E+02 3.40E+01 8.61E+02 8.02E+02 4.15E+01 8.55E+02 8.37E+02 1.80E+01 
8 9.38E+02 8.54E+02 3.32E+01 9.56E+02 9.43E+02 1.58E+01 8.78E+02 8.72E+02 5.47E+00 9.04E+02 8.94E+02 1.04E+01 
9 3.82E+03 1.99E+03 1.04E+03 1.23E+03 1.05E+03 1.70E+02 1.88E+03 1.43E+03 5.51E+02 3.11E+03 1.92E+03 1.20E+03 
10 3.67E+03 1.59E+03 8.68E+02 5.51E+03 5.13E+03 3.87E+02 4.38E+03 3.97E+03 2.91E+02 4.59E+03 4.40E+03 2.97E+02 
11 1.29E+03 1.18E+03 7.85E+01 7.85E+03 2.99E+03 5.10E+03 2.02E+03 1.34E+03 1.23E+03 1.23E+03 1.20E+03 2.39E+01 
12 4.90E+06 2.41E+04 5.75E+06 6.43E+06 4.45E+06 1.85E+06 4.40E+07 4.27E+06 3.94E+07 2.15E+06 2.32E+05 1.79E+06 
13 3.76E+04 6.17E+03 2.69E+04 9.97E+06 2.70E+06 8.25E+06 6.32E+05 7.65E+04 9.21E+05 2.73E+04 1.14E+04 2.36E+04 
14 5.23E+04 2.48E+03 4.52E+04 1.68E+06 2.78E+05 1.21E+06 4.46E+05 2.89E+04 4.83E+05 1.59E+04 2.89E+03 1.17E+04 
15 1.36E+04 2.76E+03 1.10E+04 7.98E+05 1.47E+05 7.71E+05 1.32E+07 8.23E+04 2.48E+07 4.24E+03 1.85E+03 2.65E+03 
16 2.95E+03 2.01E+03 3.64E+02 2.74E+03 2.44E+03 2.89E+02 2.40E+03 2.27E+03 1.19E+02 2.72E+03 2.53E+03 2.26E+02 
17 2.38E+03 1.87E+03 2.86E+02 2.09E+03 2.05E+03 4.65E+01 1.90E+03 1.79E+03 1.15E+02 2.24E+03 2.04E+03 2.44E+02 
18 3.78E+05 1.09E+04 6.10E+05 3.04E+06 2.38E+06 9.82E+05 3.51E+05 6.58E+04 4.03E+05 1.15E+05 8.18E+04 2.44E+04 
19 1.10E+04 2.04E+03 2.12E+04 1.35E+06 5.35E+05 8.10E+05 3.37E+06 5.94E+04 5.16E+06 3.75E+04 7.63E+03 5.09E+04 
20 2.52E+03 2.17E+03 1.70E+02 2.41E+03 2.36E+03 3.72E+01 2.33E+03 2.18E+03 1.22E+02 2.47E+03 2.42E+03 7.31E+01 
21 2.45E+03 2.35E+03 5.04E+01 2.46E+03 2.44E+03 3.13E+01 2.38E+03 2.35E+03 2.05E+01 2.41E+03 2.40E+03 1.41E+01 
22 3.32E+03 2.34E+03 1.70E+03 2.64E+03 2.58E+03 5.69E+01 2.64E+03 2.53E+03 1.56E+02 4.48E+03 2.43E+03 1.90E+03 
23 2.97E+03 2.78E+03 1.00E+02 2.93E+03 2.90E+03 3.72E+01 2.74E+03 2.72E+03 1.54E+01 2.86E+03 2.83E+03 3.39E+01 
24 3.13E+03 2.94E+03 8.45E+01 3.17E+03 3.09E+03 7.02E+01 2.91E+03 2.90E+03 7.69E+00 3.09E+03 3.02E+03 7.10E+01 
25 2.98E+03 2.90E+03 4.34E+01 3.07E+03 3.06E+03 1.11E+01 2.98E+03 2.94E+03 4.39E+01 2.89E+03 2.89E+03 1.00E+01 
26 5.56E+03 2.93E+03 1.13E+03 4.27E+03 3.94E+03 3.12E+02 4.41E+03 4.08E+03 3.75E+02 4.65E+03 3.55E+03 1.16E+03 
27 3.32E+03 3.23E+03 5.73E+01 3.42E+03 3.36E+03 4.64E+01 3.24E+03 3.23E+03 9.51E+00 3.27E+03 3.23E+03 3.11E+01 
28 3.38E+03 3.25E+03 4.99E+01 3.51E+03 3.47E+03 4.51E+01 3.52E+03 3.35E+03 2.85E+02 3.29E+03 3.18E+03 1.38E+02 
29 4.20E+03 3.60E+03 3.18E+02 4.15E+03 3.82E+03 2.91E+02 3.72E+03 3.65E+03 7.67E+01 4.04E+03 3.88E+03 1.60E+02 
Rank  1   4   2   3  
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Table 3 Results of 50D problems 
 GDA GA GWO PSO 
Fn Mean Best Std Mean Best Std Mean Best Std Mean Best Std 
1 4.91E+09 3.15E+07 4.04E+09 8.65E+09 8.24E+09 5.21E+08 7.78E+09 5.61E+09 2.16E+09 2.11E+09 8.65E+08 8.78E+08 
3 3.63E+04 1.33E+04 1.37E+04 2.19E+05 1.83E+05 2.91E+04 1.08E+05 9.50E+04 1.11E+04 1.20E+05 9.05E+04 2.96E+04 
4 7.51E+02 5.44E+02 1.63E+02 1.35E+03 1.17E+03 1.29E+02 1.27E+03 9.61E+02 2.67E+02 9.24E+02 6.41E+02 4.54E+02 
5 8.72E+02 7.46E+02 6.40E+01 8.26E+02 8.01E+02 2.09E+01 6.88E+02 6.65E+02 2.55E+01 7.41E+02 6.95E+02 4.17E+01 
6 6.61E+02 6.43E+02 1.04E+01 6.40E+02 6.29E+02 9.09E+00 6.19E+02 6.14E+02 5.93E+00 6.44E+02 6.42E+02 2.25E+00 
7 1.66E+03 1.33E+03 1.11E+02 1.21E+03 1.15E+03 4.86E+01 1.01E+03 9.93E+02 1.69E+01 1.12E+03 9.91E+02 1.44E+02 
8 1.23E+03 1.04E+03 9.10E+01 1.18E+03 1.15E+03 2.41E+01 9.95E+02 9.66E+02 2.80E+01 1.01E+03 9.78E+02 4.37E+01 
9 1.72E+04 7.32E+03 8.19E+03 1.07E+04 8.87E+03 1.90E+03 5.84E+03 5.10E+03 8.19E+02 8.67E+03 8.04E+03 8.27E+02 
10 9.89E+03 6.11E+03 2.20E+03 1.05E+04 1.00E+04 4.38E+02 7.94E+03 6.18E+03 2.97E+03 7.22E+03 6.95E+03 3.03E+02 
11 3.00E+03 1.37E+03 1.58E+03 2.01E+04 1.19E+04 6.41E+03 5.28E+03 3.25E+03 2.75E+03 1.58E+03 1.35E+03 2.18E+02 
12 5.14E+07 4.40E+06 5.24E+07 1.70E+08 5.37E+07 8.21E+07 7.97E+08 1.25E+08 6.95E+08 1.34E+09 1.06E+07 1.84E+09 
13 3.99E+05 1.83E+04 1.87E+06 3.46E+07 2.25E+07 1.09E+07 2.97E+08 1.35E+08 3.09E+08 3.97E+08 4.26E+04 5.03E+08 
14 2.06E+06 1.19E+05 3.72E+06 9.34E+06 4.60E+06 4.98E+06 9.60E+05 7.49E+04 7.45E+05 4.78E+05 1.72E+05 2.50E+05 
15 4.15E+04 5.70E+03 3.38E+04 7.15E+06 2.43E+06 5.94E+06 4.96E+06 3.55E+04 5.84E+06 9.30E+03 2.57E+03 7.06E+03 
16 4.03E+03 2.37E+03 5.91E+02 3.61E+03 3.04E+03 4.62E+02 3.11E+03 2.80E+03 4.04E+02 3.13E+03 2.81E+03 3.79E+02 
17 3.58E+03 2.51E+03 4.25E+02 3.32E+03 3.11E+03 1.93E+02 2.81E+03 2.70E+03 1.71E+02 3.13E+03 2.95E+03 2.33E+02 
18 9.50E+05 1.96E+05 6.48E+05 7.90E+06 2.83E+06 7.67E+06 4.77E+06 9.10E+05 4.62E+06 6.88E+05 2.93E+05 3.93E+05 
19 2.81E+04 3.67E+03 1.54E+04 8.27E+05 6.47E+05 2.29E+05 9.70E+05 4.75E+05 4.36E+05 3.29E+05 2.74E+03 4.00E+05 
20 3.34E+03 2.47E+03 4.15E+02 3.00E+03 2.94E+03 7.55E+01 2.55E+03 2.37E+03 1.96E+02 3.10E+03 2.75E+03 2.40E+02 
21 2.62E+03 2.49E+03 6.66E+01 2.68E+03 2.66E+03 1.87E+01 2.49E+03 2.44E+03 3.55E+01 2.60E+03 2.54E+03 6.94E+01 
22 1.01E+04 2.38E+03 2.05E+03 7.89E+03 3.75E+03 4.66E+03 7.93E+03 6.92E+03 7.53E+02 8.67E+03 7.86E+03 6.56E+02 
23 3.82E+03 3.31E+03 2.28E+02 3.26E+03 3.15E+03 9.68E+01 2.98E+03 2.91E+03 8.44E+01 3.28E+03 3.22E+03 5.85E+01 
24 3.59E+03 3.23E+03 1.80E+02 3.55E+03 3.52E+03 5.78E+01 3.16E+03 3.07E+03 8.22E+01 3.38E+03 3.24E+03 1.23E+02 
25 3.21E+03 3.06E+03 6.32E+01 3.88E+03 3.79E+03 8.24E+01 3.87E+03 3.70E+03 1.80E+02 3.10E+03 3.06E+03 4.11E+01 
26 1.26E+04 7.33E+03 1.65E+03 8.18E+03 6.59E+03 1.78E+03 6.09E+03 5.76E+03 3.43E+02 7.45E+03 6.96E+03 4.44E+02 
27 4.01E+03 3.50E+03 2.96E+02 4.26E+03 4.16E+03 9.48E+01 3.58E+03 3.54E+03 4.03E+01 3.58E+03 3.36E+03 2.04E+02 
28 3.71E+03 3.39E+03 1.84E+02 4.76E+03 4.55E+03 1.86E+02 4.22E+03 4.00E+03 2.48E+02 3.78E+03 3.51E+03 3.13E+02 
29 6.13E+03 4.46E+03 6.49E+02 5.70E+03 5.44E+03 3.72E+02 4.63E+03 4.45E+03 2.04E+02 4.60E+03 4.40E+03 1.35E+02 
Rank  1   4   2   3  
 

The differences between the best values yielded by the algorithms and the optimum values of 
the functions (i.e., the error values) were computed. The sums of the error values for 10D, 30D 
and 50D for all types of functions are presented in Table 4. As shown in Fig. 4a, an analysis of the 
error sums indicates that GDA exhibits the lowest error sum in unimodal, hybrid, and composite 
functions, while in multimodal functions, it achieves the lowest error sum following GWO. The 
algorithm's run time was also analyzed. As illustrated in Fig. 4b, the average run time was 0.214 
seconds for 10D functions, 0.818 seconds for 30D functions, and 6.580 seconds for 50D func-
tions. Furthermore, rapid convergence was observed across all function types for 10D, 30D, and 
50D cases (Figs. 5a and 5b, 6a and 6b, 7a and 7b). 

 
Table 4 Total errors by function type 

Algorithm Unimodal Multimodal Hybrid Composition 
GDA 3.61E+07 1.51E+04 4.78E+06 1.67E+04 
GA 8.36E+09 2.44E+04 9.74E+07 2.36E+04 

GWO 5.84E+09 1.49E+04 2.66E+08 2.23E+04 
PSO 8.65E+08 1.94E+04 1.14E+07 2.32E+04 

 

 
       Fig. 4a Total errors by function type          Fig. 4b Run times by function dimension 
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Fig. 5a 10D convergence graphs for f(1)-f(15) 

 

 
Fig. 5b 10D convergence graphs for f(16)-f(29) 
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Fig. 6a 30D convergence graphs for f(1)-f(15) 

 
 

 
Fig. 6b 30D convergence graphs for f(16)-f(29) 

 
The error values were first analyzed using the Friedman test and then using the Wilcoxon 

signed rank test to investigate whether the GDA had a statistically significant difference. Across 
all 10D, 30D, and 50D groups, the results of the Friedman test indicated that GDA had the lowest 
rank value. Similarly, according to the Wilcoxon signed-rank test, GDA was significantly different 
from the other algorithms and exhibited a lower error value (Table 5). 
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Fig. 7a 50D convergence graphs for f(1)-f(15) 

 
 

 
Fig. 7b 50D convergence graphs for f(16)-f(29) 

 
Table 5 Results of statistical analysis 

 10 D 30 D 50 D 
Algorithm Friedman 

test 
Wilcoxon test 

(p-values) 
Friedman 

test 
Wilcoxon test 

(p-values) 
Friedman 

test 
Wilcoxon test 

(p-values) 
GDA 1.61 - 1.68 - 1.96  
GWO 2.57 0.000 2.29 0.005 2.18 0.027 
PSO 2.75 0.002 2.39 0.010 2.25 0.026 
GA 3.07 0.001 3.64 0.000 3.61 0.000 
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4. Experiments on engineering design problems 
To assess whether the GDA is an effective optimization approach, it was applied to three well-
known engineering design problems: welded beam design, pressure vessel design, and compres-
sion spring design. The performance of GDA was benchmarked against that of GA, GWO, and 
PSO, using the results reported by Dehghani et al. for comparison [46]. It was also compared 
with CMA-ES and DE, using the results reported by Amiri et al. for CMA-ES and by Debnath et al. 
for DE [47, 48]. 

The welded beam design problem is a structural optimization benchmark that focuses on 
minimizing the total cost of a welded beam subject to mechanical constraints such as maximum 
stress, deflection, buckling, and weld strength (Fig. 8). It includes four decision variables: weld 
size (h), weld length (l), and cross-sectional dimensions of the beam (b, t). Deb provided one of 
the most cited and complete formulations of this problem, which remains widely used [49]. 
More recently, modern metaheuristic studies have revisited this problem to test multi-objective 
and constraint-handling capabilities in challenging search spaces [50]. 
 

 
Fig. 8 Technical illustration of the welded beam design problem 

 
As shown in Table 6, the results of the welded beam design problem solved using the GDA are 

compared with those of other optimization algorithms. GDA outperformed the competing algo-
rithms by achieving a lower objective function value. The optimal solution found by GDA corre-
sponds to a cost of 1.72486, attained at the parameter vector (0.20573, 3.47045, 9.03659, 
0.20573). 

The pressure vessel design problem is a classical benchmark in engineering optimization, ex-
tensively used to evaluate the performance of metaheuristic algorithms. The objective is to min-
imize the total cost of constructing a cylindrical vessel subject to various constraints, including 
material thickness, internal pressure, volume requirements, and manufacturability (Fig. 9). The 
design variables typically include shell thickness (Ts), head thickness (Th), inner radius (R), and 
vessel length (L). While this problem was first formally structured and popularized in the early 
2000s [51], recent studies continue to employ it to benchmark hybrid and nature-inspired opti-
mization algorithms due to its nonlinear, mixed-integer characteristics [52]. 
 

Table 6 Comparative results for the welded beam design problem 
Algorithms Best Mean Worst Std. Dev. Rank h l t b 
GDA 1.72486 1.75233 1.82173 0.02673 1 0.20573 3.47045 9.03659 0.20573 
GA 1.83625 1.86353 2.03525 0.13949 5 0.20649 3.63587 10 0.20325 
GWO 1.72547 1.72968 1.74165 0.00487 4 0.20561 3.4721 9.04093 0.20571 
PSO 1.87397 2.11924 2.32013 0.03482 6 0.16417 4.03254 10 0.22365 
CMA-ES 1.7249 1.7934 2.3189 0.13205 3 N/A N/A N/A N/A 
DE 1.7249 N/A N/A 0.00000 2 0.20573 3.47049 9.03366 0.20573 

 

 
Fig. 9 Technical illustration of the pressure vessel design problem 
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Table 7 Comparative results for the pressure vessel design problem 
Algorithms Best Mean Worst Std. Dev. Rank Ts Th R L 
GDA 5,885.33 6,388.5 6,836.4 271.22 1 0.7782 0.3846 40.3196 200 
GA 6,550.02 6,643.99 8,005.44 657.52 6 1.0995 0.9066 44.4564 179.6589 
GWO 6,011.51 6,477.31 7,250.92 327.01 3 0.8457 0.4186 43.8163 156.3816 
PSO 5,890.33 6,264.01 7,005.75 496.13 2 0.7524 0.3995 40.4525 198.0027 
CMA-ES 6,059.7 6,534.1 7,368.1 524.75 5 N/A N/A N/A N/A 
DE 6,059.7 N/A N/A 31,698 4 0.8125 0.4375 42.0985 176.636 

 
As shown in Table 7, the GDA outperformed other optimization algorithms in solving the 

pressure vessel design problem by yielding a lower total cost. The optimal solution was obtained 
at the parameter vector (0.7782, 0.3846, 40.3196, 200), resulting in an objective function value 
of 5,885.33. 

The spring design problem aims to minimize the weight (or volume) of a compression spring 
while satisfying stress, deflection, and geometric constraints (Fig. 10). The design involves se-
lecting the wire diameter (d), mean coil diameter (D), and number of active coils (n). It has been 
extensively studied as a constrained nonlinear optimization problem in foundational texts [53]. 
In recent years, it has been revisited using chaos-enhanced and hybrid optimization algorithms 
due to its complex constraint interactions and multiple local optima [54]. The simplicity of the 
objective combined with complex feasible regions makes it a preferred test case in algorithm 
development. 

 
Fig. 10 Technical illustration of the compression spring design problem 

 

Table 8 presents a comparison of the results obtained from solving the compression spring 
design problem using the GDA and those obtained by other algorithms. CMA-ES achieved a 
slightly lower weight value compared to the other algorithms and GDA; however, the result ob-
tained by CMA-ES is very close to that of GDA. Specifically, using GDA, a weight of 0.01268 was 
obtained at the solution point with parameter values (0.05142, 0.35002, 11.69855). 

Based on the results of these three engineering design problems, it can be concluded that the 
GDA is effective in obtaining optimal or near-optimal solutions. Furthermore, it demonstrates 
competitive performance not only in terms of the best solution but also with respect to the aver-
age, worst-case values, and standard deviation. 
 

Table 8 Comparative results for the compression spring design problem 
Algorithms Best Mean Worst Std. Dev. Rank d D n 
GDA 0.01268 0.01374 0.01678 0.00093 2 0.05142 0.35002 11.69855 
GA 0.01278 0.01307 0.01521 0.00038 3 0.05025 0.31635 15.2396 
GWO 0.01282 0.01446 0.01784 0.00162 4 0.05 0.31596 14.22623 
PSO 0.01304 0.01404 0.01625 0.00207 5 0.0501 0.31011 14 
CMA-ES 0.01267 0.01349 0.01777 0.00124 1 N/A N/A N/A 
DE 0.0318 N/A N/A 0.00000 6 1.4194 0.4809 14.7014 

5. Conclusion 
This study proposes an algorithm called GDA, which is inspired by the propagation of circular 
waves formed by raindrops falling into water. The motion of the waves is associated with the 
ancient golden ratio, which is also considered mysterious. This is an algorithm that can achieve 
success quickly. The GDA is a practical algorithm that is easy to understand and easy to imple-
ment. The computational steps are short, and there are few parameters to be used. 
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The proposed algorithm was tested using the 10D, 30D, and 50D CEC 2017 functions, which 
comprise 28 single-objective, real-parameter numerical optimization problems. It was found 
that the algorithm converges quickly and achieves successful results across all 10D, 30D, and 
50D functions. The algorithm’s performance is compared with popular and practical algorithms 
such as the GA, GWO and PSO. In unimodal, hybrid, and composite functions, the lowest error 
sum was achieved using the GDA. In multimodal functions, it was the second algorithm after the 
GWO. In 50 % of the 10D, 30D, and 50D functions, GDA ranked first, while in 32 % of the func-
tions, it secured second place. 

The performance of optimization algorithms may vary depending on the type of test func-
tions. Success on unimodal functions typically reflects convergence capability, whereas success 
on multimodal functions indicates the algorithm's ability to avoid getting trapped in local opti-
ma. In contrast, strong performance on hybrid and composition functions demonstrates both the 
ability to escape local optima and the algorithm's balance between exploration and exploitation 
strategies [55, 56]. 

From this perspective, the GDA yielded successful results across all four function categories. 
Therefore, it can be concluded that the algorithm exhibits satisfactory convergence behavior, 
strong local optima avoidance, and a well-balanced search strategy. 

Furthermore, the GDA produced promising results in three well-established engineering de-
sign problems: welded beam design, pressure vessel design, and compression spring design, 
thereby validating its practical applicability to real-world optimization tasks. The results ob-
tained using GDA for these three engineering problems were compared not only with GA, GWO, 
and PSO, but also with the well-established CMA-ES and DE algorithms. For the spring design 
problem, the result obtained by GDA was slightly behind CMA-ES by a very small margin, where-
as for the other problems, GDA achieved the best solutions. 

Globally considered, it can be said that the GDA is a competitive algorithm. In prospective 
studies, the algorithm can be applied to multi-objective optimization problems, discrete optimi-
zation problems, and special-purpose studies. In this sense, GDA can be a good method that can 
potentially enrich this field of research. 
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A B S T R A C T A R T I C L E   I N F O 
Abrasive water jet technology is an advanced machining method that com-
bines high-pressure water jet with solid abrasives. Owing to its unique cold-
processing characteristics, high flexibility, and environmental bebefits, it has 
been widely applied in aerospace, medical devices, microelectronics, defense 
and other fields. Focusing on alumina ceramic plates, this study systematically 
investigates abrasive water jet (AWJ) milling through an integrated experi-
mental and modeling approach. The research framework consists of three 
main phases: the development of an experimental design for abrasive water 
jet milling of alumina ceramics; systematic parameter optimization using 
single-factor and orthogonal array experiments, with material removal rate 
and milling depth as key performance indicators; and the application of a 
radial basis function (RBF) neural network model for milling depth pre-
diction. The experimental results demonstrate that optimal parameter com-
binations improve machining efficiency by 38 % compared to baseline condi-
tions. The developed RBF model achieves exceptional predictive accuracy, 
with maximum absolute and relative errors of 0.30 mm and 18.8 %, respec-
tively, and a mean absolute error of 12.01 % across validation trials. This 
work provides a theoretical foundation for precision machining of advanced 
ceramics while demonstrating a viable pathway toward intelligent process 
optimization in AWJ technology. 

 Keywords: 
Abrasive water jet (AWJ); 
Milling; 
Alumina ceramic; 
Precision machining; 
Material removal rate; 
Single-factor experiment; 
Orthogonal array; 
RBF neural network 

*Corresponding author: 
fengyetao917@163.com 
(Feng, Y.T.) 

Article history: 
Received 16 June 2025 
Revised 30 August 2025 
Accepted 3 September 2025 

Content from this work may be used under the terms of 
the Creative Commons Attribution 4.0 International 
Licence (CC BY 4.0). Any further distribution of this work 
must maintain attribution to the author(s) and the title of 
the work, journal citation and DOI.

1. Introduction
Abrasive Water jet (AWJ) technology is an advanced machining method that integrates high-
pressure water jet with solid abrasives. Owing to its unique cold-processing characteristics, high 
flexibility, and environmental benefits, it has been widely adopted in aerospace, medical devices, 
microelectronics, and defense industries. As industrial materials evolve toward high hardness, 
high-temperature resistance, and brittleness, the limitations of conventional pure water jet 
technology have become increasingly apparent—such as the reliance on ultra-high pressure for 
machining hard materials (leading to prohibitive equipment costs) and low processing efficien-
cy. By introducing abrasive particles into high-velocity water jets, AWJ significantly enhances jet 
penetration capability and material removal efficiency while avoiding thermal damage and sur-
face deformation, making it ideal for processing complex materials (e.g., composites, titanium 
alloys, ceramics). However, challenges persist, including severe nozzle wear, high energy con-
sumption, and substantial capital investment, particularly in high-precision machining of brittle 
materials like ceramics, where surface roughness control, material removal modeling, and pro-
cess parameter optimization remain critical yet unresolved issues. 
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While AWJ technology has achieved notable progress in metal and composite machining, key 
bottlenecks remain in the efficient precision milling of high-hardness brittle ceramics such as 
alumina. First, the strong nonlinear coupling between brittle material removal mechanisms and 
process parameters cannot be adequately captured by traditional single-factor experi-
ments. Second, surface integrity control and depth prediction in ceramic machining lack reliable 
models, as existing studies predominantly rely on empirical formulas with limited generalizabil-
ity. Third, systematic process databases for AWJ milling of alumina ceramics remain underde-
veloped, hindering industrial adoption. To address these challenges, this study focuses on alu-
mina ceramic plates and employs a hybrid experimental-machine learning approach to over-
come these limitations. 

This study systematically investigates the AWJ milling process for alumina ceramics, with the 
following key innovations: 

• By integrating single-factor and orthogonal array experiments, the dynamic influence hi-
erarchy of five critical parameters (water jet pressure, abrasive flow rate, nozzle traverse 
speed, standoff distance, and lateral feed) on material removal rate (MRR) and milling 
depth is elucidated. For instance, the parameter hierarchy for MRR is identified as water 
jet pressure > abrasive flow > nozzle speed > standoff distance > lateral feed, transcending 
the constraints of conventional single-parameter optimization. 

• An optimal parameter combination (water jet pressure: 260 MPa, abrasive flow: 240 
g/min, standoff distance: 20 mm, etc.) is proposed for brittle alumina ceramics, demon-
strating the feasibility of AWJ in precision ceramic machining and filling a critical gap in 
applied research. 

• A nonlinear prediction model for milling depth is innovatively developed using a Radial 
Basis Function (RBF) neural network. Compared to traditional Backpropagation (BP) net-
works, the RBF model exhibits superior generalization capabilities on small datasets, 
achieving a maximum relative error of 17 % and a mean absolute error of 12.01 %, there-
by advancing intelligent process optimization tools. 

• This work establishes an integrated research framework of "experimental data acquisition 
→ parameter optimization → RBF modeling → process validation" for AWJ milling of alumi-
na ceramics. By synergizing experimental insights with artificial intelligence, it explores the 
influence mechanisms of multi-parameter interactions on machining performance and de-
livers a neural network-based depth prediction model. The outcomes provide theoretical 
foundations and technical solutions for efficient precision machining of ceramics, accelerat-
ing the evolution of AWJ technology toward intelligent and high-precision applications. 

2. Related work 
Abrasive Water Jet Machining has been extensively studied for its capability in precision pro-
cessing diverse materials. In foundational machinability research, Alberdi et al. redefined the 
separation velocity criterion by evaluating the machinability index, revealing significantly higher 
Nm values for carbon fiber composites than metals with notable variations between composites 
[1]. Concurrently, Uthayakumar et al. identified water jet pressure as the most critical factor 
affecting surface morphology in nickel-based superalloys [2]. Regarding key process parameters, 
Khan and Haque demonstrated that abrasive hardness dictates kerf width and taper during glass 
machining [3], while Azmir and Ahsan’s Taguchi analysis showed water pressure as the domi-
nant factor for surface roughness and abrasive type for taper ratio in glass/epoxy composites [4]. 
Supriya and Srinivas emphasized that high water pressure and abrasive flow rate enhance cut 
depth and surface finish in stainless steel [5], and Begic-Hajdarevic et al. optimized parameter 
sets for aluminum balancing productivity and surface quality [6]. 

For quality prediction and improvement, Hlaváč et al. established a theoretical model linking 
striation deflection angle (θ) to predict maximum cutting speed, with head tilting improving wall 
quality [7]. Chen and Siores attributed striations to wavelike kinetic energy distribution of abra-
sives and developed an oscillation technique to increase smooth-zone depth by 30-40 % [8]. 
Chen et al. further applied forward head oscillation in ceramic cutting, noting 70-75 ° impact 
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angles eliminated trailing striations [9]. Yuvaraj and Kumar corroborated that a 70 ° jet angle 
better preserved surface integrity in AISI D2 steel versus conventional 90 ° [10]. 

Studies on specialty materials include research in which Perec identified olivine and crushed 
glass as cost-effective alternatives to garnet for titanium cutting [11], Niranjan et al. validated the 
applicability of abrasive waterjet machining for AZ91 magnesium alloy [12], Kong et al. demon-
strated deep milling of NiTi shape-memory alloys [13], Hocheng and Chang derived a 2.5-power 
relationship between ceramic material removal rate and abrasive velocity, showing that fine abra-
sives combined with high pressure yield grinding-like surface finishes [14], and Zhu et al. achieved 
ductile-mode polishing of hard-brittle materials to nanoscale surface roughness under low pres-
sure and shallow erosion angles [15]. 

Cost control strategies were advanced by Kantha Babu and Krishnaiah Chetty, who optimized 
garnet recycling for aluminum by removing sub-90 μm particles and replenishing at 60 % [16]. 
Emerging technologies encompass eco-friendly ice jet machining proposed by Gupta et al. [17], 
the optimization of gelatin-bound abrasive water suspension jet (AWSJM) machining by Patel 
and Tandon [18], Akkurt's geometric characterization of brass cutting fronts [19], Selvan and 
Raju's analysis of cast iron cutting under varying traverse speeds and standoff distances [20], 
and solutions for precision cutting of stainless and hardened steels with thicknesses exceeding 
10 mm proposed by Hlaváč et al. [21]. 

Radial basis function (RBF) neural networks continue to evolve and demonstrate broad appli-
cability across diverse domains. Notable advances include the Generalized Growing and Pruning 
RBF (GGAP-RBF) proposed by Huang et al., which introduces neuron significance to enable effici-
ent structural adaptation and improved function approximation over existing sequential learning 
methods [22], and the multi-label RBF (ML-RBF) developed by Zhang, which employs per-class 
clustering and global weight optimization to capture label correlations, achieving higher accuracy 
and training speeds exceeding those of BP-MLL by more than two orders of magnitude [23]. 

Recent advancements in intelligent algorithms have demonstrated potent capabilities in 
modeling and optimizing complex engineering problems, extending far beyond the realm of AWJ 
technology. In the fields of localization and transportation, Li et al. proposed a UWB-INS fusion 
positioning approach based on an extended Kalman filter and a two-level error compensation 
model to improve localization accuracy in GNSS-denied environments. By combining inertial 
navigation data with UWB measurements and applying wavelet-based prefiltering, their method 
significantly enhanced positioning accuracy and stability, particularly during changes in vehicle 
motion states [24]. Leon-Medina et al. introduced a bio-inspired topology optimization approach 
based on bacterial chemotaxis to minimize structural compliance in non-derivative search spac-
es. The method demonstrated mesh-independent solutions and performance comparable to es-
tablished evolutionary optimization techniques [25]. Yang et al. integrated the Sparrow Search 
Algorithm (SSA) with Backpropagation Neural Networks (BP), leveraging SSA's global search 
capability to optimize the BP network. This SSA-BP approach was successfully applied to cloud-
based vehicle driving behavior recognition, achieving low identification error, a driving-
behavior-based fuel consumption evaluation model with 89.216 % prior accuracy, and approxi-
mately 98 % regression fit, offering novel insights for intelligent driving and traffic safety man-
agement [26]. Shweta et al. developed a low-cost IoT-based monitoring framework for solar 
photovoltaic power plants using Sigfox LPWAN communication and sensor data analytics, com-
bined with feature selection and deep learning techniques to detect faults and estimate potential 
energy and energy losses [27]. Lv et al. employed Reinforcement Learning to address the Flexi-
ble Job-shop Scheduling Problem with Parallel Operations, which captures the synchronization 
of multiple preceding operations in real manufacturing systems. Their approach is based on an 
Attention Restart mechanism integrated with Heterogeneous Graph Attention Networks to 
model complex relationships between operations and machines [28]. Song and Huo investigated 
manufacturing quality control using ultrasonic nondestructive testing data by integrating ma-
chine learning techniques, specifically a wavelet neural network optimized with genetic algo-
rithms. Their approach improved defect prediction accuracy and quality stability evaluation 
compared to traditional wavelet neural network models, particularly in noisy and complex pro-
duction environments [29]. 
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In algorithm enhancement and cross-domain application, Chang proposed a revised Girvan-
Newman clustering algorithm based on Item Response Theory (IRT) for forming cooperative 
groups in programming learning. By calculating learner ability and interpersonal relationship 
metrics, this method significantly improved learning outcomes in programming courses [30]. 
Zou et al. focused on architectural image processing, introducing a novel model integrating Re-
stricted Boltzmann Machines (RBMs) and Convolutional Neural Networks (CNNs). This model 
achieved high-accuracy (97 %) and efficient 2D-to-3D conversion of architectural images, sub-
stantially improving measurement precision and reducing execution time [31]. These interdisci-
plinary studies underscore the significant potential of intelligent algorithms (e.g., NN, SVM, GA, 
PSO variants, DRL, GP) in modeling complex systems, optimizing parameters, and enhancing 
performance. Their successful methodologies and findings offer valuable insights and synergistic 
possibilities for the intelligent advancement of AWJ technology, particularly in areas like param-
eter optimization, quality prediction, and process control. 

3. Research method 
3.1 Experimental setup and materials 

The experiment employed a five-axis ultra-high-pressure abrasive water jet system, which pri-
marily consists of a high-pressure generator, water softening system, abrasive feeding system, 
control system, and nozzle assembly. The schematic diagram of this cutting experimental setup 
is shown in Fig. 1. 

The milling workpiece material was YHL02 alumina ceramic plate, as shown in Fig. 2. The per-
formance parameters of the alumina ceramic material are listed in Table 1. 

                     
Fig. 1 High pressure generating system  Fig. 2 Alumina ceramic plate sample 

Table 1 Mechanical properties of workpiece 
Experimental 
material 

Content 
(%) 

Vickers hardness 
(GPa) 

Compressive 
strength (MPa) 

Fracture toughness 
(MPa·m1/2)  

Density 
(g/cm3) 

Modulus of 
elasticity (GPa) 

Al2O3 92 10.4 850 4.8 3.2 276 

3.2 Experimental design for milling 

The experimental procedure involved milling a groove (30 × 10 × 2 mm³) in the alumina ceramic 
workpiece. Fig. 3 shows the programmed nozzle trajectory, using conventional 60-mesh garnet 
abrasive. 

Considering experimental constraints, five dominant and controllable process parameters 
were investigated: jet pressure (MPa), nozzle traverse speed (mm/min), standoff distance (mm), 
stepover (mm), and abrasive mass flow rate (g/min). The parameter matrix for alumina ceramic 
milling is presented in Table 2. 

The experimental setup includes (Fig. 4): 

• workpiece fixturing arrangement, 
• in-process milling demonstration. 
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Fig. 3 The milling path 

 
Table 2 Process parameters for milling alumina ceramics 

Process parameter Parameter level 
Jet pressure P (MPa) 220 230 240 250 260 270 280 290 300 
Target range S (mm) 5 7 10 13 15 17 20 23 25 
Nozzle velocity u (mm/min) 50 75 100 125 150 175 200 225 250 
Lateral feed L (mm) 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.0 
Abrasive flow ma (g/min) 60 90 120 150 180 210 240 270 300 

 

                   
                                                                      (a)                                                                               (b) 

Fig. 4 The milling experiment 
 
The machining performance of abrasive water jet milling is evaluated by two key indicators: 

material volume removal rate and single-pass cutting depth. The average material removal rate 
(V) is calculated by dividing the total removed material volume by the milling time. The material 
removal volume, representing the volumetric amount removed in a single milling pass, can be 
determined by dividing the removed material mass by its density. The milling time is obtained 
through empirical formulas Eq. 1 [32]. 

𝑇𝑇 =
𝑏𝑏𝑏𝑏
𝛿𝛿𝛿𝛿

𝑁𝑁𝑎𝑎  (1) 

where 𝑇𝑇 is milling time (s), 𝑙𝑙 is length of milling plane (mm), δ is single-pass milling width (mm), 
𝑢𝑢 is nozzle traverse speed (mm/s), 𝑏𝑏 is width of milling plane (mm), and 𝑁𝑁𝑎𝑎  is number of milling 
passes. The depth of milling (ℎ) was determined by averaging three caliper measurements. 

3.3 The establishment of RBF 

Radial basis function neural networks (RBFNNs) are well suited for predicting abrasive water jet 
milling depth due to their strong nonlinear mapping capability and efficient learning characteri-
stics, particularly for small data sets. Its applicability is primarily demonstrated in abrasive 
water jet machining, where complex nonlinear coupling relationships exist between milling 
depth and process parameters such as jet pressure (𝑃𝑃), nozzle moving speed (𝑢𝑢), and others. The 
RBFNN locally transforms the input space using Gaussian functions in the hidden layer, enabling 
effective capture of nonlinear interactions between parameters and overcoming the limitations 
of traditional linear methods, such as polynomial regression. Moreover, given the limited amo-
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unt of experimental data (45 data sets) and the dynamic neuron expansion mechanism imple-
mented in the hidden layer of the RBFNN via the MATLAB newrb function, overfitting can be 
avoided by gradually increasing the number of neurons according to a predefined target error. 
Compared with the BP neural network, the RBFNN exhibits stronger generalization ability when 
applied to small data sets. 
Experimental data source 
The experimental system comprises 45 data sets obtained from single-factor abrasive water jet 
milling tests, covering the following parameter ranges: jet pressure P (220-300 MPa), nozzle 
moving speed u (50-250 mm/min), target distance S (5-25 mm), lateral feed L (0.6-1.0 mm), and 
abrasive flow rate ma 60-300 g/min. 

Data preprocessing 

Min–Max normalization was applied using Eq. 2: 

𝑥𝑥𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 =
𝑥𝑥 − 𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (2) 

To avoid data leakage, the normalization parameters derived from the training set were also 
applied to the test set. After normalization, all variables were scaled to the interval [0,1], which 
effectively improves the convergence speed of the network. 

Validation data set 

To verify the predictive capability of the model, nine validation experiments were conducted using 
different combinations of five process parameters. The corresponding measured milling depths 
are summarized in Table 3. 
 

Table 3 Validation experimental data set for milling depth prediction 
       Argument 

 
Serial number 

𝑃𝑃 (MP) 𝑆𝑆 (mm) 𝑢𝑢 (mm/min) 𝐿𝐿 (mm) ma (g/min) Actual milling 
depth 

1 220 6 61.82 0.6 80 0.88 
2 230 8 71.66 0.7 100 0.65 
3 250 11 89.46 0.8 130 0.53 
4 270 12 100.50 0.9 150 0.71 
5 290 17 127.17 0.65 200 1.25 
6 295 22 174.58 0.75 250 1.64 
7 200 7 98.10 0.4 70 1.59 
8 205 13 108.67 0.5 90 1.01 
9 225 5 200 1.0 110 1.42 

 

A Radial Basis Function Neural Network (RBFNN) adopts a three-layer feed forward struc-
ture, and its topological design strictly follows theoretical framework proposed by Broomhead 
and Lowe [33]. According to the five-dimensional input characteristics of abrasive water jet pro-
cessing (jet pressure 𝑃𝑃, nozzle moving speed 𝑢𝑢, target distance 𝑆𝑆, lateral feed rate 𝐿𝐿, and abrasive 
flow rate ma), the network is constructed as follows: 

• Input layer: Five neurons corresponding to the standardized process parameter vector 
𝑋𝑋 = [𝑃𝑃,𝑢𝑢, 𝑆𝑆, 𝐿𝐿,𝑚𝑚𝑎𝑎]T 

• Hidden layer: The number of neurons is determined adaptively and generated iteratively 
using the MATLAB newrb function. 

• Output layer: One linear neuron that outputs the predicted milling depth. 
Among them, the activation function of the 𝑗𝑗-th neuron in the hidden layer is defined as a 

Gaussian radial basis function, as shown in Eq. (3): 

ϕ𝑗𝑗(𝑥𝑥) = exp�−
�𝑥𝑥 − 𝑐𝑐𝑗𝑗�

2

2σ𝑗𝑗2
� (3) 

where 𝑐𝑐𝑗𝑗 is the center of the 𝑗𝑗-th basis function, 𝜎𝜎𝑗𝑗 is the width parameter, and || ∙ || denotes the 
Euclidean norm. 
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Key parameter optimization 

The optimal parameter combination determined by grid search is shown in Table 4. 
Table 4 Optimal parameter combination 

Spread 1.0 
Goal  0.001 
Maximum number of neurons 45 

 
For the performance evaluation of the model, the root mean square error (RMSE) and the co-

efficient of determination 𝑅𝑅2 are employed. The root mean square error is defined in Eq. (4): 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �
1
𝑛𝑛
�(𝑦𝑦𝑖𝑖 − 𝑦𝑦𝚤𝚤�)2
𝑛𝑛

𝑖𝑖=1

 (4) 

The coefficient of determination is defined in Eq. (5): 

𝑅𝑅2 = 1 −
∑ (𝑦𝑦𝑖𝑖 − 𝑦𝑦𝚤𝚤�)2𝑛𝑛
𝑖𝑖=1
∑ (𝑦𝑦𝑖𝑖 − 𝑦𝑦�)2𝑛𝑛
𝑖𝑖=1

 (5) 

4. Results 
4.1 Results of single milling experiment 

The influence of injection pressure 

During the experiment, the nozzle moving speed was 50 mm/min, the target distance was 10 
mm, the lateral feed rate was 0.6 mm, and the abrasive flow rate was 120 g/min. The jet pres-
sure varied from 220 to 300 MPa in increments of 10 MPa. Fig. 5 shows the effect of jet pressure 
𝑃𝑃 on the material removal rate and the average milling depth of alumina ceramics. 
 

 
Fig. 5 Effect of the jet pressure P on the volume removal rate V and milling depth h of alumina ceramics 

 

As can be seen from the figure, with the increase of jet pressure 𝑃𝑃, the material removal rate 
𝑉𝑉 presents nearly linear increase trend, and the jet pressure 𝑃𝑃 is positively correlated with the 
material removal rate 𝑉𝑉, because the jet energy increases with the increase of jet pressure 𝑃𝑃, 
while the material removal rate 𝑉𝑉 depends on the energy exerted on the workpiece surface per 
unit time. When removing materials, it is easier to reach the stress of material shedding, so the 
material removal rate is positively correlated with it. 

The influence of the nozzle's moving speed 

During the experiment, the jet pressure is 260 MPa, the target distance was 10 mm, the lateral 
feed rate was 0.6 mm, and the abrasive flow rate was 120 g/min. The nozzle moving speed was 
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varied from 50 to 250 mm/min in increments of 25 mm/min. Fig. 6 shows the effect of the nozzle 
moving speed 𝑢𝑢 on the material removal rate and the average milling depth of alumina ceramics. 

 
Fig. 6 Influence of the nozzle moving speed u on the volume removal rate V and milling depth h of alumina ceramics 

 

As can be seen from the figure, as the nozzle moving speed u increases, the material removal 
rate V gradually decreases. This is because, at lower nozzle moving speeds, the interaction time 
between the jet and the workpiece material is longer, which facilitates material removal but re-
duces processing efficiency. Conversely, as the milling speed increases, the average impact ener-
gy of the jet acting on the workpiece decreases, resulting in a lower material removal rate. 

The influence of the target distance 

When the jet pressure was 260 MPa, the nozzle moving speed was 50 mm/min, the lateral feed 
rate was 0.6 mm, and the abrasive flow rate was 120 g/min, the target distance was varied from 
5 to 25 mm (5, 7, 10, 13, 15, 17, 20, 23, and 25 mm). Fig. 7 shows the effect of the target distance 
S on the average material removal rate and milling depth of alumina ceramics. 

 

 
Fig. 7 Influence of the target distance S on the volume removal rate V and milling depth h of alumina ceramics 

 
As can be seen from the figure, with the increase of target distance 𝑆𝑆, the material removal 

rate 𝑉𝑉 decreases. This is because, with increasing target distance, the jet is increasingly affected 
by diffusion and air resistance, causing it to reach the workpiece surface in a more divergent 
form. As a result, the effective milling area increases, while the number of abrasive particles im-
pacting the workpiece per unit area decreases, leading to a reduction in the kinetic energy trans-
ferred during impact. Consequently, the material stripping capability is weakened, resulting in a 
lower material removal rate. 
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The influence of lateral feed rate 

The milling process usually requires multiple cuts to achieve the desired groove dimensions, and 
the lateral feed indicates the distance between the centers of adjacent abrasive water jets. Ac-
cording to the experimental data in Table 2, the jet pressure was 260 MPa, the nozzle moving 
speed was 50 mm/min, the target distance was 10 mm, and the abrasive flow rate was 120 
g/min. The transverse feed rate 𝐿𝐿 was varied from 0.6 to 1.0 mm (0.6, 0.65, 0.7, 0.75, 0.8, 0.85, 
0.9, 0.95, and 1.0 mm). Fig. 8 shows the effect of the transverse feed rate L on the material re-
moval rate and the average milling depth of alumina ceramics. 

 

 
Fig. 8 Effect of the lateral feed L on the volume removal rate V and milling depth h of alumina ceramics 

 

As can be seen from the figure, the material removal rate of alumina ceramics decreases with 
increasing lateral feed rate. This is because, as the transverse feed rate increases, the overlap 
area between adjacent cuts decreases, resulting in portions of material remaining unprocessed 
between neighboring tracks and, consequently, a lower material removal rate. However, when 
the lateral feed rate is too small, the material stripping efficiency is reduced and the milling 
depth becomes excessively large due to repeated milling. Therefore, an appropriate lateral feed 
rate should be selected. 

The influence of abrasive flow rate 

When the jet pressure was 260 MPa, the nozzle moving speed was 50 mm/min, the lateral feed 
rate was 0.6 mm, and the target distance was 10 mm, the abrasive flow rate was varied from 60 to 
300 g/min (60, 90, 120, 150, 180, 210, 240, 270, and 300 g/min). Fig. 9 shows the effect of the 
abrasive flow rate on the volume removal rate and the average milling depth of alumina ceramics. 

As can be seen from the figure, the material removal rate increases with increasing abrasive 
flow rate. This is because, as the abrasive flow rate increases, the number of abrasive particles 
per unit volume of the jet also increases, leading to a higher number of particles participating in 
the erosion process. Consequently, the frequency of abrasive impacts on the workpiece surface 
increases. Since material removal is primarily governed by abrasive particle erosion, a higher 
abrasive flow rate results in an increased material removal rate. 

Based on the above single-factor experimental results, an optimal parameter combination 
was identified. Under the optimal conditions (jet pressure of 260 MPa, abrasive flow rate of 240 
g/min, and nozzle moving speed of 50 mm/min), a surface roughness Ra of 3.2 μm was achieved, 
representing a reduction of 28 % compared with the baseline condition. This improvement also 
led to an estimated reduction of post-processing time by approximately 20 %. 
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Fig. 9 Effect of the abrasive flow rate ma on the volume removal rate 𝑉𝑉 and milling depth ℎ of alumina ceramics 

4.2 Results of orthogonal experiment 

Several easily controllable parameters, such as jet pressure, nozzle moving speed, and abrasive 
flow rate, have a significant influence on machining performance when considered individually. 
However, in actual production and processing, these process parameters must be analyzed com-
prehensively. Therefore, an orthogonal experimental method is employed to further optimize 
the five process parameters and identify the optimal combination of machining conditions. 

In this experiment, jet pressure 𝑃𝑃, nozzle moving speed 𝑢𝑢, lateral feed rate 𝐿𝐿, target distance 𝑆𝑆, 
and abrasive flow rate mₐ were selected as the process parameters. Four levels were defined for 
each factor. Since all factors had the same number of levels, an L16 (4⁵) orthogonal array with five 
factors and four levels was employed, resulting in a total of 16 experiments. The experimental fac-
tors and their corresponding levels are listed in Table 5, while the orthogonal experimental design 
and results are presented in Table 6. 

 
Table 5 Test factors and levels 

Factor level Jet pressure 
𝑃𝑃(MPa) 

Abrasive flow 
ma (g/min) 

Target Range 
𝑆𝑆(mm) 

Lateral feed L 
(mm) 

Nozzle moving speed 𝑢𝑢 
(mm/min) 

1 240 60 10 0.6 50 
2 260 120 15 0.7 100 
3 280 180 20 0.8 150 
4 300 240 25 0.9 200 

 
Table 6 Orthogonal experiment table and experiment results 

Number 

Experimental parameter Experimental result   A B   C  D  E 
𝑃𝑃 

(MPa) 
ma  

(g/min) 
𝑆𝑆 

(mm) 
𝐿𝐿 

(mm) 
𝑢𝑢 

(mm/min) 
Volume removal 
rate 𝑉𝑉 (mm3/s) 

Milling depth 
ℎ(mm) 

1 240 60 10 0.6 50 1.12 1.25 
2 240 120 15 0.7 100 0.78 1.18 
3 240 180 20 0.8 150 0.85 1.20 
4 240 240 25 0.9 200 0.64 1.14 
5 260 60 15 0.8 200 2.05 1.62 
6 260 120 10 0.9 150 2.25 1.73 
7 260 180 25 0.6 100 3.58 2.15 
8 260 240 20 0.7 50 3.89 2.52 
9 280 60 20 0.9 100 1.85 1.47 

10 280 120 25 0.8 50 2.15 1.58 
11 280 180 10 0.7 200 1.96 1.51 
12 280 240 15 0.6 150 2.43 1.92 
13 300 60 25 0.7 150 1.52 1.50 
14 300 120 20 0.6 200 2.78 1.72 
15 300 180 15 0.9 50 3.54 1.93 
16 300 240 10 0.8 100 4.35 2.18 
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The optimized parameter ranges identified in this study (e.g., jet pressure of 260-300 MPa 
and abrasive flow rate of up to 240 g/min) are compatible with commercially available five-axis 
abrasive water jet systems. Furthermore, an industrial case study conducted at a ceramics man-
ufacturing facility in Sichuan, China, demonstrated that applying the optimized parameters re-
sulted in an approximately 12 % improvement in processing efficiency, indicating good industri-
al scalability of the proposed optimization strategy. 

4.3 RBF prediction results 

By running the RBF prediction code in MATLAB, as shown in Fig. 10, nine independent test data 
sets were obtained for model validation, yielding an RMSE of 0.1569 and an R² value of 0.8404. 
The results indicate that the RBF neural network is capable of accurately fitting the abrasive 
water jet milling depth, with an average absolute error of 12.01 %. The maximum absolute error 
occurred in validation sample No. 7 and reached 0.3. The maximum relative error occurred in 
validation sample No. 2, with a value of 17 %. 

For comparison, support vector machine (SVM) and random forest regression (RFR) models 
were also evaluated using the same data set. The RBF model achieved an RMSE of 0.1569 and an 
R² value of 0.8404, compared with RMSE values of 0.1925 and 0.2013 and R² values of 0.7812 
and 0.7545 for the SVM and RFR models, respectively, indicating the superior predictive per-
formance of the RBF model. 

 
Fig. 10 RBF prediction results and absolute errors 

5. Discussion 
5.1 Discussion on a single milling experiment 

The experimental results reveal systematic relationships between key process parameters and 
milling depth ℎ during abrasive water jet (AWJ) milling of alumina ceramics. These dependen-
cies are governed by fundamental energy transfer and material removal mechanisms. 

Jet pressure 𝑃𝑃 

The milling depth ℎ exhibits a strong positive correlation with the jet pressure 𝑃𝑃. Increasing 𝑃𝑃 
elevates the kinetic energy of the jet, enabling more effective material erosion at greater depths 
within the workpiece. Higher energy density facilitates overcoming the material’s fracture 
toughness at subsurface layers. However, excessively high 𝑃𝑃 imposes greater demands on the 
ultra-high-pressure intensifier system and significantly increases energy consumption. Optimal 
pressure selection is therefore critical to balance machining efficiency with equipment longevity 
and operational costs. 
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Nozzle traverse speed 𝑢𝑢 
An inverse relationship exists between traverse speed u and the milling depth h. Higher traverse 
speeds reduce the dwell time of the jet over any given point on the workpiece, thereby decreas-
ing the total impact energy delivered per unit area per unit time. Consequently, material removal 
primarily occurs near the surface, with insufficient energy reaching deeper regions to cause ef-
fective fracture. The reduced interaction time ultimately limits penetration depth. 
Standoff distance 𝑆𝑆 
An increase in the standoff distance 𝑆𝑆 leads to a reduction in the milling depth ℎ. As the jet trav-
els a longer distance through air, aerodynamic drag causes jet dispersion and attenuation of ki-
netic energy. The expanding jet profile reduces particle density and impact velocity upon reach-
ing the workpiece surface, thereby diminishing its ability to erode material effectively at greater 
depths. Notably, beyond a critical standoff distance (approximately 20 mm in this study), jet 
energy dissipation reaches a level at which further increases in S result in negligible changes in 
both the material removal rate 𝑉𝑉 and the milling depth ℎ. This behavior indicates that the jet 
enters a regime where its residual energy falls below the threshold required for significant ma-
terial removal in the hard alumina substrate. 
Lateral feed 𝐿𝐿 
The milling depth ℎ is inversely related to the lateral feed 𝐿𝐿. A smaller 𝐿𝐿 increases the overlap 
between successive jet passes, subjecting the material within the overlap zone to repeated im-
pacts and thereby increasing the cumulative erosion depth in these regions. In contrast, a larger 
𝐿𝐿 reduces the overlap between adjacent passes, leaving valleys of unprocessed or minimally 
processed material between milled tracks, which ultimately leads to a reduction in the overall 
milling depth across the machined area. 
Abrasive mass flow rate ma 
The milling depth ℎ increases with increasing abrasive mass flow rate mₐ. A higher abrasive flow 
rate introduces a greater number of abrasive particles into the jet stream per unit time, which in-
creases the frequency of particle impacts on the workpiece surface and subsurface per unit area. 
The cumulative kinetic energy transferred by the increased particle flux generates higher normal 
and shear stresses within the material, enabling the fracture threshold to be exceeded over a larg-
er volume. As a result, deeper penetration and enhanced material removal are achieved. 

Overall, the observed dependencies indicate that the milling depth ℎ is predominantly gov-
erned by the effective kinetic energy density delivered to the workpiece subsurface. Parameters 
such as jet pressure 𝑃𝑃 and abrasive mass flow rate mₐ directly increase this energy density, 
thereby promoting deeper erosion. In contrast, nozzle traverse speed 𝑢𝑢, standoff distance 𝑆𝑆, and 
lateral feed 𝐿𝐿 act to reduce or redistribute the delivered energy density—𝑢𝑢 by limiting exposure 
time, 𝑆𝑆 by dissipating energy prior to impact, and 𝐿𝐿 by spatially distributing the energy input 
across the machined area. The identified saturation behavior with respect to 𝑆𝑆 highlights the 
importance of maintaining an optimal standoff distance to maximize jet efficiency. These find-
ings provide a clear mechanistic basis for the parameter optimization achieved through orthog-
onal experiments and support the physical validity of the predictive relationships captured by 
the RBF neural network model. 

From an industrial perspective, high-energy process parameters increase operational costs. 
Operating at 300 MPa consumes approximately 0.22 kWh per minute, adding about 0.03-0.04 
USD per minute and reducing nozzle service life by 18-22 % compared with 250 MPa. Abrasive 
consumption dominates the total cost (65-75 %), followed by energy (15-20 %) and nozzle wear 
(8-10 %), indicating the importance of balancing performance and cost efficiency. 

Nozzle wear under high-pressure conditions can be mitigated through appropriate material 
selection. Tungsten carbide nozzles extend service life by about 40 %, diamond-lined nozzles 
reduce wear by up to 60 %, and coarser abrasives (e.g., 80 mesh) lower impact stress by approx-
imately 20 %, improving nozzle durability. 
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5.2 Discussion on orthogonal experiment results 
For the analysis of orthogonal experimental data, the range analysis method is employed to 
evaluate the relative influence of each process parameter, as defined in Eq. 6: 

𝑅𝑅 = max(𝑇𝑇1,𝑇𝑇2,𝑇𝑇3,𝑇𝑇4) − min(𝑇𝑇1,𝑇𝑇2,𝑇𝑇3,𝑇𝑇4) (6) 

Based on the results presented in Table 7, the influence of the experimental factors on the 
material removal rate can be ranked as follows: jet pressure 𝑃𝑃 > abrasive flow rate mₐ > nozzle 
traverse speed 𝑢𝑢 > standoff distance 𝑆𝑆 > lateral feed 𝐿𝐿. The optimal parameter combination for 
maximizing the material removal rate is identified as A₄B₄C₁D₁E₁, corresponding to a jet pres-
sure of 300 MPa, an abrasive flow rate of 240 g/min, a standoff distance of 10 mm, a lateral feed 
rate of 0.6 mm, and a nozzle traverse speed of 50 mm/min. 

Similarly, according to the range analysis results in Table 8, the influence of the experimental 
factors on milling depth can be ordered as follows: jet pressure 𝑃𝑃 > abrasive flow rate mₐ > noz-
zle traverse speed 𝑢𝑢 > lateral feed 𝐿𝐿 > standoff distance 𝑆𝑆. The optimal parameter combination 
for maximizing the milling depth is A₂B₄C₃D₁E₁, corresponding to a jet pressure of 260 MPa, an 
abrasive flow rate of 240 g/min, a standoff distance of 20 mm, a lateral feed rate of 0.6 mm, and 
a nozzle traverse speed of 50 mm/min. 

From a practical manufacturing standpoint, operating at high jet pressures increases process 
costs. Operating at a pressure of 300 MPa requires a power input of approximately 13.2 kW, 
adds about 0.03-0.04 USD per minute, and reduces nozzle life by 18-22 % compared with 250 
MPa. Abrasives account for 65-75 % of total costs, followed by energy (15-20 %) and nozzle 
wear (8-10 %), emphasizing the need to balance performance and cost efficiency. 
 
Table 7 Range analysis of experimental results for the material removal rate V in abrasive water jet single-pass milling 

           Factor 
 
Index 

A B C D E 

𝑃𝑃 (MPa) ma (g/min) 𝑆𝑆 (mm) 𝐿𝐿 (mm) 𝑢𝑢 (mm/min) 

T1 3.39 6.54 9.68 9.91 10.70 
T2 11.77 7.96 8.80 8.15 10.56 
T3 8.39 9.93 9.37 9.40 7.05 
T4 12.19 11.31 7.89 8.28 7.43 

 
Table 8 Range analysis of experimental results for single-pass milling depth h in abrasive water jet machining 
           Factor 
 
Index 

A B C D E 

𝑃𝑃 (MPa) ma (g/min) 𝑆𝑆 (mm) 𝐿𝐿 (mm) 𝑢𝑢 (mm/min) 

T1 0.77 1.84 2.63 3.04 3.28 
T2 4.02 2.21 2.65 2.71 2.98 
T3 2.48 2.79 2.91 2.58 2.35 
T4 3.33 3.76 2.37 2.27 1.99 

5.3 Discussion on RBF prediction 

With jet pressure, nozzle moving speed, target distance, lateral feed rate, and abrasive particle 
size serving as the inputs of the RBF neural network, and milling depth as the output, the opti-
mal parameter combination was determined using a grid search algorithm. Based on the exper-
imental data, an RBF neural network model for predicting milling depth was established, yield-
ing predicted milling depth values. The maximum absolute error compared with the measured 
milling depth is 0.3 mm, while the maximum relative error is 17 %. Furthermore, the milling 
depth can be effectively controlled by adjusting the jet pressure, nozzle moving speed, target 
distance, lateral feed rate, and abrasive particle size. 

In industrial applications, accurate prediction of milling depth is particularly important under 
high-pressure operating conditions. Operating at a jet pressure of 300 MPa requires a power con-
sumption of approximately 13.2 kW and reduces nozzle service life by 18-22 % compared with 
250 MPa. Therefore, reliable RBF-based prediction can assist in selecting appropriate process pa-
rameters to reduce unnecessary energy consumption and tool wear while maintaining machining 
performance. 
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6. Conclusion 
Through an experimental study of abrasive water jet milling of alumina ceramic sheets, the fol-
lowing conclusions are drawn: 

• Systematic single-factor and orthogonal experiments revealed the influence hierarchy of five 
key parameters (jet pressure 𝑃𝑃, nozzle speed 𝑢𝑢, standoff distance 𝑆𝑆, transverse feed 𝐿𝐿, and 
abrasive flow rate mₐ) on machining performance. For the material removal rate 𝑉𝑉, the dom-
inant parameters followed the order 𝑃𝑃 > mₐ > 𝑢𝑢 > 𝑆𝑆 > 𝐿𝐿, with optimal settings of 𝑃𝑃 = 300 MPa, 
mₐ = 240 g/min, 𝑆𝑆 = 10 mm, 𝐿𝐿 = 0.6 mm, and 𝑢𝑢 = 50 mm/min. For the milling depth ℎ, the hi-
erarchy shifted to 𝑃𝑃 > mₐ > 𝑢𝑢 > 𝐿𝐿 > 𝑆𝑆, with optimal parameters of 𝑃𝑃 = 260 MPa, mₐ = 240 
g/min, 𝑆𝑆 = 20 mm, 𝐿𝐿 = 0.6 mm, and 𝑢𝑢 = 50 mm/min. 

• A radial basis function neural network (RBFNN) model implemented in MATLAB demon-
strated reliable predictive capability for milling depth under multi-parameter conditions. 
Validation using nine independent experimental cases yielded a maximum relative error 
of 17 % (corresponding to a maximum absolute error of 0.3 mm) and a mean absolute er-
ror of 12.01 %, confirming the feasibility and effectiveness of neural-network-based mo-
deling for nonlinear abrasive water jet machining processes. 
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A B S T R A C T A R T I C L E   I N F O 
New energy vehicle manufacturers usually choose to cooperate with technol-
ogy suppliers to improve their products’ market competitiveness. For this pur-
pose, this paper constructs a single and dual sales-channel supply chain system 
comprising a technology supplier and a new energy vehicle manufacturer.
Within this framework, the technology supplier acts as the leader in a Stackel-
berg game, while the new energy vehicle manufacturer acts as the follower. 
Based on intelligent driving cooperation cases between Huawei and Chang’an, 
BYD, and Seres, three cooperation modes—“technology introduction + own 
sales channel (Model A)”, “cooperative R&D + own sales channel (Model B)”, 
and “technology introduction + channel support (Model C)”—are examined to 
analyze cooperation mode selection strategies for the new energy vehicle man-
ufacturer and the technology supplier. The study found that when the profit 
ratio of the technology supplier to the new energy vehicle manufacturer (re-
ferred to as the revenue sharing coefficient) meets certain conditions, the opti-
mal cooperation mode of the new energy vehicle manufacturer and technology 
supplier is Model C. Additionally, the profit obtained by the technology supplier 
under Model A is always the smallest, while the profit size between the other 
two models depends on the revenue sharing coefficient. Moreover, five situa-
tions describe the profit outcomes of the new energy vehicle manufacturer 
across the three cooperation modes, which are affected by the revenue sharing 
coefficient and the proportion of the technology supplier’s R&D investment 
cost. This study addresses a gap in research on cooperation modes within the 
new energy vehicle sector, and the conclusions obtained can provide valuable 
theoretical insights for new energy vehicle manufacturers and technology sup-
pliers when selecting cooperation strategies. 
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1. Introduction
According to the Global Electric Vehicle Outlook 2022 report released by the International Energy 
Agency, global electric vehicle sales are expected to reach 6.6 million in 2022, representing a year-
on-year increase of 100 % and accounting for 9 % of global passenger vehicle sales. Among them, 
China is the world’s largest electric vehicle market, with sales reaching 3.39 million units—a year-
on-year increase of 72 %, accounting for 51 % of global electric vehicle sales. At the same time, as 
more new energy vehicle companies (such as Tesla, Seres, BYD, Weilai, and Xiaopeng) continue to 
join, market competition has become increasingly fierce. In practice, to improve market competi-
tiveness, many new energy vehicle manufacturers have chosen to conduct business cooperation 
with relevant technology suppliers with technological advantages, such as Chang’an, BYD, and Seres 
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with Huawei. At the same time, diverse cooperation model options exist for new energy vehicle 
manufacturers and technology suppliers. For example, Huawei provides Chang’an with autonomous 
driving solutions and in-vehicle communication technology cooperation mode for “technology in-
troduction + own sales channel (Model A)”; BYD and Huawei have joined forces to promote the “co-
operative R&D + own sales channel (Model B)” cooperation mode of intelligent driving technology 
innovation, and Huawei provides Seres with the “technology introduction + channel support (Model 
C)” cooperation mode to offer intelligent travel solutions and sales channels. 

Model A refers to the cooperation mode in which new energy vehicle manufacturers only have 
their own sales channels and purchase technology suppliers’ products at the wholesale price per 
unit. Model B refers to the cooperation mode in which new energy vehicle manufacturers only 
have their own sales channels and jointly conduct technology R&D with technology suppliers. 
Model C is a cooperation mode in which technology suppliers provide sales channels and related 
technical support for new energy vehicle manufacturers in exchange for revenue sharing from 
new energy vehicle manufacturers. Thus, which cooperation mode is optimal choice for both? 
What factors affect the choice of cooperation between the two? These are important practical is-
sues that need to be explored in depth. 

As an effective means to quickly make up for the lack of advanced technology, the academic 
and practical circles have been widely concerned with technology introduction. For example, 
Veugelers and Cassiman [1] took Belgian manufacturing enterprises as research objects and found 
that small innovative companies are more likely to adopt a single independent innovation or tech-
nology introduction strategy, while large companies are more inclined to combine the two. Cas-
siman and Veugelers [2] indicated that independent innovation and technology introduction are 
complementary, and the degree of complementarity is affected by corporate strategic environ-
ment and other factors. Guo et al. [3] studied the impact of analyst coverage on enterprises’ inno-
vation strategies and found that the information role of analysts leads companies to be more will-
ing to acquire more innovative companies to introduce technology. Zhang et al. [4] analyzed the 
choice between the independent and technology introduction innovation of high energy-consum-
ing enterprises under the goal of “dual control of energy consumption,” and the results showed 
that technology introduction is the main way for high energy-consuming enterprises to achieve 
technological innovation. Wang et al. [5] discussed the internal mechanism of US economic sanc-
tions on the technology introduction and independent R&D of enterprises in target countries and 
concluded that this impact is heterogeneous. Xie and Zhang [6] considered the influence of per-
formance conditions of performance-based equity incentive exercise on enterprises’ choice of an 
independent or technology introduction innovation strategy. 

Collaborative R&D can shorten the R&D cycle and reduce costs and the uncertainty risk of R&D 
output through technical communication and knowledge sharing, thus enhancing enterprises’ 
competitiveness [7]; this has attracted extensive attention from many scholars. For example, Cel-
lini and Lambertini [8] studied the Cournot duopoly process innovation dynamic R&D problem 
and found that private and social incentives for collaborative R&D are consistent at all acceptable 
levels of technological spillovers that characterize innovation activities. Gupta [9] analyzed the 
impact of R&D spillover effect on manufacturers’ choice of cooperation mode and R&D investment 
in process innovation. Petrakis and Tsakas [10] studied the impact of potential entrants on col-
laborative R&D among incumbent firms. Zheng et al. [11] analyzed the realization conditions and 
influence mechanism of the evolutionary stability strategy of cross-organizational cooperative 
R&D of general technology from a micro level. Zheng et al. [12] studied the cooperative R&D mode 
of general technology and its influencing factors from the perspective of technology chain. Zhou 
et al. [9] explored the motivation of R&D cooperation between leading firms and followers under 
the presence of technology spillover, as well as the impact of R&D cooperation on firm competi-
tiveness, industry total R&D investment, and social welfare. Yan et al. [13] analyzed the evolution 
law of cooperative innovation behavior and the influence mechanism of heterogeneity of external 
financing mode under the condition of technology monopoly. Other scholars have discussed the 
payment structure of cross-organizational cooperative R&D in the supply chain [14]. 

To sum up, the studies on technology introduction and cooperative R&D mode are already rich, 
but none have taken new energy vehicle manufacturers as research objects. Except [7], few have 
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involved the selection of cooperation mode. Additionally, existing research on new energy vehicle 
manufacturers has mainly focused on the recycling and utilization of new energy vehicle power 
batteries [15-17], subsidy policies for new energy vehicles [18] and innovation of new energy ve-
hicle manufacturers [19]. Different from the existing studies, this paper takes the new energy ve-
hicle manufacturers Chang’an, BYD, and Seres, and the technology supplier Huawei as the re-
search objects, considers three cooperation models (Models A, B, and C), and discusses the choice 
of cooperation modes between new energy vehicle manufacturers and technology suppliers. 

2. Problem description and notation 
Consider a supply chain system involving a technology supplier and a new energy vehicle manufac-
turer, which can operate through either a single sales channel or dual sales channels. In this system, 
the technology supplier sells the R&D product to the new energy vehicle manufacturer at the unit 
wholesale price 𝑤𝑤, and the new energy vehicle manufacturer then sells the manufactured car to the 
market, where the retail price of the technology supplier’s R&D product is assigned to 𝑝𝑝 (referred 
to as retail price 𝑝𝑝). To further improve the level of product technology R&D investment and stimu-
late market demand, new energy automobile enterprises can choose to conduct technology R&D 
cooperation with the technology supplier, and the technology supplier can provide sales channel 
support for the new energy vehicle manufacturer to a certain extent. Additionally, referring to the 
studies of Wang et al. [20, 21], Duan et al. [22], we assume that the product’s demand function is 
𝐷𝐷 = 𝑎𝑎 − 𝑏𝑏𝑏𝑏 + 𝜆𝜆𝜆𝜆, where arameter 𝑎𝑎 is the potential market size, 𝑏𝑏 is the sensitivity coefficient of 
consumers to market price 𝑝𝑝; 𝜆𝜆 is the sensitivity coefficient of consumers to the level of technology 
R&D investment 𝑒𝑒, and the cost of technology R&D investment is 𝑘𝑘𝑒𝑒2 [20, 21]. 
 

 
Fig. 1 Different cooperation modes between the new energy vehicle manufacturer and the technology supplier 

 

This paper specifically considers three modes of cooperation between the new energy vehicle 
manufacturer and the technology supplier: (1) Cooperation Model A is the cooperation mode in 
which the new energy vehicle manufacturer only has its own sales channels and purchases the 
technology supplier’s products at a unit wholesale price 𝑤𝑤1  (see Fig. 1a), while the technology 
supplier independently conducts technology R&D and bears the R&D cost 𝑘𝑘𝑒𝑒2 , as in the case of 
Chang’an and Huawei; (2) Cooperation Model B is the cooperation mode in which the new energy 
vehicle manufacturer has only its own sales channels and jointly conducts technology R&D with the 
technology supplier, in which the new energy vehicle manufacturer shares a proportion (1 − 𝛽𝛽) of 
the technology R&D cost 𝑘𝑘𝑒𝑒2 (see Fig. 1b), as in the case of BYD and Huawei; (3) Cooperation Model 
C is the cooperation mode in which, in addition to the sales channels of the new energy vehicle ma-
nufacturer, the technology supplier also provides sales channels and related technical support for 
the new energy vehicle manufacturer, so as to maximize the profit of the entire dual sales-channel 
supply chain system. Finally, the technology supplier shares the profits obtained by the new energy 
vehicle manufacturer according to the proportion 𝜙𝜙 agreed in the contract (see Fig. 1c), as in the 
case of Seres and Huawei. Based on this, this paper explores the selection of the optimal cooperation 
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mode between the new energy vehicle manufacturer and the technology supplier and analyzes the 
impact of different cooperation modes on the decision-making and profits of both parties. 

For different cooperation modes 𝑔𝑔 (𝑔𝑔 ∈ {𝐴𝐴,𝐵𝐵,𝐶𝐶}), the game relationship between the technol-
ogy suppliers and the new energy vehicle manufacturers is also different. Under cooperation Mo-
dels A and B, the technology supplier and the new energy vehicle manufacturer aim to maximize 
their respective profits by making optimal pricing and technology R&D investment decisions. 
Based on Wang et al. [23-24], the Stackelberg game between the technology supplier and the new 
energy vehicle manufacturer is considered: (1) the technology supplier first determines its tech-
nology R&D investment level 𝑒𝑒 and wholesale price 𝑤𝑤; (2) the new energy vehicle manufacturer 
then determines its retail price 𝑝𝑝 according to the optimal decisions of the technology supplier. In 
cooperative Model C, according to the research of Jian et al. [25], Liu et al. [26], Haiju et al. [27], 
the decision-making of the technology supplier and the new energy vehicle manufacturer is con-
sidered as follows: (1) to determine the optimal technology R&D investment level 𝑒𝑒 and retail 
price 𝑝𝑝 with the goal of maximizing the profit of the entire dual sales-channel supply chain; (2) 
technology supplier and the new energy vehicle manufacturer will discuss their respective profit 
sharing ratio 𝜙𝜙 value according to their respective contributions, 𝜙𝜙 ∈ (0,1). The relevant param-
eter settings in this paper are shown in Table 1. 

Table 1 Symbols and definitions 
Symbols Meaning 

𝑎𝑎 Market demand scale 
𝑏𝑏 Consumer sensitivity to retail prices 
𝜆𝜆 The sensitivity coefficient of consumers to the level of investment in technology R&D 
𝑐𝑐 Unit production cost 
𝑒𝑒 Level of investment in technology R&D 
𝑤𝑤𝑔𝑔 Wholesale price in mode 𝑔𝑔, 𝑔𝑔 ∈ 𝐴𝐴,𝐵𝐵,𝐶𝐶} 
𝑝𝑝𝑔𝑔 The retail price assigned to the product developed by the technology supplier in mode 𝑔𝑔 (referred to 

as retail price 𝑝𝑝𝑔𝑔) 
𝜋𝜋𝑇𝑇 Total profit of the technology supplier and the new energy vehicle manufacturer 
* Optimal value 
𝑐𝑐1 Unit sales cost of new energy vehicle manufacturer 
𝑐𝑐2 Technology supplier unit cost of sales 
𝑘𝑘 Technology R&D cost factor 
𝛽𝛽  Technology supplier’s share of technology development costs 
𝛼𝛼 The market share of new energy vehicle manufacturer 
𝜙𝜙 The proportion of the new energy vehicle manufacturer’s profit allocated to the technology supplier 

(referred to as the revenue-sharing coefficient) 
𝜋𝜋𝑀𝑀
𝑔𝑔  Profit for technology supplier 

𝜋𝜋𝑅𝑅
𝑔𝑔 The profits of new energy vehicle manufacturer 

{𝐴𝐴,𝐵𝐵,𝐶𝐶} {Modes A, B, C} 

3. Model construction 
This section mainly analyzes the optimal decision-making of the technology supplier and the new 
energy vehicle manufacturer under three cooperation modes. First, it analyzes the cooperation 
mode of Model A, and then examines the optimal decision-making of the technology supplier and 
the new energy vehicle manufacturer under the cooperation mode of Model B. Finally, it analyzes 
the optimal decisions of each party under Model C. 

3.1 Model A 

In Model A, the technology supplier independently conducts technology R&D and bears all R&D 
costs 𝑘𝑘(𝑒𝑒𝐴𝐴)2 , while the new energy vehicle manufacturer purchases the technology supplier’s 
products at the unit wholesale price 𝑤𝑤𝐴𝐴. For example, Huawei provides Chang’an with autonomous 
driving solutions and in-vehicle communication technology support. At this stage, a Stackelberg 
game is conducted between the new energy vehicle manufacturer and the technology supplier. 
Specifically, the technology supplier first determines the wholesale price 𝑤𝑤𝐴𝐴  and the technology 
R&D investment level 𝑒𝑒𝐴𝐴, after which the new energy vehicle manufacturer determines the retail 
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price 𝑝𝑝𝐴𝐴 . The optimization problems of the technology supplier and the new energy vehicle 
manufacturer can be expressed as follows: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑤𝑤𝐴𝐴,𝑒𝑒𝐴𝐴

𝜋𝜋𝑀𝑀𝐴𝐴 = 𝑤𝑤𝐴𝐴(𝑎𝑎 − 𝑏𝑏𝑝𝑝𝐴𝐴 + 𝜆𝜆𝑒𝑒𝐴𝐴)− 𝑘𝑘(𝑒𝑒𝐴𝐴)2                                                   (1) 
 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑝𝑝𝐴𝐴

𝜋𝜋𝑅𝑅𝐴𝐴 = (𝑝𝑝𝐴𝐴 − 𝑐𝑐 − 𝑐𝑐1 − 𝑤𝑤𝐴𝐴)(𝑎𝑎 − 𝑏𝑏𝑝𝑝𝐴𝐴 + 𝜆𝜆𝑒𝑒𝐴𝐴)                                             (2) 
 

In Model A, Eqs. 1 and 2 are solved using backward induction to obtain the optimal decisions 
and profits of the technology supplier and the new energy vehicle manufacturer, as shown in 
Proposition 1. 

Proposition 1. Under Model A, the optimal wholesale price, retail price, technology R&D 
investment level, the technology supplier profit, and the new energy vehicle manufacturer profit 
are, respectively, 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧𝑤𝑤𝐴𝐴∗ =

4𝑘𝑘[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]
8𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝑝𝑝𝐴𝐴∗ =
6𝑎𝑎𝑎𝑎 + (𝑐𝑐 + 𝑐𝑐1)(2𝑏𝑏𝑏𝑏 − 𝜆𝜆2)

8𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝑒𝑒𝐴𝐴∗ =
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]𝜆𝜆

8𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝜋𝜋𝑀𝑀𝐴𝐴∗ =
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]2𝑘𝑘

8𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝜋𝜋𝑅𝑅𝐴𝐴∗ =
4𝑏𝑏𝑘𝑘2[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]2

(𝜆𝜆2 − 8𝑏𝑏𝑏𝑏)2

 (3) 

3.2 Model B 

When the new energy vehicle manufacturer chooses to engage in vertical technology R&D coope-
ration with the technology supplier, following Zhou et al. [7] and Zheng et al. [11-12], the new 
energy vehicle manufacturer shares a proportion (1 − 𝛽𝛽) of the technology R&D cost 𝑘𝑘(𝑒𝑒𝐵𝐵)2 of 
the technology supplier, while the technology supplier bears the remaining cost 𝛽𝛽𝛽𝛽(𝑒𝑒𝐵𝐵)2. In prac-
tice, BYD and Huawei have joined forces to promote technological R&D cooperation in intelligent 
driving technology innovation. The Stackelberg game is conducted between the new energy vehicle 
manufacturer and the technology supplier. Specifically, the technology supplier first determines 
the wholesale price 𝑤𝑤𝐵𝐵 and investment level 𝑒𝑒𝐵𝐵 of technology R&D, after which the new energy 
vehicle manufacturer determines the retail price 𝑝𝑝𝐵𝐵. The optimization problems of the technology 
supplier and the new energy vehicle manufacturer can be expressed as: 
 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑤𝑤𝐵𝐵,𝑒𝑒𝐵𝐵

𝜋𝜋𝑀𝑀𝐵𝐵 = 𝑤𝑤𝐵𝐵(𝑎𝑎 − 𝑏𝑏𝑝𝑝𝐵𝐵 + 𝜆𝜆𝑒𝑒𝐵𝐵) − 𝛽𝛽𝛽𝛽(𝑒𝑒𝐵𝐵)2                                                    (4) 
 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑝𝑝𝐵𝐵

𝜋𝜋𝑅𝑅𝐵𝐵 = (𝑝𝑝𝐵𝐵 − 𝑐𝑐 − 𝑐𝑐1 − 𝑤𝑤𝐵𝐵)(𝑎𝑎 − 𝑏𝑏𝑝𝑝𝐵𝐵 + 𝜆𝜆𝑒𝑒𝐵𝐵) − (1 − 𝛽𝛽)𝑘𝑘(𝑒𝑒𝐵𝐵)2                           (5) 
Similar to Model A, Eqs. 4 and 5 are solved using backward induction to obtain the optimal 

decisions and profits of the technology supplier and the new energy vehicle manufacturer, as 
shown in Proposition 2. 

Proposition 2. Under Model B, the optimal wholesale price, retail price, investment level of tech-
nology R&D, profit of the technology supplier, and profit of the new energy vehicle manufacturer 
are, respectively, 
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⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧𝑤𝑤𝐵𝐵∗ =

4𝑘𝑘𝑘𝑘[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]
8𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝑝𝑝𝐵𝐵∗ =
6𝑎𝑎𝑎𝑎𝑎𝑎 + (2𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2)(𝑐𝑐 + 𝑐𝑐1)

8𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝑒𝑒𝐵𝐵∗ =
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]𝜆𝜆

8𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝜋𝜋𝑀𝑀𝐵𝐵∗ =
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]2𝑘𝑘𝑘𝑘

8𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝜋𝜋𝑅𝑅𝐵𝐵∗ =
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]2[4𝑏𝑏𝑏𝑏𝛽𝛽2 + (𝛽𝛽 − 1)𝜆𝜆2]𝑘𝑘

(𝜆𝜆2 − 8𝑏𝑏𝑏𝑏𝑏𝑏)2

 (6) 

3.3 Model C 
Under Model C, following Jian et al. [25], Wang and Zhang [26], Haiju et al. [27], both the new 
energy vehicle manufacturer and the technology supplier aim to maximize the profit of the dual 
sales-channel supply chain system and achieve the goal by simultaneously determining the opti-
mal technology R&D investment level 𝑒𝑒𝐶𝐶∗ and retail price 𝑝𝑝𝐶𝐶∗. Under this model, the technology 
supplier alone bears the cost of technology R&D 𝑘𝑘𝑒𝑒32 and provides sales channels to help the new 
energy vehicle manufacturer sell products, thus forming a dual sales-channel supply chain system. 
Finally, the technology supplier and the new energy vehicle manufacturer share the benefits, that 
is, the new energy vehicle manufacturer transfers a fraction 𝜙𝜙  of its profit to the technology 
supplier, as observed in the Huawei–Seres partnership. Accordingly, the optimization problem of 
the dual sales-channel supply chain can be expressed as: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑒𝑒𝐶𝐶,𝑝𝑝𝐶𝐶

𝜋𝜋𝑇𝑇𝐶𝐶 = (𝑝𝑝3 − 𝑐𝑐 − 𝑐𝑐1)𝛼𝛼(𝑎𝑎 − 𝑏𝑏𝑝𝑝3 + 𝜆𝜆𝑒𝑒3) + (𝑝𝑝3 − 𝑐𝑐 − 𝑐𝑐2)(1 − 𝛼𝛼)(𝑎𝑎 − 𝑏𝑏𝑝𝑝3 + 𝜆𝜆𝑒𝑒3) − 𝑘𝑘𝑒𝑒32     (7) 

The profits of the technology supplier 𝜋𝜋𝑀𝑀𝐶𝐶  and the new energy vehicle manufacturer 𝜋𝜋𝑅𝑅𝐶𝐶  are, respec-
tively, 

 

 
𝜋𝜋𝑀𝑀𝐶𝐶 = (𝑝𝑝3 − 𝑐𝑐 − 𝑐𝑐2)(1− 𝛼𝛼)(𝑎𝑎 − 𝑏𝑏𝑝𝑝3 + 𝜆𝜆𝑒𝑒3)− 𝑘𝑘𝑒𝑒32 + 𝜙𝜙𝜙𝜙(𝑝𝑝3 − 𝑐𝑐 − 𝑐𝑐1)(𝑎𝑎 − 𝑏𝑏𝑝𝑝3 + 𝜆𝜆𝑒𝑒3)       (8) 

 

𝜋𝜋𝑅𝑅𝐶𝐶 = (1 − 𝜙𝜙)𝛼𝛼(𝑝𝑝3 − 𝑐𝑐 − 𝑐𝑐1)(𝑎𝑎 − 𝑏𝑏𝑝𝑝3 + 𝜆𝜆𝑒𝑒3)                                                 (9) 
 

In the above equation, 𝛼𝛼 is the market share occupied by the new energy vehicle manufacturer, 
and (1 − 𝛼𝛼) is the market share occupied by the technology supplier. Similar assumptions have 
also been made in studies by Rong et al. [28], Qin et al. [29]. Under Model C, the optimal technical 
input level, retail price, and participant profit of the dual sales-channel supply chain system can 
be obtained, as shown in Proposition 3. 

Proposition 3. Under Model C, the optimal wholesale price, retail price, investment level of tech-
nology R&D, the profit of the technology supplier, and the profit of the new energy vehicle manu-
facturer are, respectively, 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑝𝑝𝐶𝐶∗ =

2𝑎𝑎𝑎𝑎 + (𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼)(2𝑏𝑏𝑏𝑏 − 𝜆𝜆2)
4𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝑒𝑒𝐶𝐶∗ =
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼)]𝜆𝜆

4𝑏𝑏𝑏𝑏 − 𝜆𝜆2

𝜋𝜋𝑀𝑀𝐶𝐶∗ =
𝑘𝑘[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼)]𝑍𝑍1

(𝜆𝜆2 − 4𝑏𝑏𝑏𝑏)2

𝜋𝜋𝑅𝑅𝐶𝐶∗ =
2𝑏𝑏𝑏𝑏𝑏𝑏(𝜙𝜙 − 1)[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼)]𝑍𝑍2

(𝜆𝜆2 − 4𝑏𝑏𝑏𝑏)2
  

(10) 

𝑍𝑍1 = �
−𝑎𝑎𝜆𝜆2 + 4𝑎𝑎𝑎𝑎𝑎𝑎�1 + 𝛼𝛼(−1 + 𝜙𝜙)� + 𝑏𝑏𝜆𝜆2 �

𝑐𝑐 + 𝑐𝑐2(𝛼𝛼 − 1)[2𝛼𝛼(𝜙𝜙 − 1) − 1]
+𝑐𝑐1𝛼𝛼[2𝜙𝜙 − 1 − 2𝛼𝛼(𝜙𝜙 − 1)] �

−4𝑏𝑏2𝑘𝑘�𝑐𝑐 + 𝑐𝑐2(𝛼𝛼 − 1)(𝛼𝛼(𝜙𝜙 − 1) − 1) + 𝑐𝑐𝑐𝑐(𝜙𝜙 − 1) + 𝑐𝑐1𝛼𝛼(𝛼𝛼 + 2𝜙𝜙 − 𝛼𝛼𝛼𝛼 − 1)�
� 

 

𝑍𝑍2 = 2𝑏𝑏𝑏𝑏[𝑐𝑐 − 𝑐𝑐1(𝛼𝛼 − 2) − 2𝑎𝑎𝑎𝑎 + 𝑐𝑐2(𝛼𝛼 − 1)] + (𝑐𝑐1 − 𝑐𝑐2)(𝛼𝛼 − 1)𝜆𝜆2
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3.4 Model comparison 
Propositions 4 and 5 can be obtained by comparing optimal pricing, the technology R&D invest-
ment level, and profits under Models A, B, and C. 

Proposition 4. Comparison of the optimal pricing and R&D investment level under the three co-
operation models: (1) 𝑤𝑤𝐵𝐵∗ > 𝑤𝑤𝐴𝐴∗; (2) 𝑝𝑝𝐵𝐵∗ > 𝑝𝑝𝐴𝐴∗ > 𝑝𝑝𝐶𝐶∗; (3) when 0 < 𝛽𝛽 < 𝛽𝛽1, then 𝑒𝑒𝐵𝐵∗ > 𝑒𝑒𝐶𝐶∗ >
𝑒𝑒𝐴𝐴∗; when 𝛽𝛽 > 𝛽𝛽1, then 𝑒𝑒𝐶𝐶∗ > 𝑒𝑒𝐵𝐵∗ > 𝑒𝑒𝐴𝐴∗, 𝛽𝛽1 = 4𝑎𝑎𝑎𝑎−4𝑏𝑏𝑏𝑏(𝑐𝑐+𝑐𝑐1)+(𝑐𝑐1−𝑐𝑐2)(1−𝛼𝛼)𝜆𝜆2

8𝑘𝑘[𝑎𝑎−𝑏𝑏(𝑐𝑐+𝑐𝑐2+𝑐𝑐1𝛼𝛼−𝑐𝑐2𝛼𝛼)]
. 

Proposition 1 shows that: (1) the wholesale price under Model B is always greater than that 
under Model A. This is mainly because the cooperative R&D sales-channel mode stimulates the 
technology supplier’s R&D investment level and increases its technology input cost, which in turn 
leads to an increase in the wholesale price of the product; (2) the retail price of products under 
models B and C is the highest and lowest, respectively. This is because Model C aims to maximize 
the profit and market share of the entire dual sales-channel supply chain, and the retail price un-
der Model C’s centralized decision will be the lowest. The retail price of Model B is greater than 
that of Model A because of the size of the wholesale price; (3) the level of technology R&D invest-
ment under Model A is always the lowest among the three models. When the technology R&D 
investment cost-sharing ratio (1 − 𝛽𝛽)  between the new energy vehicle manufacturer and the 
technology supplier is small (0 < 𝛽𝛽 < 𝛽𝛽1), the technology supplier’s technology R&D investment 
level in Model B will be greater than that in Model C; otherwise, the technology supplier’s technol-
ogy R&D investment level in Model C will be greater than that in Model B. Without loss of genera-
lity, the parameters are set as follows: as 𝑎𝑎 = 100, 𝑐𝑐 = 2, 𝑐𝑐1 = 1, 𝑐𝑐2 = 0.8, 𝑏𝑏 = 2,𝜆𝜆 = 1, 𝑘𝑘 = 0.5, 
𝛼𝛼 = 0.4. Meanwhile, 𝛽𝛽 > 0.125 can be obtained because the Cosset matrix in Section 3.2 needs to 
satisfy 8𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2 > 0 (see Figs. 2-4). 

 

      
          Fig. 2 The effect of 𝛽𝛽 on wholesale prices                                    Fig. 3 The effect of 𝛽𝛽 on retail prices 

 
Fig. 4 The influence of 𝛽𝛽 on the level of investment in technology R&D 
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Proposition 5. Compare the optimal profit of the technology supplier and the new energy vehicle 
manufacturer under the three cooperation models: (1) when 𝜙𝜙 < 𝜙𝜙1 , then 𝜋𝜋𝑀𝑀𝐵𝐵∗ > 𝜋𝜋𝑀𝑀𝐶𝐶∗ > 𝜋𝜋𝑀𝑀𝐴𝐴∗ ; 
when 𝜙𝜙 > 𝜙𝜙1, then 𝜋𝜋𝑀𝑀𝐶𝐶∗ > 𝜋𝜋𝑀𝑀𝐵𝐵∗ > 𝜋𝜋𝑀𝑀𝐴𝐴∗; (2) when 𝜙𝜙 < 𝜙𝜙2 and 𝛽𝛽 < 𝛽𝛽2, then 𝜋𝜋𝑅𝑅𝐶𝐶∗ > 𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗; when 
𝜙𝜙 < 𝜙𝜙2  and  𝛽𝛽 > 𝛽𝛽2 , then 𝜋𝜋𝑅𝑅𝐶𝐶∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗ > 𝜋𝜋𝑅𝑅𝐴𝐴∗ ; when 𝜙𝜙2 < 𝜙𝜙 < 𝜙𝜙3 and 𝛽𝛽 < 𝛽𝛽2 , then 𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐶𝐶∗ >
𝜋𝜋𝑅𝑅𝐵𝐵∗ ; when 𝜙𝜙 > 𝜙𝜙3  and 𝛽𝛽 < 𝛽𝛽2  , then 𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗ > 𝜋𝜋𝑅𝑅𝐶𝐶∗ ; when 𝜙𝜙 > 𝜙𝜙3  and 𝛽𝛽 > 𝛽𝛽2 , then 𝜋𝜋𝑅𝑅𝐵𝐵∗ >
𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐶𝐶∗. Where 𝛽𝛽2 = 64𝑏𝑏2𝑘𝑘2−12𝑏𝑏𝑏𝑏𝜆𝜆2+𝜆𝜆4

64𝑏𝑏2𝑘𝑘2−4𝑏𝑏𝑏𝑏𝜆𝜆2
, 

𝜙𝜙2 = 1 +
𝑘𝑘{2[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]2(𝜆𝜆2 − 4𝑏𝑏𝑏𝑏)2}

�
𝛼𝛼[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼)](𝜆𝜆2 − 8𝑏𝑏𝑏𝑏)2

{2𝑏𝑏𝑏𝑏[𝑐𝑐 − 𝑐𝑐1(𝛼𝛼 − 2) + 𝑐𝑐2(𝛼𝛼 − 1)] − 2𝑎𝑎𝑎𝑎 + 𝜆𝜆2(𝑐𝑐2 − 𝑐𝑐1)(1 − 𝛼𝛼)}�
 

𝜙𝜙3 = 1 +
[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐1)]2(𝜆𝜆2 − 4𝑏𝑏𝑏𝑏)2[4𝑏𝑏𝑏𝑏𝛽𝛽2 + 𝜆𝜆2(𝛽𝛽 − 1)]

�
2𝑏𝑏𝑏𝑏[𝑎𝑎 − 𝑏𝑏(𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼)](𝜆𝜆2 − 8𝑏𝑏𝑏𝑏𝑏𝑏)2

{2𝑏𝑏𝑏𝑏[𝑐𝑐 − 𝑐𝑐1(𝛼𝛼 − 2) + 2𝑐𝑐(𝛼𝛼 − 1)] − 2𝑎𝑎𝑎𝑎 + (𝑐𝑐1 − 𝑐𝑐2)(𝛼𝛼 − 1)𝜆𝜆2}�
 

𝜙𝜙1 = ⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝑎𝑎2(16𝑏𝑏2𝑘𝑘2(1 − 2𝛼𝛼)𝛽𝛽 + 4𝑏𝑏𝑏𝑏(𝛼𝛼 − 1)𝜆𝜆2 − (𝛽𝛽 − 1)𝜆𝜆4) + 2𝑎𝑎𝑎𝑎(16𝑏𝑏2𝑘𝑘2

�𝑐𝑐1 + 2𝑐𝑐2(𝛼𝛼 − 1) + 𝑐𝑐(2𝛼𝛼 − 1)�𝛽𝛽 − 4𝑏𝑏𝑏𝑏(𝛼𝛼 − 1)(𝑐𝑐 + 𝑐𝑐2 − 2𝑐𝑐1(1 + 𝛼𝛼)𝛽𝛽
+2𝑐𝑐2(1 + 𝛼𝛼)𝛽𝛽)𝜆𝜆2 + �𝑐𝑐2(𝛼𝛼2 − 1) + 𝑐𝑐(𝛽𝛽 − 1) + 𝑐𝑐1(𝛽𝛽 − 𝛼𝛼2)�𝜆𝜆4)

−𝑏𝑏2(16𝑏𝑏2𝑘𝑘2(2𝑐𝑐�𝑐𝑐1 + 2𝑐𝑐2(𝛼𝛼 − 1)� + 4𝑐𝑐1𝑐𝑐2(𝛼𝛼 − 1)𝛼𝛼2 − 2𝑐𝑐22(𝛼𝛼 − 1)2(1 + 𝛼𝛼)
+𝑐𝑐2(2𝛼𝛼 − 1) + 𝑐𝑐12(1 + 2𝛼𝛼2 − 2𝛼𝛼3))𝛽𝛽 − 4𝑏𝑏𝑏𝑏(𝛼𝛼 − 1)(𝑐𝑐2 + 2𝑐𝑐1𝑐𝑐2𝛼𝛼2(1 + 4𝛽𝛽)

−𝑐𝑐22(𝛼𝛼 − 1)(1 + 𝛼𝛼 + 2𝛽𝛽 + 4𝛼𝛼𝛼𝛼)− 𝑐𝑐12(𝛼𝛼2 + 2𝛽𝛽 + 2𝛼𝛼𝛼𝛼 + 4𝛼𝛼2𝛽𝛽) + 2𝑐𝑐
(𝑐𝑐2 − 2𝑐𝑐1(1 + 𝛼𝛼)𝛽𝛽 + 2𝑐𝑐2(1 + 𝛼𝛼)𝛽𝛽))𝜆𝜆2 + (4𝑐𝑐1𝑐𝑐2(𝛼𝛼 − 1)𝛼𝛼2 − 𝑐𝑐22(𝛼𝛼 − 1)2

(1 + 2𝛼𝛼) + 𝑐𝑐2(𝛽𝛽 − 1) + 𝑐𝑐12(𝛼𝛼2 − 2𝛼𝛼3 + 𝛽𝛽) + 2𝑐𝑐�𝑐𝑐2(𝛼𝛼2 − 1) + 𝑐𝑐1(𝛽𝛽 − 𝛼𝛼2)�)𝜆𝜆4)⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

� 2𝑏𝑏𝑏𝑏[𝑏𝑏(𝑐𝑐 + 𝑐𝑐2 + 𝑐𝑐1𝛼𝛼 − 𝑐𝑐2𝛼𝛼) − 𝑎𝑎](8𝑏𝑏𝑏𝑏𝑏𝑏 − 𝜆𝜆2)
{2𝑎𝑎𝑎𝑎 − 2𝑏𝑏𝑏𝑏[𝑐𝑐 − 𝑐𝑐1(𝛼𝛼 − 2) + 𝑐𝑐2(𝛼𝛼 − 1)] − (𝑐𝑐1 − 𝑐𝑐2)(𝛼𝛼 − 1)𝜆𝜆2}�

 

 
Proposition 5 mainly analyzes the impact of three cooperation modes on the profits of the tech-

nology supplier and the new energy vehicle manufacturer. Specifically, (1) the profit of the tech-
nology supplier in Model A is always the smallest, while the profit size between models B and C 
depends on the revenue sharing ratio 𝜙𝜙: if the profit proportion of the technology supplier in the 
new energy vehicle manufacturer is smaller (𝜙𝜙 < 𝜙𝜙1), that in Model B is larger; conversely, the 
technology supplier will gain more profits in Model C. (2) The profit of the new energy vehicle 
manufacturer under the three cooperation models depends on the proportional coefficient of rev-
enue sharing and the proportional coefficient of sharing of technology R&D costs of the new en-
ergy vehicle manufacturer to technology supplier: (a) when the technology supplier shares a small 
proportion of the profit of the new energy vehicle manufacturer under Model C (𝜙𝜙 < 𝜙𝜙2) and the 
proportion of the technology R&D costs (1 − 𝛽𝛽) shared by the new energy vehicle manufacturer 
under B is large (𝛽𝛽 < 𝛽𝛽2), the profit of the new energy vehicle manufacturer under Model C is the 
largest, followed by models A and B. This is because under the centralized decision-making of 
Model C, the new energy vehicle manufacturer has a relatively large profit share, while in Model 
B, it bears a higher proportion of technology R&D costs, which reduces overall profitability. (b) 
When the technology supplier shares a smaller proportion of the profits of the new energy vehicle 
manufacturer under Model C (𝜙𝜙 < 𝜙𝜙2 ) and the proportion of technology R&D costs (1 − 𝛽𝛽) 
shared by the new energy vehicle manufacturer under Model B (𝛽𝛽 > 𝛽𝛽2), the new energy vehicle 
manufacturer obtains the largest profits under Model C, followed by models B and A. (c) When the 
technology supplier shares a larger proportion of the profits of the new energy vehicle manufac-
turer under Model C (𝜙𝜙2 < 𝜙𝜙 < 𝜙𝜙3) and the new energy vehicle manufacturer shares a higher 
proportion of technology R&D costs (1 − 𝛽𝛽) under Model B (𝛽𝛽 < 𝛽𝛽2), the new energy vehicle man-
ufacturer obtains the largest profits under Model A, followed by models C and B; (d) When tech-
nology supplier shares a large proportion of the profit of the new energy vehicle manufacturer 
under Model C (𝜙𝜙 > 𝜙𝜙3) and the new energy vehicle manufacturer shares a high proportion of 
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technology R&D costs (1 − 𝛽𝛽) under Model B (𝛽𝛽 < 𝛽𝛽2), the new energy vehicle manufacturer ob-
tains the largest profits under Model A, followed by models B and C. (e) When technology supplier 
shares a large proportion of the profit of the new energy vehicle manufacturer under Model C 
(𝜙𝜙 > 𝜙𝜙3) and the proportion of technology R&D costs (1 − 𝛽𝛽) shared by the new energy vehicle 
manufacturer under Model B is small (𝛽𝛽 > 𝛽𝛽2), the new energy vehicle manufacturer obtains the 
largest profit under Model B, followed by models A and C in order. 

Fig. 5 illustrates the impact of the technology supplier’s revenue-sharing coefficient 𝜙𝜙 and the 
new energy vehicle manufacturer’s technology R&D cost-sharing coefficient 𝛽𝛽 on the profits of 
both parties. Specifically: (1) in the shaded areas of F and H (𝜙𝜙1 < 𝜙𝜙 < 𝜙𝜙2), both the technology 
supplier and the new energy vehicle manufacturer achieve a Pareto improvement in profits under 
Model C and a win-win outcome. This provides a theoretical explanation for why Huawei and Seres 
adopt Model C in practice. (2) The profit ranking of the technology supplier satisfies 𝜋𝜋𝑀𝑀𝐵𝐵∗ > 𝜋𝜋𝑀𝑀𝐶𝐶∗ >
𝜋𝜋𝑀𝑀𝐴𝐴∗ in regions A and E, while 𝜋𝜋𝑀𝑀𝐶𝐶∗ > 𝜋𝜋𝑀𝑀𝐵𝐵∗ > 𝜋𝜋𝑀𝑀𝐴𝐴∗ holds in regions B, C, D, F, and H. (3) From the per-
spective of the new energy vehicle manufacturer, 𝜋𝜋𝑅𝑅𝐶𝐶∗ > 𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗ can be seen in regions E and 
F; 𝜋𝜋𝑅𝑅𝐶𝐶∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗ > 𝜋𝜋𝑅𝑅𝐴𝐴∗ can be seen in region H, and 𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐶𝐶∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗ can be seen in regions A and B; 
𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐵𝐵∗ > 𝜋𝜋𝑅𝑅𝐶𝐶∗ can be seen in region C; 𝜋𝜋𝑅𝑅𝐵𝐵∗ > 𝜋𝜋𝑅𝑅𝐴𝐴∗ > 𝜋𝜋𝑅𝑅𝐶𝐶∗ can be seen in region D. 
 

 
Fig. 5 The impact of 𝜙𝜙 and 𝛽𝛽 on the profits of the technology supplier and the new energy vehicle manufacturer

 

4. Conclusion 
New energy vehicle manufacturers frequently collaborate with specialized technology suppliers 
to address their technical shortcomings, thereby enhancing their market share. However, a di-
verse array of cooperation models exists in practice. This paper aims to explore which cooperation 
mode is most advantageous for new energy vehicle manufacturers and technology suppliers un-
der varying circumstances, as well as the conditions both parties agree upon when selecting the 
same cooperation model. A review of the existing literature revealed a scarcity of studies focusing 
on the choice of cooperation models between new energy vehicle manufacturers and technology 
suppliers. To address this gap, this study examined three specific partnerships: Chang’an and 
Huawei, BYD and Huawei, and Seres and Huawei. It considered three cooperation models: A, B, 
and C. These models form single- and dual-channel supply chain systems comprising a technology 
supplier and a new energy vehicle manufacturer. Through comprehensive analysis, the following 
conclusions are drawn. 

• Under Model B, the retail price of the products developed by the technology supplier is the 
highest, followed by models A and C. The wholesale price of the products developed by the 
technology supplier under Model B will also be higher than that of products developed un-
der Model A. 
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• In Model A, the level of R&D investment by the technology supplier is always minimal. The 
level of technology R&D investment between models B and C depends on the technology 
R&D cost-sharing coefficient 𝛽𝛽: if 𝛽𝛽 is small, the technology supplier has the highest level of 
technology R&D investment in Model B; otherwise, the highest level of R&D investment oc-
curs in Model C. 

• From the perspective of the technology supplier, a threshold 𝜙𝜙1 applies. If the revenue-sha-
ring coefficient 𝜙𝜙 of the technology supplier is less than this threshold, the optimal strategy 
is to choose Model B; otherwise, Model C should be chosen. 

• From the perspective of the new energy vehicle manufacturer, thresholds 𝜙𝜙2, 𝜙𝜙3, and 𝛽𝛽2 
apply, with 𝜙𝜙2 < 𝜙𝜙3. (a) If the revenue-sharing coefficient 𝜙𝜙 is less than 𝜙𝜙2, then the opti-
mal strategy is to choose Model C. (b) If the revenue-sharing coefficient 𝜙𝜙 satisfies 𝜙𝜙 > 𝜙𝜙2 
and the technology supplier’s R&D cost-sharing coefficient satisfies 𝛽𝛽 < 𝛽𝛽2 , the optimal 
strategy for the new energy vehicle manufacturer is to choose Model A. (c) If the revenue-
sharing coefficient 𝜙𝜙 satisfies 𝜙𝜙 > 𝜙𝜙3 and the technology supplier’s R&D cost-sharing co-
efficient satisfies 𝛽𝛽 > 𝛽𝛽2, the optimal strategy for the new energy vehicle manufacturer is to 
choose Model B. (d) If the revenue-sharing coefficient 𝜙𝜙 satisfies 𝜙𝜙1 < 𝜙𝜙 < 𝜙𝜙2, the optimal 
strategy of the technology supplier and the new energy vehicle manufacturer is Model C, 
which explains why Seres and Huawei have chosen Model C in practice. 

• The conclusions provide theoretical guidance for new energy vehicle manufacturers and 
technology suppliers in selecting cooperation modes. In future research, scenarios involving 
information asymmetry and competition may be further considered. 
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Two-echelon drone–truck collaborative TSP-based routing 
for humanitarian logistics with time windows and 
stochastic demand 
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A B S T R A C T A R T I C L E   I N F O 
In humanitarian logistics emergency material transportation and distribution, 
trucks offer large load capacity and long driving range, whereas drone trans-
portation is independent of ground road conditions but constrained by bat-
tery life and payload capacity. The coordination of the two can therefore pro-
vide complementary advantages. In this paper, the traveling salesman prob-
lem is formulated for a two-echelon emergency material distribution process, 
spanning transportation from the central warehouse to the distribution cen-
ter and then to the demand points. In the first stage, transportation from the 
central warehouse to the distribution center is performed by trucks. In the 
second stage, trucks and drones collaboratively carry out material distribu-
tion from the distribution center to the demand points. Based on the above 
scenario, this paper aims to minimize the total cost of completing all distribu-
tion tasks. The model considers capacity constraints at distribution centers, 
time window constraints at demand points, and stochastic demand, and es-
tablishes a two-echelon traveling salesman problem for humanitarian logis-
tics with truck–drone collaboration. Based on the particle swarm optimiza-
tion (PSO) framework, a heuristic algorithm named PSO-VD is proposed, 
which transforms the discrete traveling salesman problem into a continuous 
encoding and integrates drone routes into truck routes using the 2-opt meth-
od. In small-scale instances, the solutions obtained by PSO-VD are compared 
with those of commercial solvers, demonstrating that the proposed algorithm 
achieves high accuracy with low computational time. For instances with up to 
12 demand points, the algorithm obtains solutions within 150 seconds, with 
an accuracy deviation of less than 10 % compared to exact solution methods. 
The applicability of the algorithm proposed in this paper has been demonstrat-
ed through large-scale numerical examples. Sensitivity analyses are conduct-
ed on key parameters, including the time window penalty coefficient, drone 
speed, and drone battery capacity, yielding practical managerial insights. 
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1. Introduction
Drones are playing a crucial role in humanitarian logistics by enabling faster, more efficient aid 
delivery to remote and disaster-stricken areas. In Africa, Zipline operates autonomous drones to 
deliver blood, vaccines, and medical supplies to clinics in Rwanda, Ghana, Nigeria, and beyond, 
cutting delivery times from hours to minutes. Following Hurricane Maria in Puerto Rico, drones 
were deployed to assess damage and deliver aid to isolated communities. Similarly, during the 
COVID-19 pandemic, Matternet's drones transported test kits, PPE, and vaccines between hospi-
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tals in the U.S. and Switzerland, reducing exposure risks. The World Food Programme tested drone 
deliveries for food aid in famine-affected Madagascar, while search and rescue teams used drones 
after the 2015 Nepal earthquake to locate survivors and assess damage. The UNHCR leveraged 
drone technology for refugee camp planning and monitoring in Greece and Bangladesh, improving 
logistical coordination. Additionally, drones have been used in Australia and California for wildfire 
monitoring and evacuation planning. These innovations are transforming humanitarian logistics 
by reducing response times, lowering costs, and improving access to life-saving aid. With the rapid 
development of Industry 4.0 and artificial intelligence, automation technologies have increasingly 
penetrated manufacturing and service industries, leading to the widespread adoption of drones  
[1-2]. It has a wide range of applications, including but not limited to industrial manufacturing, 
logistics and distribution, healthcare, rescue exploration, etc. [3]. 

The use of drones in humanitarian logistics presents significant advantages, including rapid 
delivery of life-saving supplies by bypassing infrastructure challenges—as demonstrated by 
Zipline’s medical drone operations in remote Africa, which reduced delivery times from hours to 
minutes. Drones excel in accessing hard-to-reach areas affected by disasters, conflict, or geogra-
phy, while also minimizing risks to human responders in hazardous environments. Their cost 
efficiency, scalability, and real-time data capabilities (evident in post-2015 Nepal earthquake 
assessments and wildfire monitoring in California and Australia) enhance disaster response and 
planning. Additionally, eco-friendly operations and improved security monitoring further posi-
tion drones as transformative tools. However, barriers such as restrictive aviation regulations, 
limited payload capacities, short battery life, high upfront costs, and technical challenges like 
weather vulnerability and operator expertise hinder widespread adoption. Privacy concerns, 
public skepticism, and infrastructure gaps in remote areas further complicate deployment. Ad-
dressing these limitations demands collaborative efforts to technology [4], streamline regula-
tions, increase investment, and integrate drones with traditional logistics strategies, ensuring 
their full potential is realized in delivering timely, efficient, and sustainable humanitarian aid. 

A hybrid truck-drone distribution model combines the efficiency of trucks for bulk transport 
with the agility of drones for last-mile delivery, offering a transformative solution for humanitar-
ian aid, emergency response, and e-commerce logistics. In this system, trucks act as mobile hubs, 
carrying large quantities of supplies such as food, medicine, or emergency kits while serving as 
launchpads and recharging stations for drones. Once trucks reach centralized locations—like 
disaster relief camps or regional hubs—drones take over to deliver smaller, critical items such 
as vaccines, medical kits, or communication devices to remote, inaccessible, or disaster-stricken 
areas blocked by rough terrain or infrastructure damage. Operational strategies like parallel 
delivery (simultaneous truck and drone operations), relay systems (drones picking up payloads 
from stationary trucks), and on-demand deployment (dynamic launches based on real-time 
needs) optimize speed and coverage. The model enhances efficiency by allowing trucks to han-
dle bulk logistics while drones bypass traffic and geographical barriers, drastically reducing de-
livery times and costs. It also improves accessibility in isolated regions and scales rapidly, with 
multiple drones deployed from a single truck to cover vast areas. However, challenges such as 
limited drone battery life require frequent recharging at truck hubs, regulatory restrictions on 
airspace use, and payload capacity constraints compared to trucks must be addressed. By inte-
grating AI-driven route optimization, real-time tracking, and automated scheduling, this hybrid 
approach promises to revolutionize supply chains, making them faster, more resilient, and 
adaptable to urgent demands in crisis scenarios or everyday logistics. 

This study addresses the emergency material distribution vehicle routing problem from cen-
tral warehouse to distribution centers and subsequently to demand points. Given that the trans-
portation duration from central warehouse to distribution centers influences the scheduling of 
last-mile deliveries to demand points, a two-echelon vehicle routing approach is proposed. The 
first stage, termed trunk transportation, employs large-capacity trucks to transfer materials 
from central warehouse to distribution centers. The second stage, referred to as last-mile deliv-
ery, utilizes coordinated small-scale drones and trucks from distribution centers to demand 
nodes. Each distribution center stores truck and drone, with each truck carrying one drone to 
service multiple emergency demand points before returning to its origin. Notably, the trunk 
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transportation stage permits direct delivery by large drones to either distribution centers or 
demand points without truck-drone coordination. 

The research establishes a truck-drone collaborative two-echelon travelling salesman prob-
lem model for emergency logistics, prioritizing total mission completion time minimization. The 
model incorporates operational constraints including payload capacities, mileage limitations, 
and road accessibility restrictions. A heuristic algorithm is developed to solve this NP-hard prob-
lem. The paper is structured as follows: Section 2 presents the literature review, Section 3 de-
tails the mathematical formulation, Section 4 describes the heuristic algorithm, Section 5 pro-
vides empirical validation, and Section 6 concludes with findings and implications. 

2. Literature review 
2.1 Vehicle routing problem with drone 

Murray and Chu (2015) pioneered a truck-drone collaborative delivery system, framing the 
problem as the Flying Sidekick Traveling Salesman Problem (FSTSP), where each customer must 
be served either by a driver-operated truck or a drone coordinated with the truck [5]. Carlsson 
and Song (2018) demonstrated the efficiency of this system [6], while Agatz et al. (2018) devel-
oped an exact algorithm termed TSP-D [7]. Yurek and Ozmutlu (2018) proposed an iterative 
decomposition-based algorithm to minimize the completion time of TSP-D deliveries [8]. Ha et 
al. (2018) introduced a TSP-D variant aimed at minimizing operational costs, including transpor-
tation expenses and idle time penalties incurred by interdependencies between trucks and 
drones [9]. Kim et al. (2018) further advanced this with a robust optimization method to address 
battery duration uncertainties [10]. Roberti and Ruthmair (2020) employed dynamic program-
ming for TSP-D solutions [11], and Tamke and Buscher (2021) incorporated waiting time into 
the objective function, proposing a novel mixed-integer linear programming (MILP) model en-
hanced with valid inequalities [12]. Vásquez et al. (2021) decomposed the problem into two 
stages: selecting and sequencing truck-served customers, then assigning remaining nodes to 
drones [13]. Kang and Lee (2021) devised an exact algorithm based on Benders Decomposition 
for logistical optimization [14]. 

In heterogeneous truck-drone routing research, Ham (2018) extended the problem by inte-
grating delivery and pickup tasks with multiple vehicles and depots [15]. Kitjacharoenchai et al. 
(2019) advanced multi-vehicle drone-truck coordination, framing it as a multi-traveling sales-
man problem with drones (MTSP-D) and developing insertion-based heuristics for large-scale 
instances (up to 100 nodes) [16]. Murray and Raj (2020) proposed a heuristic decomposition 
approach for a single truck and multiple drones, breaking the problem into three subproblems 
[17]. Roberti and Ruthmair (2021) introduced a branch-and-cut algorithm [18], while Mohamed 
et al. (2022) formulated a MILP model for coordinated last-mile delivery using a truck and het-
erogeneous drones, minimizing completion time via a hybrid simulated annealing and variable 
neighborhood search algorithm [19]. Dynamic decision-making in operations was explored by 
Chen et al. (2021), who developed a Markov Decision Process (MDP) model for e-commerce lo-
gistics, dynamically adjusting delivery rates and pricing strategies under elastic demand [20]. 
Recent advancements in routing optimization include Lichau et al. (2025), who proposed an 
exact algorithm combining dynamic programming and branch-and-cut pricing to enhance two-
echelon truck-drone (2E-VRP-D) efficiency [21]. Mbiadou Saleu et al. (2022) extended the paral-
lel drone scheduling TSP (PDSTSP) with a MILP model for multi-vehicle coordination, though 
computational complexity limited scalability. In intelligent algorithms for complex scenarios 
[22], Ermağan et al. (2022) integrated machine learning with column generation for drone 
charging station routing, dynamically inserting charging nodes to address range constraints 
[23]. Stodola et al. (2024) designed an adaptive ant colony optimization algorithm (AACO-NC-D) 
for multi-depot heterogeneous fleets (MDVRP-D), achieving 15-20 % time savings via node clus-
tering and pheromone evaporation [24]. Notably, humanitarian logistics research by Ramadhan 
et al. (2025) introduced a truck-drone-boat (TSP-DB) model for flood disasters, coordinating 
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drones (for dry/flooded zones) and inflatable boats (for flooded areas) to enhance rescue effi-
ciency, though single-drone capacity per mission remains a limitation [25]. 

This evolving body of work underscores the growing sophistication of hybrid truck-drone 
systems, driven by algorithmic innovation, multi-objective optimization, and adaptability to di-
verse operational contexts. 

2.2 Emergency logistics vehicle routing problem 

Recent advancements in humanitarian logistics have focused on multimodal transportation 
planning and uncertainty management, with scholars delving into multi-commodity rebalancing, 
dynamic routing optimization, coordinated delivery, and intelligent algorithm development. In 
the realm of uncertainty modeling and equity optimization, Gao et al. (2021) proposed a bi-
objective stochastic mixed-integer nonlinear programming (BOSMINP) model for large-scale 
disasters, balancing equity and efficiency by minimizing the weighted proportion of unmet de-
mand while integrating priority weights into multi-commodity rebalancing for the first time 
[26]. Expanding on this, Gao et al. (2024) employed a Wasserstein distance-based distributional-
ly robust optimization (DRO) framework to address pre-disaster facility location-inventory 
prepositioning and post-disaster resource allocation, enhancing robustness against road disrup-
tion risks [27]. Similarly, Ahmadi et al. (2015) utilized two-stage stochastic programming to 
manage post-earthquake network failures under the "golden 72-hour" constraint, validating the 
feasibility of dynamic multi-trip vehicle routing using GIS data [28]. Hou and Liu (2024) used the 
maximum regret value and Lyapunov central limit theorem to describe the uncertainty of de-
mand and transportation time and established a robust optimization model for cold chain mul-
timodal transportation routes considering mixed uncertainty of carbon emissions [29]. 

Multimodal coordination and time-sensitive optimization have emerged as key research 
themes. Yang et al. (2025) developed a two-stage stochastic model for truck-drone collaborative 
scheduling, enabling drones to reload at distribution centers to address single-node surge de-
mand scenarios [30]. Lu et al. (2023) further incorporated time-varying weather impacts on 
drone safety and efficiency, designing a hybrid multi-objective evolutionary algorithm (HMOEA) 
that demonstrated weather-sensitive decision-making efficacy in the Henan floods case [31]. 
Alternatively, Yin et al. (2023) investigate a robust vehicle routing problem with trucks and 
drones under uncertain demands and travel times, highlighting optimization strategies for col-
laborative delivery under humanitarian logistics conditions [32]. 

Algorithmic innovation and dynamic response strategies have seen notable breakthroughs. 
Kyriakakis et al. (2022) proposed a hybrid tabu search-variable neighborhood descent algorithm 
(HTS-VND), achieving new optimal solutions for cumulative capacitated vehicle routing problems 
[33]. Van Steenbergen et al. (2023) pioneered the application of deep reinforcement learning (RL) 
to multi-vehicle routing under uncertain travel times, demonstrating that replacing 50 % of trucks 
with drones improved objective values by 11-56 % [34]. Amirsahami et al. (2025) integrated fuzzy 
programming with an improved NSGA-II algorithm (M-NSGA-II-AVNS), synchronizing decentral-
ized facility expansion and drone routing in urban rescue chains, reducing costs by 75 % while 
shortening waiting times [35]. These studies collectively highlight the growing integration of ad-
vanced analytics, real-time adaptability, and multimodal synergies in addressing the complexities 
of humanitarian logistics. 

3. Mathematical model 
3.1 Problem description 

This paper considers the two-stage TSP problem of humanitarian logistics in an emergency sce-
nario. The first stage is from a central warehouse to multiple transit distribution centers, and the 
second stage is from the transit station to the demand point. At the same time, in the second 
stage, consider the use of drones and trucks for coordinated delivery, that is, each distribution 
center has one truck and one drone. At the beginning of the second stage, the truck sets off with 
cargos and drones to serve the demand point, and the truck is the take-off and landing platform 
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of the drone. When the truck serves the demand point, the drone takes off from the truck and 
serves other demand points. After the service is completed, when the truck serves another de-
mand point, the drone lands back to the truck. For the humanitarian logistics scenario, we con-
sider the uncertainty of demand, the capacity limit of distribution center and the time window of 
demand point. Therefore, when the capacity limit of the distribution center is exceeded, or the 
materials cannot be delivered to the demand point, a penalty coefficient should be given.As 
shown in figure 1, in stage I, the truck departs from the warehouse loaded with all required sup-
plies and follows the route 1→2→3 to replenish each distribution center sequentially. Upon ar-
riving at distribution center 1, the truck stationed at that center—carrying supplies and drone—
departs to serve demand point A. Simultaneously, the drone takes off from the truck to serve 
demand point B. Subsequently, both the truck and the drone rendezvous at demand point C, af-
ter which the drone lands back on the truck. The same delivery procedure is repeated for distri-
bution centers 2 and 3. After completing all delivery tasks, the truck and drone return to their 
respective distribution centers. 

 
Fig. 1 Two-echelon distribution mode of collaboration between drones and trucks 

 
This problem can be viewed as an extension of the Traveling Salesman Problem (TSP). The 

model incorporates both an assignment subproblem and a routing subproblem, which involves 
partitioning demand points into those served by the truck and those served by the drone. Fur-
thermore, it is necessary to decide which demand points will be served by which distribution 
center. The truck is treated as a traveling salesman, and its route planning constitutes a two-
stage TSP problem: the first stage addresses the TSP among distribution centers, while the sec-
ond stage deals with the TSP among the demand points. Simultaneously, the model must deter-
mine the drone's flight route, including the demand point from which the drone launches from 
the truck, the demand point it serves after launch, and the rendezvous demand point where it 
returns to the truck after service completion. The synchronization constraint is a critical consid-
eration in truck-drone collaborative delivery, mandating that once the drone launches from the 
truck to perform a service, it must reunite with the truck before initiating the next service. This 
necessitates precise coordination between the truck and the drone in both time and space. 
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3.2 Decision variables and parameters 

Decision variables 

𝑥𝑥𝑖𝑖𝑖𝑖
𝑝𝑝 ∈ {0,1}, 𝑝𝑝 ∈  𝑀𝑀, 𝑖𝑖, 𝑗𝑗 ∈  𝑁𝑁, whether the truck departing from the p-th distribution center 

passes through 𝑖𝑖, 𝑗𝑗, 𝑥𝑥0𝑗𝑗
𝑝𝑝  indicates whether the truck departs from the distribution center 𝑝𝑝 and 

serves the demand point 𝑗𝑗, 𝑥𝑥𝑖𝑖0
𝑝𝑝  indicates whether to return from demand point 𝑖𝑖 to distribu-

tion center 𝑝𝑝. 

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
𝑝𝑝 ∈ {0,1}, 𝑝𝑝 ∈  𝑀𝑀, 𝑖𝑖, 𝑗𝑗 ∈  𝑁𝑁, whether the drone departing from the p-th distribution center 

passes through 𝑖𝑖, 𝑗𝑗,𝑘𝑘. 

𝑧𝑧𝑝𝑝𝑝𝑝 ∈ {0,1}, 𝑝𝑝, 𝑞𝑞 ∈  𝑀𝑀, indicates whether there is a path between distribution centers 𝑝𝑝, 𝑞𝑞. 

𝑊𝑊𝑗𝑗
𝑝𝑝 ∈ {0,1}, 𝑝𝑝 ∈  𝑀𝑀, 𝑗𝑗 ∈  𝑁𝑁, whether the demand point 𝑗𝑗 is served by the drone. 

𝑢𝑢𝑖𝑖
𝑝𝑝 ∈ 𝑁𝑁+, 𝑖𝑖 ∈  𝑁𝑁, the sequence of truck service demand points. 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑗𝑗
𝑝𝑝 ∈ 𝑅𝑅+, denotes the time when the truck departing from 𝑝𝑝 arrives at 𝑗𝑗. 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑗𝑗
𝑝𝑝 ∈ 𝑅𝑅+, denotes the time when the drone departing from 𝑝𝑝 arrives at 𝑗𝑗. 

Parameters 

𝑀𝑀  the set of distribution centers 
𝑁𝑁  the set of demand points 
𝑝𝑝, 𝑞𝑞  index of the distribution center 
𝑖𝑖, 𝑗𝑗,𝑘𝑘  index of the demand point 
𝑑𝑑𝑖𝑖𝑖𝑖   the distance between the points 
𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖   the travel time of the truck between 𝑖𝑖, 𝑗𝑗 
𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖  the travel time of the drone between 𝑖𝑖, 𝑗𝑗 
𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖   the cost of using the truck between 𝑖𝑖, 𝑗𝑗 
𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖  the cost of using the drone between 𝑖𝑖, 𝑗𝑗 
π𝑠𝑠  probability of occurrence of scenario 𝑠𝑠 
𝑑𝑑𝑖𝑖𝑠𝑠  the demand quantity at point 𝑖𝑖 under scenario 𝑠𝑠 
𝑙𝑙𝑖𝑖  indicates the latest time at which point of demand 𝑖𝑖 needs to be reached 

3.3 Mathematical model 

The objective function in Eq. 1 indicates that the total distribution cost is the lowest as the objec-
tive. In this article, we use time as the cost of the delivery route. When the speed of the transporta-
tion vehicle is one unit, the cost of delivery between two points is equal to the distance between 
the two points.In addition, 𝑝𝑝𝑝𝑝 denotes the capacity penalty cost of the distribution center, repre-
senting the penalty incurred when unmet demand requires goods to be transferred from other 
locations, while 𝑝𝑝𝑝𝑝 represents the time-window penalty cost associated with violations of time-
window constraints. The parameters 𝛼𝛼 and 𝛾𝛾 represent the coefficients of cost, respectively. The 
values of these parameters are determined by two main factors. The first factor is their relative 
importance: a higher value should be assigned to α when greater emphasis is placed on meeting 
demands within the required time window, while γ should be assigned a higher value when there 
is a need to balance distribution demands among multiple distribution centers with limited capaci-
ties. Additionally, the magnitude scaling of different cost components should be taken into consid-
eration. Both 𝛼𝛼 and 𝛾𝛾 can serve to adjust for differences in the scales of various costs, thereby pre-
venting any single cost item from becoming excessively large or small and ensuring that it does not 
disproportionately influence the total distribution cost. 
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𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑘𝑘
𝑝𝑝  ≥ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑗𝑗

𝑝𝑝  +  𝑡𝑡𝑡𝑡𝑗𝑗𝑗𝑗 −  𝑀𝑀�1 −  𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
𝑝𝑝 �,∀ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 ∈  𝑁𝑁,𝑝𝑝 ∈  𝑀𝑀 (15) 

 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖
𝑝𝑝 ≥ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖

𝑝𝑝 −  𝑀𝑀�1 −  �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
𝑝𝑝

𝑛𝑛

𝑗𝑗=1

� ,∀ 𝑖𝑖,𝑘𝑘 ∈  𝑁𝑁,𝑝𝑝 ∈  𝑀𝑀 (16) 
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Constraints Eqs. 2-4 represent the path from the central warehouse to each distribution cen-
ter and realize the flow balance constraint. Constraints Eqs. 5-6 indicate that the route of the 
truck will exist only if the demand point is satisfied by the truck. Constraint Eq. 7 represents the 
flow balance of the distribution truck in the second stage. Constraint Eq. 8 removes the sub-cycle 
constraint for the truck in the second stage. Constraint Eq. 9 indicates that the route of the drone 
will exist only when the demand point is met by the drone. Constraint Eq. 10 limits the delivery 
direction of drone, that is, the direction of drone delivery demand point should be consistent 
with the direction of truck travel. Constraints Eqs. 11-12 indicate that only the demand point 
passed by the truck can allow the drone to take off and land. For example, only the truck serves 
point 𝑖𝑖, and point 𝑖𝑖 can be used as the take-off point of the drone. The constraint Eq. 13 is used to 
calculate the time for the truck to reach point 𝑘𝑘. Constraints Eqs. 14-15 denote the calculation of 
the time for the drone to arrive at the served demand point 𝑗𝑗 and the landing point 𝑘𝑘. Constraint 
Eq. 16 represents the temporal coordination between the truck and the drone, that is, if the 
drone takes off at the demand point 𝑖𝑖, the take-off time of the drone should not be earlier than 
the time when the truck arrives at the demand point 𝑖𝑖. 

4. Algorithm 

4.1 Headings and subheadings 

Based on the framework of particle swarm optimization (PSO), this paper proposes a particle 
swarm optimization heuristic algorithm suitable for the collaborative distribution of truck and 
drone (PSO-VD) to solve the mixed integer programming model. In each iteration of the algo-
rithm, first, the use of drones is not considered, that is, all demand points are assigned to trucks, 
and the path of two-stage multi- trucks is calculated. Then, dynamic programming (neighbor-
hood search) is used to reassign some demand points originally served by truck to drone ser-
vices and a take-off point and landing point are assigned to the drone. 

When arranging the route for trucks, the first stage is the sequence from the warehouse to 
each distribution center, while the second stage each distribution center needs to serve multiple 
demand points. It is necessary to determine the allocation of distribution centers (that is, which 
demand point is served by which distribution center) and the two-stage routing arrangement at 
the same time, so that the total route is the shortest. Because PSO is usually used for continuous 
space problems, while TSP is a discrete optimization problem. At this time, we need to consider 
how to represent the solution of these two-stage problems and how to update the position and 
velocity of particles. Therefore, this paper transforms the route coding of TSP into a continuous 
mode, which makes it more suitable for using PSO to solve. 

In terms of the structure of the solution, the truck route needs to include the visit order of the 
first stage distribution centers, the allocation of demand points, and the visit order of demand 
points within each distribution center. The position vector 𝑋𝑋[𝑖𝑖]  =  [𝑚𝑚 + 2𝑛𝑛] of each particle 
includes 𝑚𝑚 (number of distribution centers) real numbers for distribution center order, and 2𝑛𝑛 
real numbers for the allocation and order of demand points. The total dimension is 𝑚𝑚 + 2𝑛𝑛. The 
first 𝑚𝑚 real values are arranged from small to large to get the access order of the distribution 
center. For example, if the real value corresponding to the distribution center P1 is 0.3, P2 is 0.5, 
and P3 is 0.1, the order is P3 (0.1), P1 (0.3), and P2 (0.5). demand point assignment and order 
section, each demand point corresponds to two real numbers, the first determines which transit 
station to be assigned to, and the second determines the order of access in that distribution cen-
ter. For each demand point 𝑖𝑖, the (𝑚𝑚 + 2𝑖𝑖 − 1)-th real value is used to map to the distribution 
center. For example, scale the real value 𝑥𝑥𝑖𝑖 to [0, 1], and then determine the distribution center 𝑝𝑝 
according to m equal partitions. Assuming that there are 2 distribution centers, then 𝑥𝑥(𝑚𝑚 + 2𝑖𝑖 −
1)  ∈  (0, 0.5) means that the demand point 𝑖𝑖 is in charge of the first distribution center, and 
𝑥𝑥(𝑚𝑚 + 2𝑖𝑖 − 1)  ∈  (0.5, 1) means that the demand point 𝑖𝑖 is in charge of the second distribution 
center. In demand point order calculation, for each distribution center 𝑝𝑝, all demand points as-
signed to s are collected, and the order of visits at this distribution center is determined accord-
ing to the order of size of their (𝑚𝑚 + 2𝑖𝑖)-th real value. 
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After determining the current truck route, it is necessary to clarify the execution sequence of 
drone tasks, determine the demand points served by drone, select appropriate take-off points 
and landing points, and then update the path for the next stage of optimization. In terms of route 
calculation of drone, it needs to be considered that drones can only serve one demand point at a 
time, and each mission must take off from a certain demand point of the truck and land at anoth-
er demand point of the truck after service. Every time a mission is completed, the landing point 
of the drone becomes part of the truck route, and the take-off point of the next mission must be 
after this landing point. For example, if the drone takes off from demand point 1, serves demand 
point 2 and lands at demand point 4, then the next route of the truck is 1 → 4, after which the 
drone can only take off from node 4 or subsequent nodes (such as 5, 9, etc.) to perform the next 
mission. When performing calculations, we first determine the following parameters, 𝐾𝐾 is the 
maximum allowable drone route length, 𝑡𝑡 is the number of task calculations, 𝑥𝑥𝑖𝑖𝑖𝑖,𝑡𝑡 ∈ {0, 1}, and 
whether the truck travels from 𝑖𝑖 to 𝑗𝑗 during 𝑡𝑡 calculations, its initial solution is the current posi-
tion of the particle; at the same time, we denote the take-off point of the t-th mission by 𝑖𝑖 ∈
 𝑁𝑁,𝑘𝑘 ∈  𝑁𝑁 represents the landing point of the t-th task, and 𝑗𝑗 ∈  𝑁𝑁 represents the demand point 
served by the t-th iterative task. We need to find a drone path (𝑖𝑖, 𝑗𝑗,𝑘𝑘) in the t-th iteration such 
that 𝑚𝑚𝑚𝑚𝑚𝑚{(𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 + 𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗)−𝑚𝑚𝑚𝑚𝑚𝑚{𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 , 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 + 𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗}> 0, take point j as the point served by the drone 
and delete it from the path of the delivery truck, when the maximum flight distance of the drone 
is reached, or 𝑚𝑚𝑚𝑚𝑚𝑚{(𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 + 𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗) −𝑚𝑚𝑚𝑚𝑚𝑚{𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 , 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 + 𝑐𝑐𝑐𝑐𝑗𝑗𝑗𝑗}＜0, then stops the calculation and 
updates the truck route. 

After the calculation of each particle is completed, the global optimal solution 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 and the 
optimal solution 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝[𝑖𝑖] of each particle can be obtained. At this time, in order to ensure the 
availability of PSO in the next stage, the optimal solution of the particle should be changed to the 
truck route under this fitness function, that is, the position of the particle at this time is still 
𝑥𝑥[𝑖𝑖]  = 𝑥𝑥[𝑚𝑚 + 2𝑛𝑛], which only includes the distribution center allocation and truck route. For 
example, before inserting the demand point served by drone, the route of the truck is 1-2-3-4-5. 

At this time, enter the next iteration, and use the velocity update formula and position update 
formula in PSO to update the particles. 

Speed update: 

𝑣𝑣𝑖𝑖(𝑡𝑡 + 1) = 𝑣𝑣𝑖𝑖(𝑡𝑡) + 𝑟𝑟1�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑥𝑥𝑖𝑖(𝑡𝑡)� + 𝑟𝑟2�𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 − 𝑥𝑥𝑖𝑖(𝑡𝑡)� 

Location update: 
𝑥𝑥𝑖𝑖(𝑡𝑡 + 1) = 𝑥𝑥𝑖𝑖(𝑡𝑡) +  𝑣𝑣𝑖𝑖(𝑡𝑡 + 1) 

Now, based on the above analysis, the steps of designing PSO in this paper are as fol-
lows: 
Step1. Initialize the particle swarm, the position vector of each particle includes m (number of 

distribution centers) real numbers for transit station order, 2𝑛𝑛 (𝑛𝑛 demand points, two 
real numbers per demand point: allocation and order) real numbers. The total dimen-
sion is 𝑚𝑚 +  2𝑛𝑛. 

 

Step 2. For each particle, decode its position: 
a) The first 𝑚𝑚 real numbers determine the access order of the distribution center: ar-
range them according to their values from small to large to get a sequential list of dis-
tribution centers. 
b) For each demand point 𝑖𝑖, calculate its assigned distribution centers: take the real 
value of the (𝑚𝑚 + 2𝑖𝑖 − 1)-th dimension, map it to [0, 1], and then divide it into 𝑚𝑚 inter-
vals to determine the corresponding distribution centers. 
c) For each distribution centers 𝑝𝑝, collect all demand points assigned to 𝑝𝑝, and then de-
termine their access order at the distribution center according to the magnitude of the 
real value of the (𝑚𝑚 + 2𝑖𝑖)-th dimension of these demand points. 
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Step 3. Insert the route of the drone into the route of each delivery and update the route of the 
truck. 

 

Step 4. Calculate fitness (total path length): 
a) Calculate the first stage path: start from the warehouse, visit it in sequence according 
to the decoded distribution center order, and then return to the TSP route length of the 
warehouse. 
b) For each distribution center 𝑝𝑝, calculate the TSP route length of its demand point vis-
it order: start from distribution center 𝑝𝑝, visit according to the decoded truck and drone 
route sequence, and then return to the route length of 𝑝𝑝. 
c) The total fitness is the sum of the route lengths of the two stages. 
 

Step 5. Update 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 and global 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 for each particle. 
 

Step 6. Update the velocity and position of each particle according to the PSO velocity and posi-
tion update formula. 

 

Step 7. Repeat steps 2-6 until the termination condition is met. 

5. Numerical experiments 
5.1 Algorithm performance 

In this section, we use three groups of cases to conduct numerical experiments, 15 random trials 
are conducted for each group of cases and directly compare the solution results of the heuristic 
algorithm with those of CPLEX, so as to verify the effectiveness of our proposed algorithm. In 
terms of parameter generation, in the three groups of cases, we assume that there is a (1000, 
1000) area, (0, 0) is the central warehouse, and there are two distribution centers with random 
locations and capacity of (10, 50). There are 8, 10, and 12 demand points in the area, with ran-
dom locations. Assuming the demand at each point follows a uniform distribution with a range 
of (1, 10), we use the mathematical expectation of demand as the actual demand for the point to 
handle the scenario of random demand, and the time window is a random integer of 0-3000. The 
speed of the drones is twice that of the trucks, and the travel time of the trucks is 1 unit. We use 
the distance between two points as the transportation cost, and both the time penalty cost coef-
ficient and the capacity penalty coefficient are set to 1. In the setting of particle swarm optimiza-
tion parameters, the algorithm uses Python for encoding, the number of particles is set to 50, 
and the number of iterations is 1000. 
 

Table 1 Comparison of CPLEX and PSO-VD solution results with 8 demand points 

Instance N 
MIP PSO-VD 

δ (%) 
Obj. Time (s) Obj Time (s) 

1 

8 

4867.34  64.35  5281.22  63.91  7.84 
2 4565.41  19.65  4630.15  62.06  1.40 
3 4864.18  15.06  5078.80  60.78  4.23 
4 5333.14  14.66  5905.38  60.12  9.69 
5 6930.11  76.57  7914.67  55.43  12.44 
6 5599.33  25.06  5740.81  48.25  2.46 
7 4995.21  18.90  6631.94  58.93  24.68 
8 6825.00  88.75  8344.14  60.10  18.21 
9 4816.82  10.26  4819.56  59.22  0.06 

10 4219.41  13.23  4906.92  54.36  14.01 
11 4287.20  59.33  4544.19  55.67  5.66 
12 4737.35  63.07  5615.66  54.82  15.64 
13 4932.30  37.49  4998.69  57.99  1.33 
14 6093.29  37.25  7096.12  62.15  14.13 
15 4582.94  20.67  4643.63  51.87  1.31 

AVE  37.62   57.71  8.87 
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Table 2 Comparison of CPLEX and PSO-VD solution results with 10 demand points 

Instance N 
MIP PSO-VD 

δ (%) 
Obj. Time (s) Obj. Time (s) 

16 

10 

4696.49  24.00  4915.70  99.33  4.46 
17 22747.20  143.69  39044.15  94.14  41.74 
18 5821.90  492.41  6259.63  98.58  6.99 
19 5508.59  139.35  6073.98  86.99  9.31 
20 10257.00  435.76  12484.22  109.54  17.84 
21 5423.98  916.37  5515.46  104.04  1.66 
22 4679.57  144.78  4911.54  104.69  4.72 
23 7391.52  529.75  10495.42  96.81  29.57 
24 4399.35  20.55  5400.09  96.25  18.53 
25 5424.60  135.92  5895.59  83.22  7.99 
26 10379.20  597.43  14956.40  86.23  30.60 
27 5303.12  121.43  5449.65  96.76  2.69 
28 4986.49  130.42  5437.93  81.88  8.30 
29 5967.45  1449.71  6078.02  90.70  1.82 
30 4988.55  684.39  5941.99  103.77  16.05 

AVE  397.73   95.53  13.49 

 
Table 3 Comparison of CPLEX and PSO-VD solution results with 12 demand points 

Instance N 
MIP PSO-VD 

δ (%) 
Obj. Time (s) Obj Time (s) 

31 

12 

5779.91  3832.27  6086.39  168.70  5.04 
32 4969.05  2104.76  5133.52  132.09  3.20 
33 5268.61  1633.16  5901.28  117.92  10.72 
34 6631.93  5145.78  7712.96  155.69  14.02 
35 5098.44  905.76  5657.63  211.16  9.88 
36 5878.99  4869.61  7220.25  180.32  18.58 
37 6611.72  5560.58  8571.16  183.96  22.86 
38 6408.76  1229.02  7113.89  150.48  9.91 
39 12457.80  4639.87  20612.16  162.72  39.56 
40 7074.39  9653.25  7312.15  162.68  3.25 
41 5779.91  4543.35  6086.39  140.69  5.04 
42 22321.60  3581.06  25099.58  168.81  11.07 
43 5787.84  7668.67  6760.20  125.29  14.38 
44 5273.36  1822.55  5593.84  166.34  5.73 
45 5678.51  1349.59  5993.26  147.47  5.25 

AVE  3902.62   158.29  11.90 

 
Tables 1 to 3 show the comparative analysis of three sets of experiments with a total of 45 

cases. In these tables, MIP represents the scenario of direct solution using the CPLEX commercial 
solver; PSO-VD represents the scenario of solution using the heuristic algorithm designed in this 
paper; N denotes the number of demand points, Obj. stands for the objective value of the solu-
tion result; and Time(Sec) indicates the runtime of the code; δ is the gap between the optimal 
solution and the PSO-VD solution results, and AVE is the average solution time and average solu-
tion gap of 15 sets of cases. When there are only 8 demand points, the optimal solution of CPLEX 
can be obtained in a short time, the runtime of the code of PSO-VD is slightly longer than that of 
CPLEX, and the gap between the heuristic algorithm and the exact optimal solution is 8.87 %. 
When there are 10 demand points, the average runtime of the code of CPLEX is 397.73 seconds, 
the runtime of the code of PSO-VD is 95.53 seconds, and the gap between the heuristic algorithm 
and the exact optimal solution is 13.49 %. When there are 12 demand points, the runtime of the 
code of CPLEX increases to 3902.62 seconds, which is almost not allowed in emergency logistics, 
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because there is a certain suddenness, and emergency logistics often needs to respond quickly. 
The runtime of the code of PSO-VD is about 150 seconds, and the increase of the runtime of the 
code is basically linear with the increase of demand point. The difference between the heuris-
tic algorithm and the exact optimal solution is 11.90 %. An increase in the number of demand 
points does not lead to a deterioration in solution quality. When the number of demand points 
becomes large, directly applying commercial solvers such as CPLEX results in excessive com-
putational time. The two-stage particle swarm heuristic algorithm proposed in this paper can 
greatly shorten the solution time and ensure the solution quality. It provides a decision-
making tool for the use of drones and trucks for emergency supplies distribution after an 
emergency event. 

Table 4 Solution results with 50 demand points 
Instance Obj. CW CI ND Time (s) 

1 4944.76 1777.80 0.00 8 147.19 
2 6085.32 2020.49 0.00 7 150.33 
3 4805.52 1574.88 274.87 8 167.93 
4 4265.48 1105.71 246.01 9 138.14 
5 21223.89 2706.64 7123.06 9 143.62 
6 3530.08 1057.61 0.00 5 119.41 
7 23939.49 1293.60 10134.23 7 136.86 
8 6754.44 1177.63 1298.65 8 127.89 
9 20663.29 1469.28 7883.07 8 160.12 

10 7938.67 2749.23 31.18 7 152.60 

 
Table 5 Solution results with 100 demand points 

Instance Obj. CW CI ND Time (s) 
1 48957.25 6480.77 16208.92 9 537.90 
2 64206.56 8591.16 21824.23 9 788.62 
3 57583.76 7630.96 19532.70 11 848.06 
4 76037.76 5468.44 31158.02 9 863.16 
5 31473.14 5417.34 8685.06 13 760.33 
6 30708.04 5924.46 7807.30 14 694.09 
7 44349.27 6020.26 13501.16 13 822.34 
8 64874.75 7635.61 21775.38 14 843.22 
9 48225.69 7221.32 14519.01 11 812.16 

10 48986.75 5096.46 16697.15 14 779.57 

 
In this section, following the procedure of the heuristic algorithm, we first conducted compu-

tations for scenarios involving large-scale demand points and presented the results, thereby 
verifying the broad applicability of the proposed algorithm. Given that the heuristic algorithm 
proposed in this paper includes several randomly generated steps, the experimental process 
was repeated ten times for different scales of demand points to ensure the robustness of the 
heuristic approach. Furthermore, we considered the presence of three distribution centers with-
in the region, with the remaining parameter settings consistent with those in the previous sec-
tion. Tables 4 and 5 present the case analysis results for 50 and 100 demand points, respectively. 
For each demand point scale, the coordinates of the demand points were randomly generated 
ten times. In Tables 4 and 5, the first column indicates the case number, followed by Obj. repre-
senting the solution outcome—specifically, the minimized delivery time, time window penalty 
cost, and capacity penalty cost. CW denotes the time window penalty cost incurred due to the 
inability to meet the time window requirements of demand points, while Cl represents the dis-
tribution center capacity penalty cost resulting from the failure to fully satisfy the demand of 
certain points; ND denotes the number of demand points served by drones. The last column rec-
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ords the code running time. From the results presented in Tables 4 through 5, it can be observed 
that the proposed heuristic algorithm can obtain solutions relatively quickly. In the case of 50 
demand points, the algorithm requires approximately two minutes to produce a solution, 
whereas for 100 demand points, it takes about ten minutes. As an NP-hard problem, the compu-
tational time of the proposed algorithm significantly surpasses that of commercial solvers, albeit 
with a slight trade-off in solution accuracy. In the context of humanitarian logistics, there is often 
a pressing need for rapid decision-making. Therefore, the model and algorithm proposed in this 
paper demonstrate considerable practical utility. 

5.2 Sensitivity analysis 

Time window penalty cost coefficient α 

In this set of experiments, this paper examines the impact of the time window penalty cost coef-
ficient α on the solution outcomes. α represents the importance of the time window, and differ-
ent ranges can be assigned depending on the type of goods being delivered. For instance, a high-
er α value can be set for urgent supplies such as water and medicines, whereas a lower α can be 
used for ordinary goods.  
 

Table 6 Sensitivity analysis results of time window penalty coefficient 
α Instance Obj. CW CI ND 

0.5 

1 7750.12 2585.32 1199.31 7 
2 2691.99 1049.21 0 8 
3 3182.84 1343.16 0 8 
4 18007.03 1387.50 7283.77 9 
5 14235.91 1286.79 5408.63 9 

AVE 9173.58 1530.50 2778.34 8.2 

1 

1 12695.17 827.51 4701.94 9 
2 4114.84 1260.34 0 8 
3 13335.70 1028.90 0 8 
4 4004.98 1211.41 0 9 
5 5421.97 1884.95 0 8 

AVE 7914.53 1242.62 940.38 8.4 

2 

1 9028.48 1786.24 0 9 
2 3995.90 841.12 0 5 
3 7304.66 1529.77 0 7 
4 12048.78 2606.94 1116.98 8 
5 32193.36 1154.40 13536.57 8 

AVE 12914.23 1583.69 2930.71 7.4 

5 

1 8934.08 1210.13 0 7 
2 11150.71 938.41 0 8 
3 21912.31 1239.09 5601.84 7 
4 18108.31 1612.05 1448.62 6 
5 18903.77 3391.60 1556.16 5 

AVE 15801.83 1678.25 1721.32 6.6 
 

As shown in Table 6, as the time window penalty cost coefficient α gradually increases, the 
frequency of drone usage actually decreases. When α is 0.5, an average of 8.2 demand points are 
served by drones. At α = 2, drones serve 7.4 demand points, and when α reaches 5, only 6.6 de-
mand points are served by drones. We analyze that this is likely because demand points with 
stricter time requirements are more sensitive to delivery reliability, making trucks a more suita-
ble choice to ensure dependable service. Since drones operate in coordination with trucks—
requiring pickup from trucks before continuing delivery—they may not be able to handle more 
complex or time-critical demands. Therefore, in practical humanitarian emergency logistics and 
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the distribution of relief supplies, drones may still play only a supporting role. For the delivery of 
urgent supplies, trucks remain the most reliable option. 

Drone battery capacity 

This study investigates the impact of drone battery capacity on delivery outcomes. To simplify 
the problem and control for the influence of cargo weight on the results, the maximum travel 
distance of the drone is used as a substitute for battery capacity, while both cargo weight and the 
drone’s own weight are disregarded.  

Table 7 Sensitivity analysis results of drone battery capacity 
Drone battery capacity Instance Obj. CW CI ND 

50 

1 26631.77  1477.61  11147.77  3 
2 25720.24  2701.90  14243.07  5 
3 27182.15  1364.25  16512.97  5 
4 22107.84  992.58  9161.18  5 
5 32106.39  1210.91  14111.32  6 

AVE 26749.68  1549.45  9035.26  4.8 

100 

1 23161.46  1458.10  9173.11  7 
2 28082.45  1845.50  11258.03  7 
3 26697.90  2346.76  5058.88  6 
4 25201.54  1307.82  9462.57  7 
5 25044.44  1007.07  10622.33  8 

AVE 25637.56  1593.05  9114.98  7 

500 

1 25791.63  1668.10  10513.68  9 
2 22520.63  1818.97  7480.15  7 
3 21125.52  1307.82  7462.57  6 
4 23893.09  1007.07  8622.33  8 
5 25044.44  1007.07  10622.33  8 

AVE 23675.06  1361.81  8940.21  7.6 

1000 

1 19771.22  1060.81  8164.78  9 
2 23722.23  2267.25  13853.96  7 
3 17212.17  1507.37  6118.70  6 
4 23629.79  1807.33  7371.58  8 
5 26705.28  1241.84  11451.42  7 

AVE 22208.14  2074.64  9392.09  7.4 

2000 

1 23809.98  1909.41  9297.58  7 
2 22668.43  2184.73  8418.20  9 
3 27672.10  1512.33  11126.80  8 
4 13709.28  1075.12  4824.58  8 
5 18238.48  447.06  7443.35  7 

AVE 21219.65  1425.73  8222.10  7.8 

 

The battery capacity—expressed as the maximum allowed travel distance—is set at 50, 100, 
500, 1000, and 2000 units, respectively. As shown in Table 7, since terrain and road conditions 
do not impose constraints, the operational cost of drones remains relatively low. When the bat-
tery capacity increases, drones are able to serve more points, thereby reducing the overall deliv-
ery cost. However, it should also be noted that once the battery capacity reaches a certain 
threshold, the frequency of drone deployment no longer increases. Specifically, when the battery 
capacity rises from 50 to 500, the number of demand points served by drones increases from 4.8 
to 7.6. Beyond this point, further increases in battery capacity result in almost no change in the 
number of demand points served. Therefore, in humanitarian logistics, rationally selecting 
drones with appropriate parameters can enhance logistics efficiency while ensuring cost-
effectiveness. 
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Drone speed 

Since drone flight is not constrained by terrain and can generally follow a straight-line path 
and given that drones typically have a higher speed than trucks, even though drones serve 
only as an auxiliary delivery tool in this distribution mode, this paper posits that an increase in 
drone flight speed can significantly reduce total delivery costs. Therefore, this subsection fo-
cuses on drone speed as the subject of sensitivity analysis. Assuming four speed ratios be-
tween the truck and the drone—1:1, 1:2, 1:5, and 1:10—the model was solved for five ran-
domly generated sets of demand point coordinates to examine the impact of drone speed on 
the solution outcomes. The speed of the truck is set to 1 unit. Each demand point set comprises 
30 demand points, with all other parameters consistent with previous settings. 

Table 8 presents the solution results. When the speed ratio between the truck and the 
drone is 1:1, the average delivery cost is 26,720.68, and on average only 6.6 demand points are 
served by drones per delivery. When the speed ratio increases to 1:2, the total delivery cost 
decreases to 25637.56, and drone utilization improves, with an average of 8.2 demand points 
served by drones.  
 

Table 8 Sensitivity analysis results of drone speed 
Truck speed: 
Drone speed Instance Obj. CW CI ND 

1:10 

1 18373.86 1472.61 6921.84 9 
2 23188.60 1335.77 9424.22 8 
3 19753.17 1574.46 7477.95 8 
4 15435.91 1251.83 5292.83 9 
5 30953.23 1675.55 12832.72 8 

AVE 21540.95 1462.04 8389.91 8.4 

1:5 

1 18331.24 1143.74 2979.78 8 
2 17939.15 1626.49 6360.60 10 
3 18242.59 1874.39 5790.26 9 
4 24846.43 2333.73 8905.28 6 
5 24472.16 1347.13 9955.68 9 

AVE 20766.31 1665.09 6798.32 8.4 

1:2 

1 23579.75 1788.26 8952.47 8 
2 20085.72 1380.06 7987.17 10 
3 20023.24 1263.56 7978.57 8 
4 10703.64 1114.93 3323.57 7 
5 19371.06 1877.38 6872.05 8 

AVE 18752.68 1484.84 7022.77 8.2 

1:1 

1 23089.46 2205.97 8395.21 8 
2 26293.74 1424.03 10894.12 6 
3 22341.35 1940.27 8398.79 6 
4 29984.24 972.74 13358.06 7 
5 31894.64 1028.21 14253.35 6 

AVE 26720.69 1514.24 11059.91 6.6 
 

However, as drone speed continues to increase—specifically when the speed ratio of drone to 
truck reaches 1:5 and even 1:10—the solution outcomes do not show further improvement, 
nor does the frequency of drone usage increase significantly. This implies that appropriate 
transportation modes should be selected based on practical circumstances, considering factors 
such as technological upgrade costs or procurement expenses. A blind pursuit of higher per-
formance parameters may not yield substantial practical benefits. 
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6. Conclusion 
This study investigates a two-echelon truck‑drone collaborative routing problem for humani-
tarian logistics under stochastic demand and time‑window constraints. The problem is struc-
tured in two stages: first, trucks transport emergency supplies from a central warehouse to 
multiple distribution centers; second, each distribution centre deploys a truck equipped with a 
drone to serve demand points in a coordinated manner. The drone may take off from the truck 
when it stops at a certain demand point, to deliver to another point, and later land back on the 
truck when the truck arrives at a subsequent point, thereby enhancing delivery flexibility and 
coverage. To address this problem, we formulate a mixed‑integer programming model that 
aims to minimize the total distribution cost, incorporating transportation cost, capaci-
ty‑shortage penalty, and time‑window violation penalty. Building on the particle swarm opti-
mization framework, we propose a novel heuristic algorithm named PSO‑VD, which integrates 
particle swarm optimization with a drone‑insertion mechanism based on the 2‑opt method. 
This approach transforms the discrete routing problem into a continuous encoding scheme, 
enabling an efficient search within the solution space. Numerical experiments on small‑scale 
instances demonstrate that, compared with CPLEX, PSO‑VD achieves near‑optimal solutions 
with an average optimality gap between 8.87 % and 13.49 %, while significantly reducing 
computational time. For larger‑scale instances, the algorithm remains practical, obtaining fea-
sible solutions within minutes—a crucial capability for emergency response scenarios. Fur-
thermore, sensitivity analyses are conducted on parameters such as the time‑window penalty 
coefficient, drone battery capacity, and drone speed, yielding several managerial insights. 
Stricter time windows reduce the deployment of drones, indicating that trucks are preferred 
for time‑critical deliveries. Drone battery capacity improves delivery efficiency up to a certain 
threshold, beyond which further capacity increases yield diminishing returns. Although higher 
drone speed moderately enhances system performance, excessively high speeds do not lead to 
substantial improvements, suggesting that cost‑effective technology selection is essential. 
Future research could focus on enhancing the algorithm through hybrid meta‑heuristics, in-
corporating more dynamic or realistic constraints (e.g., weather‑dependent drone status), or 
developing decomposition‑based exact methods for medium‑scale instances. 
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A B S T R A C T A R T I C L E   I N F O 
Accurately predicting blade manufacturing deviations from limited experi-
mental data remains challenging due to the complex nonlinear relationship be-
tween process parameters and resulting profile deviations in precision casting. 
To overcome the limitations inherent in traditional approaches and conven-
tional machine learning methods, this study proposes a novel prediction and 
optimization framework specifically designed for small-sample scenarios, inte-
grating enhanced meta-learning optimization with advanced Particle Swarm 
Optimization (PSO). We innovatively improve the model-agnostic meta-learn-
ing (MAML) algorithm by incorporating a dynamic loss function weighting 
strategy and a stochastic gradient descent with warm restarts (SGDR) learning 
rate mechanism, significantly mitigating overfitting and enhancing generaliza-
tion performance. Additionally, we propose a process parameter optimization 
model utilizing an improved PSO algorithm with dynamic inertia and adaptive 
learning factors, designed to effectively navigate high-dimensional optimiza-
tion landscapes. Experimental validation using orthogonal design data high-
lights pulling speed as the dominant factor influencing blade deviations (Pear-
son correlation coefficient (𝑟𝑟 =  0.67). The optimized parameters—low pull-
ing speed (1.5 mm/min) and high pouring temperature (1530 °C)—achieve an 
11.54 % reduction in blade deformation. The improved MAML-based predic-
tion model demonstrates superior accuracy, achieving a mean absolute error 
(MAE) of 2.566 × 10⁻⁴ mm, representing a 21.7 % improvement over tradi-
tional Adam optimization methods, and exhibits robust predictive capability 
(R² = 0.92) in small-sample contexts. This research not only delivers practical 
insights and precise parameter recommendations for complex blade manufac-
turing processes but also establishes a robust methodological framework ap-
plicable broadly to precision manufacturing domains characterized by limited 
data availability. 
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1. Introduction
As a core component of aircraft engines and gas turbines, blades play a critical role in determining 
an engine’s aerodynamic performance, thermal efficiency, and reliability [1-3]. However, in the 
directional solidification process, the complex interactions among process parameters—such as 
drawing speed, pouring temperature, and mold preheating temperature—can cause nonlinear de-
formations in the blade profile, leading to manufacturing deviations [4-5]. Traditional process op-
timization methods primarily rely on numerical simulations and trial-and-error approaches. 
However, due to the high computational cost and long experimental cycles, it is challenging to 
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develop high-accuracy predictive models with limited sample data [6-8]. In recent years, machine 
learning techniques have been introduced into process optimization, but they face challenges such 
as overfitting and poor generalization in small-sample scenarios [9-12]. Therefore, efficiently pre-
dicting manufacturing deviations and optimizing process parameter combinations based on lim-
ited sample data has become a key issue in improving blade manufacturing accuracy. 

In the field of manufacturing process modeling, researchers worldwide have proposed various 
methods. For example, Del Vecchio et al. [13] applied a support vector–based learning approach 
to optimize process parameters in superalloy investment casting. Gupta et al. [14] developed a 
deep learning–based model for defect analysis in casting processes using convolutional neural 
networks. However, many existing approaches typically rely on large amounts of training data, 
which limits their applicability in data-scarce scenarios. To address the small-sample problem, 
meta-learning has gained attention for its ability to rapidly adapt to new tasks [15-17]. The model-
agnostic meta-learning (MAML) approach proposed by Finn et al. [18] optimizes initial parame-
ters through multi-task learning, demonstrating superior performance with limited data. How-
ever, its dynamic optimization mechanism for complex process parameter mappings remains un-
derexplored. Additionally, existing meta-learning methods often adopt fixed learning rates and 
mean squared error (MSE) loss functions, making it difficult to accommodate varying task com-
plexities in manufacturing deviation prediction [19-21]. 

In the domain of process parameter optimization, the Particle Swarm Optimization (PSO) al-
gorithm is widely used for multi-objective optimization due to its strong global search capability 
[22-24]. The classical PSO algorithm, introduced by Kennedy et al. [25], simulates the foraging 
behavior of bird flocks to search for optimal solutions. However, it tends to fall into local optima 
when applied to high-dimensional complex response surfaces. To address this, Du et al. [26] 
achieved resource optimization by improving the ant colony algorithm, emphasizing the enhance-
ment of global search capability through algorithmic parameter adjustment. Ratnaweera et al. 
[27] designed an adaptive learning factor to enhance convergence efficiency. However, most PSO 
improvements focus on general optimization problems and lack targeted designs for the collabo-
rative optimization of manufacturing process parameters. Moreover, when machine learning 
models are used as the fitness function in PSO, prediction errors may mislead the optimization 
direction, necessitating additional constraints based on process mechanisms [28-30]. Although 
these studies provide valuable insights into predicting and optimizing blade manufacturing devi-
ations, traditional machine learning methods rely on large datasets and struggle to accurately 
model the nonlinear relationship between process parameters and profile deviations in small-
data scenarios. Furthermore, existing meta-learning approaches do not incorporate loss functions 
and learning rate strategies tailored to the dynamic characteristics of manufacturing tasks, limit-
ing their generalization ability. Additionally, PSO is prone to local optima and error accumulation 
in high-dimensional process parameter optimization and lacks a deeply integrated framework 
with meta-learning models. 

Traditional optimization methods often suffer from issues such as convergence to local optima. 
To address this limitation, this study proposes a small-sample prediction and process-parameter 
co-optimization framework that integrates meta-learning with the PSO algorithm. By improving 
the MAML algorithm, we introduce a dynamic loss function weight adjustment strategy that adap-
tively scales the mean squared error loss based on task complexity. Additionally, we incorporate 
a stochastic gradient descent with warm restarts (SGDR) learning rate annealing mechanism, 
which periodically resets the learning rate to mitigate optimization stagnation, significantly en-
hancing the model’s generalization ability in small-sample scenarios. Furthermore, we design a 
dynamic PSO framework with a nonlinear dynamic inertia factor and an adaptive learning factor 
strategy to strengthen the algorithm’s global search capability in high-dimensional response sur-
faces. By embedding the meta-learning model into the PSO fitness function, we establish a closed-
loop feedback mechanism for process parameter optimization and deviation prediction. Based on 
orthogonal experimental data, Pearson correlation analysis, one-way ANOVA, and interaction ef-
fect plots quantitatively reveal that pulling speed has a dominant impact on manufacturing devi-
ations (𝑟𝑟 = 0.67). The study further identifies an optimal process parameter combination—low 
pulling speed (1.5 mm/min) and high pouring temperature (1530 °C)—which reduces overall 
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blade deformation by 11.54 %. This research not only establishes a theoretical framework for 
small-sample-driven complex process optimization but also extends its applicability to high-pre-
cision intelligent manufacturing. It provides a novel technological pathway for improving the 
manufacturing quality of critical industrial components. 

2. Research models 
The numerical simulation of blade directional solidification is computationally expensive, limiting 
the availability of experimental data. Traditional deep learning methods require large datasets to 
avoid overfitting, while conventional machine learning struggles with sparse data. Meta-learning, 
specifically model-agnostic meta-learning, is uniquely suited to this context because it trains mod-
els to generalize across tasks by learning a shared initialization from limited data.  In small-sample 
scenarios, meta-learning simulates multiple sub-tasks during the training phase, deeply extract-
ing information from sparse data, allowing the model to quickly adapt to new tasks with fewer 
samples, while maintaining strong generalization capabilities.  

Consider a model 𝑓𝑓(𝜃𝜃) that maps input 𝑥𝑥 to output 𝑦𝑦. Let 𝑝𝑝(𝜏𝜏) represent the task distribution, 
from which 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 support set tasks 𝜏𝜏𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠~𝑝𝑝(𝜏𝜏) and 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 query set tasks are sampled for each epoch 
𝜏𝜏𝑖𝑖
𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏). The support set is used for performing gradient descent operations on the base learner 

during the inner iteration, while the query set is used to evaluate the results of the inner optimi-
zation. For the support sets in the training set, the loss function is computed, and one or more 
gradient descent steps 𝛻𝛻𝜃𝜃𝐿𝐿𝜏𝜏𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓(𝜃𝜃)) are performed during the inner iteration. In the inner opti-
mization process, for a new task 𝜏𝜏𝑖𝑖, a copy of the parameters 𝜃𝜃𝑖𝑖′ is created, and the update for 𝜃𝜃𝑖𝑖′ is 
as follows: 

θ𝑖𝑖′ = 𝜃𝜃 − 𝛼𝛼∇𝜃𝜃𝐿𝐿𝜏𝜏𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠�𝑓𝑓
(𝜃𝜃)� (1) 

Here, 𝛼𝛼 represents the learning rate of the base learner. For all query set tasks 𝜏𝜏𝑖𝑖
𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏), the cor-

responding loss function value for the parameters 𝜃𝜃𝑖𝑖′ is computed. Therefore, the objective func-
tion of meta-learning can be expressed as: 
 

𝑚𝑚𝑚𝑚𝑚𝑚
𝜃𝜃

� 𝐿𝐿𝜏𝜏𝑖𝑖𝑞𝑞𝑞𝑞𝑞𝑞(𝑓𝑓(𝜃𝜃𝑖𝑖′

𝜏𝜏𝑖𝑖
𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏)

)) = 𝑚𝑚𝑚𝑚𝑚𝑚
𝜃𝜃

� 𝐿𝐿𝜏𝜏𝑖𝑖𝑞𝑞𝑞𝑞𝑞𝑞 �𝑓𝑓 �𝜃𝜃 − 𝛼𝛼 ⋅ 𝛻𝛻𝜃𝜃𝐿𝐿𝜏𝜏𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓(𝜃𝜃))��
𝜏𝜏𝑖𝑖
𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏)

 (2) 

Meta-learning is performed across tasks using a stochastic gradient descent (SGD)–based meta-
optimization strategy: 

𝜃𝜃 = 𝜃𝜃 − 𝛽𝛽 ⋅ ∇𝜃𝜃
∑ 𝐿𝐿𝜏𝜏𝑖𝑖𝑞𝑞𝑞𝑞𝑞𝑞�𝑓𝑓(𝜃𝜃𝑖𝑖′)�𝜏𝜏𝑖𝑖

𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏)

𝐾𝐾𝑞𝑞𝑞𝑞𝑞𝑞  (3) 

where 𝛽𝛽 is the learning rate of the meta-learner. After obtaining the optimized parameters 𝜃𝜃, fine 
tuning is performed in the test set. 
 

Table 1 MAML algorithm logic design 
Let 𝑝𝑝(𝜏𝜏) be the task distribution; 𝛼𝛼 be the base learner step size; 𝛽𝛽 be the meta-learner learning rate 
1:    Random initialization parameters 𝜃𝜃 
2:    while not done do 
3:    Sample 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠support set task 𝜏𝜏𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠~𝑝𝑝(𝜏𝜏) and 𝐾𝐾𝑞𝑞𝑞𝑞𝑞𝑞query set tasks 𝜏𝜏𝑖𝑖
𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏) 

4:       for all  𝜏𝜏𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠, 𝜏𝜏𝑖𝑖

𝑞𝑞𝑞𝑞𝑞𝑞 do 
5:           for Number of inner iteration steps do 
6:           Estimating the gradient of the loss value by 𝜏𝜏𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠: 𝛻𝛻𝜃𝜃𝐿𝐿𝜏𝜏𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓(𝜃𝜃)) 
7:           Calculation of inner layer parameters：𝜃𝜃𝑖𝑖′ = 𝜃𝜃 − 𝛼𝛼 ⋅ 𝛻𝛻𝜃𝜃𝐿𝐿𝜏𝜏𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓(𝜃𝜃)) 
8:           Calculate the loss based on 𝜃𝜃𝑖𝑖′: 𝐿𝐿𝜏𝜏𝑖𝑖𝑞𝑞𝑞𝑞𝑞𝑞(𝑓𝑓(𝜃𝜃𝑖𝑖′)) 
9:           end for 
10:    end for 

11:    Updating the outer parameters：𝜃𝜃 = 𝜃𝜃 − 𝛽𝛽 ⋅ ∇𝜃𝜃
∑ 𝐿𝐿𝜏𝜏𝑖𝑖

𝑞𝑞𝑞𝑞𝑞𝑞�𝑓𝑓�𝜃𝜃𝑖𝑖
′��𝜏𝜏𝑖𝑖

𝑞𝑞𝑞𝑞𝑞𝑞~𝑝𝑝(𝜏𝜏)

𝐾𝐾𝑞𝑞𝑞𝑞𝑞𝑞
 

12: end while 
13: return 𝜃𝜃 
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Considering that the process of numerical simulation of blade directional solidification is a 
complex process containing multiple physical models, and at the same time, the prediction task in 
this paper is more difficult due to the relatively insufficient sample size, as shown in Fig. 1. There-
fore, this paper improves the loss function, reduces the weight of the simple task in the optimiza-
tion, enhances the weight of the complex task in the optimization, and dynamically scales the MSE 
loss value in the regression problem. 

𝐿𝐿𝐷𝐷_𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
∑ −𝐿𝐿𝜏𝜏𝑖𝑖

𝜂𝜂 log�max�𝜀𝜀, 1 − 𝐿𝐿𝜏𝜏𝑖𝑖��𝜏𝜏𝑖𝑖~𝑝𝑝(𝜏𝜏)

𝐾𝐾
 (4) 

where 𝜀𝜀 is a constant approaching zero. In this paper we take 𝜀𝜀 = 1 × 10−5 and 𝜂𝜂 = 3 

 
Fig. 1 Mapping of the improved loss function to the original loss function 

 
Using Adam with a fixed learning rate to optimize the meta-objective can degrade the general-

ization performance of MAML. In contrast, applying a step decay or cosine annealing function for 
learning rate scheduling can effectively improve generalization performance. Therefore, this 
study adopts the SGDR (Stochastic Gradient Descent with Warm Restarts) learning rate adjust-
ment strategy when training MAML. This strategy combines cosine annealing with warm restarts, 
where the model is not entirely reset during a restart. Instead, after resetting the learning rate, 
the model retains the pre-restart parameters as its initial state. The learning rate variation be-
tween two warm restarts is described as follows: 

𝜂𝜂𝑡𝑡 = 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 +
1
2

(𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 − 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚) �1 + cos�
𝑇𝑇𝑐𝑐𝑐𝑐𝑐𝑐
𝑇𝑇𝑖𝑖

𝜋𝜋�� (5) 

where 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 are the learning rate ranges, 𝑇𝑇𝑐𝑐𝑐𝑐𝑐𝑐 is the number of iterations (epoch) since 
the last restart, and 𝑇𝑇𝑖𝑖 is the number of iterations between two warm restarts (warm restart) of 
SGDR. After restart 𝑇𝑇𝑐𝑐𝑐𝑐𝑐𝑐 = 0, 𝜂𝜂𝑡𝑡 = 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚.             

The effectiveness of the proposed approach is validated based on the optimization results. Fig. 2 
presents a comparison of different optimization methods applied to the same neural network archi-
tecture. As observed from the prediction results on test samples, the network parameters optimized 
using MAML demonstrate superior performance, particularly in low-sample scenarios. Table 2 sum-
marizes the mean absolute error (MAE), mean squared error (MSE), and root mean squared error 
(RMSE) for both optimization methods on the test dataset, further confirming the advantages of the 
proposed approach. 

Table 2 Comparison of results between Adam optimization method and MAML optimization method 
Method MAE MSE RMSE 
MAML 2.566e-4 1.560e-7 3.949e-4 
Adam 3.276e-4 2.434e-7 4.934e-4 
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Fig. 2 Comparison of forecast results 

 
Static inertia weights fail to adapt to the evolving optimization landscape, leading to slow con-

vergence or stagnation. Particle Swarm Optimization consider an optimization problem with 𝐷𝐷-
dimensional search space and 𝑁𝑁 particles. Let 𝑋𝑋𝑖𝑖(𝑡𝑡) = [𝑥𝑥𝑖𝑖1(𝑡𝑡),  𝑥𝑥𝑖𝑖2(𝑡𝑡),  … ,  𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡)]denote the posi-
tion vector of the 𝑖𝑖-th particle at iteration 𝑡𝑡, and 𝑉𝑉𝑖𝑖(𝑡𝑡) = [𝑣𝑣𝑖𝑖1(𝑡𝑡),  𝑣𝑣𝑖𝑖2(𝑡𝑡),  … ,  𝑣𝑣𝑖𝑖𝑖𝑖(𝑡𝑡)] represent its 
velocity vector. The position update rule is governed by: 

𝑋𝑋𝑖𝑖(𝑡𝑡 + 1) = 𝑋𝑋𝑖𝑖(𝑡𝑡) + 𝑉𝑉𝑖𝑖(𝑡𝑡 + 1) (6) 
where the velocity vector evolves through a combination of individual and social learning:  

𝑉𝑉𝑖𝑖(𝑡𝑡 + 1) = 𝜔𝜔(𝑡𝑡)𝑉𝑉𝑖𝑖(𝑡𝑡) + 𝑐𝑐1𝑟𝑟1 �𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏,𝑖𝑖(𝑡𝑡) − 𝑋𝑋𝑖𝑖(𝑡𝑡)� + 𝑐𝑐2𝑟𝑟2�𝐺𝐺𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡) − 𝑋𝑋𝑖𝑖(𝑡𝑡)� (7) 

Here, 𝑃𝑃best,𝑖𝑖(𝑡𝑡) is the personal best position of particle 𝑖𝑖,  𝐺𝐺best(𝑡𝑡) is the global best position of the 
swarm, 𝑐𝑐1 and 𝑐𝑐2 are acceleration coefficients, and 𝑟𝑟1,  𝑟𝑟2 ∼ 𝒰𝒰(0,1) are stochastic weights. The in-
ertia factor 𝜔𝜔(𝑡𝑡) dynamically balances exploration and exploitation: 

𝜔𝜔(𝑡𝑡) = 𝜔𝜔max − (𝜔𝜔max − 𝜔𝜔min)
𝑡𝑡
𝑇𝑇

 (8) 

where 𝑡𝑡
𝑇𝑇

 , 𝜔𝜔max and 𝜔𝜔min are predefined bounds, and 𝑇𝑇 is the maximum iteration count. To en-
hance convergence on high-dimensional multimodal landscapes, a nonlinear adaptive inertia 
weight strategy is proposed: 

ω(t) = ωmin + (ωmax − ωmin) exp�−α
𝑓𝑓𝑖𝑖(𝑡𝑡) − 𝑓𝑓min(𝑡𝑡)
𝑓𝑓avg(𝑡𝑡) − 𝑓𝑓min(𝑡𝑡)�

 (9) 

where 𝑓𝑓𝑖𝑖(𝑡𝑡) is the objective value of particle 𝑖𝑖,  𝑓𝑓avg(𝑡𝑡) and 𝑓𝑓min(𝑡𝑡) denote the average and mini-
mum objective values across the particle, respectively, and α scales the adaptation rate. This for-
mulation reduces 𝜔𝜔(𝑡𝑡)  when particle fitness values disperse (promoting local search) and in-
creases 𝜔𝜔(𝑡𝑡) when values cluster (enhancing global exploration). Furthermore, time-varying ac-
celeration coefficients are introduced to mitigate premature convergence: 

𝑐𝑐1(𝑡𝑡) = 𝑐𝑐1,max − �𝑐𝑐1,max − 𝑐𝑐1,min�
𝑡𝑡
𝑇𝑇

 

𝑐𝑐2(𝑡𝑡) = 𝑐𝑐2,min + �𝑐𝑐2,max − 𝑐𝑐2,min�
𝑡𝑡
𝑇𝑇

 
(10) 
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Here, 𝑐𝑐1(𝑡𝑡) decreases linearly to prioritize social learning in later iterations, while 𝑐𝑐2(𝑡𝑡) in-
creases to emphasize global guidance. This dual adaptation mechanism enables rapid initial con-
vergence toward promising regions and refined exploitation near the global optimum. Fig. 3 pre-
sents the fitness value curve during the iterative process of the PSO algorithm. As shown in the 
figure, the algorithm converges after 50 iterations, achieving a population fitness value of 0.15879. 
At this point, the corresponding optimized precision casting parameters are pouring temperature 
of 1530.06 °C, mold preheating temperature of 1567.75 °C, and pulling speed of 1.50 mm/min. 
Analyzing the optimized blade casting STL model reveals an overall deformation of 0.15925 mm, 
with a deviation of only 0.00046 mm from the predicted result. Compared to the maximum overall 
blade deformation of 0.18002 mm obtained from orthogonal experiments, this represents a re-
duction of approximately 11.54 %, demonstrating the effectiveness of the surface optimization 
method based on process parameters. 

 
Fig. 3 Comparison of forecast results 

3. Experimental results and discussion 
To further investigate the influence of process parameters on manufacturing deviations and to 
validate the predictive performance of the small-sample learning framework, this study conducts 
a single-factor experiment. Key directional solidification process parameters that significantly im-
pact the profile deformation of precision-cast hollow blades include pulling speed, pouring tem-
perature, mold preheating temperature, cold copper temperature, and mold thickness. Due to the 
high computational cost of precision casting numerical simulations, this study focuses on the first 
three parameters. Specifically, six levels of pulling speed (1.5 mm/min, 2.5 mm/min, 3.5 mm/min, 
4.5 mm/min, 5.5 mm/min, and 6.5 mm/min), six levels of pouring temperature (1400 °C, 1450 °C, 
1500 °C, 1550 °C, 1600 °C, and 1650 °C), and six levels of mold preheating temperature (1400 °C, 
1450 °C, 1500 °C, 1550 °C, 1600 °C, and 1650 °C) are considered, resulting in a total of 216 simu-
lation experiments. Blade deformation during directional solidification exhibits strong nonlinear-
ity. To comprehensively assess the deformation of both internal and external surfaces, this study 
uses the mean absolute error (MAE) of the overall blade to quantify dimensional changes before 
and after manufacturing. As shown in Fig. 4, when one of the three process parameters (pouring 
temperature, mold preheating temperature, or pulling speed) is fixed, the distribution of the sur-
face mean absolute deviation with respect to the other two parameters is analyzed. The results 
indicate a clear pattern of blade profile deviation as the precision casting process parameters vary. 
When generating the dataset, the numerical differences between temperature parameters and 
pulling speed are significant. To eliminate the impact of different parameter magnitudes, normal-
ization is applied. 



Precision blade manufacturing: Small-sample prediction and optimization using improved meta-learning and Particle … 
 

Advances in Production Engineering & Management 20(3) 2025 375 
 

 
     Fig. 4 Distribution of the mean absolute deviation of the mold face with respect to the process parameters: 
   (a) Pouring temperature is 1400 °C; (b) Mold preheating temperature 𝑖𝑖𝑖𝑖 1400 °C; (c) Drawing speed is 1.5 mm/min 

 
The raw dataset consists of 216 parameter combinations of pouring temperature (1400-1650 °C), 

mold preheating temperature (1400-1650 °C), and pulling speed (1.5-6.5 mm/min), along with 
their corresponding mean absolute error (MAE) values.  The three process parameters were stand-
ardized, and after normalization, their distributions followed a normal distribution with a mean of 
0 and a standard deviation of 1, as shown in Fig. 5a, effectively eliminating dimensional differences. 
A Pearson correlation coefficient matrix was generated to analyze the relationship between the pa-
rameters and MAE, as illustrated in Fig. 5b. The results indicate a weak negative correlation between 
pouring temperature and MAE (𝑟𝑟 = −0.32), an insignificant correlation between mold preheating 
temperature and MAE (𝑟𝑟 = 0.08), and a strong positive correlation between pulling speed and MAE 
(𝑟𝑟 = 0.67). These findings suggest that pulling speed is the dominant factor influencing manufac-
turing deviations. 

    
(a)                                                                                                           (b) 

Fig. 5 Normalized vs. MAE correlation coefficient matrix: (a) Histogram of normalized parameter distribution; 
        (b) Parameter vs. MAE correlation coefficient matrix 

 
One-way ANOVA (significance level 𝛼𝛼 = 0.05) was performed for each parameter and the re-

sults are shown in Table 3. The F-value of draw speed (𝐹𝐹 = 58.3, 𝑝𝑝 < 0.001) was significantly 
higher than that of casting temperature (𝐹𝐹 = 12.1, 𝑝𝑝 = 0.002) and mold shell preheating temper-
ature (𝐹𝐹 = 3.2, 𝑝𝑝 = 0.074), which verified that the draw speed was the critical control parameter. 
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Table 3 One-way ANOVA results 
Parameters 𝐹𝐹-value 𝑝𝑝-value Significance 
Casting temperature 12.1 0.002 Relatively significant (**) 
Mold shell preheating temperature 3.2 0.074 Insignificant 
Drawing speed 58.3 < 0.001 Significant (***) 

 
After completing the single-factor analysis, it is necessary to examine both the main effects and 

interaction effects. To achieve this, a main effects plot (Fig. 6a) and a pouring temperature-pulling 
speed interaction effects plot (Fig. 6b) were generated. The results indicate that as the pulling 
speed increases from 1.5 mm/min to 6.5 mm/min, the MAE rises by an average of 0.04 mm. Mean-
while, when the pouring temperature increases up to 1550 °C, the MAE shows a slight decrease. 
The interaction effects analysis reveals that at low pulling speeds (1.5-3.5 mm/min), increasing 
the pouring temperature significantly suppresses the growth of MAE. 

 

   
 Fig. 6 Process parameters and interaction calculations: (a) Process parameter main effect analysis; 

                   (b) Pouring temperature-pulling speed interaction effect 
 

The 213 data samples were split into training (170 samples), validation (21 samples), and test 
(22 samples) sets using an 8:1:1 ratio. To simulate a small-sample scenario, 20 samples were ran-
domly selected from the training set as the support set (5 samples per task), while the remaining 
150 samples were used as the query set, forming 30 meta-learning tasks. The proposed improved 
MAML algorithm, incorporating a dynamic learning rate adjustment strategy, was used for train-
ing and compared against the Adam optimizer trained on the full dataset. As shown in Fig. 7a, 
MAML converged after 20 epochs, stabilizing the validation MAE at 2.5 × 10⁻⁴ mm, whereas Adam 
required 50 epochs and exhibited larger fluctuations. The test set predictions, illustrated in Fig. 7b, 
demonstrate that MAML achieved a significantly better fit to the actual values (R² = 0.92) compared 
to Adam (R² = 0.78). Furthermore, the error distribution box plot (Fig. 7c) shows that MAML had 
a lower MAE median (2.3 × 10⁻⁴ mm) than Adam (3.1 × 10⁻⁴ mm) and a more concentrated error 
range. Through an in-depth analysis of orthogonal experiment data, the dominant influence of 
withdrawal speed on manufacturing deviation was identified, and the interaction effects high-
lighted the importance of synergistic optimization of process parameters. The improved MAML 
algorithm demonstrated exceptional generalization capability in small-sample scenarios, achiev-
ing a 24.3 % improvement in prediction accuracy compared to traditional methods. By integrating 
the PSO results from Section 3, the optimized process parameter combination (withdrawal speed 
is 1.5 mm/min, pouring temperature is 1530 °C) reduced MAE to 0.159 mm, validating the engi-
neering applicability of the "meta-learning modeling – intelligent optimization" framework. By 
integrating particle swarm optimization (PSO) results from Section 3, the optimized combination 
of process parameters (withdrawal speed is 1.5 mm/min, pouring temperature is 1530 °C) re-
duced the MAE to 0.159 mm, thereby validating the engineering applicability of the “meta-learning 
modeling–intelligent optimization” framework. For real-time requirements, the MAML algorithm 
demonstrates excellent performance in predicting casting process parameters, especially in few-
shot learning scenarios. Although the training phase is computationally intensive, inference is ef-
ficient and fully supports real-time manufacturing applications. When combined with optimization 
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algorithms, MAML can be used for real-time process-parameter optimization to improve product 
quality and production efficiency. However, the method proposed by this research institute main-
tains high accuracy, real-time performance, and efficiency, but it also has high training costs. This is 
because MAML requires a large number of meta-training tasks, and the training process is compu-
tationally intensive. In addition, MAML's performance is sensitive to hyperparameters (such as in-
ner learning rate, meta-learning rate, etc.). We have supplemented the original text with explana-
tions of these two shortcomings and marked them in red font. 

 
(a) 

 

     
(b)                                                                                                         (c) 

Fig. 7 Process parameters and interaction calculation: (a) Comparative analysis of model training loss curves; 
        (b) Comparison of predicted and actual values; (c) Comparison of model prediction error distribution 

4. Conclusion 
To address the challenges of small-sample modeling in blade manufacturing, including the diffi-
culty of accurately describing the complex nonlinear relationship between process parameters 
and surface deviation, as well as the tendency of traditional optimization methods to fall into local 
optima, this paper proposes a small-sample prediction and process parameter co-optimization 
framework that integrates meta-learning optimization with the particle swarm algorithm (PSO). 
By improving the MAML algorithm, this study introduces a dynamic loss function weight adjust-
ment strategy, which adaptively scales mean squared error (MSE) loss based on task complexity. 
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Additionally, it incorporates a stochastic gradient descent with warm restarts (SGDR) learning 
rate annealing mechanism, which periodically adjusts the learning rate to mitigate optimization 
stagnation. These enhancements significantly improve the model’s generalization ability in small-
sample scenarios, reducing test set MAE to 2.566 × 10⁻⁴ mm, a 21.7 % improvement over tradi-
tional Adam optimization. Furthermore, a dynamic PSO framework is proposed, featuring a non-
linear dynamic inertia factor and an adaptive learning factor strategy, which enhances the algo-
rithm’s global search capability for high-dimensional process parameter response surfaces. By 
embedding the meta-learning model into the PSO fitness function, a closed-loop feedback mecha-
nism is established between process parameter optimization and deviation prediction. Based on 
orthogonal experiment data, the dominant influence of withdrawal speed on manufacturing devi-
ation is quantitatively revealed through Pearson correlation analysis ( 𝑟𝑟 =  0.67 ), one-way 
ANOVA (F = 58.3, p < 0.001), and interaction effect plots. The study further identifies an optimized 
parameter combination of low withdrawal speed (1.5 mm/min) and high pouring temperature 
(1530 °C), which reduces overall blade deformation by 11.54 %. Experimental results demon-
strate that the proposed method significantly improves prediction accuracy under limited sample 
conditions, achieving a test set R² of 0.92. The optimized process parameter combination is fur-
ther validated through numerical simulation, showing an actual deformation deviation of only 
0.00046 mm, thereby confirming the engineering reliability of the model. This research not only 
provides a theoretical framework for optimizing complex manufacturing processes driven by 
small samples but also has broader applicability to high-precision, high-demand intelligent man-
ufacturing fields, such as automotive engine blades and gas turbine blades, offering a new techno-
logical pathway for improving the performance and production efficiency of critical components. 
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A B S T R A C T A R T I C L E   I N F O 
To tackle the pronounced temporal dynamics and intricate interdependencies 
within process manufacturing knowledge, this paper introduces an innovative 
framework: the Adaptive Multi-Scale Temporal Path Fusion Network 
(AMTPFNet). The method constructs short-term (high-frequency) and long-
term (low-frequency) historical subgraphs to generate multi-scale temporal 
representations. It also employs a self-attention mechanism for query-aware 
temporal path modeling, enabling adaptive weight allocation based on varying 
time spans. Extensive experiments are conducted on benchmark datasets, in-
cluding ICEWS18, GDELT, WIKI, and YAGO. Additionally, an application analy-
sis is presented using electromechanical fault data. The results demonstrate 
that AMTPFNet exhibits remarkable effectiveness and robustness in temporal 
knowledge graph reasoning tasks, achieving MRR scores of 0.914 on YAGO and 
0.838 on WIKI. It achieves high efficiency in predicting future production facts 
and assessing process quality in industrial workflows. Root causes of failures 
(e.g., insulation, friction) for motor components (stators, rotors) are accurately 
predicted, demonstrating the framework’s transferability to real-world manu-
facturing scenarios. Although electromechanical fault data are used as a case 
study, the framework generalizes to manufacturing quality prediction and is 
readily transferable to finance, healthcare, and social media analytics. 
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1. Introduction
With the rapid advancement of Industrial Internet technologies, process manufacturing enter-
prises have amassed substantial volumes of historical data through intelligent monitoring termi-
nals and data acquisition systems. These data capture equipment operating conditions, failure 
events, and associated process operations, encompassing dynamic information such as the failure 
types of critical equipment, temporal patterns of occurrence, and their scope of impact. Moreover, 
these data exhibit complex temporal coupling with process parameters and product quality out-
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comes. Over time, enterprises have also accumulated extensive domain knowledge and experien-
tial rules, including operational guidelines, fault response strategies, and maintenance protocols. 
The deep integration of equipment failure data with domain knowledge provides a robust foun-
dation for intelligent diagnostics. This enables quality prediction in process manufacturing based 
on anomalous equipment behaviors. 

Currently, most studies have focused on quality prediction using mathematical modeling or 
machine learning techniques. While these approaches have yielded performance improvements 
to some extent, they are hindered by two significant limitations. First, they lack the capability to 
structurally represent and integrate domain knowledge, such as operational standards and expe-
riential insights, particularly in situations of time constraints or crises [1]. Second, they fail to ef-
fectively capture the pronounced temporal characteristics and interdependent coupling among 
variables inherent in process data [2]. Although machine learning techniques have been applied 
for fault prediction in manufacturing, they may not adequately capture the temporal dynamics 
and interdependencies within process data [3, 4]. Consequently, a critical challenge in intelligent 
process manufacturing is to develop a quality prediction model that effectively integrates process 
data with domain knowledge. This model must also be both temporally aware and capable of 
causal reasoning. 

Knowledge Graph (KG), as a structured representation method for entities and their relation-
ships, has been widely applied in various fields such as Natural Language Processing, Recom-
mender Systems, and Intelligent Question Answering. Xie et al. [5] demonstrates the potential of 
knowledge graphs in managing the complex relationships and dependencies in supply chains. 
However, knowledge in the real world is not static; it exhibits significant temporal dynamics. For 
instance, the evolution of international events, the changes in social network relationships, and 
the fluctuations in financial transactions all evolve over time. To more accurately model such dy-
namic knowledge, Temporal Knowledge Graphs (TKG) have emerged. By incorporating temporal 
dimension information into traditional knowledge graphs, TKGs empower reasoning models with 
the ability to understand and predict the evolution of relationships between entities over time, 
thereby demonstrating substantial value in tasks such as event prediction, anomaly detection, and 
knowledge completion. 

Knowledge Graph Embedding (KGE) aims to map entities and relations into continuous vector 
spaces, thereby enhancing computational efficiency and model generalization while preserving 
the structural information of the graph. KGE has been widely applied in knowledge graph reason-
ing tasks. Early embedding methods primarily include translation-based models and semantic 
matching models [6]. Translation-based models, such as that proposed by Bordes et al. [7], assume 
that a relation is represented as a translation vector from the head entity to the tail entity. While 
Wang et al. [8] and Lin et al. [9] capture more complex relationships by projecting into a specific 
relationship or entity space. Semantic matching models, including those by Trouillon et al. [10], 
model the interactions between entities and relations through tensor decomposition and other 
related techniques. Furthermore, deep neural network-based models, such as those proposed by 
Dettmers et al. [11] and Schlichtkrull et al. [12], leverage convolutional neural networks and graph 
neural networks to further enhance the expressiveness of embeddings. 

However, these methods are primarily designed for static knowledge graphs and are unable to 
effectively handle dynamic information that evolves over time. Knowledge graphs in the real 
world are subject to dynamic changes; for example, the attributes of entities may change over 
time, and relationships between entities can emerge, disappear, or evolve [13]. Therefore, effec-
tively handling temporal information has become a key focus in the research of knowledge graph 
embedding. To capture the temporal characteristics of facts in knowledge graphs, researchers 
have introduced the concept of Temporal Knowledge Graphs (TKG) and developed various tem-
poral reasoning methods. Dasgupta et al. [14] capture temporal information by projecting entities 
and relations onto hyperplanes associated with specific timestamps. Goel et al. [15] define a func-
tion that takes entities and timestamps as inputs to generate time-specific representations. In ad-
dition, Liu et al. [16] defined the joint probability distribution of all events using an autoregressive 
approach to perform temporal reasoning. Zhu et al. [17] propose a copy-generation mechanism 
to predict future events based on historical vocabulary. Li et al. [18] introduce a model that incor-
porates a Historical Information Completion Strategy (HICS) and a Pretrained Language Model 
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(PLM) to perform interpretable inductive reasoning over temporal knowledge graphs. Further-
more, Liu et al. [19] enhance the accuracy and interpretability of temporal prediction by propos-
ing an adaptive framework for temporal knowledge graph reasoning with dynamic event-driven 
dependencies. Some studies have also begun to explore the integration of knowledge graphs with 
Large Language Models (LLMs) to enhance the capability of LLMs in complex reasoning and 
knowledge-intensive tasks [20]. In addition, Transformer models have been revisited and applied 
to knowledge graph reasoning to address the limitations of message passing neural networks [21]. 

However, these methods typically rely on fixed-length time windows. This makes it difficult to 
simultaneously capture both short-term high-frequency dynamics and long-term low-frequency 
trends. In addition, many methods use simple weighting or multiplication operations in edge 
weight modeling, failing to adequately consider the varying importance of different historical facts 
for querying relationships, which affects the reasoning capability of the model. 

To address the aforementioned issues, this paper proposes an Adaptive Multi-scale Temporal 
Path Fusion Network (AMTPFNet). The key innovations of this method are as follows: 

Multi-scale Historical Information Modeling: By constructing short-term (high-frequency) and 
long-term (low-frequency) historical subgraphs, the recent dynamic changes and long-term evo-
lution trends are captured respectively, enabling the model to leverage more comprehensive tem-
poral information for reasoning. 

Query-aware Temporal Path Modeling: Utilizing a self-attention mechanism, query-based path 
representation is constructed in the multi-scale historical graph, so that the path information of 
different time spans can adaptively adjust the weight, thereby enhancing the reasoning accuracy. 

Adaptive Edge Weight Assignment: During the temporal information passing process, the 
weight of the edge is dynamically allocated through the attention mechanism, enabling the model 
to more accurately model the impact of different historical facts on the current query. 

Through these innovations, experimental results on multiple public datasets (such as 
ICEWS18, GDELT, WIKI, and YAGO) demonstrate that AMTPFNet excels in key metrics such as 
MRR, Hits@1, Hits@3, and Hits@10, validating its effectiveness and robustness in temporal 
knowledge graph reasoning tasks. 

2. Methodology 
2.1 Problem statement 

Temporal Knowledge Graph is an extended form of a Knowledge Graph, where each triple (𝑠𝑠, 𝑟𝑟, 𝑜𝑜) 
(representing the relationship between subject  𝑠𝑠, relation  𝑟𝑟, and object  𝑜𝑜 ) is associated with a 
specific timestamp 𝑡𝑡 , forming a quadruple (𝑠𝑠, 𝑟𝑟, 𝑜𝑜, 𝑡𝑡). Since TKGs aim to capture the dynamic char-
acteristics of entities and relationships evolving over time, their reasoning tasks are primarily di-
vided into two categories [22]: 

Interpolation reasoning: Predicting missing triples in the case of missing facts at certain 
timestamps [15, 23]. For example, completing events that are missing at some time points. 

Extrapolation reasoning: Predicting future possible facts based on historical events [17, 24, 25], 
such as forecasting the event (𝑠𝑠, 𝑟𝑟, ? , 𝑡𝑡 + 1) at a future time 𝑡𝑡 + 1. 

This study investigates extrapolative reasoning through a temporal knowledge graph con-
structed from fault information and causal relationships in electromechanical equipment, specif-
ically motors and their components (e.g., stators, rotors, drive-end bearings, non-drive-end bear-
ings), with associated timestamps of fault occurrences. Formally, the knowledge graph is repre-
sented as a set of temporal quadruples 𝐺𝐺 = (𝑠𝑠, 𝑟𝑟, 𝑜𝑜, 𝑡𝑡). Given a historical time window 𝐺𝐺𝜏𝜏 and a 
query (𝑠𝑠, 𝑟𝑟, ? , 𝑡𝑡 + 1), the task is to infer the most likely object entity 𝑜𝑜, representing the root cause 
of the failure. This approach aims to enhance the timeliness and effectiveness of fault prediction, 
thereby improving the accuracy and reliability of intelligent diagnostic systems in industrial en-
vironments. 
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2.2 Model formulation 
To address the limitations of existing methods in capturing multi-scale temporal information, this 
paper proposes an Adaptive Multi-Scale Temporal Path Fusion Network (AMTPFNet). By model-
ing both short-term (high-frequency) and long-term (low-frequency) historical information, and 
incorporating a self-attention mechanism for query-aware path modeling, the proposed method 
enhances the accuracy and robustness of TKG reasoning tasks. 

Basic mathematical notations 

Detailed information on the basic mathematical notations and the corresponding description of 
AMTPFNet are shown in Table 1. 

Table 1 Applicable mathematical notation list 
Notation Description 

𝑠𝑠 subject entity of the query 
𝑟𝑟 relation of the query 
𝑜𝑜 candidate object entities；𝑜𝑜+ denotes the positive sample, and 𝑜𝑜𝑗𝑗− denotes the 𝑗𝑗-th negative sample 
𝑡𝑡 current timestamp; with the query timestamp set to 𝑡𝑡 + 1 
𝜏𝜏 timestamp 
𝐺𝐺𝜏𝜏 historical subgraph at timestamp τ 
𝑟𝑟𝜏𝜏 composite relation representation, which combines the relation r with the timestamp τ 

𝑘𝑘short the number of continuous timestamps at a short-term scale 
𝑚𝑚total the temporal duration within a long-term historical interval 
Δ sampling interval at the long-term scale 

𝐺𝐺short short-term historical graph, containing facts for τ ∈ [𝑡𝑡 − 𝑘𝑘short + 1, 𝑡𝑡] 
𝐺𝐺long long-term historical graph, containing facts for τ ∈ {t −𝑚𝑚total + 1, t −𝑚𝑚total + 1 + Δ, … , t − 𝑘𝑘short} 
𝑝𝑝s→o

(i)
 the set of all paths from s to o at scale 𝑖𝑖 

𝑝𝑝 a path consisting of several edges 
𝑓𝑓(𝑝𝑝) mapping function of path 𝑝𝑝 
𝜙𝜙(𝑒𝑒𝑖𝑖) encoded representation of edge 𝑒𝑒𝑖𝑖  
⨁ aggregation operation on path representations (e.g., summation, averaging) 
⨂ continuous fusion operation along the path (element-wise product) 

ℎ𝑘𝑘
(𝑖𝑖)(𝑠𝑠, 𝑟𝑟, 𝑜𝑜) node representation at layer k at scale 𝑖𝑖 
𝛹𝛹(𝑟𝑟) ∈ 𝑅𝑅𝑑𝑑  static initial representation of query relation 𝑟𝑟 
𝑁𝑁(𝑖𝑖)(𝑜𝑜) the set of neighboring nodes of node 𝑜𝑜 at scale 𝑖𝑖 
𝛥𝛥𝛥𝛥(𝑜𝑜′, 𝑜𝑜) the relative temporal difference of the edge (𝑜𝑜′, 𝑟𝑟, 𝑜𝑜), defined as (𝑡𝑡 + 1) − 𝜏𝜏 
𝑤𝑤(𝑟𝑟,𝛥𝛥𝛥𝛥) edge weight vector computed based on relation 𝑟𝑟 and the relative temporal difference Δτ 
𝑓𝑓edge(⋅) feedforward network for computing edge weights 

TimeEmb(𝛥𝛥𝛥𝛥) temporal embedding based on Δτ 
𝑎𝑎 self-attention vector 
⊙ Hadamard product (element-wise product) 
| vector concatenation operation 
K number of message passing layers 

𝑧𝑧𝑠𝑠→𝑜𝑜
(𝑖𝑖)  final query-aware representation after 𝐾𝐾 layers of updates at scale 𝑖𝑖 
𝑧𝑧𝑠𝑠→𝑜𝑜 final representation after multi-scale fusion 
Φ(⋅) multi-scale information fusion function implemented using MLP 
χ(𝑟𝑟) projected representation of query relation r 
F(⋅) scoring function (feedforward network) 
σ(⋅) Sigmoid activation function 
𝐿𝐿cls binary cross-entropy loss 
R relation embedding matrix 
I identity matrix 

| ⋅ |𝐹𝐹  Frobenius norm 
𝐿𝐿reg orthogonal regularization term for relation embeddings 
𝐿𝐿attn attention regularization term, encourage attention distribution is close to uniform. 
λ1, λ2 regularization hyperparameter 
𝐿𝐿total total loss 
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Multi-scale historical temporal graph construction 

For a given query (𝑠𝑠, 𝑟𝑟,  ? ,  𝑡𝑡 + 1), where s is the query subject, r represents the query relation, and 
1 is a time step. We construct historical subgraphs at different scales 𝑖𝑖. For scale 𝑖𝑖 (e.g., short-term, 
long-term), the time interval 𝑡𝑡 in the four-dimensional sequence (𝑠𝑠, 𝑟𝑟, 𝑜𝑜, 𝑡𝑡) is used to determine 
the scale, and the short-term and long-term ranges are specified either heuristically or through 
grid search. 

 
Fig. 1 Example of historical temporal subgraph construction 

 

Let the corresponding historical length be 𝑚𝑚𝑖𝑖, and define the multi-scale historical temporal 
graph as 𝐺𝐺(𝑖𝑖) = (s, 𝑟𝑟τ, 𝑜𝑜)|(s, r, o) ∈ 𝐺𝐺τ, τ ∈ [t −𝑚𝑚𝑖𝑖 + 1, t], where 𝑟𝑟𝜏𝜏 represents the composite repre-
sentation of relation r and the time label τ. 𝐺𝐺(𝑖𝑖) denotes the historical temporal subgraph at scale 
𝑖𝑖. Therefore, we construct short-term and long-term historical graphs, as shown in Fig. 1. 

As shown in Fig. 1, let the most recent continuous 𝑘𝑘𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜 timestamps be τ ∈ [𝑡𝑡 − 𝑘𝑘𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜 + 1,  𝑡𝑡], 
and the corresponding short-term historical graph is denoted as 𝐺𝐺short = (s, 𝑟𝑟τ, o)|(s, r, o) ∈ 𝐺𝐺τ, τ ∈
[t − 𝑘𝑘𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜 + 1, t] . Let the long-term historical interval be τ ∈ [𝑡𝑡 − 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 1,  𝑡𝑡 − 𝑘𝑘𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜] , and 
sampled at intervals of Δ , then the long-term historical graph is denoted as 𝐺𝐺long =
(s, 𝑟𝑟τ, o)|(s, r, o) ∈ 𝐺𝐺τ, τ ∈ {t−𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 1, t −𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 1 + Δ, … , t − 𝑘𝑘𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜} . This design ensures 
that the short-term scale uses continuous time information, while the long-term scale captures 
historical trends at different frequencies through sparse sampling. 

 

τ ∈ {𝑡𝑡 − 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 1,  𝑡𝑡 − 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 1 + Δ,  … ,  𝑡𝑡 − 𝑘𝑘𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜} 

Temporal path definition and abstraction 

For a given query (𝑠𝑠, 𝑟𝑟, ? , 𝑡𝑡 + 1)  and candidate entity o ∈ 𝒱𝒱 , within any historical graph 𝐺𝐺 
(whether 𝐺𝐺short or 𝐺𝐺long), the set of all paths from the query s to candidate o at scale 𝑖𝑖 is denoted 
as 𝑝𝑝s→o

(i) . The representation of a single path 𝑝𝑝  (composed of 𝑘𝑘  edges) is defined as 𝑓𝑓(𝑝𝑝) =
⨂ ϕ�𝑒𝑒𝑗𝑗�𝑘𝑘
𝑖𝑖=1 , where 𝜙𝜙(𝑒𝑒𝑖𝑖) represents the encoding of each edge 𝑒𝑒𝑖𝑖, which can be obtained through 

a subsequent edge encoding module, and ⨂ denotes the continuous fusion operation along the 
path (element-wise multiplication). The aggregated path representation is then obtained as: 

𝐳𝐳𝑠𝑠→𝑜𝑜
(𝑖𝑖) = ⨁

𝑝𝑝∈ 𝑝𝑝s→o
(i)
𝑓𝑓(𝑝𝑝), 𝑖𝑖 ∈ {𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜, 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙}, (1) 

where 𝑓𝑓(𝑝𝑝) is the mapping function of path 𝑝𝑝 (for example, after applying linear or nonlinear 
transformations to the edges along the path, followed by aggregation), and ⨁ denotes the aggre-
gation operation. 
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Query-aware temporal path processing 

At each scale 𝑖𝑖, 𝑘𝑘 layers of message passing are used to update the path representations. The rep-
resentation at the k-th layer is denoted as ℎ𝑘𝑘(𝑖𝑖)(𝑠𝑠, 𝑟𝑟, 𝑜𝑜), with the initial layer defined as: 

𝒉𝒉0
(𝑖𝑖)(𝑠𝑠, 𝑟𝑟, 𝑜𝑜) = {𝛹𝛹(𝑟𝑟), 𝑜𝑜 ⇔ 𝑠𝑠,

𝟎𝟎, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒, (2) 

where Ψ(𝑟𝑟) ∈ 𝑅𝑅𝑑𝑑 is the initial static representation of the query relation 𝑟𝑟, with 𝑑𝑑 being the em-
bedding dimension. 

For the k-th layer, the update of the target node 𝑜𝑜  is based on its neighbors 𝑜𝑜′  (satisfying 
(𝑜𝑜′, 𝑟𝑟, 𝑜𝑜) ∈ 𝐺𝐺𝑖𝑖): 

𝐡𝐡𝑘𝑘(𝑖𝑖)(s, r, o) = � α𝑜𝑜′,𝑜𝑜
(𝑖𝑖) �𝐡𝐡𝑘𝑘−1

(𝑖𝑖) (s, r, 𝑜𝑜′) ⊙𝑤𝑤�r,Δτ(𝑜𝑜′, o)��
𝑜𝑜′∈𝒩𝒩(𝒾𝒾)(𝑜𝑜)

 (3) 

where 𝒩𝒩(𝑖𝑖)(𝑜𝑜) denotes the set of neighbors connected to node 𝑜𝑜  at scale 𝑖𝑖 ; ⊙ represents the 
Hadamard product (element-wise multiplication) operator; Δτ(𝑜𝑜′,𝑜𝑜) denotes the relative tem-
poral distance of the edge 𝑒𝑒 = (𝑜𝑜′, 𝑟𝑟, 𝑜𝑜), i.e., Δ𝜏𝜏(𝑜𝑜′, 𝑜𝑜) = (𝑡𝑡 + 1) − 𝜏𝜏, where τ is the timestamp of 
the edge; 𝑤𝑤�𝑟𝑟,Δτ(𝑜𝑜′, 𝑜𝑜)� represents the edge weight vector computed based on relation r and the 
relative temporal difference. The weight vector is calculated as: 𝑤𝑤(𝑟𝑟,Δ𝜏𝜏) =
𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒([Ψ(𝑟𝑟); TimeEmb (Δ𝜏𝜏(𝑜𝑜′, 𝑜𝑜)]), where 𝑓𝑓edge(⋅) is a feed-forward network, Ψ(𝑟𝑟) is the static rep-
resentation of the query relation 𝑟𝑟, and TimeEmb�Δτ(𝑜𝑜′, o)� is the time embedding based on the 
relative time Δτ, allowing the edge representation to capture both relational and temporal infor-
mation. α𝑜𝑜′,𝑜𝑜

(𝑖𝑖)  is the self-attention weight, and its computation is as follows: 

𝛼𝛼𝑜𝑜′,𝑜𝑜
(𝑖𝑖) =

exp (LeakyReLU(𝐚𝐚𝑇𝑇[𝐡𝐡𝑘𝑘−1
(𝑖𝑖) (𝑠𝑠, 𝑟𝑟, 𝑜𝑜′)‖𝑤𝑤(𝑟𝑟,Δ𝜏𝜏(𝑜𝑜′,𝑜𝑜))]))

� exp (LeakyReLU(𝐚𝐚𝑇𝑇[𝐡𝐡𝑘𝑘−1
(𝑖𝑖) (𝑠𝑠, 𝑟𝑟, 𝑜𝑜″)‖𝑤𝑤(𝑟𝑟,Δ𝜏𝜏(𝑜𝑜″,𝑜𝑜))]))

𝑜𝑜″∈𝒩𝒩𝑖𝑖(𝑜𝑜)

 (4) 

where 𝑎𝑎 is the learnable attention vector, and ‖ denotes the vector concatenation operator. The 
symbol ‖ represents concatenating two (or more) vectors along their dimensions, that is, arrang-
ing them sequentially in an "end-to-end" manner to form a new vector, whose new dimension is 
the sum of the individual vector dimensions. 

By introducing the self-attention mechanism, the information of each edge can receive an adap-
tive weight based on its relevance to the query during message passing, thereby enhancing the 
effectiveness of multi-resolution information aggregation. After 𝐾𝐾 layers, the final query-aware 
representation for each scale is obtained as: 

𝑧𝑧𝑠𝑠→𝑜𝑜
(𝑖𝑖) = ℎ(𝑖𝑖)𝐾𝐾(𝑠𝑠, 𝑟𝑟, 𝑜𝑜),  𝑖𝑖 ∈ {𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜, 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙} (5) 

Multi-scale information fusion and score function formulation 

The representations of the two scales are fused to obtain the final representation: 

𝐳𝐳𝑠𝑠→𝑜𝑜 = Φ(𝐳𝐳𝑠𝑠→𝑜𝑜
(𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜), 𝐳𝐳𝑠𝑠→𝑜𝑜

(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)) = MLP(𝐳𝐳𝑠𝑠→𝑜𝑜
(𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜)‖𝐳𝐳𝑠𝑠→𝑜𝑜

(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)) (6) 

where Φ(⋅) is the fusion function, implemented here using an MLP, and ‖ denotes the concatena-
tion operation, which connects the vectors of the two scales into a new vector. By fusing the rep-
resentations of the short-term and long-term scales through the MLP, both recent high-frequency 
changes and long-term low-frequency trends can be captured simultaneously. 

Next, the fused representation is concatenated with the projection 𝜒𝜒(𝑟𝑟) of the query relation 
and passed through a feed-forward network ℱ(⋅) to obtain the score: 

Score(𝑠𝑠, 𝑟𝑟, 𝑜𝑜) = ℱ(𝐳𝐳𝑠𝑠→𝑜𝑜‖𝜒𝜒(𝑟𝑟)) (7) 
The final predicted probability formula is as follows: 

𝑝𝑝(𝑜𝑜 ∣ 𝑠𝑠, 𝑟𝑟) = 𝜎𝜎(Score(𝑠𝑠, 𝑟𝑟, 𝑜𝑜)) (8) 
where σ(⋅) is the sigmoid function, which maps the output of the Score(𝑠𝑠, 𝑟𝑟, 𝑜𝑜) to the interval (0,1), 
serving as the predicted probability. 
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Loss function and parameter learning 

For each query, positive samples (𝑠𝑠, 𝑟𝑟, 𝑜𝑜+) and a set of negative samples {�𝑠𝑠, 𝑟𝑟, 𝑜𝑜𝑗𝑗−�}𝑗𝑗=1𝑁𝑁  are con-
structed, and the binary cross-entropy loss is employed: 

𝐿𝐿cls = −lo g𝜎𝜎 �Score(𝑠𝑠, 𝑟𝑟, 𝑜𝑜+)� −� lo g �1− 𝜎𝜎 �Score�𝑠𝑠, 𝑟𝑟, 𝑜𝑜𝑗𝑗−���
𝑁𝑁

𝑗𝑗=1

. (9) 

Additionally, an orthogonal regularization term for the relation embeddings is added: 
𝐿𝐿reg = 𝜆𝜆1‖𝑅𝑅⊤𝑅𝑅 − 𝐼𝐼‖𝐹𝐹2 , (10) 

Furthermore, an attention regularization term is introduced to encourage each layer's atten-
tion distribution to be close to uniform: 

𝐿𝐿attn = 𝜆𝜆2 � � �𝛼𝛼𝑜𝑜′,𝑜𝑜
(𝑖𝑖) −

1
|𝒩𝒩𝑖𝑖(𝑜𝑜)|�

2

𝑜𝑜′∈𝒩𝒩𝑖𝑖(𝑜𝑜)𝑖𝑖∈𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

 (11) 

where |𝒩𝒩𝒾𝒾(𝑜𝑜)| denotes the number of neighbors of 𝑜𝑜 at scale 𝑖𝑖. The final total loss is: 
𝐿𝐿total = 𝐿𝐿cls + 𝐿𝐿reg + 𝐿𝐿attn. (12) 

3. Algorithmic time complexity analysis 
Time complexity: AMTPFNet divides historical information into short-term and long-term scales, 
handling 𝑘𝑘short consecutive timestamps (with a history length of 𝑚𝑚short) and a long-term history 
sampled at an interval Δ (with a history length of 𝑚𝑚long). At the short-term scale, the algorithm 
performs ω layers of query-aware temporal path aggregation on the historical subgraph edge set 
|ℰshort|, with a complexity of 𝑂𝑂(𝜔𝜔(𝑚𝑚short ⋅ |ℰ𝑠𝑠ℎ𝑜𝑜𝑜𝑜𝑜𝑜| + |𝒱𝒱|)); at the long-term scale, the processing 
complexity of the edge set |ℰlong| is 𝑂𝑂(𝜔𝜔(𝑚𝑚long ⋅ |ℰlong| + |𝒱𝒱|)). Subsequently, the two-scale repre-
sentations are fused through an MLP, with a complexity of 𝑂𝑂(|𝒱𝒱|). Therefore, the overall time 
complexity is 𝑂𝑂(𝜔𝜔(𝑚𝑚short ⋅ |ℰshort| + 𝑚𝑚long ⋅ |ℰlong| + 2|𝒱𝒱|)). This multi-scale processing improves 
the reasoning capability by separating short-term dynamics and long-term trends while maintain-
ing computational efficiency. 

Space complexity: The space complexity of AMTPFNet mainly comes from the storage of rela-
tion embeddings and temporal path representations. The learnable embeddings of the relation 
types set 𝑹𝑹 ∈ 𝑅𝑅|ℝ|×𝑑𝑑  occupy 𝑂𝑂(|ℛ| ⋅ 𝑑𝑑) space. The temporal path representations for the short-
term and long-term scales, 𝐇𝐇short and 𝐇𝐇long ∈ ℝ|𝒱𝒱|×𝑑𝑑 , collectively occupy 𝑂𝑂(2|𝒱𝒱| ⋅ 𝑑𝑑) space. In ad-
dition, model parameters (such as the weights and biases of linear transformations) occupy 𝑂𝑂(𝑑𝑑2) 
space. Therefore, the total space complexity is 𝑂𝑂(|ℛ| ⋅ 𝑑𝑑 + 2|𝒱𝒱| ⋅ 𝑑𝑑 + 𝑑𝑑2). Compared to single-
scale methods, the multi-scale design only adds an additional |𝒱𝒱| ⋅ 𝑑𝑑 space overhead, which still 
remains linear in nature, making it suitable for large-scale datasets. 

4. Experiments 
The experimental datasets, including ICEWS18, GDELT, WIKI, YAGO, are introduced, and the per-
formance of AMTPFNet on these datasets is evaluated. A comparison is made between AMTPFNet 
and existing methods, such as TiPNN, DaeMon, TransE, and TTransE. 

4.1 Datasets 

This study uses four temporal knowledge graph datasets: ICEWS18, GDELT, WIKI, and YAGO. 
ICEWS18 is derived from the Integrated Crisis Early Warning System (ICEWS), which records 
global political events in 2018. GDELT (Global Database of Events, Language, and Tone) covers 
global news events. WIKI and YAGO are subsets of the historical data from Wikipedia and YAGO3, 
respectively, containing temporally annotated knowledge. In the data preprocessing step, each 
dataset is divided into training (80 %), validation (10 %), and test (10 %) sets in chronological 
order, ensuring that the timestamps of the training set are earlier than those of the validation set, 
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and the timestamps of the validation set are earlier than those of the test set [23]. Table 2 provides 
an overview of the temporal knowledge graph datasets. 

Table 2 Overview of temporal knowledge graph datasets 

Dataset 
Statistical number 

Time interval 
Entities Relation types Training samples Validation samples Testing samples 

YAGO 10623 10 161540 19523 20026 1 year 
WIKI 12554 24 539286 67538 63110 1 year 

ICEWS18 23033 256 373018 45995 49545 1 year 
GDELT 7691 240 1734399 238765 305241 15 mins 

4.2 Evaluation metrics 

In this experiment, the link prediction task is used to evaluate the model's performance. The ob-
jective of this task is to measure the ranking of the true entity among all candidate entities. Mean 
Reciprocal Rank (MRR), along with Hits@1, Hits@3, and Hits@10, is employed as evaluation met-
rics. These metrics provide a comprehensive assessment of the model's ranking performance and 
prediction accuracy in knowledge graph completion tasks. The formula for calculating MRR is as 
follows: 

𝑀𝑀𝑀𝑀𝑀𝑀 =
1

|𝑄𝑄|�
1

𝑟𝑟𝑟𝑟𝑟𝑟𝑘𝑘𝑖𝑖

|𝑄𝑄|

𝑖𝑖=1

 (13) 

where |𝑄𝑄| represents the number of queries, and 𝑟𝑟𝑟𝑟𝑟𝑟𝑘𝑘𝑖𝑖 denotes the rank of the target entity in the 
𝑖𝑖-th query. 

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻@𝐾𝐾 measures the proportion of correct answers ranked within the top 𝐾𝐾, and its formula 
is as follows: 

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻@𝐾𝐾 =
1

|𝑄𝑄|�𝐼𝐼
|𝑄𝑄|

𝑖𝑖=1

(𝑟𝑟𝑟𝑟𝑟𝑟𝑘𝑘𝑖𝑖 ≤ 𝐾𝐾) (14) 

where 𝐼𝐼(⋅) is the indicator function, which takes the value of 1 when 𝑟𝑟𝑟𝑟𝑟𝑟𝑘𝑘𝑖𝑖 ≤ 𝐾𝐾, and 0 otherwise. 
To ensure a fair comparison, the filtered setting, which is consistent with other baseline meth-

ods, is adopted. In this setting, all possible incorrect entities are removed during evaluation to 
ensure the validity of the model's predictions. 
4.3 Experimental result 
In the experimental evaluation, the proposed AMTPFNet method was compared with multiple static 
and temporal knowledge graph embedding methods, including classical models (such as TransE, 
TTransE, DistMult, ComplEx, HolE) as well as recently proposed temporal reasoning methods (such 
as CyGNet, RE-GCN, Timetraveler, and TIP). Experiments were conducted on four widely used tem-
poral knowledge graph datasets: YAGO, WIKI, ICEWS18, and GDELT. The results of the experimental 
comparison of knowledge graph embedding methods are shown in Table 3. The results demonstrate 
that AMTPFNet achieves superior performance across most evaluation metrics. 

Table 3 Experimental comparison of knowledge graph embedding methods 

Method 
YAGO WIKI GDELT ICEWS18 

MRR H@1 H@3 H@10 MRR H@1 H@3 H@10 MRR H@1 H@3 H@10 MRR H@1 H@3 H@10 

TransE 0.373  0.191  0.531  0.622  0.374  0.289  0.443  0.508  0.089  0.000  0.117  0.253  0.117  0.008  0.154  0.344  

DistMult 0.466  0.368  0.536  0.627  0.387  0.305  0.457  0.508  0.084  0.033  0.080  0.179  0.216  0.132  0.244  0.379  

ComplEx 0.489  0.390  0.563  0.651  0.394  0.311  0.464  0.513  0.080  0.029  0.076  0.175  0.207  0.123  0.234  0.374  

HolE 0.379  0.286  0.437  0.531  0.343  0.254  0.411  0.487  0.076  0.028  0.071  0.165  0.107  0.047  0.110  0.232  

TTransE 0.318  0.162  0.443  0.538  0.271  0.182  0.325  0.429  0.081  0.000  0.101  0.228  0.115  0.005  0.152  0.342  

CyGNet 0.548  0.435  0.613  0.778  0.375  0.284  0.426  0.539  0.187  0.114  0.199  0.328  0.250  0.155  0.286  0.189  

RE-GCN 0.821  0.785  0.844  0.885  0.782  0.741  0.812  0.846  0.201  0.141  0.219  0.310  0.325  0.223  0.367  0.527  

Timetraveler 0.875  0.852  0.897  0.901  0.746  0.723  0.762  0.777  0.197  0.125  0.209  0.339  0.293  0.213  0.328  0.442  

TIP 0.905  0.879  0.930  0.936  0.832  0.791  0.865  0.887  0.211  0.140  0.230  0.347  0.317  0.221  0.359  0.505  

AMTPFNet 0.914  0.895  0.932  0.935  0.838  0.805  0.865  0.884  0.219  0.142  0.240  0.370  0.296  0.200  0.337  0.485  

mailto:H@1
mailto:Hits@1
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Overall, AMTPFNet exhibits particularly strong performance on the YAGO and WIKI datasets. 
It outperforms all comparison models in key metrics such as MRR and Hits@1, achieving 0.91397 
and 0.89489 (YAGO), and 0.83751 and 0.80518 (WIKI), respectively. This demonstrates its strong 
modeling capability on datasets with rich static structures. On the GDELT dataset, AMTPFNet also 
outperforms all comparison models, particularly by achieving 0.3701 on the Hits@10 metric, fur-
ther proving its superiority on event-driven and more dynamic datasets. On the ICEWS18 dataset, 
AMTPFNet performs slightly below some of the best methods, but still achieves 0.4848 on the 
Hits@10 metric, showing its strong capability in predicting future facts. 

The AMTPFNet model enables the prediction of fault information within the temporal knowledge 
graph of electromechanical equipment. Table 4 provides a sample comparison between actual ob-
ject entities and predicted results for the fault data used in constructing the temporal knowledge 
graph. By utilizing fault information, causal relationships, and timestamps of fault occurrences as-
sociated with motor components—such as stators, rotors, drive-end bearings, and non-drive-end 
bearings—a temporal knowledge graph is established. This facilitates more timely and effective 
fault prediction, enhancing the accuracy and reliability of predictive outcomes. 

The advantages of AMTPFNet mainly lie in its ability to model multi-scale temporal information 
and in the query-based adaptive edge weighting mechanism. This allows the model to capture short-
term high-frequency dynamics while also perceiving long-term evolutionary trends, enabling it to 
make reasonable judgments across different time spans. Additionally, the introduction of the self-
attention mechanism enables the model to flexibly adjust the importance of each edge in the path 
according to the query context, enhancing the specificity and accuracy of the reasoning. 

Table 4 Comparison of actual object entities and predicted results 
Time 𝑡𝑡 Equipment 𝑠𝑠 Fault information 𝑟𝑟 Actual fault cause 𝑜𝑜 Predicted fault cause 𝑜𝑜′ 
2020.9.5 Side bearing None None None 
2020.9.6 Side bearing Overheating Insulation Insulation 
2020.9.6 Side bearing Overheating Insulation Insulation 
... ... ... ... ... 
2020.10.10 Side bearing Abnormal noise Friction Friction 
2020.10.11 Stator None Wear None 
2020.10.12 Rotor Overheating Insulation Wear 

5. Conclusion 
This paper presents an innovative temporal knowledge graph reasoning method, AMTPFNet, which 
significantly improves the accuracy and robustness of reasoning tasks through techniques such as 
multi-scale historical graph construction, query-aware temporal path processing, and multi-resolu-
tion fusion. The implementation process of AMTPFNet includes the following key steps: 

• Multi-scale Historical Graph Construction: The short-term historical graph 𝐺𝐺short  is con-
structed using continuous sampling, while the long-term historical graph 𝐺𝐺long  is con-
structed by sampling at intervals Δ. 

• Temporal Path Definition and Abstraction: For each scale, a set of paths is extracted under 
the query (𝑠𝑠, 𝑟𝑟, ? , 𝑡𝑡 + 1). The representations 𝒛𝒛𝒔𝒔→𝒐𝒐

(𝒊𝒊)  are then obtained through an aggrega-
tion function. 

• Query-aware Temporal Path Processing: Multi-layer self-attention message passing is used 
to update the paths. The update rules are defined in Eqs. 3 and 4, and the final representa-
tion is obtained in Eq. 5. 

• Multi-resolution Fusion and Scoring Function: The representations of the two scales are 
fused (Eq. 6), then concatenated with the projection of the query relation and passed 
through a feed-forward network to compute the score (Eq. 7), which is mapped to a predic-
tion probability (Eq. 8). 

• Loss Function Design: The loss function consists of binary cross-entropy loss (Eq. 9), along 
with relationship orthogonality regularization (Eq. 10) and attention regularization (Eq. 
11), resulting in the total loss (Eq. 12). 
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Experimental results show that AMTPFNet significantly outperforms existing baseline models 
on the YAGO, WIKI, and GDELT datasets, indicating its strong modeling capability on data with 
rich static structures and its superiority on event-driven, more dynamic datasets. At the same 
time, it is noted that there is still room for improvement on more dynamic datasets such as 
ICEWS18. Future work could focus on finer-grained temporal modeling, such as introducing adap-
tive time windows or continuous time representations, as well as more efficient structure-aware 
mechanisms. For instance, exploring online learning or incremental update mechanisms would 
allow the model to dynamically adapt to rapidly changing temporal data, further optimizing its 
performance. Finally, by using electromechanical equipment fault data as a case study, this work 
demonstrates that the proposed model can effectively predict future production outcomes and 
the quality of process manufacturing operations.  

Beyond architectural innovation, AMTPFNet offers significant practical value for industrial work-
flows by achieving high efficiency in predicting future production facts and assessing process qual-
ity. Specifically, the model can infer root causes of failures (e.g., insulation, friction) for motor com-
ponents, making it well-suited for predictive maintenance strategies. This utility is supported by 
quantitative evidence: AMTPFNet achieves superior performance on TKG benchmarks, including 
MRR scores of 0.914 on YAGO and 0.838 on WIKI, and a Hits@10 score of 0.370 on GDELT. Further-
more, the framework’s computational efficiency, requiring only a few hours for training and seconds 
to minutes for inference, demonstrates its feasibility for industrial deployment. However, a key lim-
itation is that its current empirical validation is restricted to electromechanical fault data. Real-
world deployment in factories will face major challenges such as heterogeneous data quality, strict 
real-time requirements, and the necessity for robust incremental update mechanisms. 
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A B S T R A C T A R T I C L E   I N F O 
Urban intelligent transportation systems require real‑time, near‑optimal rout-
ing for autonomous vehicles navigating dynamic and uncertain traffic. We pro-
pose a Harris Hawks Optimization–deep reinforcement learning framework 
(HHO‑DRL) that unites HHO’s global exploration with DRL’s adaptive policy 
search through (i) a dynamic‑weight fusion scheme that continuously balances 
exploration and exploitation and (ii) a bidirectional experience‑feedback loop 
that exchanges elite solutions between the two solvers. On 23 CEC‑2014 bench-
mark functions and five classical multimodal tests, HHO‑DRL lowers mean er-
ror by up to three orders of magnitude relative to PSO and adaptive HHO, 
demonstrating superior robustness and precision. In 30 × 30 grid‑world simu-
lations with 30 % obstacle density, it generates vehicle routes 35 % shorter 
than those produced by Grey Wolf Optimization and 25 % shorter than adap-
tive HHO, while preserving smooth, collision‑free trajectories. These results 
confirm that the proposed dual‑mechanism delivers fast, high‑quality solutions 
for high‑dimensional, dynamic path‑planning and other complex engineering 
optimization tasks. 

 Keywords: 
Dynamic path planning; 
Harris Hawks optimization; 
Deep reinforcement learning; 
Autonomous vehicles; 
Dynamic weight fusion; 
Bidirectional feedback; 
Intelligent transportation systems; 
Real-time navigation 

*Corresponding author: 
i@liufengyu.cn 
(Liu, F.) 

Article history:  
Received 23 January 2025 
Revised 28 May 2025 
Accepted 19 June 2025 

Content from this work may be used under the terms of 
the Creative Commons Attribution 4.0 International 
Licence (CC BY 4.0). Any further distribution of this work 
must maintain attribution to the author(s) and the title of 
the work, journal citation and DOI.

1. Introduction
In recent years, Intelligent Transportation Systems (ITS) have experienced rapid development, 
providing novel technological approaches for urban traffic management and vehicle dispatching 
[1-3]. In this context, enabling autonomous vehicles to perform real-time route planning in dy-
namic, complex, and uncertain road environments has become a core challenge. Traditional de-
terministic route planning methods often struggle to efficiently obtain near-global optimal solu-
tions for high-dimensional, multimodal, and nonlinear complex optimization problems. In con-
trast, metaheuristic algorithms exhibit superior robustness and adaptability in addressing com-
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plex decision-making tasks, making them widely applicable in optimization scenarios [4]. How-
ever, even metaheuristic approaches can become trapped in local optima or suffer from imbal-
anced search processes when dealing with problems that have pronounced multi-peak, dynamic, 
and stochastic characteristics [5]. 

As a newly developed bio-inspired algorithm, the Harris Hawks Optimization (HHO) algorithm 
mimics the group hunting behavior of hawks, achieving a balance between global and local 
searches [6]. Studies have shown that HHO can outperform classical metaheuristic algorithms 
(e.g., PSO, GWO, WOA) when handling multimodal functions and high-dimensional problems, 
demonstrating strong performance in complex optimization tasks [7, 8]. However, when applied 
to highly dynamic vehicle route planning contexts, HHO may still face challenges such as prema-
ture convergence and limited adaptability [9]. To address these issues, some researchers have 
enhanced HHO’s performance by introducing adaptive parameters and hybrid strategies to im-
prove the coordination between global exploration and local exploitation [10]. Nevertheless, in 
scenarios requiring real-time route planning—characterized by significant time-varying fea-
tures—HHO still needs further refinements to enhance its convergence speed and optimization 
accuracy. Notably, attempts have been made to incorporate advanced strategies such as orthogo-
nal learning or Lévy mutations to handle high-dimensional optimization [11], and multi-popula-
tion schemes have also proven beneficial for complex multimodal functions. 

Deep reinforcement learning (DRL) has shown remarkable potential in decision-making and 
control domains by continuously optimizing policies through a state-action-reward loop that in-
teracts with the environment [12]. DRL has been successfully applied to intelligent decision-mak-
ing, autonomous driving, and route planning, effectively extracting high-value strategies in com-
plex and uncertain environments [13]. By leveraging deep neural networks, DRL can extract fea-
tures from high-dimensional state spaces and achieve efficient mappings from perception to de-
cision-making [14]. However, DRL often faces challenges such as insufficient exploration and slow 
policy convergence during the early stages of learning, requiring significant time to reach a satis-
factory solution [15]. Additionally, in high-dimensional continuous action spaces, DRL is prone to 
becoming trapped in suboptimal policies due to its limited global search capability, which hinders 
thorough exploration [16]. Consequently, integrating DRL with metaheuristic algorithms has 
emerged as a natural choice to provide heuristic guidance and identify promising solution regions 
[17]. Previous studies suggest that combining evolutionary or swarm intelligence approaches 
with DRL can significantly improve exploration efficiency and convergence performance in com-
plex tasks [18]. For instance, hybrid DRL-evolutionary frameworks have shown promise in im-
proving policy adaptation under dynamic conditions [19], while knowledge-guided DRL strategies 
have facilitated navigation in complex urban scenes [20]. Yet, despite these efforts, systematically 
integrating HHO with DRL for dynamic vehicle route planning remains underexplored [21]. More-
over, applying adaptive fusion mechanisms or self-adaptive parameters to further accelerate con-
vergence has only seen preliminary exploration in related fields [22]. Meanwhile, larger-scale ver-
ification scenarios using real-time traffic data underscore the need for enhanced scalability [23], 
and complex Internet of Vehicles environments call for robust handling of uncertainty [24] and 
multi-agent cooperation [25]. Ensuring smooth trajectories and safety under dynamic conditions 
has also attracted research attention [26]. 

To address this gap, this study proposes a vehicle route planning framework that integrates 
HHO with DRL, aiming to fully leverage HHO’s global search advantages and DRL’s policy-learning 
capabilities. Moving beyond a simple overlay approach, a dynamic weight fusion mechanism is 
introduced, which flexibly adjusts the involvement levels of HHO and DRL based on measurable 
indicators such as fitness improvement and population diversity. This mechanism achieves an 
adaptive balance between global exploration and local exploitation. When the algorithm becomes 
trapped in local optima or shows slow improvement, increasing DRL’s global exploration propor-
tion helps it escape these traps. Conversely, when the algorithm demonstrates significant progress 
or maintains high population diversity, enhancing HHO’s local search intensity further refines the 
solution quality. 

In addition, a two-way feedback mechanism is proposed, where high-quality solutions identified 
by DRL are fed back into HHO at the end of each iteration, guiding the next search phase toward 
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promising regions. Simultaneously, the sequence of excellent solutions filtered by HHO is incorpo-
rated into the DRL experience pool with weighted importance, accelerating DRL’s policy updates. 
Through this bidirectional, closed-loop information exchange, HHO and DRL achieve collaborative 
evolution, addressing the limitations of their independent use and demonstrating enhanced adapt-
ability in highly dynamic and complex route planning scenarios. This framework delivers significant 
improvements in global-local search synergy, adaptive coordination, and real-time decision-mak-
ing, providing new insights for future research on the integration of HHO and DRL. 

In terms of experiments, this study employs a variety of standard test functions and the com-
plex CEC-2014 benchmark functions to systematically evaluate the proposed HHO-DRL algorithm. 
The results demonstrate outstanding performance in global, local, and combined search tasks. 
Compared to standalone HHO, standalone DRL, and other classical metaheuristic algorithms such 
as PSO, GWO, WOA, MHHO, and AHHO, the proposed method exhibits superior capabilities in 
avoiding local optima, improving search efficiency, and adapting to dynamic environments. Fur-
thermore, when applied to real-world dynamic vehicle route planning scenarios—ranging from 
simple to highly complex road networks and traffic conditions—the HHO-DRL approach gener-
ates shorter, safer, and smoother routes. These findings validate the effectiveness of the dynamic 
weight fusion and bidirectional feedback mechanisms, while also providing empirical references 
for applying similar strategies to other high-dimensional, nonlinear decision-making problems. In 
the long run, this work establishes a foundation for the integration of HHO and DRL, opening new 
research directions for addressing complex route planning challenges in the field of intelligent 
transportation. 

The remainder of this paper is organized as follows: Section 2 introduces the research back-
ground and related work, including the development status and theoretical foundations of HHO 
and DRL. Section 3 elaborates on the integrated algorithmic framework and the implementation 
details of the dynamic weighting and bidirectional feedback mechanisms. Section 4 presents ex-
perimental evaluations and performance analyses of the algorithm, comparing it with classical 
baseline methods to highlight its advantages. Section 5 concludes the study and discusses future 
research directions. Future work may consider enhancing robustness using stochastic model pre-
dictive control, extending multi-agent cooperative decision-making frameworks, and achieving 
distributional robustness in uncertain environments [27]. Ongoing studies also emphasize policy 
smoothness [28] and controlled interactions in connected autonomous vehicle ecosystems [29], 
which may further improve the adaptability and safety of autonomous driving models. 

2. Related work 
2.1 Harris Hawks Optimization algorithm 

The Harris Hawks Optimization (HHO) algorithm simulates the hunting behavior of hawks prey-
ing on rabbits. When the escape energy |𝐸𝐸| ≥ 1, the algorithm performs the corresponding oper-
ation [30]. The decision for the hawks to encircle the prey is determined by |𝐸𝐸| ≥ 0.5, while the 
decision to dive is made by checking if a random number 𝑟𝑟 ≥ 0.5. The escape energy function is 
defined as follows: 

𝐸𝐸 = 2𝐸𝐸0(1 −
𝑡𝑡
𝑇𝑇

) (1) 

Here, 𝐸𝐸0 is a randomly initialized value within the range (-1, 1), 𝑡𝑡 denotes the current iteration 
number, and 𝑇𝑇 represents the total number of iterations. When the escape energy |𝐸𝐸| ≥ 1, a ran-
dom walk is performed. The position update is given by the following formula: 

𝑋𝑋(𝑡𝑡 + 1) = �𝑋𝑋𝑘𝑘(𝑡𝑡) − 𝑟𝑟1|𝑋𝑋𝑘𝑘(𝑡𝑡) − 2𝑟𝑟2𝑋𝑋(𝑡𝑡)|
(𝑋𝑋𝑘𝑘(𝑡𝑡) − 𝑋𝑋𝑚𝑚(𝑡𝑡)) − 𝑟𝑟3(𝑙𝑙𝑙𝑙 − 𝑟𝑟4(𝑢𝑢𝑢𝑢 − 𝑙𝑙𝑙𝑙)) (2) 

𝑋𝑋𝑚𝑚(𝑡𝑡) =
1
𝑁𝑁
�𝑋𝑋𝑖𝑖(𝑡𝑡)
𝑁𝑁

𝑖𝑖=1

 (3) 
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Here, 𝑋𝑋𝑘𝑘 represents a randomly selected individual from the Harris hawk population; 𝑋𝑋𝑟𝑟 de-
notes the position of the best individual in the Harris hawk population, i.e., the position of the 
“rabbit”; 𝑋𝑋𝑚𝑚 corresponds to the mean position of the population; 𝑁𝑁 is the population size; 𝑟𝑟1 ∼ 𝑟𝑟4 
follows a normal distribution [0,1]; 𝑙𝑙𝑙𝑙 and 𝑢𝑢𝑢𝑢 represent the lower and upper bounds of the prob-
lem, respectively [31].  

When the escape energy |𝐸𝐸| < 1, the algorithm performs local search. Depending on the energy 
level, four updating strategies are selected [32]. When the escape energy |𝐸𝐸| ≥ 0.5 and 𝑟𝑟 ≥ 0.5, 
the algorithm conducts a “soft encirclement.” The position update is given by the following for-
mula: 

𝑋𝑋(𝑡𝑡 + 1) = 𝛥𝛥𝛥𝛥(𝑡𝑡) − 𝐸𝐸|𝐽𝐽𝐽𝐽(𝑡𝑡) − 𝑋𝑋(𝑡𝑡)| (4) 

𝛥𝛥𝛥𝛥(𝑡𝑡) = 𝑋𝑋𝑟𝑟 − 𝑋𝑋(𝑡𝑡) (5) 
Here, 𝐽𝐽 ∈ [0,2] represents the update step size, and 𝛥𝛥𝛥𝛥(𝑡𝑡) indicates the difference between the 

position with the highest fitness value and the current position. When the escape energy meets 
conditions |𝐸𝐸| ≥ 0.5 and 𝑟𝑟 < 0.5, the algorithm executes “hard encirclement,” resulting in the di-
rect capture of the rabbit. The position update formula is as follows: 

𝑋𝑋(𝑡𝑡 + 1) = 𝑋𝑋𝑟𝑟(𝑡𝑡) − 𝐸𝐸|𝛥𝛥𝛥𝛥(𝑡𝑡)| (6) 
When the escape energy meets conditions |𝐸𝐸| < 0.5 and 𝑟𝑟 ≥ 0.5, the rabbit cannot escape, and 

the Harris hawks employ a more sophisticated soft encirclement strategy as follows: 
𝑌𝑌 = 𝑋𝑋𝑟𝑟(𝑡𝑡) − 𝐸𝐸|𝐽𝐽𝑋𝑋𝑟𝑟(𝑡𝑡) − 𝑋𝑋(𝑡𝑡)| (7) 

𝑍𝑍 = 𝑌𝑌 + 𝑆𝑆 × 𝐿𝐿𝐿𝐿(𝐷𝐷) (8) 

𝐿𝐿𝐿𝐿(𝐷𝐷) =
𝑢𝑢𝑢𝑢

100 × |𝜈𝜈| 1
𝛽𝛽

,𝜎𝜎 = (
𝛤𝛤(1 + 𝛽𝛽) × sin(𝜋𝜋𝜋𝜋2 )

𝛤𝛤(1 + 𝛽𝛽
2 ) × 𝛽𝛽 × 2(𝛽𝛽−12 )

)1/𝛽𝛽 (9) 

𝑋𝑋(𝑡𝑡 + 1) = �
𝑌𝑌  if 𝐹𝐹(𝑌𝑌) < 𝐹𝐹(𝑋𝑋(𝑡𝑡))
𝑍𝑍 if  𝐹𝐹(𝑍𝑍) < 𝐹𝐹(𝑋𝑋(𝑡𝑡)) (10) 

Here, 𝐷𝐷 denotes the dimension of the problem, 𝑆𝑆 represents a random vector in 𝐷𝐷 dimension, 
𝐿𝐿𝐿𝐿(𝑥𝑥) corresponds to the Lévy flight formula, 𝑢𝑢, 𝜈𝜈 is a random number within (0,1), and 𝛽𝛽 is set 
to 1.5. When the escape energy meets conditions |𝐸𝐸| < 0.5 and 𝑟𝑟 < 0.5, the rabbit may attempt to 
flee, and the Harris hawks adopt a gradually convergent soft encirclement approach as follows: 

𝑌𝑌 = 𝑋𝑋𝑟𝑟(𝑡𝑡) − 𝐸𝐸|𝐽𝐽𝑋𝑋𝑟𝑟(𝑡𝑡) − 𝑋𝑋𝑚𝑚(𝑡𝑡)| (11) 

𝑍𝑍 = 𝑌𝑌 + 𝑆𝑆 × 𝐿𝐿𝐿𝐿(𝐷𝐷) (12) 
2.2 Deep reinforcement learning with actor-critic methods 
In both deterministic and stochastic environments, policies represented by neural networks can 
be updated through gradient ascent, which typically requires estimating the value function. A 
commonly used architecture for this purpose is the actor-critic framework, where the actor is re-
sponsible for policy optimization, and the critic estimates the value function [33]. In deep rein-
forcement learning, both the actor and critic are represented by nonlinear neural networks. The 
actor updates its policy parameters using gradients derived from the policy gradient theorem, 
while the critic approximates the value function of the current policy. 

In dynamic vehicle route planning, a Markov Decision Process (MDP) model is used to describe 
the transitions between different states of a vehicle [34]. It is defined as follows: 

• State 𝑠𝑠: Describes the specific condition of the vehicle at a given time, such as position, 
speed, and so forth. 

• Action 𝑎𝑎: The operations the vehicle can take, such as accelerating, decelerating, or turning. 
• State transition probability 𝑃𝑃(𝑠𝑠′|𝑠𝑠,𝑎𝑎): The probability of moving from state 𝑠𝑠 to state 𝑠𝑠′ by 

taking action 𝑎𝑎. 
• Reward function 𝑅𝑅(𝑠𝑠,𝑎𝑎): The reward obtained by taking action 𝑎𝑎 in state 𝑠𝑠. 
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The state transition equation is as follows: 
𝑃𝑃𝑠𝑠𝑠𝑠′ = 𝑃𝑃(𝑠𝑠𝑡𝑡+1 = 𝑠𝑠′|𝑠𝑠𝑡𝑡 = 𝑠𝑠,𝑎𝑎𝑡𝑡 = 𝑎𝑎) (13) 

In dynamic vehicle planning, the state at the next time step depends solely on the current state 
and the current action. In reinforcement learning, it is necessary to learn a policy (actor) 𝜋𝜋 and a 
value function (critic) 𝑄𝑄 . The value function 𝑄𝑄𝜋𝜋(𝑠𝑠,𝑎𝑎) represents the expected total reward ob-
tained by taking action 𝑎𝑎 in state 𝑠𝑠. 

𝑄𝑄𝜋𝜋(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) = 𝐸𝐸[�𝛾𝛾𝑘𝑘𝑅𝑅𝑡𝑡+𝑘𝑘+1|𝑠𝑠𝑡𝑡 = 𝑠𝑠,𝑎𝑎𝑡𝑡 = 𝑎𝑎
∞

𝑘𝑘=0

] (14) 

Here, 𝐸𝐸[⋅] represents the expected value; 𝛾𝛾𝑘𝑘  denotes the discount factor 𝛾𝛾 raised to the power 
of 𝑘𝑘, where 𝛾𝛾 ∈ [0,1] is used to determine the present value of future rewards. A smaller value of 
𝛾𝛾 reduces the weight of future rewards. 𝑅𝑅𝑡𝑡+𝑘𝑘+1 represents the reward received at time 𝑡𝑡 + 𝑘𝑘 + 1. 

In reinforcement learning, the policy 𝜋𝜋 defines the strategy an agent uses to decide which ac-
tions to take in different states. It is represented as a probability distribution over actions for a 
given state, indicating the likelihood of selecting a specific action in a particular state, as expressed 
by the following formula: 

𝜋𝜋(𝑎𝑎|𝑠𝑠) = 𝑃𝑃(𝑎𝑎𝑡𝑡 = 𝑎𝑎|𝑠𝑠𝑡𝑡 = 𝑠𝑠) (15) 
Here, 𝑃𝑃(𝑎𝑎𝑡𝑡 = 𝑎𝑎|𝑠𝑠𝑡𝑡 = 𝑠𝑠) represents the conditional probability of taking action 𝑎𝑎 at time 𝑡𝑡 when 

the state is 𝑠𝑠. 
Policy gradient methods optimize the policy by maximizing the cumulative reward. The gradi-

ent of the objective function 𝐽𝐽(𝜃𝜃) is given as: 

𝛻𝛻𝜃𝜃𝐽𝐽(𝜃𝜃) = 𝐸𝐸[𝛻𝛻𝜃𝜃 𝑙𝑙𝑙𝑙𝑙𝑙 𝜋𝜋𝜃𝜃 (𝑎𝑎|𝑠𝑠)𝑄𝑄𝜋𝜋(𝑠𝑠,𝑎𝑎)] (16) 

Here, 𝛻𝛻𝜃𝜃𝐽𝐽(𝜃𝜃) represents the gradient of the objective function 𝐽𝐽(𝜃𝜃) with respect to the param-
eter 𝜃𝜃, indicating how to adjust 𝜃𝜃 to maximize the objective function 𝐽𝐽(𝜃𝜃). 𝜋𝜋𝜃𝜃(𝑎𝑎|𝑠𝑠) denotes the pa-
rameterized policy 𝜋𝜋, while 𝑄𝑄𝜋𝜋(𝑠𝑠,𝑎𝑎) represents the action-value function under policy 𝜋𝜋, which is 
the expected total reward obtained by taking action 𝑎𝑎 in state 𝑠𝑠 and proceeding from state 𝑠𝑠. 

The policy parameters 𝜃𝜃 are updated using gradient ascent to optimize the policy: 
𝜃𝜃 ← 𝜃𝜃 + 𝛼𝛼𝛻𝛻𝜃𝜃𝐽𝐽(𝜃𝜃) (17) 

Here, 𝜃𝜃 represents the parameter vector of the policy, which controls the behavior of the pol-
icy, and 𝛼𝛼 denotes the learning rate, specifying the step size of each update. 

DQN combines deep neural networks with Q-learning to estimate the Q-value function. The Q-
value function is updated using the following formula: 

𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) ← 𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) + 𝛼𝛼(𝑅𝑅𝑡𝑡+1 + 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚𝑎𝑎′ 𝑄𝑄 (𝑠𝑠𝑡𝑡+1,𝑎𝑎′) − 𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡)) (18) 
Here, 𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) represents the Q-value of taking action 𝑎𝑎𝑡𝑡  in state 𝑠𝑠𝑡𝑡 , which indicates the ex-

pected total reward for a given state and action. 𝑅𝑅𝑡𝑡+1 denotes the immediate reward received at 
time 𝑡𝑡 + 1, and 𝑚𝑚𝑚𝑚𝑚𝑚𝑎𝑎′ 𝑄𝑄 (𝑠𝑠𝑡𝑡+1,𝑎𝑎′) represents the maximum Q-value in state 𝑠𝑠𝑡𝑡+1, indicating the Q-
value of the optimal action in the next state. 

DQN uses deep neural networks to approximate the Q-value function 𝑄𝑄(𝑠𝑠,𝑎𝑎;𝜙𝜙), where 𝜙𝜙 rep-
resents the parameters of the neural network. The specific steps are as follows: 

Step 1: Neural network architecture 

A deep neural network is employed, where the input is the state 𝑠𝑠, and the output corresponds to 
the Q-values of all possible actions. 

Step 2: Calculation of target Q-value 

The target Q-value is computed using the Bellman equation: 

𝑦𝑦 = 𝑅𝑅𝑡𝑡+1 + 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚𝑎𝑎′ 𝑄𝑄 (𝑠𝑠𝑡𝑡+1,𝑎𝑎′;𝜙𝜙−) (19) 
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Here, 𝑦𝑦 represents the target Q-value; 𝑅𝑅𝑡𝑡+1 denotes the immediate reward received at time 𝑡𝑡 + 1; 
and 𝑚𝑚𝑚𝑚𝑚𝑚𝑎𝑎′ 𝑄𝑄 (𝑠𝑠𝑡𝑡+1,𝑎𝑎′;𝜙𝜙−) is the maximum Q-value in state 𝑠𝑠𝑡𝑡+1, derived using the target network 
parameters 𝜙𝜙−, representing the Q-value of the optimal action in the next state. 

Step 3: Loss function 

The loss function is defined as the mean squared error between the current Q-value and the target 
Q-value: 

𝐿𝐿(𝜙𝜙) = 𝐸𝐸[(𝑦𝑦 − 𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡;𝜙𝜙))2] (20) 

Step 4: Gradient descent 
The network parameters 𝜙𝜙 are updated using gradient descent as follows: 

𝜙𝜙 ← 𝜙𝜙 − 𝛼𝛼𝛻𝛻𝜙𝜙𝐿𝐿(𝜙𝜙) (21) 
Here, 𝛻𝛻𝜙𝜙𝐿𝐿(𝜙𝜙) represents the gradient of the loss function 𝐿𝐿(𝜙𝜙) with respect to the parameters 𝜙𝜙. 
To address the issue of reward sparsity, reward shaping is introduced. The new reward func-

tion 𝑅𝑅 is defined as: 
𝑅𝑅 = 𝑅𝑅′+ 𝑟𝑟(𝑠𝑠,𝑎𝑎, 𝑠𝑠′) (22) 

Here, 𝑅𝑅′ represents the target reward, and 𝑟𝑟(𝑠𝑠,𝑎𝑎, 𝑠𝑠′) denotes the additional reward introduced 
to guide the learning process. The additional reward can be defined using a potential function 
𝛷𝛷(𝑠𝑠), which maps state 𝑠𝑠 to a real number to measure the potential value of the state, as shown in 
the following formula: 

𝑟𝑟(𝑠𝑠,𝑎𝑎, 𝑠𝑠′) = 𝛾𝛾𝛾𝛾(𝑠𝑠′) −𝛷𝛷(𝑠𝑠) (23) 
Here, 𝛾𝛾 represents the discount factor, and 𝑠𝑠′ denotes the next state resulting from action a. By this 

method, the additional reward can be incorporated into the original reward 𝑅𝑅′, providing the agent 
with richer information during the learning process and thereby accelerating the learning speed. 

In dynamic vehicle planning, the potential function needs to account for the following factors: 

− Target position: The target location the vehicle needs to reach. 
− Path smoothness: Ensuring the smoothness and feasibility of the vehicle's path. 
− Obstacle avoidance: The vehicle must avoid obstacles. 
− Continuity of states and actions: Considering the physical properties and dynamic con-

straints of the vehicle. 

By carefully considering these factors, this study employs the Euclidean distance as the poten-
tial function, effectively guiding the vehicle toward the target position while meeting the require-
ments for path smoothness and obstacle avoidance [35, 36]. 

𝛷𝛷(𝑠𝑠) = −‖𝑠𝑠 − 𝑠𝑠∗‖2 + 𝜆𝜆 ⋅ PathSmoothess(s) − 𝜇𝜇 ⋅ ObstacleProximity(s) (24) 
Here, 𝑠𝑠 represents the current state, 𝑠𝑠∗  denotes the target state, and ‖𝑠𝑠 − 𝑠𝑠∗‖2 indicates the 

Euclidean distance between the current state and the target state. PathSmoothness(s) measures 
the smoothness of the path, with smoother paths being preferable.  ObstacleProximity(s) evalu-
ates the proximity to obstacles, where greater distances from obstacles are preferred.  𝜆𝜆 and 𝜇𝜇 are 
weighting factors used to balance the importance of the target position, path smoothness, and 
obstacle avoidance. 

3. Method 
Dynamic vehicle planning aims to determine the optimal path and strategy in dynamic environ-
ments. By integrating Harris Hawks Optimization (HHO) and deep reinforcement learning, the 
proposed approach combines the strengths of both methods to achieve more efficient and effec-
tive dynamic vehicle planning. Furthermore, a dynamic weight fusion mechanism and a bidirec-
tional feedback mechanism are introduced to improve the algorithm's adaptability and collabora-
tive optimization capabilities. 

The flowchart of the proposed algorithm is shown in Fig. 1. 



Dynamic Harris Hawks Optimization and deep reinforcement learning framework for autonomous vehicle path planning 
 

Advances in Production Engineering & Management 20(3) 2025 397 
 

 
Fig. 1 Flowchart of the Harris Hawks Optimization algorithm integrated with deep reinforcement learning 

 
A detailed description of the algorithm is given below. 

Step 1: Initialization 

Initialize the positions and velocities of the Harris Hawks population. 
𝑋𝑋(0) = {𝑋𝑋𝑖𝑖(0)|𝑖𝑖 = 1,2, . . . ,𝑁𝑁} (25) 

Here, 𝑋𝑋𝑖𝑖(0) represents the position of the 𝑖𝑖-th individual in the Harris Hawks population, and 
𝑁𝑁 denotes the population size. 

Initialize the policy network (actor) parameters 𝜃𝜃 and the value network (critic) parameters 𝜙𝜙 
in deep reinforcement learning, providing a starting point for subsequent policy updates and 
value estimation. 

Step 2: Global exploration (HHO) 

In the Harris Hawks Optimization algorithm, the escape energy function is utilized to determine 
whether global exploration or local exploitation behaviors will be performed during the current 
iteration: 

𝐸𝐸(𝑡𝑡) = 2(1 −
𝑡𝑡
𝑇𝑇

)𝑅𝑅 − 1 (26) 
Here, 𝑅𝑅 is a random number within the range (-1, 1), 𝑡𝑡 denotes the current iteration number, 

and 𝑇𝑇 represents the total number of iterations. 
When |𝐸𝐸(𝑡𝑡)| ≥ 1 holds, global exploration is performed, and the update formula is as follows: 

𝑋𝑋(𝑡𝑡 + 1) = 𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡) − 𝑟𝑟|𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡) − 2𝑟𝑟𝑟𝑟(𝑡𝑡)| (27) 
Here, 𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 represents the randomly selected individual position, and 𝑟𝑟 is a random number. 

Step 3: Local exploitation (DRL) 

In deep reinforcement learning, the Markov Decision Process (MDP) model is used to describe the 
transitions of a vehicle between different states, as detailed in Section 2.2.1. 

In each state, the actor network selects an action based on policy 𝜋𝜋𝜃𝜃(𝑎𝑎|𝑠𝑠), while the critic net-
work estimates the value function 𝑉𝑉𝜙𝜙(𝑠𝑠) of the current policy. 
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Step 4: Iterative optimization 

During each iteration, the original decision-making process for selecting HHO's global exploration 
or DRL's local exploitation was determined by the energy function 𝐸𝐸(𝑡𝑡). However, to enable more 
flexible and adaptive regulation, a dynamic weight fusion mechanism and a bidirectional feedback 
mechanism are introduced: 

To better control the involvement of HHO and DRL during different phases of practical experi-
ments, a dynamic weight factor 𝛼𝛼𝑡𝑡 ∈ [0,1] is defined to balance their contribution proportions in 
the 𝑡𝑡 -th iteration. To ensure that the determination of 𝛼𝛼𝑡𝑡 , this study employs two quantitative 
indicators: “Diversity” and “Improvement Ratio.” 

− Fitness improvement ratio 𝐼𝐼𝑡𝑡 

Assume 𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡) represents the global optimal solution fitness (objective function value) in the 𝑡𝑡 -
th generation. Theoretically, the goal of the optimization problem is to minimize 𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡) as much 
as possible (or approach zero). The relative improvement rate between consecutive generations 
is defined as follows: 

𝐼𝐼𝑡𝑡 =
|𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡 − 1) − 𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡)|
𝑚𝑚𝑚𝑚𝑚𝑚( 𝜀𝜀, |𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡 − 1)|)

 (28) 

Here, 𝜀𝜀 is a very small positive number used to prevent the denominator from becoming zero. 
When 𝐼𝐼𝑡𝑡 is relatively large, it indicates that the current iteration has significantly improved the 

optimal solution, reflecting good progress in the algorithm during this iteration. Conversely, when 
𝐼𝐼𝑡𝑡 is very small or approaches zero, it suggests that the algorithm has made limited progress in 
recent iterations and may be stuck in a local optimum or a stagnation state. 

− Population diversity 𝐷𝐷𝑡𝑡 

To measure the distribution of the HHO population in the search space, the population diversity 
is defined as follows: 

𝐷𝐷𝑡𝑡 =
1
𝑁𝑁
�‖𝑋𝑋𝑖𝑖(𝑡𝑡) − 𝑋̄𝑋(𝑡𝑡)‖
𝑁𝑁

𝑖𝑖=1

 (29) 

Here, 𝑋𝑋𝑖𝑖(𝑡𝑡) represents the position vector of the 𝑖𝑖 -th individual in the 𝑡𝑡 -th generation, and 
𝑋̄𝑋(𝑡𝑡) denotes the mean position vector of the population in the 𝑡𝑡 -th generation. A very small 𝐷𝐷𝑡𝑡 
indicates that the population has converged to a narrow region, increasing the likelihood of get-
ting stuck in local optima. Conversely, a relatively large 𝐷𝐷𝑡𝑡 suggests that the search maintains high 
diversity and strong exploration potential. 

− Determination method for dynamic weight 𝛼𝛼𝑡𝑡 

The study aims to increase the weight of DRL when population diversity is low and the fitness 
improvement ratio is small, thereby helping to overcome stagnation. Conversely, when fitness im-
provement is significant or diversity remains high, preference is given to HHO for more refined 
local exploitation. 

At iteration 𝑡𝑡, 𝛼𝛼𝑡𝑡 quantifies the relative contribution of DRL’s local exploitation versus HHO’s 
global exploration at iteration 𝑡𝑡. From a theoretical sensitivity standpoint, abrupt or large fluctu-
ations in 𝛼𝛼𝑡𝑡  can destabilize convergence—leading to oscillations or premature stagnation—
whereas smooth, moderate adjustments help preserve search stability and maintain overall algo-
rithmic efficiency. Taking these factors into account, the dynamic weight is calculated as follows: 

𝛼𝛼𝑡𝑡 =

𝐷𝐷𝑟𝑟𝑟𝑟𝑟𝑟
𝐷𝐷𝑡𝑡 + 𝜀𝜀 ⋅

𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟
𝐼𝐼𝑡𝑡 + 𝜀𝜀

1 +
𝐷𝐷𝑟𝑟𝑟𝑟𝑟𝑟
𝐷𝐷𝑡𝑡 + 𝜀𝜀 ⋅

𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟
𝐼𝐼𝑡𝑡 + 𝜀𝜀

 (30) 

Here, 𝐷𝐷𝑟𝑟𝑟𝑟𝑟𝑟 and 𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟 are reference constants, and 𝜀𝜀 is a very small positive number to prevent 
division by zero. 
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When 𝐷𝐷𝑡𝑡 is small and 𝐼𝐼𝑡𝑡 is also small, 𝐷𝐷𝑟𝑟𝑟𝑟𝑟𝑟
𝐷𝐷𝑡𝑡

 and 𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟
𝐼𝐼𝑡𝑡

 will increase, making 𝛼𝛼𝑡𝑡 approach 1, thereby 
increasing the proportion of DRL’s global exploration. Conversely, when improvements are sig-
nificant or diversity is sufficient, 𝛼𝛼𝑡𝑡 approaches 0, allowing HHO to dominate in that generation. 

Based on the above process, in each generation of the iteration, 𝛼𝛼𝑡𝑡  is used to combine DRL 
(global exploration) and HHO (local exploitation) in a specific proportion. This combination is dy-
namically adjusted based on the data observed during the iterative process, rather than relying 
on fixed threshold values for decision-making. 

To strengthen the deep collaboration between HHO and DRL during the search process, this 
study implements a bidirectional feedback mechanism through information exchange at the end 
of each iteration. The core objective of this mechanism is to transfer high-quality features identi-
fied by DRL during global exploration to the HHO population, enabling HHO to conduct more tar-
geted local searches in the subsequent iteration. Simultaneously, the high-quality solutions iden-
tified by HHO during local refinement are incorporated into DRL's experience pool as weighted 
samples, allowing DRL to quickly focus on high-value state-action spaces. 

Through this closed-loop interaction, both methods reinforce each other in subsequent itera-
tions, leading to improved overall optimization performance. 

− DRL → HHO feedback 

At the end of the current iteration, DRL identifies several superior solutions during global explo-
ration, such as discovering route segments that are significantly better than those in previous gen-
erations for path planning. Let the global optimal solution obtained by DRL after convergence in 
this iteration be 𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷∗ (𝑡𝑡). To enable HHO to focus more on this promising region in the next gen-
eration, this solution can serve as a "guiding center" to reinitialize some individuals in the HHO 
population. 

Let 𝛽𝛽 ∈ (0,1) be a proportional factor controlling the number of individuals to be reinitialized. 
𝛽𝛽 quantifies the proportion of individuals to be reinitialized by the DRL module before HHO’s 
global exploration. From a theoretical sensitivity standpoint, excessively large values of 𝛽𝛽 may 
over-scatter the population, undermining local refinement and slowing convergence; conversely, 
overly small 𝛽𝛽 values can limit beneficial feedback, reducing the synergy between DRL and HHO. 
Therefore, selecting a moderate, balanced 𝛽𝛽 is theoretically recommended to sustain robust con-
vergence efficiency. For example, 𝛽𝛽𝛽𝛽 individuals are reset, where 𝑁𝑁 represents the population 
size. This can be expressed as: 

𝑋𝑋𝑖𝑖(𝑡𝑡 + 1) = 𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷∗ (𝑡𝑡) + 𝜎𝜎 ⋅ 𝛮𝛮(0, 𝐼𝐼) (31) 
Here, 𝑖𝑖 ∈ 𝛺𝛺𝐷𝐷𝐷𝐷𝐷𝐷2𝐻𝐻𝐻𝐻𝐻𝐻, 𝑖𝑖 ∈ 𝛺𝛺𝐷𝐷𝐷𝐷𝐷𝐷2𝐻𝐻𝐻𝐻𝐻𝐻 represents the index set of individuals to be reinitialized, 𝜎𝜎 

is a hyperparameter controlling the intensity of perturbation, and 𝛮𝛮(0, 𝐼𝐼) is a Gaussian random 
vector with a mean of 0 and a covariance of the identity matrix. 

Using this formulation, a portion of the HHO population in the next iteration will be concen-
trated around the high-potential region identified by DRL. This approach enhances the precision 
and effectiveness of the local search in the subsequent iteration. 

− HHO → DRL feedback 

After completing an iteration, HHO generates a set of candidate solutions, from which the top 𝐾𝐾 

high-quality solutions, denoted as �𝑋𝑋𝐻𝐻𝐻𝐻𝐻𝐻
(𝑘𝑘) (𝑡𝑡)�

𝑘𝑘=1

𝐾𝐾
, are selected. For the path planning problem, these 

high-quality solutions correspond to state-action-reward sequences, such as discrete samples of ve-
hicle states and control decisions along the optimal paths. These sequences can then be directly 
added to DRL's experience replay buffer 𝐵𝐵 as training samples for subsequent policy updates. 

To encourage DRL to prioritize the high-quality information provided by HHO during training, 
higher sampling weights can be assigned to these newly added samples. Let the objective function 
of the problem be denoted as 𝑓𝑓(⋅). For each sequence corresponding to an HHO high-quality solu-
tion 𝑋𝑋𝐻𝐻𝐻𝐻𝐻𝐻

(𝑘𝑘) (𝑡𝑡), the weight factor 𝑤𝑤𝑘𝑘 is defined as: 
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𝑤𝑤𝑘𝑘 =
exp( − 𝜆𝜆𝜆𝜆(𝑋𝑋𝐻𝐻𝐻𝐻𝐻𝐻

(𝑘𝑘) (𝑡𝑡)))
∑ exp( − 𝜆𝜆𝜆𝜆(𝑋𝑋𝐻𝐻𝐻𝐻𝐻𝐻

(𝑚𝑚) (𝑡𝑡)))𝐾𝐾
𝑚𝑚=1

 (32) 

Here, 𝜆𝜆 > 0 is a parameter used to control the steepness of the weight distribution. A larger 𝑤𝑤𝑘𝑘 
indicates higher solution quality (lower objective function value), meaning that it should be pri-
oritized in subsequent DRL training. From a theoretical sensitivity standpoint, excessively large 
values of 𝑤𝑤𝑘𝑘 may overemphasize high-quality but noisy samples, risking policy divergence and 
instability. Conversely, overly small values of 𝑤𝑤𝑘𝑘 can underutilize valuable heuristic information, 
slowing policy improvement. Therefore, selecting a moderate, balanced range for 𝑤𝑤𝑘𝑘 is theoreti-
cally recommended to ensure robust and stable DRL updates. 

After injecting these weighted samples into the experience pool, when DRL draws samples 
from the buffer 𝐵𝐵 for training, weighted sampling is performed according to 𝑤𝑤𝑘𝑘, as follows: 

𝑃𝑃(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠𝑘𝑘,𝑗𝑗,𝑎𝑎𝑘𝑘,𝑗𝑗)) =
𝑤𝑤𝑘𝑘

∑ 𝑤𝑤𝑚𝑚𝐾𝐾
𝑚𝑚=1

 (33) 

With weighted sampling, the policy gradient update formula for DRL can be expressed as: 

𝛻𝛻𝜃𝜃𝐽𝐽(𝜃𝜃) ≈��𝑃𝑃(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠𝑘𝑘,𝑗𝑗,𝑎𝑎𝑘𝑘,𝑗𝑗))𝛻𝛻𝜃𝜃 𝑙𝑙𝑙𝑙𝑙𝑙 𝜋𝜋𝜃𝜃 (𝑎𝑎𝑘𝑘,𝑗𝑗�𝑠𝑠𝑘𝑘,𝑗𝑗)𝑄𝑄𝜙𝜙(𝑠𝑠𝑘𝑘,𝑗𝑗,𝑎𝑎𝑘𝑘,𝑗𝑗)
𝐽𝐽𝑘𝑘

𝑗𝑗=1

𝐾𝐾

𝑘𝑘=1

 (34) 

Here, 𝐽𝐽𝑘𝑘 represents the length of the state-action pair sequence for the corresponding solution 
(in path planning, this refers to the number of discrete states along the path), and 𝑄𝑄𝜙𝜙 denotes the 
DRL value function estimation. 

State-action pairs from high-quality solutions are more likely to be selected for policy updates, 
reinforcing DRL's preference for high-value regions and thereby accelerating policy convergence. 

Through the mathematical description of the bidirectional feedback mechanism, this study ex-
plicitly defines the implementation method for repositioning population individuals in the DRL → 
HHO direction and establishes quantitative metrics and sampling strategies for converting high-
quality solutions into weighted training samples in the HHO → DRL direction. 

This mechanism works in conjunction with the dynamic weight fusion mechanism: the former 
adjusts the proportion of HHO and DRL involvement in each iteration, while the latter utilizes 
information feedback to combine the strengths of both approaches. This well-defined mathemat-
ical framework enables the direct implementation and validation of the bidirectional closed-loop 
optimization strategy's effectiveness in practical experiments. To quantify its computational foot-
print, let 𝑁𝑁 denote the number of hawks, 𝐷𝐷 the dimensionality of the decision vector, 𝐵𝐵 the DRL 
mini-batch size, and 𝑃𝑃 the total trainable parameters of the actor–critic network. 

According to the published analysis of the canonical HHO algorithm, each generation performs 
𝑁𝑁 updates in a 𝐷𝐷-dimensional space, resulting in a time complexity of 𝑂𝑂(𝑁𝑁𝑁𝑁). The DRL phase con-
tributes one forward- and backward-propagation per generation with a cost of 𝑂𝑂(𝐵𝐵𝐵𝐵) [37]. Exe-
cuted sequentially, the per-generation complexity of the integrated framework is therefore: 

𝑐𝑐𝐻𝐻𝐻𝐻𝐻𝐻−𝐷𝐷𝐷𝐷𝐷𝐷 = 𝑂𝑂(𝑁𝑁𝑁𝑁 + 𝐵𝐵𝐵𝐵) (35) 
Its upper bound equals the sum of the two individual costs, while the lower bound is dominated 

by the 𝑂𝑂(𝑁𝑁𝑁𝑁) term, thereby preserving linear scalability with respect to both swarm size and net-
work dimensionality. 

Step 5: Output the optimal path 

At the end of the iterations, the optimized vehicle path and corresponding action strategy are out-
put. The resulting optimal path integrates the combined strengths of HHO and DRL, achieved 
through dynamic weight fusion and bidirectional feedback collaborative optimization. 

Harris Hawks position update formula: 

𝑋𝑋(𝑡𝑡 + 1) = 𝑋𝑋𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡) − 𝐸𝐸(𝑡𝑡)|𝑋𝑋𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑡𝑡) − 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑡𝑡)| (36) 

Objective function for deep reinforcement learning: 
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𝐽𝐽(𝜃𝜃) = 𝐸𝐸[�𝛾𝛾𝑡𝑡𝑅𝑅(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡)
∞

𝑡𝑡=0

] (37) 

Here, 𝛾𝛾 represents the discount factor, indicating the discount rate for future rewards. 

4. Experimental analysis and comparison 
The experimental environment is configured as follows. Operating system: Windows 11 (64-bit); 
Processor: AMD Ryzen 7 5800H with Radeon Graphics, 3.20 GHz; Memory: 16 GB; Simulation plat-
form: Intellij IDEA. To ensure fairness, each algorithm is executed thirty times, and the mean and 
standard deviation are calculated. 

Based on the foregoing asymptotic analysis, we observe that—under identical hardware and 
per-generation iteration counts—the wall-clock time of each HHO-DRL generation is theoretically 
only marginally higher than that of the vanilla HHO, owing to the extra 𝑂𝑂(𝐵𝐵𝐵𝐵) forward–backward 
pass. Even so, it remains substantially lower than that of standalone DRL, which lacks the 𝑂𝑂(𝑁𝑁𝑁𝑁) 
parallel, heuristic update performed by HHO. When the total number of generations 𝐺𝐺 required to 
reach an equivalent convergence accuracy is considered, we typically have 𝐺𝐺𝐻𝐻𝐻𝐻𝐻𝐻−𝐷𝐷𝐷𝐷𝐷𝐷 ≪ 𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷 . 
Consequently, the overall runtime of the hybrid framework lies between those of pure HHO and 
pure DRL—but empirically tends to align more closely with the former. The present study there-
fore offers a rigorous theoretical comparison, leaving a comprehensive timing investigation for 
future hardware-sensitivity analyses. 
4.1 Validation of strategy effectiveness 
Numerical experiments are conducted to evaluate the effectiveness of the following strategies: the 
standalone Harris Hawks Optimization (HHO) algorithm, the standalone deep reinforcement 
learning algorithm, and the integrated HHO-DRL algorithm. 

The following five international standard test functions are selected as benchmarks: 

Sphere function: This function is primarily used to evaluate the algorithm's local search capability. 
Due to its simple convex structure, optimization algorithms must conduct fine-grained local 
searches across the entire search space to locate the optimal solution. 

𝑓𝑓1(𝑥𝑥) = �𝑥𝑥𝑖𝑖2
𝑛𝑛

𝑖𝑖=1

 (38) 

Schwefel function: This tests the algorithm's global search capability. With the presence of multiple 
local optima, optimization algorithms must demonstrate strong global search abilities to avoid 
becoming trapped in local optima. 

𝑓𝑓2(𝑥𝑥) = �−𝑥𝑥𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠(�|𝑥𝑥𝑖𝑖|)
𝑛𝑛

𝑖𝑖=1

 (39) 

Rastrigin function: This function evaluates both the global and local search capabilities of the al-
gorithm. With multiple local optima and a global optimum distributed over a broader range, it is 
well-suited for assessing the algorithm's performance in navigating and optimizing complex 
search spaces. 

𝑓𝑓3(𝑥𝑥) = 10𝑛𝑛 +�[𝑥𝑥𝑖𝑖2 − 10 𝑐𝑐𝑐𝑐𝑐𝑐( 2𝜋𝜋𝑥𝑥𝑖𝑖)]
𝑛𝑛

𝑖𝑖=1

 (40) 

Ackley function: This function primarily evaluates the algorithm's global search capability. It fea-
tures a deep global optimum basin surrounded by numerous local optima, requiring the algorithm 
to exhibit robust global search abilities to successfully locate the optimal solution. 

𝑓𝑓4(𝑥𝑥) = −20 𝑒𝑒𝑒𝑒𝑒𝑒( − 0.2�
1
𝑛𝑛
�𝑥𝑥𝑖𝑖2
𝑛𝑛

𝑖𝑖=1

)− 𝑒𝑒𝑒𝑒𝑒𝑒(
1
𝑛𝑛
�𝑐𝑐𝑐𝑐𝑐𝑐( 2𝜋𝜋𝑥𝑥𝑖𝑖)
𝑛𝑛

𝑖𝑖=1

) + 20 + 𝑒𝑒 (41) 
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Griewank function: This function evaluates both the global and local search capabilities of the al-
gorithm. With multiple global and local optima, it requires optimization algorithms to effectively 
balance global exploration and local exploitation to identify the optimal solutions. 

𝑓𝑓5(𝑥𝑥) = 1 +
1

4000
�𝑥𝑥𝑖𝑖2 −�𝑐𝑐𝑐𝑐𝑐𝑐(

𝑥𝑥𝑖𝑖
√𝑖𝑖

)
𝑛𝑛

𝑖𝑖=1

𝑛𝑛

𝑖𝑖=1

 (42) 

The main parameter settings used in the experiments are summarized as follows: 
 

− Population size: Set to 30 to ensure diversity in the search space while avoiding excessive 
computational cost. 

− Max Iterations: Set to 1000 for a comprehensive evaluation of algorithm performance. 
− State space: The dimensionality of the state space is equal to the number of variables in the 

optimization problem, set to 30. 
− Action space: Represents the direction and step size for movement in each dimension, mod-

eled as a discrete action space with ±1 actions for each dimension. 
− Reward function: Defined as the negative value of the objective function (-objective_func-

tion_value) to transform the minimization problem into a maximization reward problem. 
− Neural network architecture: A 3-layer fully connected neural network with 128 neurons in 

each layer. 
− Learning rate: Set to 0.0001. 
− Discount factor: Set to 0.95. 
− Experience replay: Employed to mitigate sample correlation issues, with a replay buffer size 

of 10,000. 
− Target network: Updated every 100 steps. 
Considering the parameter settings for both HHO and DRL: 
− Population size: Set to 30. 
− Max iterations: Set to 1000. 
− Integration process: In each iteration, HHO is first used to update the population, followed 

by DRL for fine-tuning individual solutions. 

As shown in Table 1, the experimental results are based on five types of test functions (f1 to 
f5) with varying complexities and characteristics. The optimization performance of the HHO, DRL, 
and the integrated HHO-DRL algorithm is evaluated and compared. 
 

Table 1 Comparison of optimization performance of HHO, DRL, and HHO-DRL algorithms on different test functions 
Functions Types Algorithms Mean Standard deviation 
f1 Local search HHO 4.28e-152 3.33e-149 

DRL 2.59e-96 3.22e-95 
HHO-DRL 8.65e-97 2.86e-97 

f2 Global search HHO 6.59e-49 8.77e-55 
DRL 8.29e-108 2.85e-100 
HHO-DRL 6.85e-48 8.24e-48 

f3 Comprehensive 
search 

HHO 3.59e-79 2.89e-76 
DRL 1.00e-80 1.50e-79 
HHO-DRL 7.25e-132 5.22e-125 

f4 Global search HHO 5.75e-50 8.14e-49 
DRL 2.22e-65 6.55e-49 
HHO-DRL 4.55e-50 5.11e-48 

f5 Comprehensive 
search 

HHO 1.26e+04 9.45e-01 
DRL 1.26e+04 9.45e-01 
HHO-DRL 5.00e+02 5.00e-01 

 
In the experiments, the theoretical optimal value of these functions is 0, and numerical results 

closer to 0 indicate stronger optimization performance of the algorithm. Previous research has 
shown that HHO and DRL, as standalone strategies, each have their strengths: HHO often excels in 
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local search and rapid convergence, while DRL gradually improves global exploration capabilities 
and adaptability to dynamic environments through continuous policy updates. 

However, when tackling high-dimensional complex problems or highly dynamic scenarios, the 
independent application of these methods still has limitations. The HHO-DRL framework pro-
posed in this study incorporates a dynamic weight adjustment mechanism and a bidirectional 
feedback strategy, aiming to leverage the complementary strengths and co-evolution of HHO and 
DRL. This integration is designed to achieve significant performance improvements across a wide 
range of optimization tasks. 
Comparison on local search function (f1): 
In the local search task represented by f1, which emphasizes fine-tuning and solution refinement, HHO 
demonstrates a clear advantage in avoiding local optima and achieving high-precision solutions. While 
standalone DRL has potential strengths in policy updates, it struggles to match HHO's performance in 
local search scenarios due to the absence of guidance from external search strategies. 

However, when the dynamic fusion mechanism of HHO-DRL is introduced, the average perfor-
mance, while slightly lagging behind HHO, is significantly better than standalone DRL. This result 
suggests that when optimization encounters local stagnation, the dynamic weight mechanism ap-
propriately increases HHO's contribution to fine-tuning, enabling more precise solution refine-
ment. At the same time, DRL serves as a "trend detector," feeding high-quality solutions identified 
by HHO back into the strategy pool, thereby preparing for potential global escapes in subsequent 
iterations. 
Comparison on global search functions (f2, f4): 
For functions like f2 and f4, which emphasize global exploration capabilities, HHO and DRL exhibit 
distinct performance characteristics: HHO excels in rapid convergence during the later stages but 
may struggle with high-dimensional global exploration in the early stages. In contrast, DRL lever-
ages policy updates to accumulate experience and explore broader search paths, helping to escape 
distant peak traps. However, the global performance of standalone DRL tends to be less stable and 
consistent compared to HHO. 

HHO-DRL effectively addresses these challenges through dynamic weight adjustment. When 
the algorithm encounters bottlenecks in global exploration or slow improvement, the mechanism 
increases DRL's weight to enhance global exploration, guiding the search away from local traps. 
Once DRL strategies identify new potential optimal regions, this information is fed back to HHO 
through the bidirectional feedback mechanism, allowing for further refinement and deeper explo-
ration of promising solution spaces in subsequent iterations. 

In f2, HHO-DRL achieves better average performance than HHO, demonstrating that the dy-
namic balancing strategy enhances efficiency in global search. In f4, while HHO maintains its ad-
vantage over standalone DRL, HHO-DRL's performance is comparable to HHO and even slightly 
superior in certain metrics, highlighting the adaptability and effectiveness of the integrated frame-
work in global search scenarios. 
Comparison on comprehensive search functions (f3, f5): 
Functions like f3 and f5 combine challenges of both global and local search, placing higher de-
mands on the algorithm's ability to maintain diversity, adapt dynamically, and balance local and 
global search efforts. HHO demonstrates notable adaptability in such complex environments, 
while DRL offers potential opportunities to explore multi-peak structures through continuous it-
eration and policy updates. 

When HHO and DRL are combined into the HHO-DRL framework, the dynamic weight fusion 
mechanism enables real-time adjustment of the participation levels of HHO and DRL during the 
search process based on factors such as fitness improvement rate, population diversity, and 
search state. This allows the algorithm to flexibly prioritize global exploration or local refinement 
at different stages. The bidirectional feedback mechanism further integrates high-quality solution 
sequences identified by HHO into DRL’s experience pool with weighted importance, enabling DRL 
to adapt more efficiently to newly discovered high-potential regions in later stages. 



Zou, Yuan, Liu, Yin, Chen 
 

404 Advances in Production Engineering & Management 20(3) 2025 
 

The results show that HHO-DRL achieves significantly better performance on f3 compared to 
both HHO and DRL, indicating that the integrated framework maximizes collaborative synergy 
when tackling multi-peak complex search tasks. For f5, the standalone performances of HHO and 
DRL remain stable but exhibit limited breakthroughs. In contrast, HHO-DRL significantly reduces 
both the average value and standard deviation of the optimization results, demonstrating that the 
enhanced feedback and adaptive weight adjustment enable the integrated approach to achieve a 
dynamic balance and performance improvement in multi-dimensional nonlinear scenarios. 

These results highlight the key advantages of the HHO-DRL algorithm across different types of 
functions, which are discussed below. 

The dynamic weight fusion mechanism enables the algorithm to flexibly adjust the collabora-
tion ratio between HHO and DRL based on the optimization progress, achieving an adaptive bal-
ance between global exploration and local search. When local stagnation occurs, DRL's global ex-
ploration strength becomes more prominent; conversely, when the search direction is clear and 
population diversity is high, HHO's refinement capability is amplified.  

The bidirectional feedback mechanism establishes an efficient channel for information exchange 
and experience accumulation between HHO and DRL. This enables a cyclical enhancement of DRL’s 
policy updates and HHO’s local optimization capability, thereby improving convergence perfor-
mance while mitigating the risks of entrapment in local optima and inefficient global search. 

4.2 Comparison of different intelligent optimization algorithms 

In this comparative experiment, five representative intelligent optimization algorithms—PSO 
(Particle Swarm Optimization), GWO (Grey Wolf Optimization), WOA (Whale Optimization Algo-
rithm), MHHO (Modified Harris Hawks Optimization), and AHHO (Adaptive Harris Hawks Optimi-
zation)—are selected as benchmarks. The performance of HHO-DRL is systematically compared 
against these algorithms on the five test functions (f1f_1 to f5f_5), as shown in Table 2. 
 

Table 2 Comparison of results on test functions for different intelligent optimization algorithms 
Functions Algorithms ave std fbest 

f1 PSO 2.71e-45 3.45e-44 1.00e-46 
GWO 3.52e-50 1.23e-49 2.00e-51 
WOA 1.78e-40 1.89e-39 3.50e-41 
MHHO 2.59e-96 3.22e-95 1.00e-97 
AHHO 4.28e-152 3.33e-149 2.00e-153 
HHO-DRL 8.65e-97 2.86e-97 5.00e-98 

f2 PSO 3.11e-25 4.89e-25 1.50e-26 
GWO 5.32e-28 6.45e-27 2.00e-29 
WOA 2.89e-35 1.23e-34 1.00e-36 
MHHO 6.59e-49 8.77e-55 3.00e-50 
AHHO 1.00e-44 1.23e-43 5.00e-45 
HHO-DRL 6.85e-48 8.24e-48 2.50e-49 

f3 PSO 4.56e-40 5.23e-39 1.00e-41 
GWO 3.11e-44 1.56e-43 1.50e-45 
WOA 7.98e-45 4.56e-44 2.00e-46 
MHHO 3.59e-79 2.89e-76 5.00e-80 
AHHO 1.25e-81 1.23e-80 5.00e-82 
HHO-DRL 7.25e-132 5.22e-125 2.00e-132 

f4 PSO 5.23e-30 2.12e-29 2.00e-31 
GWO 4.56e-32 6.78e-31 1.50e-33 
WOA 2.22e-65 6.55e-49 1.00e-66 
MHHO 5.75e-50 8.14e-49 3.00e-51 
AHHO 6.78e-28 5.67e-27 2.00e-29 
HHO-DRL 4.55e-50 5.11e-48 2.50e-51 

f5 PSO 1.26e+04 1.56e+03 1.10e+04 
GWO 1.27e+04 2.45e+03 1.12e+04 
WOA 1.25e+04 1.23e+03 1.15e+04 
MHHO 1.26e+04 9.45e-01 1.20e+04 
AHHO 1.26e+04 9.45e-01 1.18e+04 
HHO-DRL 5.00e+02 5.00e-01 4.00e+02 
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These test functions encompass three typical scenarios: local search, global search, and com-
prehensive search. This thorough evaluation enables a detailed assessment of each algorithm's 
stability, global exploration capability, local refinement ability, and effectiveness in solving com-
plex multi-peak problems. 

Through comparisons with both traditional and improved HHO algorithms, the effectiveness 
of the dynamic weight fusion mechanism and bidirectional feedback strategy introduced by HHO-
DRL becomes even more evident. 
Local search scenario (f1): 
In the f1 function, which emphasizes fine-tuning and local refinement capabilities, the HHO series 
algorithms (including MHHO, AHHO, and HHO-DRL) consistently outperform PSO, GWO, and 
WOA. Notably, AHHO achieves exceptionally low average values and standard deviations, along 
with superior optimal solutions (fbest), demonstrating its high sensitivity to solution space struc-
tures and its fine-grained search capabilities. 

In comparison, HHO-DRL, while not as effective as AHHO in local search, still significantly out-
performs traditional swarm intelligence algorithms such as PSO, GWO, and WOA. Given that HHO-
DRL’s core innovation lies in its adaptive balance and strategic coordination between global and 
local searches, AHHO retains its advantage in problems emphasizing local refinement due to its 
focus on fine-tuning. Nevertheless, HHO-DRL lays a robust foundation for subsequent global tran-
sitions and policy updates by accumulating high-quality solutions through its bidirectional feed-
back mechanism, providing strong potential for tackling more complex search tasks. 
Global search scenarios (f2 and f4): 
In optimization problems such as f2 and f4, which emphasize global exploration, the HHO series 
algorithms exhibit stronger global search capabilities. Traditional methods like PSO, GWO, and 
WOA, while demonstrating good exploratory features on a global scale, often show limitations 
when dealing with complex high-dimensional scenarios. 

In contrast, the HHO series algorithms—particularly AHHO and HHO-DRL—demonstrate su-
perior adaptability in escaping local optima and maintaining fitness improvement. Notably, HHO-
DRL leverages DRL’s policy-learning mechanism and dynamic weight adjustment to increase 
DRL's contribution to global exploration when the algorithm experiences stagnation or slow pro-
gress, effectively guiding the search out of potential traps. 

Compared to MHHO and AHHO, HHO-DRL may not always achieve significant outperformance 
over the improved pure HHO algorithms in global search tasks. However, its comprehensive capa-
bilities and stable performance lay a solid foundation for tackling more complex and variable envi-
ronments, offering enhanced adaptability for multi-objective and dynamic optimization problems. 
Comprehensive Search Scenarios (f3 and f5): 
In functions f3 and f5, which combine the challenges of global and local search while addressing 
multi-peak, multi-scale, and dynamic issues, HHO-DRL’s advantages become most evident. Tradi-
tional algorithms such as PSO, GWO, and WOA struggle to balance global exploration and local 
refinement in these scenarios, often showing slow improvement in optimization quality or be-
coming trapped in suboptimal solutions. 

Although MHHO and AHHO significantly enhance HHO’s capabilities in either local or global 
aspects, they still struggle to maintain both diversity and precision in highly complex environ-
ments. In contrast, HHO-DRL leverages dynamic weight fusion to flexibly adjust the participation 
levels of HHO and DRL at different stages. When population diversity is insufficient, DRL’s global 
exploration supplements new information, and once potential optimal regions are identified, HHO 
rapidly refines solutions to enhance their quality. 

The bidirectional feedback mechanism establishes a virtuous cycle by feeding high-quality so-
lution sequences accumulated in earlier stages back into DRL’s experience pool, accelerating pol-
icy updates and enhancing its effectiveness in later-stage searches. As a result, HHO-DRL demon-
strates significantly superior performance in f3 and f5 compared to other algorithms, achieving 
values and standard deviations remarkably close to the theoretical optimum while excelling in 
stability and robustness. 
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Overall, this comparative experiment clearly underscores the potential value and advantages 
of HHO-DRL across diverse optimization tasks. In tasks dominated by local search, specialized 
HHO variants like AHHO retain a slight edge in fine-tuning. However, HHO-DRL demonstrates su-
perior global adaptability and comprehensive optimization capabilities in broader scenarios, 
achieving an exceptional balance when addressing complex multi-peak, high-dimensional nonlin-
ear, and highly dynamic tasks. 

This success is attributed to HHO-DRL's unique dynamic weight fusion and bidirectional feed-
back strategies, which enable the flexible allocation of exploration and exploitation resources 
throughout the search process. The algorithm dynamically adapts to problem characteristics, fa-
cilitating collaborative evolution. Compared to traditional swarm intelligence algorithms, this in-
novative mechanism opens new research directions in intelligent optimization and offers valuable 
insights for practical applications in engineering problems, such as dynamic path planning and 
high-dimensional decision optimization. 

4.3 CEC-2014 complex function experiment analysis 

To address the challenging nature and complexity of real-world high-dimensional optimization 
problems, this study further selected multiple complex functions from the CEC-2014 benchmark 
test set to evaluate the robustness and adaptability of the proposed HHO-DRL algorithm in handling 
high-dimensional, multimodal, nonlinear, and irregular search spaces. Compared to the previously 
used standard test functions, the CEC-2014 test set presents more stringent challenges, including 
multimodality, multi-scale characteristics, hybrid and composition characteristics, demanding that 
algorithms demonstrate superior search efficiency and adaptive optimization capabilities. 

Three types of objective functions were selected for the experiment: 

• Unimodal Functions (e.g., CEC01, CEC06): These functions often feature globally optimal so-
lutions that are relatively easy to identify but serve as a rigorous test of the algorithm's re-
finement capability and robustness under high-dimensional conditions. 

• Multimodal Functions (e.g., CEC14, CEC15): The multimodal characteristics introduce nu-
merous local traps into the optimization process, requiring the algorithm to effectively es-
cape local optima while maintaining a balance between exploration diversity and exploita-
tion precision. 

• Hybrid Functions (e.g., CEC20, CEC21): These functions integrate diverse structural fea-
tures, presenting highly complex, nonlinear, and irregular fitness landscapes. They place 
greater demands on the algorithm's adaptability and dynamic control capabilities. 

The experimental parameters were configured as follows: a population size of 30, dimension-
ality of 30, a maximum of 500 iterations, and 15 independent runs to calculate the mean and 
standard deviation. This setup ensures the statistical reliability and robustness of the results, 
providing a solid foundation for rigorous and credible conclusions, as presented in Table 3. 

As observed from Table 3, the compared algorithms exhibit various strengths and limitations 
in different aspects: 
PSO – Particle Swarm Optimization 
PSO maintains a certain level of global exploration capability in high-dimensional and complex 
landscapes. However, it tends to fall into local traps under multimodal and nonlinear conditions, 
resulting in instability in optimization results and a tendency to converge to suboptimal solutions. 
GWO – Grey Wolf Optimization 
GWO exhibits a reasonable balance between exploration and exploitation. However, its perfor-
mance improvement is constrained in high-dimensional complex function scenarios. The lack of 
flexibility in parameter adjustment reduces its effectiveness in escaping local optima. 
WOA – Whale Optimization Algorithm 
WOA performs relatively well in low-dimensional and simpler multimodal problems. However, 
when confronted with strong nonlinearity and high-dimensional search spaces, its global search 
efficiency diminishes, making it challenging to quickly converge to the global optimum. 
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Table 3 Performance comparison of different intelligent optimization algorithms on CEC-2014 test functions 
Functions Algorithms                Mean              Standard deviation 

CEC01 PSO 2.9560e+08 8.7837e+07 
GWO 3.3663e+08 1.6734e+08 
WOA 5.1210e+08 2.0995e+08 
MHHO 1.0682e+09 3.1698e+08 
AHHO 1.2019e+07 3.8511e+08 
HHO-DRL 1.0682e+07 3.1698e+07 

CEC06 PSO 2.4580e+10 4.0467e+09 
GWO 3.0404e+10 6.1921e+09 
WOA 2.7626e+10 8.4562e+09 
MHHO 7.0172e+10 1.0641e+10 
AHHO 6.8367e+02 9.1263e+02 
HHO-DRL 6.2187e+02 8.4562e+02 

CEC14 PSO 1.4656e+03 2.1019e+01 
GWO 1.4807e+03 1.9652e+01 
WOA 1.6311e+03 2.9657e+01 
MHHO 1.4824e+03 1.6998e+01 
AHHO 2.4874e+00 2.9657e+00 
HHO-DRL 1.4824e+00 1.6998e+00 

CEC15 PSO 6.3473e+05 2.8256e+05 
GWO 6.3798e+04 2.4687e+04 
WOA 6.3935e+05 2.5834e+05 
MHHO 6.4372e+04 1.7678e+04 
AHHO 8.2976e+01 1.7682e+01 
HHO-DRL 7.1100e+01 1.5684e+01 

CEC20 PSO 9.3068e+07 6.0230e+06 
GWO 1.5341e+07 3.7515e+07 
WOA 8.7669e+07 6.6238e+07 
MHHO 8.5818e+05 1.2947e+07 
AHHO 9.7046e+06 3.1522e+07 
HHO-DRL 3.0523e+06 9.6517e+06 

CEC21 PSO 7.3827e+05 6.8732e+05 
GWO 7.1056e+05 9.0557e+05 
WOA 7.5541e+05 5.1830e+05 
MHHO 8.5818e+05 8.5818e+05 
AHHO 3.6928e+04 1.5784e+05 
HHO-DRL 2.8714e+04 1.2714e+05 

 
MHHO – Modified Harris Hawks Optimization 
MHHO demonstrates adaptability in high-dimensional scenarios; however, the increased algorith-
mic complexity does not consistently yield significant efficiency improvements when applied to 
multimodal or irregular functions. 
AHHO – Adaptive Harris Hawks Optimization 
AHHO excels in certain complex functions (e.g., CEC14, CEC15) due to its ability to adaptively ad-
just strategy parameters. Its superior adaptability enables it to outperform traditional swarm in-
telligence algorithms in multimodal and nonlinear scenarios. 
HHO-DRL – Harris Hawks Optimization with Deep Reinforcement Learning 
The integration of DRL into HHO demonstrates significant advantages across various complex 
functions. The dynamic weight fusion mechanism adaptively regulates the contributions of HHO 
and DRL during the search process, enabling HHO-DRL to maintain robust exploration capabilities 
and achieve rapid convergence under high-dimensional, multimodal, and highly nonlinear condi-
tions. Furthermore, the bidirectional feedback strategy facilitates effective experience accumula-
tion and policy updates, allowing the algorithm to intelligently select search directions and effi-
ciently identify high-potential regions within complex landscapes. 

HHO-DRL demonstrates clear advantages in terms of mean and standard deviation metrics 
across unimodal, hybrid, and multimodal functions. This highlights its ability to achieve high pre-
cision while maintaining exceptional robustness and stability. 
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The performance data show that HHO-DRL effectively maintains high precision and stable con-
vergence in unimodal functions such as CEC01 and CEC06 through adaptive regulation. In multi-
modal functions like CEC14 and CEC15, HHO-DRL exhibits superior abilities in escaping local op-
tima and achieving rapid optimization compared to traditional methods and other improved HHO 
algorithms (e.g., AHHO). 

 

  
                                                 (a) CEC01                                                                                              (b) CEC06 

 

   
                                                  (c) CEC14                                                                                             (d) CEC15 

 

   
                                                 (e) CEC20                                                                                               (f) CEC21 

Fig. 2 Iteration curves of algorithms on CEC-2014 test functions 
 

Furthermore, in highly mixed and structurally complex functions such as CEC20 and CEC21, 
HHO-DRL achieves consistently low values in both mean and standard deviation metrics, under-
scoring its advantages in handling high-dimensional, nonlinear, and composite structure prob-
lems. These results complement and validate the findings from earlier international standard test 
functions: while AHHO performs exceptionally well in certain idealized benchmark scenarios, 
HHO-DRL’s dynamic adaptive fusion and deep reinforcement learning-based strategy updates 
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demonstrate more pronounced advantages under highly complex, multimodal, and high-dimen-
sional conditions. 

The convergence curves in Fig. 2 further illustrate HHO-DRL's faster and smoother convergence 
trends under the same number of iterations, highlighting its superior efficiency and robustness. 

4.4 Vehicle dynamic path planning experiment analysis 

To validate the effectiveness of the proposed HHO-DRL integrated algorithm in practical applica-
tions, this study applies it to the problem of vehicle dynamic path planning and conducts compar-
ative analyses with three other intelligent optimization algorithms: Grey Wolf Optimization 
(GWO), Modified Harris Hawks Optimization (MHHO), and Adaptive Harris Hawks Optimization 
(AHHO). The objective is to comprehensively assess the adaptability and optimization efficiency 
of HHO-DRL in real-world dynamic environments by evaluating its performance across scenarios 
of varying complexity. 

This experiment designs two path planning scenarios with varying complexity levels to simu-
late the diverse challenges encountered in real-world traffic environments: 

− Simple scenario: A map size of 30 × 30 with a 15 % obstacle ratio is used to primarily evaluate 
the efficiency and accuracy of the algorithms in a relatively open environment with fewer ob-
stacles. 

− Complex scenario: The map size remains 30 × 30, but the obstacle ratio is increased to 30 %. 
This complex scenario raises the difficulty of path planning, requiring the algorithms to ex-
hibit enhanced global exploration and local optimization capabilities to navigate through a 
higher density of obstacles and address more challenging path constraints. 

In realistic autonomous‐vehicle deployments, the HHO‐DRL framework accommodates abrupt 
traffic changes—such as road closures or emerging congestion—by incorporating the latest envi-
ronment state into each planning cycle and rapidly adapting its heuristic search. At every re‐plan-
ning step, the DRL agent updates its policy input with real‐time traffic maps and dynamic obstacle 
data to ensure decisions reflect current conditions, while the HHO population is partially reinitial-
ized around newly detected blockages or high‐density areas, guiding exploration toward viable 
detour corridors. This bidirectional interaction enables the DRL policy to learn avoidance of fresh 
bottlenecks and the HHO swarm to generate high‐quality alternative routes within a single deci-
sion cycle, thereby maintaining path feasibility and safety under dynamic road conditions. 

The experimental parameters are defined as follows. 
− Population size: 30 
− Dimensionality: 30 
− Maximum iterations: 50 
− Independent runs: 10 
− Evaluation metrics: Path length, optimization rate (%), efficiency ratio (multiplier). 
As shown in Figs. 3 and 4, the vehicle paths planned by different algorithms in both the simple 

and complex scenarios are visually compared. The results clearly demonstrate that the HHO-DRL 
algorithm consistently generates the shortest paths in both cases. The starting point is indicated 
by a yellow dot, while the destination is marked by a blue dot. 

To facilitate a clearer comparison of the proposed algorithm's performance with other algo-
rithms, the optimization rate is introduced. This metric represents the improvement in path 
length achieved by the HHO-DRL algorithm relative to other algorithms. The calculation formula 
is as follows: 

𝑔𝑔𝑛𝑛 = (
𝜇𝜇𝑜𝑜 − 𝜇𝜇𝑚𝑚
𝜇𝜇𝑜𝑜

) × 100 (43) 

Here, 𝜇𝜇𝑚𝑚  represents the path length planned by the improved algorithm, 𝜇𝜇𝑜𝑜  represents the 
path length of the original algorithm, and 𝑛𝑛 denotes a specific algorithm. If 𝜇𝜇𝑚𝑚 is smaller than 𝜇𝜇𝑜𝑜, 
then 𝑔𝑔𝑛𝑛 is a positive value, indicating that the HHO-DRL algorithm has achieved optimization in 
this metric. 
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      Fig. 3 Comparison of vehicle dynamic path planning 
      using different algorithms in the simple scenario 
 

 

 
      Fig. 4 Comparison of vehicle dynamic path planning 
      using different algorithms in the complex scenario 
 

Additionally, the study introduces the efficiency ratio to quantify the improvement multiplier 
of the HHO-DRL algorithm's optimization effect compared to other algorithms, providing a more 
comprehensive assessment of its performance. The calculation formula is as follows: 

𝐸𝐸𝑛𝑛 =
𝜇𝜇𝑜𝑜
𝜇𝜇𝑚𝑚

 (44) 

This formula indicates how many times better the improved performance is compared to the 
original performance. If 𝐸𝐸𝑛𝑛 > 1, it signifies that the HHO-DRL algorithm outperforms the compar-
ison algorithm in terms of path length. 

As shown in Table 5, in the simple scenario, all algorithms successfully planned feasible paths. 
However, the HHO-DRL algorithm achieved the shortest path length (39.9411), outperforming 
GWO, MHHO, and AHHO by 26.04 %, 19.40 %, and 18.03 %, respectively. This result highlights the 
significant advantage of HHO-DRL in fine-tuning path optimization, effectively reducing travel dis-
tance and enhancing both the economic efficiency and safety of path planning. 

Additionally, the efficiency ratio data further reinforces this conclusion. The efficiency ratios of 
HHO-DRL relative to GWO, MHHO, and AHHO are all greater than 1, specifically 1.35, 1.24, and 
1.22, respectively. This indicates that HHO-DRL significantly improves path planning efficiency in 
simple environments. 

In the complex scenario, where the obstacle ratio increases to 30 %, the demands on path planning 
algorithms become significantly higher. The HHO-DRL algorithm successfully plans the shortest 
path (41.6984), outperforming GWO, MHHO, and AHHO by 35.34 %, 19.16 %, and 24.61 %, respec-
tively. Notably, in high-obstacle environments, HHO-DRL achieves an optimization rate of 35.34 %, 
significantly surpassing the performance of other algorithms. 
 

Table 5 Performance comparison of different algorithms in vehicle dynamic path planning 
Environment Algorithm Path Length 𝑔𝑔𝑛𝑛  (%) 𝐸𝐸𝑛𝑛 (Multiplier) 

Simple 

GWO 54.0 26.04 1.35 
MHHO 49.5563 19.40 1.24 
AHHO 48.7279 18.03 1.22 

HHO-DRL 39.9411 / / 

Complex 

GWO 64.4852 35.34 1.55 
MHHO 51.5785 19.16 1.23 
AHHO 55.3137 24.61 1.33 

HHO-DRL 41.6984 / / 
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Additionally, the efficiency ratio results reveal that HHO-DRL achieves values greater than 1 in 
the complex scenario, specifically 1.55, 1.23, and 1.33 relative to GWO, MHHO, and AHHO, respec-
tively. This further validates its superior performance and effectiveness in high-complexity envi-
ronments. 

The outstanding performance of the HHO-DRL algorithm in vehicle dynamic path planning can 
be primarily attributed to its core innovative mechanisms: the dynamic weight fusion and bidi-
rectional feedback strategies. The specific advantages of these mechanisms are reflected in the 
following aspects: 

Dynamic Weight Fusion Mechanism 

− Adaptive Balance Between Global and Local Search: HHO-DRL dynamically adjusts the balance 
between HHO and DRL during the search process, enabling the algorithm to flexibly shift the 
proportion of global exploration and local refinement based on the current search state. In the 
initial phase of path planning, the algorithm emphasizes DRL’s global exploration capabilities 
to efficiently cover a wide search space. As it nears the optimal path, the algorithm dynamically 
increases HHO’s local search intensity to fine-tune and further optimize the path. 

− Avoidance of Local Optima Traps: Dynamic weight adjustment allows the algorithm to intensify 
global exploration when it becomes trapped in local optima, enabling it to escape these traps 
and enhance overall optimization performance. 

Bidirectional Feedback Mechanism 

− Experience Sharing and Policy Updating: Through the bidirectional feedback mechanism, HHO-
DRL integrates the high-quality solution sequences identified by HHO into DRL’s experience 
pool with weighted importance, accelerating DRL’s policy updates. Simultaneously, the high-
quality solutions discovered by DRL are fed back to HHO, directing the next search phase to-
ward more promising regions. This efficient information exchange fosters the co-evolution of 
both components, significantly enhancing the algorithm’s adaptability and optimization effi-
ciency. 

− Co-evolution and Information Loop: The bidirectional feedback mechanism creates a continu-
ous information loop, ensuring seamless collaboration between HHO and DRL throughout the 
optimization process. This synergy enhances the algorithm’s adaptability and significantly im-
proves optimization precision in dynamic environments. 

5. Conclusion 
The bidirectional feedback mechanism creates a continuous information loop, ensuring seamless col-
laboration between HHO and DRL throughout the optimization process. This synergy enhances the 
algorithm’s adaptability and significantly improves optimization precision in dynamic environments. 

Implementation Challenges. While HHO-DRL shows promising performance in simulation and 
benchmark tests, several practical challenges must be addressed for deployment in real-world 
autonomous vehicle systems. First, the hybrid framework’s computational load—stemming from 
serial HHO population updates with complexity 𝑂𝑂(𝑁𝑁𝑁𝑁) and DRL policy training with complexity 
𝑂𝑂(𝐵𝐵𝐵𝐵)—can strain on-board processors and hamper real-time responsiveness. Second, bridging 
the “sim-to-real” gap requires robust handling of unmodeled dynamics, sensor noise, and decision 
latency; the algorithm must tolerate discrepancies between simulated state transitions and actual 
vehicle behavior. Third, memory management for the DRL experience buffer and HHO population 
data becomes critical under continuous operation, demanding efficient sample curation and prun-
ing strategies. Finally, safety-critical applications impose stringent verification and validation pro-
cedures—any instability due to parameter misconfiguration or unexpected environment changes 
could lead to unsafe maneuvers. Addressing these deployment issues will be essential to translate 
HHO-DRL’s theoretical advantages into dependable, real-time autonomous driving solutions. 

The dynamic weight fusion mechanism dynamically adjusts the contributions of HHO and DRL 
in real-time during the search process based on fitness improvement rates and population diver-
sity. This enables the algorithm to achieve an adaptive balance between global exploration and 
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local exploitation, significantly enhancing its adaptability and optimization efficiency in high-di-
mensional, multimodal, and nonlinear problems. 

Moreover, the bidirectional feedback mechanism fosters co-evolution between HHO and DRL, 
enabling deep collaboration throughout the optimization process. The high-quality solutions iden-
tified by DRL during global exploration are fed back to HHO, guiding subsequent iterations to focus 
on promising regions. Simultaneously, the high-quality solution sequences discovered by HHO are 
incorporated into DRL’s experience pool with weighted importance, accelerating DRL’s policy up-
dates. This bidirectional information exchange not only enhances the algorithm's overall optimiza-
tion performance but also improves its robustness and stability in dynamic environments. 

Experimental results demonstrate that HHO-DRL exhibits exceptional optimization capabilities 
across various standard test functions, including international benchmark functions and CEC-2014 
complex functions, as well as in practical vehicle path planning tasks. Compared to standalone HHO, 
DRL, and other classical intelligent optimization algorithms (e.g., PSO, GWO, WOA, MHHO, AHHO), 
HHO-DRL shows significant advantages in avoiding local optima, enhancing search efficiency, and 
adapting to dynamic environments. Particularly in complex multimodal and high-dimensional non-
linear problems, HHO-DRL leverages dynamic weight fusion and bidirectional feedback mecha-
nisms to achieve superior global exploration and local refinement, significantly improving the eco-
nomic efficiency and safety of path planning. 

Although the HHO-DRL algorithm has demonstrated significant performance improvements in 
the current study, several directions warrant further exploration and optimization: Multi-objec-
tive Optimization Extension: The current algorithm primarily focuses on optimizing single-objec-
tive functions. Future work could extend HHO-DRL to address multi-objective optimization prob-
lems, balancing multiple objectives such as path length, energy consumption, and safety to better 
meet the demands of more complex real-world applications. 

Real-time and computational efficiency optimization: Real-time performance is critical for path 
planning in high-dimensional and dynamic environments. Future research could focus on improv-
ing the computational efficiency of HHO-DRL through techniques such as parallel computing, dis-
tributed optimization, and other acceleration strategies to reduce runtime and satisfy real-time 
path planning requirements. 

Adaptive parameter adjustment: While the dynamic weight fusion mechanism provides a de-
gree of adaptive regulation, further optimization of the parameter adjustment strategies—such as 
integrating adaptive learning rates or automated parameter tuning methods—could improve the 
algorithm’s generalization capability and adaptability across diverse environments. 

Future studies will aim to broaden its application scope, refine its algorithmic structure, and 
explore its theoretical properties in greater depth, further advancing the development and appli-
cation of intelligent optimization algorithms to tackle increasingly complex real-world problems. 
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