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Abstract

We prove new existence and nonexistence results for modular Golomb rulers in this
paper. We completely determine which modular Golomb rulers of order k exist, for all
k < 11, and we present a general existence result that holds for all ¥ > 3. We also
derive new nonexistence results for infinite classes of modular Golomb rulers and related
structures such as difference packings, optical orthogonal codes, cyclic Steiner systems and
relative difference families.
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1 Introduction and definitions

A Golomb ruler of order k is a set of k distinct integers, say x1 < x2 < --+ < T, such

that all the differences x; —x; (i # j) are distinct. To avoid trivial cases, we assume k > 3.

The length of the ruler is xj, — 1. For a survey of constructions of Golomb rulers, see [12].
A (v, k)-modular Golomb ruler (or (v, k)-MGR) is a set of k distinct integers,

0<r i <z <<z <v-—1,
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such that all the differences x; — z; mod v (i # j) are distinct elements of Z,,. We define
length and order as before. It is obvious that a modular Golomb ruler is automatically a
Golomb ruler. We can assume without loss of generality that z; = 0.

Known results on modular Golomb rulers are summarized in [9, §VI.19.3]. We state a
few basic results and standard constructions now.

Theorem 1.1. If there exists a (v, k)-MGR, then v > k? —k+ 1. Further, a (k* —k+1,k)-
MGR is equivalent to a cyclic (k* — k + 1, k, 1)-difference set.

Of course a (¢* + ¢ + 1, ¢ + 1, 1)-difference set (i.e., a Singer difference set) is known
to exist if ¢ is a prime power. So we have the following Corollary.

Corollary 1.2. There exists a (k> — k + 1,k,1)-MGR if k — 1 is a prime power

It is widely conjectured that a (¢* + q + 1, ¢ + 1, 1)-difference set exists only if ¢ is a
prime power, and this conjecture has been verified for all ¢ < 2,000, 000; see [14].

Theorem 1.3 (Bose [3]). For any prime power q, there is a (¢*> — 1, q)-MGR.
Theorem 1.4 (Rusza [21]). For any prime p, there is a (p> — p,p — 1)-MGR.

A (v, k; n)-difference packing is a set of n k-element subsets of Z,, say X1, ..., X,
such that all the differences in the multiset

{z—y:z,ye Xj,x #y,1<i<n}
are nonzero and distinct. The following result is obvious.
Theorem 1.5. A (v, k)-MGR is equivalent to a (v, k; 1)-difference packing.

A (v,b,r, k)-configuration is a set system (V, B), where V is a set of v points and B is
a set of b blocks, each of which contains exactly k points, such that the following properties
hold:

1. no pair of points occurs in more than one block, and

2. every point occurs in exactly r blocks.

It is easy to see that the parameters of a (v,b,r, k)-configuration satisfy the equation
bk = vr. For basic results on configurations, see [9, §VL.7]. A (v, b, r, k)-configuration is
symmetric if v = b, which of course implies » = k. In this case we speak of it as a sym-
metric (v, k)-configuration. A symmetric (v, k)-configuration is cyclic if there is a cyclic
permutation of the v points that maps every block to a block.

We state the following easy result without proof.

Theorem 1.6. A (v, k)-MGR is equivalent to a cyclic symmetric (v, k)-configuration.

For additional connections between Golomb rulers and symmetric configurations,
see [7, 10].

A (v, k, Ao, Ac)-optical orthogonal code of size n is a set C of n (0, 1)-vectors of length
v, which satisfies the following properties:

1. the Hamming weight of x is equal to k, for all x € C,
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2. autocorrelation: for all x = (zo,...,x,—1) € C, the following holds for all integers
T suchthat 0 < 7 < vt

v—1
§ LiXj4r S )\au
=0

where subscripts are reduced modulo v.

3. cross-correlation: for all x = (xg,...,2,—1) € Cand ally = (yo,...,Y%v—1) € C
with x # y, the following holds for all integers 7 such that 0 < 7 < v:

v—1
Z TiYit+r S )\67
=0

where subscripts are reduced modulo v.

We sometimes abbreviate the phrase “optical orthogonal code” to “OOC.” If A, = A. = A,
then the optical orthogonal code is denoted as a (v, k, A)-optical orthogonal code.

Optical orthogonal codes were introduced by Chung, Salehi and Wei [8] in 1989 and
have been studied by numerous authors since then. The following result establishes the
equivalence of OOC and difference packings.

Theorem 1.7 ([8]). A (v, k; n)-difference packing is equivalent to a (v, k,1)-optical or-
thogonal code of size n.

The following result is proven in [8] by a simple counting argument.

Theorem 1.8. If there exists a (v, k, 1)-optical orthogonal code of size n, then

< v—1
"= m - 1>J '

A (v, k, 1)-optical orthogonal code is optimal if the relevant inequality in Theorem 1.8
is met with equality.

Relative difference families have been introduced in [5] as a natural generalization of
relative difference sets. We define them now. Let H be a subgroup of a finite additive
group G, and let k, A be positive integers. A (G, H, k, A)-relative difference family, or
(G, H, k, \)-RDF for short, is a collection X of k-subsets of G (called base blocks) whose
list of differences has no element in H and covers all elements of G \ H exactly A times.

If G has order v and H has order w, we say that X is a (v, w, k, A\)-RDF in G relative to
H. If X consists of n base blocks, it is evident that

Av —w) = k(k—1)n. (1.1

When H = {0} (or, equivalently, if w = 1), one usually speaks of an ordinary (v, k, \)-
difference family or (v, k, \)-difference family ((v, k, A)-DF, for short), in G. If n = 1,
then we refer to a (G, H, k, \)-relative difference family as a (G, H, k, \)-relative differ-
ence set. Analogously, a (v, k, \)-difference family of size n = 1 is a (v, k, A)-difference
set ((v, k, \)-DS, for short).
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1.1 Number-theoretic background

In this section, we record some number-theoretic results that we will be using later in the
paper.
Theorem 1.9.

1. A positive integer can be written as a sum of two squares if and only if its prime
decomposition contains no prime p = 3 (mod 4) raised to an odd power.

2. A positive integer can be written as a sum of three squares if and only if it is not of
the form 4*(8b + 7), where a and b are nonnegative integers.

3. Any positive integer can be written as a sum of four squares.

Proof. Statement 1. is proven in many textbook on elementary number theory, e.g., [20,
Theorem 13.6]. The result 2. is known as Legendre’s Three-square Theorem (for a proof of
it, see, e.g., [18, Chapter 20, Theorem 1]). Finally, 3. is Lagrange’s Four-square Theorem.

O

Lemma 1.10. For any positive integer t, there exist t consecutive positive integers, none
of which is a sum of two squares.

Proof. Take t distinct primes p1, . .., p; all of which are = 3 (mod 4) (they exist by the
Dirichlet’s Theorem on primes in an arithmetic progression). By the Chinese Remainder
Theorem, the system of ¢ congruences

r+i=p; (mod p?) (1<i<t)

has a solution s.

Since s +1i = p; (mod p?), it is clear that s + i is divisible by p;, but not by p?. Since
p; = 3 (mod 4), it follows from Theorem 1.9 that s + ¢ is not a sum of two squares. This
holds for 1 < i < t. O

Lemma 1.11. Two consecutive integers, say n and n+ 1, are both not expressible as a sum
of three squares if and only if n = 4°(8b + 7) — 1, where a > 2 and b > 0.

Proof. This is a consequence of Legendre’s Three-square Theorem (Theorem 1.9). If n is
not expressible as a sum of three squares, then n = 0,4 or 7 (mod 8). Therefore, if n and
n + 1 are both not expressible as a sum of three squares, then n = 7 (mod 8). It follows
from Legendre’s Three-square Theorem that n and n + 1 are both not expressible as a sum
of three squares if and only if n + 1 = 4%(8b + 7) where a > 2 and b > 0. O

1.2 Our contributions

Section 2 gives existence results for modular Golomb rulers. We summarize exhaustive
searches that we have carried out for all £ < 11, and we present a general existence result
that holds for all £ > 3. Section 3 proves nonexistence results for various infinite classes
of modular Golomb rulers. Many of our new results are based on counting even and odd
differences and then applying some classical results from number theory which establish
which integers can be expressed as a sum of a two or three squares. Section 4 studies opti-
cal orthogonal codes and provides nonexistence results for certain optimal OOCs. In Sec-
tion 5, we consider cyclic Steiner systems and relative difference families and we present
additional nonexistence results using the techniques we have developed. Finally, Section 6
is a brief summary.
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2 Existence results for (v, k)-MGR

In this section, we report the results of exhaustive searches for (v, k)-MGR with k& < 11.
We also prove a general existence result that holds for all integers & > 3. First, we discuss
a few preliminary results..

Given a positive integer k£ > 3, define

MGR(k) = {v : there exists a (v, k)-MGR}.

We are interested in the set MGR(k). In particular, it is natural to try to determine the
minimum integer in MGR(k) as well as the maximum integer not in MGR(k).

Another parameter of interest is the length of a Golomb ruler. There has been consider-
able research done on finding the minimum length of a Golomb ruler of specified order k,
which we denote by L* (k). In the modular case, we will define L}, (k) to be the minimum
L such that there exists a (v, k)-MGR of length L for some v.

The following basic lemma is well-known.

Lemma 2.1. Suppose there is a Golomb ruler of order k and length L, and suppose v >
2L + 1. Then there is a (v, k)-MGR.

Proof. We have a Golomb ruler consisting of & integers
O=z1 <a9<---<uxp = L.

Consider these as residues modulo v, where v > 2L + 1. Clearly all the “positive residues”
z; — x; mod v (¢ < j) are nonzero and distinct, as are all the “negative residues” z; —
x; mod v (§ < 4). The largest positive residue is L and the smallest negative residue is
v — L. Since v > 2L, no positive residue is equal to a negative residue. O

The following is an immediate consequence of Lemma 2.1.
Lemma 2.2. For any positive integer k > 2, L*(k) = L} (k).
Given a positive integer k£ > 3, define
MGR(k) = {v : there exists a (v, k)-MGR}.

We have performed exhaustive backtracking searches in order to determine the sets MGR(k)
for 3 < k£ < 11. For each value of k, once we have constructed a sufficient number of
“small” (v, k)-MGR, we can apply Lemma 2.1 to conclude that all (v, k)-MGR exist for
larger values of v. To this end, when we compute all the (v, k£)-MGR for given values of
v and k, we keep track of the ruler having the smallest possible length. This facilitates the
application of Lemma 2.1

Our computational results are summarized as follows.

Theorem 2.3.

A W N~
<
(9]
X
I~ /N /N
ot
NN NN
I
—
[\
[t
—
-
—~
<
4
vV
[N}
w
—
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)
MGR(8) = {57} U {v: v > 63}.

) ={73,80} U{v:v > 85}
10) = {91} U {v:v > 107}
MGR(11) = {120,133} U {v : v > 135}.

0 % N S W
<
()]
X

Proof. Proof details are in Table 1.

Table 1: (v, k)-modular Golomb rulers for 3 < k& < 11.

v ‘ k | ruler
v="7 310,1,3
v>8 3| Lemma2l,v=7L=3
v=13 410,1,4,6
v>14 4 | Lemma2l,v=13,L =6
v=21 510,2,7,8,11
v =22 5 | does not exist
v > 23 5| Lemma2.1,v=21,L =11
v =31 6| 0,1,4,10,12,17
2 <v<34 6 | does not exist
v > 35 6 | Lemma2.1,v=31,L =17
43 < v <47 7 | does not exist
v =48 710,5,7,18,19,22,28
v =49 710,2,3,10,16,21,25
v =50 710,1,5,7,15,18,27
v > 51 7 | Lemma2.1,v =49, L =25
v = 57,64, 68 81 0,4,5,17,19,25,28,35
58 < v <62 8 | does not exist
v = 63,67 810,1,8,20,22,25,31,35
v =65 81 0,2,10,11,16,28,31,35
v = 66 81 0,2,10,21, 24, 25, 30,37
v =69 810,1,4,9,15,22,32,34
v>70 8 | Lemma2.1,v =069, L =34
v="T3 91 0,2,10,24, 25,29, 36,42, 45
4 <v<79 9 | does not exist
v =80 910,1,12,16,18,25,39,44,47
8l <wv< &4 9 | does not exist
v =285 910,1,7,12,21,29,31, 44,47
v = 86, 88 910,2,5,13,17,31,37,38,47
v =87 91 0,1,4,13,24,30,38,40,45
v =89 910,1,5,12,25,27,35,41,44
v >90 9 | Lemma2.1,v =289, L =44
v =91 10 | 0,1,6,10, 23,26, 34,41, 53,55
92 <v <106 | 10 | does not exist
v =107 10 | 0,2,15,21,22,32,46,50,55,58



M. Buratti and D. R. Stinson: New results on modular Golomb rulers, optical orthogonal ... 7

Table 1: (v, k)-modular Golomb rulers for 3 < k& < 11 (cont.)

v \ k | ruler
v =108 10 | 0,2,8,27,32,36,39,49, 50,65
v =109 10 | 0,4,11,16, 25,35, 38,53,55,61
v =110 10 | 0,3,14,16,36,37,42,46,54,61
v > 111 10 | Lemma2.1,v =91, L = 55
111 < v <119 | 11 | does not exist
v =120 11 | 0,1,4,9,23,30,41,43, 58,68, 74

121 < v <132 | 11 | does not exist
v =133 11| 0,1,9,19,24, 31,52, 56, 58, 69, 72

v=134 11 | does not exist

v =135 11 1 0,5,7,11,31,41,49, 50,63, 66, 78
v =136 11 | 0,2,11,27,37,42, 45,59, 65, 66, 78
v =137 11 | 0,1,16,21,24,33,43,61,68,72,74

v =138 11 | 0,4,5,23,25,37,52,59, 65, 68, 76

v =139 11 | 0,1,3,11,25,41,45, 54, 60, 72, 77

v = 140 11 | 0,4, 10,24, 25,27, 36, 43, 65, 73, 78

v =141 11 | 0,2,3,7,20,29,41, 52, 60, 66, 76

v =142 11 | 0,1,13,16,22, 33,47, 51, 70,75, 77
v=143,144 | 11 | 0,3,7,22,27,43,56,57, 66,68, 74

v > 145 11 | Lemma2.1,v = 133, L = 72

Remark 2.4. Existence of a (110, 10)-MGR also follows from Theorem 1.4, and existence
of a (48,7)-MGR and a (120, 11)-MGR follow from Theorem 1.3.

The rulers that are presented in Table 1 provide upper bounds on L}, (k) for3 < k < 11.
However, it turns out that all these values are in fact exact. This is because the exact values
of L*(k) are known for small k (see, for example, [11, Table 2.2]) and they match the
minimum lengths of the modular Golomb rulers that we have recorded in Table 1. Thus we
have the following result.

Theorem 2.5. L*,(3) = 3; L%, (4) = 6; L%, (5) = 11; L%, (6) = 17; L, (7) = 25;
L%,(8) = 34; L%, (9) = 44; L, (10) = 55; and L, (11) = 72.

Now we state and prove two general existence results that hold for all £ > 3.
Theorem 2.6. For any integer k > 3, there is a (v, k)-MGR for some integer v < 3k* /2.

Proof. For 3 < k < 11, we refer to the results in Table 1. Indeed, for these values of k,
there is a (v, k)-MGR for some integer v < k? — 1.

For 12 < k < 24, we use Corollary 1.2. There is a (p> +p + 1, p + 1, 1)-difference set
in Zp24pyq forp = 11,13,16,17,19 and 23. If we delete § = p + 1 — k elements from
such a difference set, we obtain a (p> + p + 1, k)-MGR. For k = 12, we have p = 11 and
0 = 0; for k = 13,14, we have p = 13 and § < 1; for 15 < k < 17, we have p = 16
and 0 < 2; for k = 18, we have p = 17 and 6 = 0; for £ = 19, 20, we have p = 19 and
0 < 1;and for 21 < k < 24, we have p = 23 and 6 < 3. So, for 12 < k < 24, there is a
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(v, k)-MGR for some integer

v<(k+d—-1)+(k+5-1)+1
<(k+22%+k+3
=k® + 5k + 1.

It is easy to verify that k% + 5k + 7 < 3k2/2if k > 12.

Finally, suppose k > 25. Let p be the smallest prime such that p > k — 1. By a
result of Nagura [19], we have p < 6(k — 1)/5 < 6k /5. From Corollary 1.2, there exists
a (p? +p+ 1,p + 1,1)-difference set in Zp24ptq. Delete p 4 1 — k elements from this
difference set to obtain a (p? + p + 1, k)-MGR. We have

6k 6k
p2+p+1<(5> +=+1

3k

2 )
where the last inequality holds for & > 21. O
Theorem 2.7. For any integer k > 3 and any integer v > 3k? — 1, there is a (v, k)-MGR.

Proof. From Theorem 2.6, there exists a (v, k)-MGR for some integer v < 3k%/2. This
ruler has length L < 3k%/2 — 1. Applying Theorem 2.1, there is a (v, k)-MGR for all
v >2(3k2/2 — 1) + 1 =3k — 1. O

Remark 2.8. Of course there are stronger results known on gaps between consecutive
primes that hold for larger integers. For example, it was shown by Dusart [13] that, if
k > 89693, then there is at least one prime p such that

1
E<p</|1 k.
p‘( +1n3k>

So improved versions of Theorems 2.6 and 2.7 could be proven that hold for sufficiently
large values of k.

3 Nonexistence results for (v, k)-MGR

We present several nonexistence results for infinite classes of modular Golomb rulers in
this section.

31 (k% —k+ 2,k)-MGR

We have noted that v > k? — k + 1 if a (v, k)-MGR exists, and the (k* — k + 1, k)-MGR
are equivalent to cyclic difference sets with A = 1. There has been considerable study of
these difference sets and various nonexistence results are known. We do not discuss this
case further here, but we refer to [16, §8] for a good summary of known results.

The next case is v = k? — k + 2. First, we note that there are two small examples
of (k% — k + 2, k)-MGR, namely, an (8, 3)-MGR and a (14, 4)-MGR. These are found in
Table 1. In fact, these are the only examples that are known to exist. We now discuss some
nonexistence results for (k% — k + 2, k)-MGR.
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We next observe that (k? — k + 2, k)-MGR are equivalent to certain relative difference
sets in the cyclic group Zy2_jyo. The proof of this easy result is left to the reader.

Theorem 3.1. A (k? — k + 2, k)-MGR is equivalent to a (Zy2_ 42, H, k, 1)-relative dif-
ference set, where H is the unique subgroup of order 2 in Zyz _j, 1o, i.e., H = {0, (k? —
k+2)/2}.

It is well-known that relative difference sets give rise to certain square divisible designs,
which we define now. A (w,u, k, A1, \2)-divisible design is a set system (actually, a type
of group-divisible design) on v = ww points and having blocks of size k, such that the
following conditions are satisfied:

1. the points are partitioned into w groups of size w,

2. two points in the same group occur together in exactly A; blocks, and

3. two points in different groups occur together in exactly Ay blocks.

If the number of blocks is the same as the number of points, then we have a square divisible
design.

The following result is a consequence of Theorem 3.1, since a square divisible design
is obtained by developing a relative difference set through the relevant cyclic group.

Theorem 3.2. If there exists a (k* — k + 2, k)-MGR, then there exists a square divisible
design with parameters w = 2, u = (k? — k +2)/2, \1 = 0 and Ay = 1.

We will make use of some results due to Bose and Connor [4], as stated in [15, Propo-
sition 1.8].

Theorem 3.3 (Bose and Connor). Suppose there exists a square divisible design with pa-
rameters w, u, k, A1 and \o. Denote v = uw. Then the following hold.

1. Ifuis even, then k* — \av is a perfect square. If furthermore u = 2 (mod 4), then
k — A1 is the sum of two squares.

2. Ifuis odd and w is even, then k — \1 is a perfect square and the equation
(k2 — Mgw)a? + (—1)=D/2 ) gpy? = 22
has a nontrivial solution in integers x, y and z.

We can use Theorem 3.3 to obtain necessary conditions for the existence of (k? — k +
2, k)-MGR.

Corollary 3.4. Suppose there exists a (k* — k + 2, k)-MGR. Then the following hold.
k #£7 (mod B).

Ifk =2 (mod 8), then k — 2 is a perfect square and k is the sum of two squares.
Ifk = 3,6 (mod 8), then k — 2 is a perfect square.

Ifk =0,1 (mod 8), then k is a perfect square and the equation

N b o~

(k —2)z% 4+ 2y = 22

has a nontrivial solution in integers x, y and z.
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5. Ifk =4,5 (mod 8), then k is a perfect square and the equation
(k —2)x? — 2¢* = 22
has a nontrivial solution in integers x, y and z.

Proof. Suppose there exists a (k:2 — k + 2,k)-MGR. Then, from Theorem 3.2, there is a
square divisible design with parameters w = 2, u = (k> —k +2)/2, v = k? — k + 2,
A1 = 0and \y = 1. We apply Theorem 3.3, making use of the fact that k2 — \oyv = k — 2.

First, we observe that u is even if and only if ¥ = 2,3 (mod 4). Further, u = 2
(mod 4) if and only if £ = 2,7 (mod 8).

If k=7 (mod 8), then k? — X\gv = k — 2 =5 (mod 8), so k? — \av is not a perfect
square. Therefore, from part 1. of Theorem 3.3, a (k? — k + 2, k)-MGR does not exist if
k=7 (mod 8).

If £ = 2 (mod 8), then part 1. of Theorem 3.3 says that k — 2 is a perfect square and
k is the sum of two squares.

If k = 3,6 (mod 8), then part 1. of Theorem 3.3 says that k — 2 is a perfect square.

When k = 0,1 (mod 8), we have u = 1 (mod 4) and hence (—1)*(v=1/2 = 1,
When k = 4,5 (mod 8), we have u = 3 (mod 4) and hence (—1)*(*~1/2 = —1. The
stated results then follow immediately from part 2. of Theorem 3.3. [

32 (k2 — k + 2¢,k)-MGR

For v > k% —k+2, a (v, k)-MGR is not necessarily a relative difference set and it does not
necessarily imply the existence of a square divisible design. So, in general, we cannot apply
the results in Theorem 3.3. However, we can derive some nice necessary conditions for the
existence of certain (v, k)-MGR using elementary counting arguments. These arguments
are in the spirit of techniques introduced in [6, §2]; see also [17]. Before studying MGR,
we present a simple example to illustrate the basic idea.

Example 3.5. Suppose we have a (v, k, \)-difference set in Z,, when v is even. There are
v/2 — 1 nonzero even differences and v/2 odd differences, each of which occurs A times.
Suppose the difference set consists of a even elements and b odd elements. Thena +b = k
and 2ab = Av/2. So a and b are the solutions of the quadratic equation

2
—k — =0.
T T + 1
Since a and b are integers, the discriminant must be a perfect square. Therefore, k2 — \v
is a square. However, k(k — 1) = A(v — 1), so k2 — A\v = k — X\ must be a perfect square.
(Of course, this condition is the same as in the Bruck-Ryser-Chowla Theorem for v even,
which holds for any symmetric BIBD.)

In the next theorem, we will use this counting technique to obtain necessary conditions
for the existence of a (k* — k + 2¢,k)-MGR for a given integer £/ > 1. First, we give a
couple of definitions that will be useful in the rest of the paper.

Suppose X is a (v, k)-MGR. Define

AX ={z—ymodv:z,ye X,z +#y}

and
L(X)=7Z,\ AX.
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Note that AX consists of all the differences obtained from pairs of distinct elements in X
and L(X) is the complement of AX. The set L(X) is called the leave of X. Fori = 0,1,
define L;(X) to consist of the elements of L(X) that are congruent to ¢ modulo 2.

The following lemma is straightforward but useful.

Lemma 3.6. Suppose X is a (v, k)-MGR where v is even. Then {0,v/2} C L(X). Ifv =0
(mod 4), then |Lo(X)| and |L1(X)| are both even. If v = 2 (mod 4), then |Lo(X)| and
|L1(X)]| are both odd.

Proof. Tt is evident that 0 € L(X). Also, if we have z — y = v/2 for some pair (z,y) €
X x X, then we have y — x = v/2 as well. This would imply that v/2 appears at least
twice as a difference, which is not allowed. Hence {0,v/2} C L(X).

Now note that if d € AX, then v — d € AX as well. Consequently, if d € L(X), then
v—d € L(X). Of course d = v—dif and only if d = 0 or d = v/2. The remaining elements
of Z, can be matched into pairs (d,v — d) having the same parity. Thus, considering that
v/2 is even or odd according to whether v = 0 or 2 modulo 4, respectively, it is clear that
|L1(X)| and |Lo(X)| are both even in the first case and both odd in the second. O

Theorem 3.7. Suppose v = k? — k + 2(, where { > 1, and suppose there is a (v, k)-MGR.
Then the following hold.

1. If v = 2 (mod 4), then k — 2¢ + 2 + 4i is a perfect square for some integer i €

{0,...,0—1}.
2. Ifv =0 (mod 4), then k — 2¢ + 4i is a perfect square for some integer i € {0, ...,
-1}

Proof. Let X be a (v, k)-MGR. Since | X| = k, we have
IL(X)| =v— (K* — k) = 2.

Suppose X contains a even elements and b odd elements; then a + b = k.

Suppose first that v = 2 (mod 4), so v/2 is odd. From Lemma 3.6, |L;(X)| is odd,
say |[L1(X)| =2i+1,and v/2 € Ly (X). Therefore,0 <3 < ¢—1.

The quantity 2ab is equal to the number of odd differences in A X, so

v v—2—43
20b= - — (20 +1) = ———.
a 5 (2 + 1) )

It follows that @ and b are the solutions of the quadratic equation

—2—43

The solutions @ and b must be integers, which can happen only if the discriminant is a
perfect square. Hence,

B2 —(v—2—4i) =k —204+2+4i

is a perfect square. Hence, k — 2¢ + 2 + 4i is a perfect square for some integer ¢ €
{0,...,0—1}.
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The proof is similar when v = 0 (mod 4). Here, from Lemma 3.6, |L;(X)]| is even,
say |L1(X)| = 2i and {0,v/2} C Lo(X). Since {0,v/2} C Lo(X), we have |L1(X)| <
20 — 2. Hencei € {0,...,¢{—1}.

We have
v— 41

2

It follows that @ and b are the solutions of the quadratic equation

v
a 9 7

v— 4

=0.
4

22— kx +

The solutions @ and b must be integers, which can happen only if the discriminant is a
perfect square. Hence,
k? — (v —4i) =k —20+4i

is a perfect square. Hence, k — 2¢ + 44 is a perfect square for some integer i € {0,...,
-1} O

Example 3.8. Suppose X = 10andv =94 =10x9+42x2,¢ = 2. Herev = 2 (mod 4).
Then we compute
10-2x2424+4i=8+4i

for 7 = 0, 1, obtaining 8 and 12. Neither of these is a perfect square, so we conclude that a
(94, 10)-MGR does not exist.

It is interesting to see what Theorem 3.7 tells us when ¢ = 1.

Corollary 3.9. Suppose there is a (k* — k + 2, k)-MGR. Then the following hold.
1. Ifk =2,3 (mod 4), then k — 2 is a perfect square.
2. Ifk=0,1 (mod 4), then k is a perfect square.

Proof. Take £ = 1 in Theorem 3.7; then v = k2 — k + 2 and we have i = 0. We note
thatv =0 (mod 4) if k = 2,3 (mod 4) and v = 2 (mod 4) if £ = 0,1 (mod 4), so the
stated results follow immediately. O

Remark 3.10. We observe that Theorem 3.2 and Corollary 3.4 provide stronger necessary
conditions for the existence of (k? — k + 2, k)-MGR than those stated in Corollary 3.9.

For certain values of k, we are able to find “intervals” in which MGR cannot exist.
Define
Spe={k—20+2+4i:0<i</(—1}

and define
The={k—20+4i:0<i</{—1}.

Lemma 3.11. Suppose v = k? — k + 2/.

1. Ifv =2 (mod 4), then all elements of Sy, ¢ are = 0,1 (mod 4).
2. Ifv =0 (mod 4), then all elements of Ty, y are = 0,1 (mod 4).
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Proof. We prove 1. Suppose v = 2/+ k> —k =2 (mod 4). Then 20+ k% —k—2—4i =0
(mod 4). It follows that k* = k — 2¢ + 2 + 4i (mod 4). Since k£ = 0,1 (mod 4) for all
integers k, the result follows.

The proof of 2. is similar. O

Theorem 3.12. Let t be a positive integer.

1. Ifk = 4t + 4t + 4, then there does not exist a (k? — k + 4s, k)-MGR for all s such
thar1 < s <'t.

2. Ifk = 412 + 4t + 2, then there does not exist a (k* — k + 4s, k)-MGR for all s such
that1 < s <'t.

3. If k = 4t + 3, then there does not exist a (k* — k + 4s — 2, k)-MGR for all s such
that1 < s <'t.

4. Ifk = 4t? + 1, then there does not exist a (k* — k + 4s — 2, k)-MGR for all s such
that1 < s <'t.

Proof. We prove 1. Denote ¢ = 2s, where 1 < s < tand let v = k? — k + 4s. Since
k=0 (mod 4), we have v = 0 (mod 4). So we examine the elements in T}, o, which are
all congruent to 0 modulo 4 by Lemma 3.11. For the smallest element of T}, », which is
k — 20, we have

k—20>Fk—4t
=4(t* +t+1) -4t
=4t + 4
> (2t)%

Similarly, for the largest element of T}, ¢, which is k — 2¢ 4 4(¢ — 1), we have

k—20+4(0—1)<k+4t—4
=4 +t+1)+4t—4
=4t + 8t
< (2t +2)%
Since all the elements of T} , are congruent to 0 modulo 4 and they are between two

consecutive even squares, there cannot be any perfect squares in the set 7}, .
The proofs of 2., 3. and 4. are similar. O

Example 3.13. If we take t = 3 in Theorem 3.12, we see that there does not exist a
(k* — k + 4,k)-MGR, a (k* — k + 8,k)-MGR or a (k? — k + 12,k)-MGR when k =
50,52. Further, there does not exist a (k? — k + 2, k)-MGR, a (k? — k + 6, k)-MGR or a
(k? — k + 10, k)-MGR when k = 37, 39.

We will show that we can improve Theorem 3.7 when v = 0 (mod 4). First we state
and prove a simple numerical lemma.
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Lemma 3.14. Let a be a positive integer. Then

R | B () S Gy R RV ] St

Further, if a is even, then
a a\2 a
R o<h< VU0 (ZY _p2.0<h< 2
{h(a h).O_h_Q} {() h2.0<h } (3.2)

Proof. Clearly we have , ,
o= (3 - (51"

Therefore (3.1) holds. If a is even, then

(5 - G- osnegh {5 -wosnss),

and (3.2) holds. L]

NS

Theorem 3.15. Suppose that X is a (v, k)-MGR with v = k% — k + 2(. Then the following
hold.

1. If v =0 (mod 8), then there exist integers i € {0,1,...,£ —1}and j € {0,1,...,
€ —1—i} such that k — 20 + 4i is a perfect square and k — 20 + 2i + 4j is a sum of
two squares.

2. Ifv =4 (mod 8), then there exist integers i € {0,1,...,0 —1}and j € {0,1,...,
€ — 1 — i} such that that k — 20 4 4i is a perfect square and k — 20 + 2i 4+ 45 + 2 is
a sum of two squares.

Proof. Suppose v = 0 (mod 8); then v/2 = 0 (mod 4). From Lemma 3.6 and the
proof of Theorem 3.7, there are an even number, say 2i, of odd elements in L(X ), where
0 < i < £ — 1. The number of elements = 2 (mod 4) that are in L(X) is also even, say
2j,and we musthave 0 < j < /¢ —1 —1.

Let a and b be the number of even and odd elements in X, respectively. We showed in
the proof of Theorem 3.7 that a and b are the solutions to the quadratic equation

2 v
—k - —1=0
x x + 1 7 s
and hence a + b =k, ab= 7 — 7, and k? — v + 4i = k — 20 + 4i is a perfect square.
Let n,, be the number of elements of X that are congruent to o modulo 4, for o =
0,1,2,3. It is evident that ng + ny = a and that nqy + ng = b. Thus, from (3.1) in
Lemma 3.14, we have

s € {na=mo << |8 = {8 - (§-1) o <nsg])
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Multiplying by four, we get:

4ngny € {a2 —(a—2h)*:0<h< LgJ } 3.3)
and
dning € {bQ—(b—Qh)onghg {ZJ} (3.4)

Now note that 2ngng + 2n1ng is the number of differences in A X that are congruent
to 2 modulo 4, which of course is also equal to § — 2j. Thus, from (3.3) and (3.4), there
are integers fy, h such that 0 < hy < [],0 < hy < | 5] and

a® — (a—2h1)? + 6% — (b— 2hy)? = g — 4. 3.5)
Using the facts that
a+b=Fk and
ab = g —1,

we have

a® +b* = (a +b)* — 2ab

:kQ—ng%.

Substituting this into (3.5), we have
k2—g+2i—(a—2h1)2—(b—2h2)2 :%—4]',
or
k? —v42i+45 = (a —2h1)* + (b — 2ho)>.

Since v = k2 — k + 2¢, we obtain
k—2042i+4j = (a — 2h1)? + (b — 2hy)?.

We conclude that k — 2¢ + 27 + 45 is a sum of two squares.

Suppose v = 4 (mod 8). As before, there are an even number, say 2i, of odd elements
in L(X), where 0 < ¢ < ¢ — 1. However, v/2 = 2 (mod 4), so the number of elements
= 2 (mod 4) that are not in AX is an odd number, say 25 + 1, where 0 < j < ¢ —1 — 3.

Reasoning exactly as in the case where v = 0 (mod 8), we find that k — 2¢ + 4i is a
perfect square and that £ — 2¢ + 2¢ + 45 + 2 is a sum of two squares. 0

We now give an application of Theorem 3.15.

Corollary 3.16. Suppose thatk = n?> — 20 + 4 where £ > 1landn > €+ 1. Letv =
k* — k + 2¢.

1. Ifv=0 (mod 8) and k — 2 is not the sum of two squares, then a (v, k)-MGR does
not exist.
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2. Ifv =4 (mod 8) and k is not the sum of two squares, then a (v, k)-MGR does not
exist.

Proof. We note that k — 2¢ + 4(¢ — 1) = n? is a perfect square. We claim there are no
squares of the form k& — 2¢ + 4i where 0 < ¢ < ¢ — 2. This is because the smallest such
integer is

k—20=n"—40+4
>n? —4(n—1)+4
=n?—4n+8
=(n—2)?+4.

Since all these integers have the same parity as n? and they are not larger than k — 2/ +
4(¢ — 1) = n?, the result follows. Therefore i = ¢ — 1 is the only value in [0, £ — 1] such
that & — 2¢ + 4i is a perfect square.

Now, in applying Theorem 3.15, we need to check that a certain condition holds for
0<j</{¢—1-—4. Sincei =¥ — 1, we only need to consider j = 0. Theorem 3.15 then
states that a (v, k)-MGR does not existif v =0 (mod 8) and k — 20 +2({ —1) =k — 2
is not a sum of two squares; or if v = 4 (mod 8) and k —2( 4+ 2({ —1) +2 = kisnota
sum of two squares. (It is not hard to verify that v = 0 (mod 4), so either v =0 (mod 8)
orv =4 (mod 8).) O

We give some examples to illustrate results that can be obtained using Corollary 3.16.

Example 3.17. Suppose we take n = 4t + 2 and £ = 5 in Corollary 3.16. Then v =
k* —k+10=0 (mod 8). Here we have

k—2=(4t+2)2 —10+4 — 2 = 4(4> + 4t — 1).

This integer is not the sum of two squares because 4t> + 4t — 1 = 3 (mod 4). Hence, no
(k? — k 4+ 10, k)-MGR exists if k = 4(2t + 1) — 6. The first values of k covered by this
result are £ = 30, 94, 190, 318,478,670, 894, 1150, 1438, 1758.

Example 3.18. Suppose we take n = 4¢ + 2 and ¢ = 3 in Corollary 3.16. Then v =
k* —k+6=0 (mod 8). Here we have

k—2=(4+2)?—6+4—2=16t> + 16t.

This integer is the sum of two squares if and only if ¢ +¢ is the sum of two squares. Hence,
no (k? — k + 10, k)-MGR exists if & = 4(2t + 1)> — 2 and ¢? + ¢ is not the sum of two
squares. The first values of k covered by this result are k = 98, 194, 482, 674, 898, 1762,
2114, 2498, 2914 and 3362.

Example 3.19. Suppose we take n = 4t and £ = 5 in Corollary 3.16. Then v = k? — k +
10 =4 (mod 8). Here we have

k=16t — 6 = 2(8t* — 3).

This integer is the sum of two squares if and only if 82 — 3 is the sum of two squares.
Hence, no (k? — k + 10, k)-MGR exists if k = (4¢)? — 6 and 8t — 3 is not the sum of two
squares. The first values of k covered by this result are £ = 138, 5704, 1290, 2298, 2698,
3594, 5178, 6394, 7050 and 9210.
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4 Nonexistence results for (v, k, 1)-00C

In this section, we prove nonexistence results for some optimal (v, k, 1)-optical orthogonal
codes of size n > 1. Note that we are investigating the cases where v is even in this section.

Lemma 4.1. Suppose 1 < { < (g) andv = k(k — 1)n+ 2. Then a (v, k, 1)-00C of size
n is optimal.

Proof. For v as given, we have

=] = [

However, 2¢ — 1 < k(k — 1) because ¢ < (’2“) )

v—1
m - 1>J !
Suppose X = {X1,...,X,}isa (v, k, 1)-optical orthogonal code. We define AX and
the leave, L(X), in the obvious way:

AX = U{m—ymodv:x,yeXi,x#y}
i=1

and
L(X)=7Z,\ AX.

The following lemma is a straightforward generalization of Lemma 3.6.

Lemma 4.2. Suppose X is a (v, k,1)-optical orthogonal code where v is even. Then
{0,v/2} C L(X). Ifv =0 (mod 4), then |Lo(X)| and |L1(X)| are both even. If v = 2
(mod 4), then |Lo(X)| and |L1(X)| are both odd.

Theorem 4.3. Givenv = k(k — 1)n+ 20 with1 < { < (g) define the two sets

S:{EJ—hzoghgﬂ—l}.

T:{h(k—h):0<h< V;J}

Then a necessary condition for the existence of an optimal (v, k,1)-O0C is that at least
one element of S is representable as a sum of n integers of T.

and

Proof. Note than an optimal (v, k, 1)-OOC will have size n, from Lemma 4.1. Assume
that X = {X;,...,X,,} is an (optimal) (v, k, 1)-OOC.

From Lemma 4.2, we see that v/2 € L(X) and |L; (X )| has the same parity as 5. Also,
as in the proof of Lemma 3.7, 0 < |L1(X)| < 2¢ — 2. Thus, considering that the number
of odd elements in Z, is v/2, we see that the number of odd differences in | J;_; AX; is
twice an element of S.

Suppose that X; contains exactly a,; even elements, so k — a; is the number of odd
elements in X;. Then the number of odd elements in AX; is 2a,(k — a;), that is, twice
an element of 7". It follows that at least one element of S is representable as a sum of n
integers belonging to 7. O
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Let us see some consequences of Theorem 4.3. As a first example, we consider the
cases where k = 3.

Corollary 4.4. An optimal (v,3,1)-0O0C does not exist if v = 14,20 (mod 24).

Proof. When we take k = 3 in Theorem 4.3, we have T' = {0, 2}. Suppose v is even and
we write v = 24t + 2w, where 1 < w < 12. We express v in the form v = 6n + 2¢, where
1 < ¢ < 3, obtaining the values of n and ¢ and the sets .S that are shown in Table 2.

Table 2: Applications of Theorem 4.3 when k = 3.

v ‘ n S
24t + 2 4t {6t}
24t + 4 4t {6t,6t + 1}
24t + 6 4t {6t —1,6t,6t+1}
24t 48 | 4t + 1 {6t +2}

24t 4+ 10 | 4t +1
24t +12 | 4t +1
24t + 14 | 4t + 2
24t + 16 | 4t + 2
24t + 18 | 4t + 2
24t +20 | 42+ 3
24t 422 | 44+ 3
24t +24 | 4643

{6t + 1,6t + 2}
{6t + 1,6t + 2,6t + 3}
{6t + 3}

{6t + 3,6t + 4}
{6t + 2,6t + 3,6t + 4}
{6t+5}

{6t + 4,6t + 5}
{6t +4,6t+ 5,6t + 6}

WK W WN R WN RS

When v = 14,20 (mod 24), the set .S consists of a single element, which is an odd
integer. Clearly it is not a sum of even integers, so we conclude from Theorem 4.3 that an
optimal (v, 3, 1)-O0C does not exist if v = 14,20 (mod 24). O

Remark 4.5. It is well-known that an optimal (v, 3, 1)-OOC exists if and only if v # 14, 20
(mod 24) (e.g., see [1, 2] for discussion about this result).

We adapt the argument used in Corollary 4.4 to prove a generalization that works for
odd integers k # 1 (mod 8). First, we observe that, if & is odd, then all the elements of
T are even. So we obviously get a contradiction in Theorem 4.3 if the set .S consists of a
single odd integer. This happens if £ = 1 (so v = nk(k — 1) + 2) and one of the following
two conditions hold:

1. nk(k—1)=2 (mod 8) (v =0 (mod 4) in this case) or
2. nk(k—1) =4 (mod 8) (v =2 (mod 4) in this case).
Since k is odd, we have k = 1,3,5,7 (mod 8). We consider each case separately.
k=1 (mod 8):
Here k(k — 1) =0 (mod 8), neither of 1. or 2. can hold.
k =3 (mod 8):
Here k(k—1) =6 (mod 8). For 1., we obtain 6n = 2 (mod 8),son =3 (mod 4)
and v = (4t 4+ 3)k(k — 1) 4 2 for some integer ¢. It follows that

v=3k(k—1)+2 (mod 4k(k—1)).
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For 2., we obtain 6n = 4 (mod 8),son =2 (mod 4) and v = (4t+2)k(k—1)+2
for some integer ¢. It follows that

v=2k(k—1)+2 (mod 4k(k —1)).

k=5 (mod 8):

Here k(k — 1) = 4 (mod 8). For 1., we obtain 4n =
impossible. For 2., we obtain 4n = 4 (mod 8), so n =

(2t + 1)k(k — 1) + 2 for some integer ¢. It follows that

2 (mod 8), which is
1 (mod 2) and v =

v=k(k—1)+2 (mod 2k(k—1)).

k=7 (mod 8):
Here k(k—1) =2 (mod 8). For 1., we obtain 2n = 2 (mod 8),son =1 (mod 4)
and v = (4t + 1)k(k — 1) + 2 for some integer ¢. It follows that
v=k(k—1)+2 (mod4k(k—1)).

For 2., we obtain 2n = 4 (mod 8),son =2 (mod 4) and v = (4t +2)k(k—1)+2
for some integer ¢. It follows that

v=2k(k—1)+2 (mod 4k(k—1)).
Summarizing the above discussion, we have the following theorem.

Theorem 4.6. There does not exist an optimal (v, k, 1)-OOC whenever one of the following
conditions hold:

* k=3 (mod 8) and v = 3k(k — 1) + 2 (mod 4k(k — 1)).

) 1)
e k=3 (mod 8) and v = 2k(k — 1) + 2 (mod 4k(k — 1)).
. 5 (mod 8) and v = k(k — 1) + 2 (mod 2k(k — 1)).
e k=7 (mod 8)andv =k(k — 1) +2 (mod 4k(k — 1)).
. 7 (mod 8) and v = 2k(k — 1) + 2 (mod 4k(k — 1)).
The following results are immediate corollaries of Theorem 4.6.

Corollary 4.7. An optimal (v,3,1)-O0C does not exist if v = 14,20 (mod 24); an opti-

mal (v,5,1)-00C does not exist if v = 22 (mod 40); and an optimal (v,7,1)-0O0C does
not exist if v = 44,86 (mod 168).

Example 4.8. As an example where Theorem 4.3 can be applied to an even value of k,
consider the case of an optimal (62, 6, 1)-OOC. Here we have 62 =2 X 6 x 5 +2 x 1, so
n=2and ¢ = 1. Theset S = {15} and T = {0, 5, 8,9}. It is impossible to express 15 as

the sum of two numbers from 7', so we conclude that an optimal (62, 6, 1)-OOC does not
exist.

We now prove some general nonexistence results.
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Theorem 4.9. Suppose 1 < £ < (g) and suppose an optimal (2k(k — 1) 4+ 2¢,k,1)-00C
exists. Define the set R as follows:

{Lk*T”lJ—Fh:OShSﬁ—l} if k is even;
R=<q{k—(+2h:0<h<{-1} if k is odd and 0 is even;
{k—0+2h+1:0<h<{l—1} ifkand/{ are both odd.

Then at least one integer in the set R can be expressed as the sum of two squares.

Proof. First, suppose k is even. Apply Theorem 4.3. We have v = 2k(k — 1) + 2/ and thus

we have L(k ,
S{(21)+{2Jh;oghgfl}.

From Lemma 3.14, we have

From Theorem 4.3, we have

e () ()

for integers h, i, j where 0 < h < ¢ —1and 0 < 4,5 < k/2. Simplifying, we obtain

k ¢ _ 2, 2
2_L2J+h—l +7°.

The result follows by noting that

since k is even.
Next, suppose k is odd and / is even. Here v = 0 (mod 4). We again apply Theo-
rem 4.3. Here we have

S:{W_h;0<h<g_1}

and, from Lemma 3.14, we have

From Theorem 4.3, we get

(6
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for integers h, i, j where 0 < h < ¢ —1and 0 <i,j < (k — 1)/2. Simplifying, we have
2k(k — 1) + 20 — 4h = 2k* — (k — 2i)* — (k — 25)*.

Therefore,
(k —2i)? + (k — 25)* = 2(k — £ + 2h),

and the result follows.
The final case is when k and £ are both odd. The proof for this case is very similar to
previous case. O

Corollary 4.10. Suppose that k has prime decomposition that contains a prime p = 3
(mod 4) raised to an odd power. Then an optimal (2k(k — 1) + 2,k,1)-0O0C does not
exist.

Proof. Suppose an optimal (2k(k — 1) + 2, k, 1)-OOC exists. Take £ = 1 in Theorem 4.9;
then A = 0 in the definition of the set R. It follows that, if & is even, then k/2 is the sum
of two squares; and if £ is odd, then k is the sum of two squares. The desired result then
follows from Theorem 1.9. O

Remark 4.11. The smallest applications of Corollary 4.10 are when k¥ = 3 and k£ = 6.
We conclude that optimal (14, 3,1)-O0C and optimal (62, 6,1)-OOC do not exist. We
note that Corollary 4.4 also shows that an optimal (14, 3, 1)-OOC does not exist. Also, Ex-
ample 4.8 proved the nonexistence of an optimal (62, 6, 1)-OOC using a slightly different
argument. The next values of k covered by Corollary 4.10 are k£ = 7, 11, 12, 14, 15, 19,
21, 22, 23 and 24.

Now we prove a nonexistence result that holds for arbitrarily large values of £.

Theorem 4.12. For any positive integer U, there are infinitely many even integers k such
that an optimal (2k(k — 1) + 24, k,1)-00C does not exist.

Proof. Using Lemma 1.10, choose an even integer  such that | ==L | + 1 is not the sum
of two squares, for 0 < i < ¢ — 1. Then apply Theorem 4.9. O

We next prove the nonexistence of certain optimal (3k(k — 1) + 2, k, 1)-O0C with k
even.

Theorem 4.13. There does not exist an optimal (3k(k — 1) + 2,k,1)-00C if
k= (4°TY(24c +7) + 2) /3 with a,c > 0 or if k = 4°T1(8¢ + 5) with a,c > 0.

Proof. Assume that X is an optimal (3k(k — 1) + 2, k,1)-OOC with k even. We apply
Theorem 4.3 with n = 3. Here, with the usual notation, we have

3k —3k+2
5= {2

3k2 — 3k
s={*"}

if k=2 (mod 4), and
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if k=0 (mod 4). Also, as in the proof of Theorem 4.9, we have

EV k
= - = 0<h< =>.
T {(2> h 0_h_2}

It follows that the unique element in the set S must be a sum of three elements of 7.
For k = 2 (mod 4), we have
3k2 — 3k +2 kY

for integers hi, ho, hs. It follows that (3k — 2)/4 is a sum of three squares, and hence
(3k — 2)/4 is not of the form 4%(8b + 7) where a, b > 0. Thus, if

k—2
3 [ =8+ ) @.1)

an optimal (3k(k — 1) + 2, k, 1)-OO0C does not exist. (4.1) holds if and only if

- 491 (8h +7) + 2
D e—

In order for k to be an integer, b must be divisible by 3, say b = 3c. Therefore, if

. 4911 (24c 4+ 7) + 2
- ; ,

where a, ¢ > 0, an optimal (3k(k — 1) 4 2, k, 1)-OOC does not exist.
The case k = 0 (mod 4) is similar. Here, 3k/4 must be a sum of three squares, and
hence 3k /4 is not of the form 4%(8b+ 7). Therefore an optimal (3k(k — 1)+ 2, k, 1)-O0C

does not exist if
b — 498+ 7)

3
In order for k to be an integer, we must have b = 1 (mod 3), say b = 3¢ + 1. Then
(804 7)/3 = 8¢ + 5. We conclude that an optimal (3k(k — 1) + 2, &, 1)-OOC does not
exist if
k= 4T8¢+ 5),
where a, c > 0. ]

Finally, we prove the nonexistence of certain optimal (3k(k — 1) + 4, k, 1)-OOC with
k even.

Theorem 4.14. There does not exist an optimal (3k(k — 1) + 4,k,1)-00C if
k= (4°T3(24c + 23) — 2) /3 with a,c > 0 or if k = 4973(8¢c + 5) with a, c > 0.

Proof. We proceed as in the proof of Theorem 4.13, by applying Theorem 4.3 with n = 3.
Assume that X is an optimal (3k(k — 1) + 4, k, 1)-OOC with k even. We have

3k —3k—2 3k2—-3k—2
= ].
s= T
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if k=2 (mod 4), and

2 2
S:{3k 3k 3k 3k+1}

4 ’ 4

if k=0 (mod 4). Also,

EN o, k
= — | — 0< h< =3.
T {<2> h 0_h_2}

At least one element in the set S must be a sum of three elements of 7.

23

Suppose k = 2 (mod 4) and let n = (3k + 2)/4 — 1. Proceeding as in the proof
of Theorem 4.13, we see that one of n or n + 1 is the sum of three squares. However, if
n+1=4%(8b+ 7) where a > 2, then Lemma 1.11 implies that neither n nor n + 1 is the
sum of three squares. In this case, optimal (3k(k — 1) + 4, k, 1)-OOC does not exist. This

occurs when

k42
34* — 49(8b + 7),

witha > 2, or
b 4““(8b+7) -2
-3

Since k is an integer, b = 2 (mod 3), say b = 3¢ + 2, and then

49t1(24¢ 4 23) — 2
- . :

k

where a > 2. For k of this form, an optimal (3k(k — 1) + 4, k, 1)-OOC does not exist.

Suppose k = 0 (mod 4) and let n = 3k/4 — 1. Here, by the same logic as above, an

optimal (3k(k — 1) + 4, k, 1)-OOC does not exist when

k
% — 49(8b+7),

or
L A8+ T)
=
where a > 2. Here, b = 1 (mod 3), say b = 3¢ + 1, and then

k=471 (8¢ + 5),

where a > 2. For k of this form, an optimal (3k(k — 1) 4 4, k, 1)-OOC does not exist.

5 Other types of designs

O

In this section, we obtain necessary conditions for the existence of certain cyclic Steiner

2-designs and relative difference families using the techniques we have developed.
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5.1 Cyeclic Steiner 2-designs

A Steiner 2-design of order v and block-size k, denoted as S(2, k, v), consists of a set of
k-subsets (called blocks) of a v-set (whose elements are called points) such that every pair
of points occurs in a unique block. An S(2, k, v) is cyclic if there is a cyclic permutation of
the v points that maps every block to a block.

It is well-known that a cyclic S(2, k, v) exists only if v = 1 or k& (mod k(k — 1)). A
cyclic S(2,k,v) with v = 1 (mod k(k — 1)) is equivalent to a (v, k, 1)-OOC of size n;
in this case the leave is {0}. Further, a cyclic S(2, k,v) with v = k (mod k(k — 1)) is
equivalent to a (v, k, 1)-OOC of size n whose leave is the subgroup of Z, of order k.

Assume that X = {X1,...,X,}is an (k(k — 1)n + k, k, 1)-OOC of size n that is
obtained from a cyclic S(2, k, k(k — 1)n + k) with both k and n even. The leave L(X)
has exactly k/2 odd elements and therefore the number of odd differences in |J_; AX; is
k(k—1)n/2.

Reasoning as in the proof of Theorem 4.9, we see that k(k — 1)n/4 is the sum of n

integers in the set
I k
T{()hﬁoghg}.
2 2

Thus we have

k
L S AR Y
for a suitable n-tuple (hq, ..., h,) of nonnegative integers, each of which does not exceed

k/2. Using Lagrange’s Four-square Theorem (Theorem 1.9), it is an easy exercise to see
that such an n-tuple certainly exists for n > 4.
However, if n = 2, this is not always the case. Here we require

k
5= hi+ h3
for nonnegative integers hi, ho < k/2. As stated in Theorem 1.9, a positive integer can be
written as the as a sum of two squares if and only if its prime decomposition contains no
prime p = 3 (mod 4) raised to an odd power. So we obtain the following result.

Theorem 5.1. If k is an even integer whose prime decomposition contains a prime p = 3
(mod 4) raised to an odd power, then there does not exists a cyclic S(2, k, 2k(k — 1) + k).

We can apply Theorem 5.1 with k = 6,12, 14,22, 24, 28, etc.

Now assume that X = {X;,..., X,,} isa (k(k — 1)n + k, k, 1)-OOC that is obtained
from a cyclic S(2, k, k(k — 1)n + k) with k even and n odd. Here all the elements of the
leave of X are odd, and hence all (k(k — 1)n + k)/2 odd elements of Z, have to appear in

M is the sum of n integers in the set

EV o, k
= -] — 0< h< =
T {(2> h O_h_Q},

k(n—1
%thﬁ‘hg-ﬁ-"‘-i—hi

U, AX,. Reasoning as above, we see that

i.e.,
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for a suitable n-tuple (hq,. .., h,,) of nonnegative integers not exceeding k/2. Again, such
a n-tuple exists by Lagrange’s Four-square Theorem if n > 5.

But this is not always the case if n = 3. Here we require
k 2 2 2
5 == h‘l + h2 + h’S
for nonnegative integers hq, ha, hy < k/2.

Applying Legendre’s Three-square Theorem (Theorem 1.9), we have the following re-
sult.

Theorem 5.2. If k = 2*(8b+ 7) where a and b are nonnegative integers and a is odd, then
there does not exist a cyclic S(2, k,3k(k — 1) + k).

We can apply Theorem 5.1 with k£ = 14, 46, 56, 62, etc.

5.2 Relative difference families

When G = Z, and the order of the subgroup H is equal to w, a (G, H, k, 1)-RDF is clearly
a (v, k,1)-O0C whose leave is the subgroup of Z, of order w. In this case, some authors
(e.g., [22]) speak of a w-regular (v, k,1)-OOC. Note that a w-regular (v, k, 1)-OOC is
optimal provided that w < k(k — 1). Also, note that a k-regular (v, k,1)-OOC gives rise
to a cyclic S(2, k, v).

Theorem 5.3. Let G be a group with a subgroup S of index 2 and let X be a (G, H, k, \)-
relative difference family of size n, where |H| = w. If H is contained in S, then kn — Aw
is a sum of n squares. If H is not contained in S, then kn is a sum of n squares.

Proof. Let us say that an element of G is even or odd according to whether it belongs to
or does not belong to S, respectively. Set X = {X1,...,X,} and, fori = 1,...,n, let
a; and b; be the number of even and odd elements in X, respectively. The number of odd
elements in AXj is 2a;b; (note that here we are treating AX; and AX as multisets since
differences may be repeated). Also, by definition, the number of odd elements in AX is A
times the number of all odd elements of G \ H.

If H, S are subgroups of a group G with |G : S| = 2, then either H C Sor |[HN S| =
|H|/2. Hence, we have

- Av Av —w)
2a:b; = — _—
;:1 a;b; 5 or 5 ,

according to whether H is contained or not contained in .S. Thus we have:

" v ifHCS
Z 4a;b; = .
P Av—w) ifHZS.
Now, given that a; + b; = k, we have
4(1Lbz = 4ai(k — ai) = k2 — (k — 2&1‘)2.

Replacing this in the above formula and taking account of (1.1), we get

z”:(k 20,)? kn—Xw ifHCS
—2;)? =
pot kn ifH¢S.

and the assertion follows. O
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Theorem 5.3 is trivial for n > 4 in view of Theorem 1.9. On the other hand, it gives
some important information for n = 1,2,3. We now discuss several consequences of
Theorem 1.9.

First, we point out a connection with the Bose-Connor Theorem (Theorem 3.3). Sup-
pose we take n = 1 in Theorem 5.3 and suppose H C S. Recall that S is a subgroup of
index 2. Denote |G| = v = uw, where |H| = w. Then Theorem 5.3 asserts that k — Aw
must be a perfect square. This result can also be obtained from Theorem 3.3, as follows.
The development of the (G, H, k, \)-relative difference family through the group G yields
a divisible design with \; = 0 and A2 = \. Since H and .S are subgroups of G and H C S,
it must be the case that w | §, say v/2 = tw. Then v = v/w = 2t is even. Therefore
statement 1. of Theorem 3.3 applies, and k2 — \v is a square. However, k(k—1) — A(v—w)
from (1.1), so k* — v = k — Aw, so we obtain the same result.

In the special case of the preceding result where w = 1, we see that kK — X is a square.
This also follows from the Bruck-Ryser-Chowla Theorem (as we already discussed in Ex-
ample 3.5 in the case where G is cyclic).

If we take n = 2 and w = 1, we see that, if X is a (v, k, \)-DF with two base blocks
in a group with a subgroup of index 2, then 2k — A is a sum of two squares (this result was
first shown in [17, Corollary 2.1]). Similarly, taking n = 3 and w = 1, we see that, if X is
a (v, k, A)-DF with three base blocks in a group with a subgroup of index 2, then 3k — A is
a sum of three squares (this result was first shown in [17, Corollary 2.2]).

Finally, n € {2,3} and w = k = 0 (mod 2), then a cyclic S(2,k,k(k — 1)n + k)
exists only if k is a sum of n squares. This is equivalent to results obtained in Section 5.1.

6 Summary

We have proven a number of nonexistence results for infinite classes of modular Golomb
rulers, optical orthogonal codes, cyclic Steiner systems and relative difference families. We
note that very few results of this nature were previously known. Many of our new results
are based on counting even and odd differences and then applying some classical results
from number theory which establish which integers can be expressed as a sum of a two or
three squares.
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Abstract

We construct a new example of an infinite family of groups acting on a d-adic tree, with
d > 2 that is non-contracting and weakly regular branch over the derived subgroup.
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1 Introduction

Weakly branch groups were first defined by Grigorchuk in 1997 as a generalization of the
famous p-groups constructed by Grigorchuk himself [4, 5], and Gupta and Sidki [6]. These
groups possess remarkable and exotic properties. For instance, the Grigorchuk group is the
first example of a group of intermediate word growth, and amenable but not elementary
amenable. Also, together with the Grigorchuk group, other subgroups of the group of
automorphisms of rooted trees like the Gupta-Sidki p-groups and many groups in the family
of the so-called Grigorchuk-Gupta-Sidki groups have been shown to be a counterexample
to the General Burnside Problem.

For these reasons, (weakly) branch groups spread great interest among group theo-
rists, who have actively investigated further properties of these in the recent years: just-
infiniteness, fractalness, maximal subgroups, or contraction.

Roughly speaking, a group is said to be contracting if the sections of every element are
“shorter” than the element itself, provided the element does not belong to a fixed finite set,
called the nucleus (see the exact definition in Section 2).
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Even though in the literature there are many examples of weakly branch contracting
groups, not much is known about weakly branch groups that are non-contracting. In 2005
Dahmani [2] provided the first example of a non-contracting weakly regular branch au-
tomaton group. Another example with similar properties was constructed by Mamaghani
in 2011 [7]. Both are examples of groups acting on the binary tree. We also point out that
in [9] Sidki and Wilson proved in particular that every group acting on the binary tree with
finite abelianization (including non-contracting groups) embeds in a branch group. This
provides more examples of non-contracting branch groups acting on the binary tree.

For d > 3, the Hanoi Towers group H(d) < Aut 7y (which represents the famous game
of Hanoi Towers on d pegs) is non-contracting and only weakly branch. To the best of our
knowledge if d > 3 it is not known if these groups can be branch. For more information on
the topic, see [3] and [10].

In this paper we explicitly construct an example of an infinite family of non-contracting
weakly branch groups acting on d-adic trees for any d > 2. This result gives a wealth of
examples of groups with these properties. In the following we denote with Aut 7 the
group of automorphisms of a d-adic tree.

Theorem 1.1. For any d > 2, there exists a group M(d) < Aut T; that is weakly regular
branch over its derived subgroup, non-contracting and fractal.

1.1 Organization

In Section 2 we give some definitions of groups acting on regular rooted trees and of prop-
erties like fractalness, branchness and contraction. In Section 3 we introduce these groups
and we prove the main theorem together with some additional results regarding the order
of elements of M(d).

2 Preliminaries

In this section we fix some terminology regarding groups of automorphisms of d-adic
(rooted) trees. For further information on the topic, see [1] or [8].

Let d be a positive integer, and 7, the d-adic tree. We denote with Aut 7, the group of
automorphisms of 7. We let £,, be the nth level of 74, and L, the levels of the tree from
level n and below.

The stabilizer of a vertex u of the tree is denoted by st(u), and, more generally, the
nth level stabilizer st(n) is the subgroup of Aut 7y that fixes every vertex of L,. If
G < Aut Ty, we define the nth level stabilizer of G as stg(n) = st(n) N G. Notice that
stabilizers are normal subgroups of the corresponding group. We let 1) be the isomorphism

P st(l) — Aut Tg X ox Aut Ty

gr— (gu)u€£17

where g, is the section of ¢ at the vertex u, i.e. the action of g on the subtree 7, that
hangs from the vertex u. Let Sy be the symmetric group on d letters. An automorphism
a € Aut Ty is called rooted if there exists a permutation o € S, such that a permutes
rigidly the vertices of the subtrees hanging from the first level of the tree according to the
permutation o, i.e. if v = xu € V(7y), with € L4, then a(zu) = o(x)u. We usually
identify a and o.



M. Noce: A family of fractal non-contracting weakly branch groups 31

Notice that if g € st(1) with ¥(g) = (g1,--.,94), and o is a rooted automorphism,
then,
1/J(90) = (90*1(1),---795*1(@) . 2.1
Any element g € G can be written uniquely in the form g = ho, where h € st(1) and o is
a rooted automorphism.
Notice also that the decomposition g = ho, together with the action (2.1), yields iso-
morphisms

Aut Tg 2 st(1) x Sg = (Aut'Td x .4, x Aut’ﬁi) X Sy

(2.2)
Aut Tg1Sqg = ((+--1S4) 1Sq) 1.Sy.

1%

Throughout the paper, we will use the following shorthand notation: let f € Aut T of
the form f = gh, where g € st(1) and h is the rooted automorphism corresponding to
the permutation o € Sy. If ¥(g) = (g1, .., 9a4), we write f = (g1,...,94)0.

Definition 2.1. Let G < Aut 7y, and let V(7;) be the set of vertices of 7;. Then:

(a) The group G is said to be self-similar if for any g € G we have
{gu g€ GueV(Ta)} CG.

In other words, the sections of g at any vertex are still elements of G. For example,
Aut 7y is self-similar.

(b) A self-similar group G is said to be fractal if 1, (stg(u)) = G for all u € V(7y),
where 1),, is the homomorphism sending g € st(u) to its section g,,.

To prove that a group is self-similar it suffices to show that the condition above is
satisfied by the vertices of the first level of the tree (see [3, Proposition 3.1]). The situation
is similar in the case of fractal groups. More precisely, using Lemma 2.2, we deduce that
to show that a group G is fractal, it is enough to check the vertices in the first level of 7.
We recall that G is said to be level transitive if it acts transitively on every level of the tree.

Lemma 2.2 ([11, Lemma 2.7]). If G < Aut7y is transitive on the first level and
Yz (sta(x)) = G for some x € L4, then G is fractal and level transitive.

Here we present a family of non-contracting weakly branch groups. To this end, in the
following, we recall the corresponding two definitions.

Definition 2.3. A self-similar group G < Aut 7, is contracting if there exists a finite
subset F C G such that for every g € G there is n such that g, belongs to F for all
vertices v of L>,,. Note that if you take two finite sets 77 and F; satisfying the condition
on the sections above, then also J; N F3 will satisfy the condition. For this reason, one can
consider the set that is intersection of such sets. This is called the nucleus of G and it is
denoted by V.

Definition 2.4. Let G be a self-similar subgroup of Aut 7;. We say that G is weakly
regular branch over a subgroup K < G if G is level transitive and we have

V(K Nstg(1)) > K x - x K.

If, additionally, K is of finite index in G, then G is said to be regular branch over K.
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3 The groups M(d)

Let d > 2, and let T4 be the d-adic tree. The group M(d) < Aut 7y is generated by d
elements myq, ..., mgq, where my, ..., mgy are defined recursively as follows:

mlz(l,,l,ml)(ld)
moe = (1,...,1,mg,1)(1 -1)
ms = (1,. m3,171)( -2)

mg—1 = (lamd—lv 1a ERR) 1)<1 2)

mq = (ml,. ..,md).
For example, for d = 3, we have M(3) = (mq, mo, m3), where

my = (171,m1)(123), mo = (1,m2,1)(1 2), ms3 = (ml,mg,mg).

(123) (12)

mi : ma

(12)

~_ o~ (123) (1.2)

Figure 1: The generators of M(3).

3.1 Proof of the main theorem

In this section we prove the main result of the paper. In order to ease notation, and unless
it is strictly necessary, we will simply write M to denote an arbitrary group M(d).

Proposition 3.1. The group M is fractal and level transitive.
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Proof. Notice that the group is transitive on the first level because the rooted part of the
generator mq is (12 ... d). Also, it is straightforward to see that the group is self-similar,
since the sections of every generator at the first level are generators of M. To see that M is
fractal, note that

mtli = (m17 ;ml)
md—2 m
"ncl1 _(m317 >m2)
mf _ mi
my = (myy, ... my—2)
myt = (my"*t, ..., mg_1)
mg = (m17~";md)'

Then in the last component of the elements above we obtain all the generators of M. Using
Lemma 2.2, we conclude that M is level transitive and fractal. O

Proposition 3.2. Let d > 2. Then the group M(d) is weakly regular branch over its derived
subgroup M’ (d).

Proof. We will distinguish the case d = 2, and d > 3 separately. Let d = 2. The element
[m1, mo] is non-trivial since

1 1.2 1 )
)

[m1,me] = (my "my mi, my ma

and my 'my ¢ stae(1). Then M(2)’ is non-trivial, and we have
[m?, ma] = (1, [ma1, mo]). 3.1

From (3.1) and since M(2)’ = ([my, ms])M?), we obtain that {1} x M(2)" < (M(2)").
As M(2) is level transitive, we conclude that M(2) x M(2)" < (M(2)’), as desired.
Let d > 3, and write M for M(d). First we show that M’ is non-trivial. Let us denote
c=(12...d)and7=(12 ... d—1). We have
T, L,m )TN, Ly m)e (1 1 me, )T
(1,...,L,mHo(1,. .., L,my L my) (1, 1,me, 1) (o, 7]

=(my51,. ) (my,my 1 D (. 1, me) (12 d).

[m1, mo] =

Hence, we obtain that
[m1,ma] = (1,my 1, 1,...,1,mg)(12d). (3.2)

By (3.2), we have [mq, ma] ¢ sta(1), thus M’ is non-trivial.
Now, fori=1,...,d—2,and j =i+ 1,...,d — 1, we have

[mdT g™ = (1., 1, [mg, my)). (3.3)

Then in order to prove that {1} x --- x {1} x M’ < ¢»(M’ N sta(1)), it only remains to
show that forany ¢ = 1,...,d — 1, there exists (i) € M’ N stac(1) such that

xz(i) = (1,...,1,[m;, mg)).
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To find such (i), we first observe that

[(mf*‘l_i)mz{ ymal = (1,01, [my, maga], - -, [my, ma—1], [ms, myg)).

In order to cancel all these commutators above except for the last component, we use (3.3),
and we observe that since M is level transitive, if we conjugate with a suitable power of
my, we get [m;, miy1]"t, ..., [ms, mg_1]"" in each component. For example, if i = 2,
we have

[(mgil)'ml ’ md] = (17 1, [m27 m3}7 [m27 m4]7 BN} [m27 md])
By using the considerations above, we obtain that 2:(2) must be of the form
71]m‘;'

_ 2 d—2 _
2(2) = [ma, my~ "™ [ma, mj e [(my )™ ma)

=(1,...,1,[ma, mqg]). .

.. [mdfl, mgf

To prove last part of the main theorem (that M(d) is non-contracting), we need some
preliminary tools. Namely, we show some results regarding the order of elements of M(d).
We will handle the case d = 2, and d > 2 separately. More precisely, we first prove
that M(2) is torsion-free, and then, for d > 2, we show that the groups M(d) are neither
torsion-free nor torsion, contrary to the case d = 2.

The following Remark 3.3 and Lemma 3.4 are key steps to prove that M(2) is torsion-
free. We write M for M(2).

Remark 3.3. Let h € M’ with h = (hq, hg). Then h1hy € M.
Proof. Consider the following map p:
p:sta(l) =M — M/M
(hl, h2) — h1h2 — hlhg.

Note that p is a homomorphism of groups since M /M’ is abelian. As sty(1)/ Ker p is
abelian, M’ < Ker p. This concludes the proof. O

In the proof of next lemma, for a prime p we denote with v,(m) the p-adic valuation
of m, that is the highest power of p that divides m.

Lemma 3.4. We have M’ = (M’ x M')([mq, mz]). Furthermore
M/M = (myM) x (maM) 27 x Z.
Proof. Since M is weakly regular branch over M’ by Proposition 3.2, and
[m1,ma] = ([ma, mo]my 'y, my mo),

we deduce that (m5 m1, m; my) is an element of M. Furthermore, we claim that the
elements [my, mo]¥ where y € {my, ma, m; ', my "'} are in ([my, mz]) modulo M’ x M’.
Indeed, we have

[my, mo]™ = (m1_2m2m1,m1_1m51m12)

([m12, mzfl]mszl, [ma, mz]mzflml)

= (m1 'ma,mo " my)  (mod M’ x M),
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and similarly for the other commutators. Thus M’ = (M’ x M')([m1, ms]), as required.
Now we claim that m; is of infinite order. By way of contradiction suppose that, for
some k, m1 has order n = 2k, as m; has order 2 modulo the first level stabilizer. We have

m? = (mllcvmlf) = (la 1)7

which yields a contradiction as k£ < n. This concludes the proof of the claim and implies
that also my is of infinite order, since mg = (m1, mya). '

Now we want to show that if m{m3} € M/, then necessarily i = j = 0. As mim} €
M’ < stpg(1), then ¢ must be even. By way of contradiction, we choose the element
mém? € M’ subject to the condition that i is divisible by the least possible positive power
of 2, say 2%, for some a. In other words, v2(i) = a. Then if mim5 € M', necessarily
2% | r. Note that it cannot happen that » = 0 and s # 0 as my is of infinite order. Now,
writing ¢ = 2¢; for some ¢1, we have

mimd = (mi" myimed) = [mh, mb) = (miFme %, mi T Fme®)  (mod M x M).
This implies that m;"1+7=FmyF € M’ and m, "1 Fmyi=F € M. As 2% | iy +j — k and
2% | 41 + k, then 2% divides also j. This is because 2% | 2i; + j = ¢ + j and by hypothesis
2¢ | 4. Finally, we also have m;***my/ =% € M/, from which we get

. . itk i1tk .
_ kg Atk Lo p
my " TEmyd =k = <m1 2 ,my 2 md .

By Remark 3.3, we have miﬁjm%_k € M’ which implies that 2% | i; + j. As v5(i1) =
a — 1 and 2% | j, then v5(i1 + j) = a — 1, a contradiction as 2% | 4; + j. This completes
the proof. O

As a consequence, we prove the following.
Proposition 3.5. The group M(2) is torsion-free.

Proof. Suppose by way of contradiction that there exists an element of finite order in M.
Since M/M’ = Z x Z by Lemma 3.4, then this element must lie in M’ < sty(1).
Suppose that among all elements of finite order, we take the element g that lies in
stac(n) \ stac(n + 1), with n minimum with this property. Write g = (g1, ¢g2). As g is of
finite order, then also g1, go must be of finite order. By our minimality assumption of n, the
elements g1, go must lie at least in sty (n). This implies that g = (g1, g2) € stac(n+ 1), a
contradiction to the fact that g € sta¢(n) \ stac(n + 1). O

In the following we determine the order of some elements of M(d), for d > 2.
Proposition 3.6. Let d > 2. Then the group M(d) is neither torsion-free nor torsion.

Proof. For ease of notation we write M for M(d). We start by proving that the given
generators of M are of infinite order. Consider m4, and suppose by way of contradiction
that its order is n. Then if m} = 1, we obtain that mJ must lie in sty (1). Also, its order
must be a multiple of d, say n = dk for some k, since m; has order d modulo the first level
stabilizer. Since mq = (1,...,1,m1)(12 ... d), we obtain

my = (mk,. .. omb)=(1,...,1).



36 Ars Math. Contemp. 20 (2021) 29-36

This yields a contradiction since m¥ = 1 and k < n. Similar arguments can be used for
the generators ma, . .., mg_1, and my has infinite order because mg = (mq, ..., mq).
Furthermore, by (3.2), we have

[mi,ms] = (1L,my",1,...,1,ms)(12d).
Thus it follows readily that [my, ms]® = 1. Hence M is not torsion-free. O
We conclude the paper by proving the remaining part of the main theorem.
Proposition 3.7. The group M is non-contracting.

Proof. Suppose by way of contradiction that M is contracting with nucleus . Notice that
the element ;" stabilizes the vertex 1. As a consequence, by induction, m;"" fixes all the
vertices of the path v = 1.7.1 forall n > 1. Also, (m}'"), = m}"". Clearly, this implies
that m/;"* lies in V. Consider now a power k of m/;'*. Arguing as before, we obtain again
that (m'*)* fixes v and its section at v is (m/'*)*. Thus, (m['*)* € N for any k > 1.

This concludes the proof since m/;"* has infinite order. O
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Abstract

In a paper published in 1878/79 Klein produced his famous 14-sided polygon repre-
senting the Klein quartic, his Riemann surface of genus 3 which has PSL(2,7) as its au-
tomorphism group. The construction and method of side pairings are fairly complicated.
By considering the Farey map modulo 7 we show how to obtain a fundamental polygon
for Klein’s surface using arithmetic. Now the side pairings are immediate and essentially
the same as in Klein’s paper. We also extend his work from 7 to 11 as Klein also did in a
follow-up paper of 1879.

Keywords: Riemann surfaces, Klein quartic, regular maps, Farey tessellation, modular group, prin-
cipal congruence subgroups.

Math. Subj. Class. (2020): 30F10, 20H10, 51M20

1 Introduction

The Klein quartic was introduced in one of Felix Klein’s most famous papers, [5] of
1878/79. A slightly updated version appeared in Klein’s Collected Works [7], while for
a translation of this see the book The Eightfold Way, the Beauty of Klein’s Quartic Curve
edited by Silvio Levy [8]. This algebraic curve, whose equation is z3y + 32 + 232 = 0,
gives the compact Riemann surface of genus 3 with 168 automorphisms, the maximum
number by the Hurwitz bound.
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Let H denote the upper-half complex plane and let H* = H U Q U {co}. Klein’s
surface is H* /I'(7), where I'(7) is the principal congruence subgroup mod 7 of the classical
modular group I' = PSL(2,Z). (For this concept see [4, p. 301].) Klein studies the
Riemann surface of the Klein quartic by constructing his famous 14-sided fundamental
region with its side identifications. See sections 11 and 12 of [5] for the construction and
between pages 448 and 449 of [5], page 126 of [7], or page 320 of [8] for the figure itself.

Our approach is to construct a fundamental region for Klein’s surface using the Farey
tessellation M3 of H*, a triangular tessellation of H* which we define in §2, and which
was shown to be the universal triangular tessellation [10]. In §3 and §4, we study the level
n Farey map M3 /T (n), through the correspondence of its directed edges with the elements
of I'/T'(n) and the correspondence of its vertices with the cosets of I'; () in I". In §5 and
§6, we study the level 7 Farey map M3 /T'(7). As M3 C H*, M3/I'(7) C H*/I'(7), this
Farey map is embedded in the Klein surface. In a sense, we will show that this Farey map
is the Klein surface.

In §7 and §8, we review Klein’s original construction, computing Farey coordinates
on Klein’s 14-sided fundamental region and discussing the differences between the two
approaches. In volume 15 of Mathematische Annalen in 1879 [6], Klein extended his work
to study the surface H*/I'(11), which has PSL(2,11) of order 660 as its automorphism
group and is somewhat more complicated. He did not draw a fundamental region for the
case n = 11 as he did for n = 7. However we are able to draw the corresponding Farey
map in §9.

2 The Farey map

The vertices of the Farey map M3 are the extended rationals, i.e. QU{cc} and two rationals
2 and % are joined by an edge if and only if ad — bc = £1. These edges are drawn as
semicircles or vertical lines, perpendicular to the real axis, (i.e. hyperbolic lines). Here
o0 = %. This map has the following properties.

(a) There is a triangle with vertices %, 1, 9, called the principal triangle.
(b) The modular group I' = PSL(2,Z) acts as a group of automorphisms of M3.

. . b b
(c) The general triangle has vertices £, zjrr 2 g

This forms a triangular tessellation of the upper half plane. Note that the triangle in (c) is
just the image of the principal triangle under the Mobius transformation corresponding to
the matrix (29).

In [10] it was shown that M3 is the universal triangular map. This means that if M is
any triangular map on an orientable surface then M is the quotient of M3 by a subgroup
A of the modular group. A map is regular if its orientation preserving automorphism group
acts transitively on its darts, (i.e. directed edges) and M3 /A is regular if and only if A is a
normal subgroup of I". The subgroup A here is called a map subgroup.

(In general if A(m,n) is the (2, m,n) triangle group, then every map of type (m,n)
has the form M /M where M is the universal map of type (m,n) and M is a subgroup of
. In our case we are thinking of the modular group I as being the (2, 3, 00) group. The
infinity here means that we are not concerned with the vertex valencies; we just require the
map to be triangular. For the general theory we refer to [3].)

We now consider the case when A = I'(n), the principal congruence subgroup mod
n of the modular group I'. The corresponding maps are denoted by M3(n). As I'(n) is a
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Figure 1: The Farey map, (drawn by Jan Karabas).

normal subgroup of I" these maps are regular.

3 The map Mj(n)

The map M3(n) is a regular map that lies on the Riemann surface H* /T'(n). The auto-
morphism group of M3(n) is I'/T'(n) = PSL(2, Z,,) whose order p(n) forn > 2 is

P

The product is taken over all prime factors of n, see [3, Chapter 6, Exercise 6L].

Also, p(2) = 6.

Now p(n) is the number of darts of /\/l3( ) so the number of edges of this map is

(n) / 2, and the number of faces is equal to p(n)/3. Note that § is joined to k for k =
O, . —1so that has valency n and by regularity every vertex has valency n. Thus the
number of vertices is equal to p(n)/n. For example, 1(5) = 60, u(7) = 168, u(11) = 660,
so the numbers of vertices of M3(n), forn = 5,7, 11, are 12, 24, 60, respectively. We can
now use the Euler-Poincaré formula to find the well-known formula for the genus g(n) of

Mg(’n);
g()_1+24(n—6)H(1—1>. (3.1)

2
p
pln

3.1 Farey coordinates for M3(n)

If (a,c,n) = 1 then the projection of ¢ from M3 to M3z(n) is denoted by [2], or simply
2 when there is no room for ambiguity, To be precise, a Farey fraction % is an equivalence
class of ordered pairs (a, c) € Z2 with (a, c,n) = 1 under the equivalence relation (a, c) =
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(b,d) if b = ua,d = uc € Z,, and u = £1 € Z,,. This is sometimes referred to as a Farey
coordinate of a vertex in M3z(n).
See §4.1 for the case n = 5, where we give the Farey coordinates for the icosahedron.

4 The quasi-icosahedral structure of Farey maps

We now show that every Farey map has a quasi-icosahedral structure. Let us give some
definitions from [12].

1. The (graph-theoretic) distance 6( f1, f2) between two vertices f; and fy of a graph
is the least number of edges joining these two vertices.

2. A Farey circuit is a sequence of Farey fractions f1, fo, ..., fr where f; is joined by
an edge to f; 11 with the indices taken mod k.

3. A pole of a Farey map is any vertex with coordinates §.
The following theorem was proved in [12].

Theorem 4.1. Let %, % be distinct vertices of Ms(p), where p is prime, and let A =
ad — be. Then:
1 ifandonlyif |A| =1,

b
5 (Z d) ={2 ifandonlyif |A| £ 0,1,
3 ifandonlyif A =0.
Now let us call § the north pole N of M3(p). Then by the above theorem §(N, %) = 1

if and only if ¢ = +1, 6(N, ¢) = 2 if and only if ¢ # 0,1, and 6(N, 2) = 3 if and only
if ¢ = 0. That is, the vertices of M3(p) form four disjoint subsets: the north pole N at %, a
set of size n consisting of vertices whose graph-theoretic distance from N is 1, another set
of points at distance 2 from N, and other poles at distance 3 from /N. In Theorem 4.2, we
will show that these two sets are in fact circuits. As the icosahedron has this property we
refer to these Farey maps as having a quasi-icosahedral structure.

(In [12] it was also shown that M3(n) has diameter 3 for all n > 5.)

4.1 The icosahedron

M3(5) is an icosahedron [12] with vertex set

bl

120123401234
0°0°1’1'17171727272727 2

see Figure 2. The north pole N at %, there is a Farey circuit of length 5 of points whose
denominator is equal to 1 and have distance 1 from /N and a second circuit of length 5 of
points whose denominator is equal to 2 and have distance 2 from N. We also have the pole
2 at distance 3 from N.

For a quasi-icosahedral structure on M3(p) let N = & € M3(p). The circuit of points
of distance 1 from N is

01 p—1

Sl(p)_I)Iw"a 1

The set of points at distance 2 from N is more complicated and we now construct it. To
make the calculation clearer we start with the example p = 7. From Theorem 4.1, we see



L. Ivrissimtzis et al.: From Farey fractions to the Klein quartic and beyond 41

=l

] [e]

2
0

Figure 2: Drawing of M3(5) with Farey coordinates.

that the points of distance 2 from % have the form % where d = £2 or 3. Thus the points
1,1,2 € 95(7) all have distance 2 from N. As the transformation ¢ > ¢ + 1 fixes N and
preserves distance, all points in S(7) + k have distance 2 from N, for k = 1,...,6. Thus
we find the set

5(7)_112435051304620243566

2 _372)3737273’372)3737273’372)3737273’372)3

consisting of points at distance 2 from [V, see Figure 3. We now generalize this. Let p > 5
be a prime and let

1 1

11
S T Ve T Vo

Then

Theorem 4.2. The concatenation of sequences
So(p) =8S(S+1)(S+2)...(S+p—1),

where S = S(p), is the Farey circuit consisting of those points of distance 2 from N. The
length of S1(p) is p and the length of Sa(p) is p(p — 4). There are (p — 1)/2 poles.

Proof. We first observe that the points in Sz(p) do have distance 2 from N. Indeed, the

points 1 and 2= for 2 < k,m < pT_l have distance 2 from N = 1 as + + ¢ and

0
m=1 + 1 and none of these points have distance 1 from §. (The symbol <+ means

adjacent to.)
The transformation ¢ — ¢ + 1 fixes % and preserves distance so that all points in S + &
have distance 2 from N = %. We now show that Sa(p) is a Farey circuit. Clearly there are

edges between 1 and k%rl for k > 2 and between kiﬂ and Z—ié for k > 2. So, we only
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need to show that there is an edge between the last vertex in S 4 k and the first vertex in
S + k + 1. The last vertex of S + k is

(P—3)/2 _(p—3+kp—k)/2
(p—1)/2 (p—1)/2

The first vertex of S + &k + 1 is

k+

1 _ (kp—Ek+p+1)/2
3y R (Y § Y

[(p=3+kp—F)/2l(p—1)/2] = [(kp—k+p+1)/2)[(p—1)/2] = —p+ 1,

we see that the last vertex of S + k is adjacent to the first vertex of S + k + 1. Thus, S3(p)
is a Farey circuit consisting of points of distance 2 from %.
Now 51 (p) clearly has p points, and the set S(p) has p—4 points, thus Sz (p) has p(p—4)

points. The poles are %, %, ... with % = =k _and so the number of poles is %. O

0

5 Drawing M;(7)

The map M3(7) has 24 vertices with Farey coordinates

The first circuit is 51 (7) = %, %, ol %, and we draw a polygonal curve C(7), surrounding
&, containing the points of S1(7). We draw a bigger simple closed curve C(7), also
surrounding %, containing the points of S5(7). In Figure 3, C5(7) passes through the
points 3,5, 5 5 .

Finally, we can draw a simple closed curve C5(7) exterior to both C7(7) and C5(7)
which contains the poles % and 3, see the dotted line in Figure 3. The pole % is a vertex
of seven triangles whose base is on the second circuit. One of these triangles is g, %, % and
the others are found by adding 1,2, 3,4, 5, 6 to these three points. For example, adding 1
to g, %, % gives %( = %), %, %. (Adding the integer k has the geometric effect of rotating
M3(7) by 2E.) The pole 2 is a vertex of seven quadrilaterals which are unions of two Farey
triangles, and also have one edge on C(7). One of these is 3, 5, 2, 3 and we get the other
six by adding 1,2, 3,4,5,6. We end up with a 42-sided polygon pictured in Figure 3 (for
now ignore the dashed curves). It is interesting that exactly the same polygon was obtained
by E. Schulte and J. M. Wills in [9] by purely geometric methods.

6 The 14-sided polygon

We now show how to obtain a 14-sided polygon out of the Farey map M3(7) with the same
side-pairings as the Klein surface. As M3(7) has 42 edges and we need a 14-sided polygon
we define a new-edge to be a union of three consecutive edges which include vertices with
Farey coordinates % and %.

For example, our first new-edge goes from 2 to 2 to 3 to 3 and our second new edge

goes from 2 to $ to 8 to 2, see Figure 3. We now replace the new-edges by dashed lines.
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Figure 3: Drawing of M3(7) with Farey coordinates.

In Figure 3 the dashed line labelled 1 goes from a vertex labelled % to a vertex labelled
% surrounding the vertices g and % of the first new edge, and similarly the dashed line
labelled 2 goes from 2 to 2 surrounding the vertices 5 and . Notice that the dashed lines
are not part of the map M3(7), they are just a convenient way of representing our 14-
sided polygon. We can associate four Farey fractions to each dashed edge. For example,
associated to the dashed edge 1 we have the Farey fractions %, %, %, %. We pair two new-
edges if their associated Farey fractions are the same. For example, consider the new-edge
labelled 6 in Figure 3. The associated Farey fractions are $,3, 2, 2. These are the same
Farey fractions, but in reverse order as for the new-edge 1. This means we identify the
new edges 1 and 6 orientably. Similarly we get the other six identifications. Thus the

identifications are
16,385+ 10,7 12,9+ 14,11 < 2,13 + 4.

This is exactly the same side-pairing as found by Klein from his 14-sided polygon which
shows that our 14-sided polygon does give the Klein quartic. Our way of finding the side
identifications is much more straightforward than the method used in Klein’s paper, which
we will summarize in §8.

7 Farey Coordinates for the Klein map

A regular map has type {m,n} if every face has size m and every vertex has valency n.
(We are following [1] here and not [3] where these numbers are reversed.) Now M3(n)
is a regular map of type {3,n} because § is adjacent to ¥,..., 2L, Now M;(7) is the
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Klein map, or, in the standard notation in [1], the map {3, 7}s. The ‘8 here is the length
of a Petrie polygon. (For Petrie polygons and how we find the lengths of Petrie polygons
using Farey fractions see [11].)

As noted in the introduction, the Klein map M3(7) is embedded in the Klein surface
H*/T'(7). The term “Klein map” comes from the drawing on page 320 of [7], or page 120
of [8], of Klein’s 14-sided polygon. After the given side identifications this does give a map
on a surface of genus 3. See Figure 4 (and just ignore the Farey coordinates in this diagram
for now). This is not the Klein map, for it is not regular, having vertices of different valency.
It consists of 336 triangles while the Klein map M3(7) has 56 triangles. Nevertheless, we
can easily obtain the Klein map from Figure 4. The vertices of the map are the vertices of
valency 14. Before we describe the Klein map structure on this surface we show how to
associate the 24 Farey fractions modulo 7 to the 24 vertices.

First, we assign the Farey coordinate % to the centre point. We note that there are
two circuits of seven vertices centred at %. We give the first circuit the Farey coordinates
9, %, RN % If we extend the perpendicular bisector from % to the hyperbolic line between
8 and % we get to another vertex of valency seven to which we assign the coordinate
?—ﬂ = % Similarly, we extend the perpendicular bisector from % to the hyperbolic line

between % and % to a vertex of valency seven which we give the Farey coordinate % By
135026

continuing, we find all vertices with Farey coordinates 3, 5, 3, 5, 5, 5. Thus we have now
found all vertices with Farey coordinates % for ¢ = 1,2 and we just have to find the vertices
with Farey ccordinates § or £ which lie on the boundary of K. After Klein’s identifications
shown in Figure 3, we see that the 14 corners of K belong to two classes, which we can
label %, %. Between any two of these vertices there is precisely one more vertex of M3(7).
(After side identifications these vertices also have valency 14.) We can assign to them
Farey coordinates of the form % just by reading them off from Figure 3. In fact, each
occurs exactly twice and we can now pair sides of K that have exactly the same value of x.
Again, this gives exactly the same side pairing as Klein found. We thus have two methods,
in sections 7 and 8, of using Farey coordinates to get Klein’s pairings just by observation.

Figure 4 gives a description of Klein’s work using Farey coordinates. We see that each
of the 14 sides of the boundary of K consists of a Farey edge and a non-Farey edge. The
segment from % to % is a Farey edge whilst the segment from % to % is not a Farey edge.
There is no automorphism of K mapping one segment to the other since all elements of '
map Farey edges to Farey edges. Note that by section 3, the Klein map has 24 vertices, 56
faces and 84 edges.

We now give the map structure. The vertices of the map are the points of valency 14 in
Figure 4, that is, those points that have been given Farey coordinates. An edge joins points
with Farey coordinates ¢ iand % if and only if ad — be = 1 (mod 7). Three vertices with

a

Farey coordinates ¢, % and ? form a triangular face if and only if e = a + b (mod 7),

= ¢+ d (mod 7). For example, there is a triangle with vertices 4, 2 and & for &
p g 1’3 3 3
represents the same point as %, for % = —:g.

8 What Klein did

Here we review Klein’s original construction of his fundamental domain of the congruence
subgroup T'(7), and show how this construction can be interpreted in terms of the Farey
machinery we described above.

By the end of section 10 of [5] Klein had obtained the equation of his quartic curve and
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Figure 4: Farey coordinates on the Klein surface.

in section 11 he started to discuss the Riemann surface of this algebraic curve and also the
corresponding map. In fact, this was one of the first publications to use maps (or in today’s
language dessins d’enfants) in a profound way, pointing up the deep correspondence be-
tween maps and algebraic curves. While this correspondence was not properly understood
until Grothendieck’s Esquisse d’un programme some 105 years later [2], we note that in an
interesting anticipation of Grothendieck’s programme, Figure 2 of Klein’s follow-up paper
[6] shows the ten planar dessins of type (2,3, 11) and degree 11.

Klein’s quite complicated construction of his fundamental domain comes from con-
sidering fundamental regions for subgroups of indices 7 and 8 in the modular group. In
section 12, he writes (in German) “In order not to make these considerations too abstract
I will resort to the w-plane”; this is the upper-half plane on which the modular group acts.
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In Figure 6, he constructs a hyperbolic polygon corresponding to his 14-sided polygon
describing his surface. Then, in Figure 7, he draws semicircles (hyperbolic lines) in the
upper-half plane with rational vertices, which correspond to the edges of his 14-sided poly-
gon. Now consider this polygon as being inscribed in the unit disc so the vertices all lie on
the boundary circle. As the unit disc is conformally equivalent to the upper-half plane the
boundary circle corresponds to the real axis and so, every point of the circle has some real
coordinate. He starts with one edge (labelled 1) of his 14-sided polygon corresponding to

two consecutive edges of the polygon in the upper-half plane with vertices 7, 3 and é, ?
(As we already noted above, ?, 5 is a Farey edge while 1 R 7 is not, therefore we cannot

map one to the other by an element of I'). A second edge (labelled 6) is given as the pair of
consecutive edges 18 and 8 19 . The Mobius transformation corresponding to the matrix

T3
113 =35
42 —13
in T'(7) maps edge 1 (i.e. 7, 3, 7) to edge 6 (i.e. 7 , 3, 7 19y, and one more explicit example
of edge pairing is given. He states that in total seven such matrices can be found that give

all the side pairings. We feel that our technique of just using Farey coordinates is much
easier.

9 Ms(11)

About a year after Klein wrote his paper [5] on the quartic curve, he wrote a further paper
[6] with the same title but with ‘siebenter’ replaced with ‘elfter’, i.e. ‘seventh’ replaced
with ‘eleventh’; basically, he was considering H*/T'(11). In that paper he did not draw a
diagram of the fundamental region equivalent to his drawing of K in [5]. Here we show
how to draw the Farey map M3(11) in a similar way to how we drew M3(7). This Farey
map will be embedded in the surface H* /T'(11).

The first circuit of vertices at distance 1 from 1

615

S1(11) =

— o

1
1

Now consider the sequence of vertices

and then the second circuit is
Sp(11) = S(11) (S(11) +1)...(S(11) + 10).

The orientation-preserving automorphism group of M3 (11) is PSL(2, 11) of order 660
so the Farey map M3(11) has 660/2 = 330 edges, 660/3 = 220 triangles and 660/11 =
60 vertices. The Farey coordinates of the vertices are %, 2,3 4 2 and all Farey fractions
of the form = forr =0 to 10 and s = 1 to 5.

To draw the map we just need to find the 220 triangular faces. Because z — z + 1 is
an automorphism of M3(11), which acts as a rotation about the centre % of the map, we
see that this map is divided into eleven congruent sectors each containing 220/11 = 20

triangles each. We construct one such sector W, shown in Figure 5, by starting from the
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Figure 5: The sector .

central triangle £, 9, 1 and adding 19 distinct triangles whose vertices lie in S(11). Exactly
8 of these 19 triangles have a vertex on the first circuit Sp(11) (% or % in particular) and
are uniquely determined. For the remaining 11 triangles, which either have three vertices
on Sz(11), or two vertices on S3(11) and a pole vertex, there are several choices satisfying
the condition that they are distinct under rotation about %

Figure 5 shows one such solution as the union of 20 triangles. The actual Farey coordi-
nates are

_1 _ 0 1 _1 1 _ 2
_1 _5 _6 _7 3 _ 6
Ps =3 Pr=3 Ps=3 Py =7 Pyo=z P =3
_4 _ 2 _6 _3 _ 3 _ 4
Py =3 Pz =3 Py=7 Pi5 =3 P =1 P =3
_ 4 _ 2 _6 _1
Pig=z Pg=% Py =z Py =7

Each point P, is labelled ¢ in Figure 5 to reduce clutter.
Now let
Wr=WuW-+1)U---U (W +10)

where W + k is defined as in Section 5, that is, geometrically, is the rotation of W by
27”. Then W* is the union of 220 triangles as required and its boundary is a polygon with
11 x 18 = 198 sides. A diagram of the map W* is given in Figure 6.

Table 1 in the Appendix shows a list of the 198 boundary vertices of W* arranged in
11 rows. The first row corresponds to W and the kth row is just the first row plus (k — 1).
We now notice that we have an orientable side pairing. For example, the first edge in row
1 going from £ to § is paired with the edge in row 5 going from } to %, the next edge in
row 1 going from } to % is paired with the edge in row 8 going from  to ;. Proceeding
in this way we find that all the 198 edges of the polygon are paired orientably which shows
that this polygon represents an orientable surface which must be M3(11). As the map W*
has 60 vertices, 220 edges, and 330 triangles, by the Euler-Poincaré formula the genus of
the surface is 26.
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Figure 6: The map W*.
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A Appendix

Table 1: The boundary vertices of W*. The last vertex of a row is repeated as the first
vertex of the row below. Each row represents a sector; the first row represents sector W in
Figure 5. Vertices in bold belong to edges which are paired with edges in the first row W.

i1 1 2 15 6 7 3 6 4 2 6 3 3 4 4 2 6
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
6 5 4 7 3 5 8 0 8 9 4 5 103 7 6 9 2 0
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
9 9 7 1 5 510 4 2 1 4 8 3 3 0 8 3 2 5
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
5 2 1 6 7 5 1 8 7 4 4 0 7 3 4 10 8 2 10
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
0 6 2 0 95 3 1 1 7 4 3 0 3 8 1 2 2 4
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
4 10 5 5 0 5 5 5 6 104 6 4 3 1 3 7 2 9
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
9 3 8 10 2 5 7 9 0 2 4 9 8 3 5 5 1 2 3
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
3 7 0 4 4 5 9 2 5 5 41 3 9 7 6 2 8
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
g§ 0 3 9 6 5 0 6 10 8 4 4 5 3 2 9 0 2 2
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
2 4 6 3 8 5 2 10 4 0 4 7 9 3 6 0 5 2 7
5 4 3 5 2 0 2 4 5 3 0 3 4 04 2 5 0 5
r 8 9 8 105 4 3 9 3 410 2 3 10 2 10 2 1
5 4 3 5 2 0 2 4 5 3 0 3 4 0 4 2 5 0 5
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1 Introduction

An incidence structure is a triple Z = (P, B,I) where P and B are disjoint sets and I is
a subset of P x B. The elements of P are called points, those of B blocks and I defines
the following incidence relation: the point P and the block B are incident if and only if
(P,B) € I, and we will write PIB. The incidence structure Z has finite block sizes if
{P € P : P1DB} has finite size for all B € B; T is finite if P and B, and hence also I,
are finite sets. An autromorphism of an incidence structure is a pair of permutations (7, ),
with 7 acting on P and 8 on B, such that P1 B if and only if P™ I B, forall P € P and
B € B. The group of all automorphisms is denoted by Aut Z.

A finite incidence structure can be represented by a (0, 1)-matrix A with rows indexed
by points and columns indexed by blocks, and with the (P, B)-entry equal to 1 if and only
if P is incident with B. The incidence matrix A have been studied by many authors at least
since the 1960s, and most of their investigations were on the rank of A. Dembowski in [12,
p- 20] showed that the rank of the incidence matrix defined by the natural incidence relation
of points versus ¢-dimensional subspaces of a finite d-dimensional projective or affine space
is the number of points of the geometry. This result was generalized by Kantor in [14].
He showed that the incidence matrix defined by the incidence between the i-dimensional
subspaces and the j-dimensional subspaces of a finite d-dimensional projective or affine
space, with 0 < ¢ < j < d — ¢ — 1, has full rank. Analogous results for the incidence
matrices of all k-subsets versus all [-subsets of a m-set and for the incidence matrices
arising from finite polar spaces were proved by Lehrer [16].

A decomposition of an incidence structure Z = (P, B,1) is a partition of P into point
classes together with a partition of B into block classes. A decomposition is said to be
block-tactical if the number of points in a point class which lie in a block depends only on
the class in which the block lies. When the incidence structure is finite then the fundamental
Block’s Lemma [2, Theorem 2.1] states that in a block-tactical decomposition the number
of point classes differs from the number of block classes by at most the nullity of the
incidence matrix of the structure. A principle example of block tactical decomposition is
obtained by taking as the point and the block classes the orbits of any automorphism group
of the structure. So, Block’s Lemma naturally leads to consideration of the rank of the
incidence matrix in order to study the number of orbits of an automorphism group of an
incidence structure.

When Z = (P, B,]) is finite, and both permutation representations of any automor-
phism of Z are regarded as linear representations of the automorphism group, then the in-
cidence matrix A of Z is an intertwining operator between the linear representations of the
automorphism group on P and B. Using this fact, Camina and Siemons [11] showed that
when A has maximum rank then the permutation representation on points is a subrepresen-
tation of the permutation representation on blocks. This containment relation implies the
non-existence of sharply 1-transitive sets of automorphisms on blocks unless the number
of points divides the number of blocks [19].

The aim of this paper is to bring together all the previous questions by providing a
unified treatment. Our approach is different from those adopted by the authors referred to
above: the main idea is to exploit properties of the incidence map of incidence structures
by using elementary linear algebra methods. We find a new and simpler proof of Kantor’s
and Lehrer’s theorems, beside giving the infinitary version of these results. We also provide
some geometric version of the main result in [9] on the number of orbits of a permutation
group on unordered sets by mean of an extension of Block’s Lemma [2] on the number of
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orbits of an automorphism group of an incidence structure. Furthermore, when the structure
is finite and the associated incidence matrix has full rank, we give an alternative proof of
the result of Camina and Siemons [11].

We now give a summary of the present paper. In Section 2 we prove that the incidence
map of certain (possibly infinite) incidence structures is one-to-one. The keystone is a re-
sult (Lemma 2.6) about the kernel of the incidence map from ¢-dimensional subspaces to
(i41)-dimensional subspaces of a finite d-dimensional projective space, where incidence is
the inclusion relation. By replacing the dimension with size of a set and the Gaussian coef-
ficients with binomial coefficients, we get the analogous result for the incidence map from
k-sets to (k + 1)-sets of an m-set, where incidence is the inclusion relation. This leads
to an alternative proof of both of Kantor’s theorems, on the incidence structures arising
from projective and affine spaces, and of Lehrer’s theorem [16] on the incidence structures
arising from subsets. These results are summarized in Theorem 2.7. In Section 3 we illus-
trate some applications of Theorem 2.7. Under the hypothesis that every block is incident
with a finite number of points we prove the infinitary version of the above results. From
Kantor’s theorem for projective spaces, and because of its infinitary version, we prove that
the Lehrer result about incidence structures in finite classical polar spaces [16] holds also
in case of polar spaces of infinite rank. Similar results are obtained for diagram geometries
associated to certain finite Chevalley groups. If A denotes the diagram of the geometry,
then by using [7, Theorem 2] we show that the k-varieties give rise to full substructures
of the incidence structure of i-varieties versus j-varieties of the geometry, provided ¢ and
k lie in distinct connected components of A — {j}. This gives plenty of scope to apply
the main result (Lemma 3.1) of this section. It is conceivable that the weak conclusion that
there are as many j-varieties as ¢-varieties could be useful to diagram geometers. Section 4
is related with Block’s Lemma. In the function space and incidence map setting we prove a
slight extension of this fundamental result. We then apply it to obtain informations on the
number of orbits of: a permutation group (of possible infinite degree) on subsets of finite
size; a collineation group of a projective and affine space (of possible infinite dimension)
over a finite field on subspaces of finite dimension; a group of isometries of a classical polar
space (of possible infinite rank) over a finite field on totally isotropic subspaces (or totally
singular in case of a orthogonal space) of finite dimension. We point out that the result
on permutation groups was obtained by Cameron in [9], where the theorem of Livingstone
and Wagner [17] is proved to hold also for permutation groups of infinite degree. Section 5
is all in the finite setting. We provide an alternative proof of the result of Camina and
Siemons [11] which states that if the incidence map of a finite incidence structure is one-
to-one, then the permutation representation on points of any given automorphism group is
a subrepresentation of the representation on blocks with equal or greater multiplicity. We
then deduce that certain families of incidence structures have no sharply transitive sets of
automorphisms acting on blocks.

Although some of the results presented here have been obtained by other authors and
appear scattered over a large number of papers, in our opinion it is difficult to find a con-
venient reference for this knowledge with a presentation that doesn’t assume a lot of the
reader. This work can be considered as an attempt to providing such a reference.
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2 The rank of incidence maps

In order to treat our arguments by linear algebra methods, we introduce the incidence map
of a finite incidence structure. Let Z = (P, B, 1) be an incidence structure. The point space
of T is the vector space QF of all functions P — Q; the block space of T is the vector
space QP of all functions B — Q. When Z has finite block sizes, we define the (linear)
incidence map o: QF — QP of T by the rule

(fa)(B)= Y f(P),

PIB

forall B € Band f € QF.
For any subset Y of a given set X the characteristic function xy € QX of Y is defined

as follows:
(@) 1 forxeYy;
€Tr) =
X 0 forze X\Y.

With this notation, the set {x(p} : P € P} is a basis for Q% and {x(p} : B € B}isa
basis for QB; we refer to each of these bases as the natural basis of the corresponding space.
If 7 is finite the matrix of the map « with respect to these bases is precisely the incidence
matrix of Z, with multiplication being on the right (i.e., vectors regarded as rows).

We now exhibit some properties of the incidence maps of the incidence structures aris-
ing from subspaces of a finite dimensional projective space over a finite field.

Let PG(d, q) be the projective space of dimension d over the finite field with ¢ elements.
For 0 < ¢ < d — 1, let F; denote the set of all i-dimensional subspaces (or i-subspaces,
for short) of PG(d, ¢). For ¢ # j we consider the incidence structure Z = (P, B,1) where
P = F};, B = F} and the incidence relation I is given by set-theoretic inclusion.

The following notation will be adopted in the rest of the paper:

* V; denotes the vector space Q% of functions from Fj to Q;
* «; ; denotes the incidence map from V; to Vj, with i # j;
e W_1=V_,= {@};

* W; denotes the kernel of a; ;_1, for ¢ > 0.

With the above notation, o ; is the identity map on V;. For any S; € F}, the coordinate
array of x(g,1; j, whose entries are indexed by elements of Vj, is precisely the i-th row
of the incidence matrix A of o ;. In other words, if ¢ > j then the image under «; ; of
X{s;} is the characteristic function of the set of j-subspaces contained in .S;. Similarly,
if ¢ < j then the image under «; ; of x{g,} is the characteristic function of the pencil of
j-subspaces passing through .S;.

In the following we need the g-analogs of binomial coefficients, which are defined by

i - [[ (@ =~ D/ )

for non-negative integers n, k with n > k. Note that [Z] . is the number of (k—1)-subspaces
of PG(n — 1, q).
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Lemma2.l. Let —1 <i<j<k<d-—1. Then
k—i

q

Proof. By applying directly the definition of «; ; we see that

(faijaim)(Sk) = > f(S)

SiCS;CSk

holds for all f € V;. The result now follows by recalling that the number of j-subspaces
in PG(d, ¢) through any given i-subspace which is in turn contained in a k-subspace is
k—i

. O
J—tdg
Lemma 2.2. Fori= —1,...,d,
Vi= P Wjay.. 2.1
j=—1
(Note that some of the summands may be 0).
Proof. For i = —1 the result is trivial. For ¢ = 0,...,d — 1, we note that V; is a vector
space over a field of characteristic zero. Then the inner product defined by
(g.h)i= > g(Si)h(S), 2.2)
SiEF;

for all g,h € V;, is a non-degenerate bilinear form. Since, in the natural bases of V;
and Vj;, the matrix of a;_1 ; is the transpose of the matrix of a; ;—1, then (fo;_1,,9); =
(f,g0ii—1)i—1, forall f € V;_; and g € V;, i.e. the incidence map o;_; ; and the dual
map «; ;1 are adjoint.

We now show that V; = W;®Im a;_4 ;. Let L; denote the polarity defined by the inner
product (—, —);. Since V; is finite dimensional, then V; = Im ;1 ; & (Im ;1 ;). Fur-
thermore, for all g € W; and f € Vi_1, (faic1,4,9): = (f,9ii—1)i—1 = 0 holds,
giving Ima;_1; C VViL", or equivalently, W; C (Im ai,l’i)l-i. Conversely, if g €
(Ima;_1 )", then 0 = (foui—1.4,9)i = (f,gii—1)i—1, forall f € V;_;. By the non-
degeneracy of (—, —);_1, we get ga; ;—1 = 0, and hence g € W.

We now use induction on ¢. For i = —1 we have V_; = W_;. Assume the statement
holds for V;_1, thatis V;_; = @;;1_1 Wiaji—1. As Vi = Im ;1 ;@ W;ay 4, to conclude

the proof we only need to prove that Im ;1 ; = @;;171

from Lemma 2.1 since

W;a;,;. But this easily follows

1—1 i—1
Ima;_1; =Viciai_1, = @ Wi 10615 = @ W;a;. O

j=—1 j=-1

Remark 2.3. We point out that the bilinear form defined by (2.2) is an appropriate one for
the permutation module V;, in that permutations of the characteristic functions of single-
tons are isometries of the form. In the basis consisting of the characteristic functions of
singletons, this is just a way of saying that permutation matrices are orthogonal in the usual
sense of the term, that is PPT = 1.



56 Ars Math. Contemp. 20 (2021) 51-68

Lemma24. Fori=0,...,d—1,

d—1 1+1
Q10414 = Q10614 + 1 - 1 Q4.
q q

Proof. Let S;, S, € F;. For any given S; ;1 € F;11 we have

1 if S; C Sita;
0 otherwise.

(X8 @ii41) (Sig1) = {
It easily follows that

(s @iinirt)(S) = Y (xgs,y@ii1)(Sit1)
Sit1D5!
is the number of (i 4 1)-subspaces containing both S; and S!. This number equals
0 if dim (S; NS} <i—1;
1 if dim (S; NS} =i —1;
[T, i Si= S

1

Applying similar arguments we see that (X {g,30v,i—10;-1,;)(S;) is the number of (i — 1)-
subspaces contained in both \S; and S;. This number is

0 if dim (S; NS)) <i—1,;
1 if dim (S; NS)) =¢—1;
[T, it Si=s.
The result then follows. O
Lemma 2.5. Forj=—1,...,14,
" ([d—k k41
(@i, =3 ([ -1 )
k=j q q

Proof. We use induction on i. For i = —1 we have W_; = V_; = {0} by definition. We
also note that [d'{l] = (¢! —1)/(q — 1) is the number of points in PG(d, g), that is the
size of Fy. Then,

d+1
(a_1000-1)|v, = (@ =1)/(g— Va1, 1 = [ } Q1,1
q

Now let ¢ > 0. For j = 4, the result follows immediately from Lemma 2.4.
Let j < ¢. By Lemma 2.4 we have

d—1i 1+ 1
(,i41Qi41,0) [ Wyay,; = (Qiim106-1,0) Wiy, + ([ ) } - { . } )ai,iIWjaj,i-
q q
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To conclude the proof it is enough to show that

i—1
d—k k+1
(ai,i—lai—l,mwjaj,,;: E <{ 1 } [ 1 ] )ai,i-
q q

k=j

By the inductive hypothesis

i—1
d—k k+1
(i 1,i0ii1) Wy = ([ 1 ] —{ ) :|>05i—1,z'—17
1 q q

and Lemma 2.1 gives aj;—10;—1, = [, 7] Qi = ["17] ,ctji- Hence, we may write

. -1
=]
W50 0G5 100G—1,45 = wjaj,ifl(aifl,iai,ifl)aifl,i

— ([d—k] {k—kl} )[i—j]lwa .
- O i—10%—1,i
k=j 1 q 1 q 1 q

k+1
- 1 Wiy
q q
for w; € W;. This implies

i—1
d—k k+1
(ii10613)|Wya,, = D <[ ) } - { ) } )ai,i,
q q

k=j

Il
o~ T
_ o

N
| —

ISH

=
ol

which is the desired result. ]

Lemma 2.6. Leti=0,...,d— 1. Then

0 fori < %;
ker Q541 = . d-1
Wa—iraq—i—1; fori> 5=,

Proof. Ttis clear that ker a; ;41 < ker (e ;4+10i41,;)- In addition,
dimker (o ;410+1,:) = dimker o; ;41 + dim (ker a1, N Im oy j11).

From the proof of Lemma 2.2, we get ker o;1,; N Im oy ;41 = 0. Therefore ker ov; ;41 =
ker (041',11+1041'+1,i)~
From Lemmas 2.2 and 2.5, the eigenvalues of «; ;11,41 are the integers

;([d;k]q{k—fl}q) 03

for j = —1,...,4, with the j-th eigenvalue corresponding to the summand W c; ; in the
decomposition (2.1) of V;. For i < (d — 1)/2 all these integers are non-zero, and therefore
ker Q41 = 0.
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Let ¢ > (d — 1)/2. Two cases are treated separately according as d is odd or even.
Let d be odd and assume @ = (d — 1)/2. It is easily seen that the only zero eigenvalue of
Q1041 isforj=i=d—i—1,asd— (d—1)/2 = (d —1)/2 + 1. Therefore,

ker cva—1 d+1 = Waiiova—1 a-1.
2 2

Now let i = (d — 1)/2 + 4, for some integer § > 0. We note that the summand with
k = (d — 1)/2 in the expression (2.3) is zero. A straightforward calculation shows that for
sufficiently small j, the summand with & = (d —1)/2 — [ in (2.3) erases with the summand
with k = (d — 1)/2 + 1, for 1 < [ < §. This implies that the only zero eigenvalue of
o it10441, s for j = (d —1)/2 — § = d — i — 1. Hence, the kernel of ; ;410441 18
Wa_i—10qg—i—1.

For d even, the above approach still works up to some differences. For completeness,
we give all details.

If d is even, we write i = [%] + 4, for some integer § > 0. For sufficiently small j,
the summand with k = [%1 — [ —1in the expression (2.3) erases with the summand with
k= [%1 +1,for 0 <1 < §. This implies that the only zero eigenvalue of c; ;1141 is

forj = (%1 —J0—1 = d—i—1. Hence the kernel of ov; j41ci41,iis Wa—i—1ctqg—i—1;. O

The above Lemmata lead to the following fundamental theorem whose proof is new
and, in our opinion, more elementary than those provided in [14] and [16].

Theorem 2.7. The incidence map of the following incidence structures is one-to-one:
(1) i-sets versus j-sets of a d-set, withi < jand i+ j < d < oo.
(ii) i-spaces versus j-spaces of PG(d, q), with0 <i < j<d—1landi+j < d < .

(iii) i-flats versus j-flats of the affine space AG(d, q) of dimension d over the finite field
with q elements, with0 < i < j<d—1landi+j <d < oc.

Proof. We first give the proof of (ii). We need to prove that ker a; ; = 0, for 0 <17 < j <
d—1land i+ 5 < d. We use induction on j — 4.

If j —i=1thenkera; ;11 =0,by Lemma2.6asi < (d—1)/2. Nowletj —i > 1
and assume ker o, j» = 0 for any pair (¢/, ;') with0 < ' < j' < d—-1,7+j <d
and j' — i < j — 4. By Lemma 2.1, we have ker ov; ; = ker a; ;410441 In addition
dim ker Qi+ 10G+1,5 = dim ker Qi1+ dim (Im Qi1 M ker Ozi_:,_l,j).

Assume i +j <d—1s0i < (d—1)/2andi+ 1+ j < d. Then kera; ;41 = 0 by
Lemma 2.6, and ker ov; ;1 ; = 0 by inductive hypothesis. Hence ker c; ; = 0 in this case.

Now assume ¢ + j = d — 1. We will prove the result by calculating the dimension of
Im o g—s—1. By Lemma 2.1 and 2.2 we have

i
Imaig—i—1 = Vittjd—i—1 = @ Wiag,d—i—1-
k=—1

By the previous part, the map o, q—;—1 isone-to-onefork = —1,...,i—lask+d—i—1 <
d — 1. Then dim Wyay g—i—1 = dim Wy, with W), = ker oy, ,—1. By the arguments in
the proof of Lemma 2.2 we get dim W}, = dim V;, — dimImag—q . By Lemma 2.6
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the map ay_1 i is one-to-one for k = —1,...,i —1lask — 1 < (d — 1)/2. Therefore
dim Im a1, = dim Vj,_;. This implies

dim Wkak’d,i,1 = dim Wk
= dim Vk — dim Vk—l

_[d+1] _[d+1]
k+1], k q’

dim Im QG d—i—1 = dim ‘/iai,d—i—l

i—1
d+1 d+1
=1+ ([ + ] { N ] )erimWiOéi,d—i—l
—\lk+1], k],

fork = —1,...,i — 1. Therefore

1
—{ , } +dim Wi g—i—1.
q

Still by the proof of Lemma 2.2, we may write V; = Im ;1 ; & W;, where a;_1 ; is
one-to-one as ¢ < (d — 1)/2. Hence,

1 1
dim W, = dim Vi — dimv,_, = |24 _ [2+1]
74+ 1 q 7 q

This implies

d+1 d+1
dim Wi g—i—1 = { * } — { + } — &
’ i+ 1 q iy,

for some ¢ > 0. Thus

dim Im QG d—i—1 = dim V;Oti}d,ifl

]
= + +dim Wi g—i—1

.Z.q

[d+1] <[d+1] [d+1] )
=0 A s e
-Z-q s q t q
_ e+,

li+1],

AsdimV; = [fill] g then dimker v 4—;—1 = €. At this point to finish the proof we
need to evaluate dim W;oy; g—;—1. We have Ima; g1 < Vg_1—1, and dim Vy_;_; =
dim V; by duality. Note that W;c; 4—;—1 is a component of V;_;_; by Lemma 2.1. Then

d+1}
’ q

dim Vd—i—l — dim Wiozi,d_i_l = dlm‘/z — dim Wiozi,,» = l: i

Hence € = 0 and this concludes the proof of (ii).

Similar arguments can be used to prove (i). We just need to replace the projective
dimension with size of set minus one and the ¢-binomial coefficients with binomial coeffi-
cients.
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We now prove (iii). Let af! i denote the incidence map of the ¢-flats versus the j-flats
of AG(d, q). Embed AG(d, q) in PG(d, q) identifying every k-flat of AG(d, ¢) with the
k-dimensional spaces of PG(d q) it spans. Let H denote the hyperplane at infinity of
AG(d,q). Let f € kera ; and g be the extension of f on V; defined as follows:

4(5) = {f(si) if S ¢ H;

0 if S; C H.
Then
(fai;)(S)) if S; € H;
(gai)(S)) = Y 9(Si) = { " .
5:CS; 0 if Sj g H.
Since f € ker o 'j» we get g € kera; j. By (ii) g = 0 and hence f = 0. O

Remark 2.8. For 2 + 1 < d, the summands Wja; ; in the decomposition of V; given
in Lemma 2.2, are all the irreducible constituents of the permutation representation of
PGL(d,q) on F;. To see this, set G = PGL(d,q). From the proof of Lemma 2.1 we
have V; = Ima;_1,; ® W;. The map «;_; is one-to-one, so the number of irreducible
components in its image is precisely the number of the irreducible components of the per-
mutation QG-module V;_;. This number is 7 + 1, being the dimension of the intersection
of two (i — 1)-subspaces a complete invariant. This shows that the modules in question are
pairwise non-isomorphic, and irreducible. This was proved by Steinberg [22] using deeper
representation theory.

An analogous result holds for the permutation QG-module defined by the symmetric
group Sym(n) acting on the m-sets, with 2m < n. Here the size of set minus one replaces
the projective dimension, and binomial coefficients replace ¢-binomial coefficients.

Remark 2.9. For 2i +1 < d, the summand W« ;, for j = 0,. .., 4, in the decomposition
of V; given in Lemma 2.2, is the restriction over the rationals of the (j + 1)-th eigenspace
of the Bose-Mesner algebra of the association scheme on F; [13, Theorem 2.7]. For a
thorough treatment on association schemes we refer the reader to [1, 4].

3 Some applications of Theorem 2.7

The incidence structure J = (Q,C,J) is said to be a substructure of T = (P, B,1) if
Q CP,CCBandJ =1N(Q x C). The substructure J of Z is said to be full if
{PeP:PIC} C Q,forall C €C.

Lemma 3.1. Let T = (P, B,1) be an incidence structure with finite block sizes. Suppose
that there is a set F of full substructures of Z, all of whose incidence maps are one-to-one,
and such that, for any P € P there exists J € F such that P is a point of J. Then the
incidence map of I is one-to-one.

Proof. Let az be the incidence map of Z and f € keraz. For any given P € P, let
J =(9,C,J) € Fsuchthat P € Q. Let a7 be the incidence map of J. Set g = f|o.
Since J is full we have

(9ag)(C) = Y 9(@Q) = Y f(R) = (faz)(C),

QeQ ReP
QJC RIC
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for all C € C. Since f € ker (az) we have (gas)(C) = 0, for all C € C, that is
g € ker a7 Thus g = 0, and therefore f(P) = g(P) = 0. Since P is arbitrary, it follows
that f = 0. O

The above Lemma allows to get the infinitary version of Theorem 2.7; this means that
the incidence structures involved are over a set with infinite size (in case (i)), or a space
with infinite dimension (in case (ii) and (iii)).

Theorem 3.2. The incidence map of the following structures is one-to-one:
(i) i-sets versus j-sets of an infinite set, with 1 < j < oo.

(i) i-spaces versus j-spaces of a projective space of infinite dimension over a finite field,
with 1 < j < oo.

(iii) i-flats versus j-flats of an affine space of infinite dimension over a finite field, with
1< j < oo.

Proof. We apply Lemma 3.1 and Theorem 2.7 to the above structures by taking the set F
of full substructures as follows: all subsets of size ¢ + j for statement (i), all subspaces of
dimension ¢+ j + 1 for statement (ii), all flats of dimension 7+ j + 1 for statement (iii). [J

Theorem 3.3. Let A be a classical polar space of (possible infinite) rank m over a finite
field. Then the incidence map of totally isotropic subspaces (or totally singular in case of
a orthogonal space) of A of algebraic dimension k versus singular subspaces of algebraic
dimension [ is one-to-one, if k <l < ocoand k +1 < m.

Proof. Let T = (P, B,I) be the incidence structure defined by the subspaces of algebraic
dimension k versus subspaces of algebraic dimension [ of A. Let F be the family of
all the subspaces of A of algebraic dimension k& + [. Since every element J of F is a
full substructure of Z, we may apply Theorem 2.7 (ii), or Theorem 3.2 (ii) for the infinitary
version, with¢ = k—1, j = [—1and d = k4 —1. Thus we get that the incidence map a7
of J is one-to-one. The result then follows by applying Lemma 3.1 to the family . [

Remark 3.4. For the case of finite rank the above theorem is due to Lehrer [16, The-
orem 5.3]. Note that Lehrer mistakenly asserts that the incidence map of the incidence
structure of singular 1-spaces versus singular (n — 1)-spaces of the O™ (2n, ¢) polar space
is not one-to-one. This error is caused by confusing the O™ (2n, ¢) polar space with the
D,,(q) building.

In the following we apply Lemma 3.1 to the incidence structures known as diagram
geometries. For a thorough treatment on diagram geometries we refer the reader to [7, 8];
our notation is taken from [7].

Let I' = (5,1, A, 7) be a diagram geometry of finite rank with diagram A, and Z =
(P, B,1) be the incidence structure where P is the set of all ¢-varieties and B the set of all
j-varieties of S; I is the restriction of Ton P x B. Assume that blocks in Z have finite size
and let k € A\ {j} such that i and k lie in distinct components of the diagram A — {j}.
We now show that the set of k-varieties of S gives rise to a family F of full substructures
of 7 with the property that for any point (i-variety) P of 7 there exists J € F such that P
is a point of J.
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For any given k-variety A of S, set Jao = (Pa, Ba,1r) where Pp and B, are the set of
all i-varieties and j-varieties of S incident to A in I, respectively; I, is the restriction of I
on PA X BA.

Let B be a j-variety in 5 and let I'p be the residue of B in I', that is the diagram
geometry (57, 1/, A’, 7') where S is the set of all varieties of S of type m € A\ {j} which
are incident with B, the incidence relation I’ is the restriction of I to S’, A’ = 7(S’) and 7/
is the restriction of 7 to .S’. It is known that the diagram of I' is A — {j} [7, Theorem 1].
Therefore the i-varieties of S’ are precisely all elements (i-varieties) of P that are incident
with B in Jj. In addition, as A is incident with B, it is a k-variety of S’. Since 4 and k
lie in distinct components of A — {j}, by [7, Theorem 2] every i-variety of S’ is incident
with every k-variety, in particular every i-variety of S’ is incident with A. This implies that
{P € P : PIB} is asubset of P,. From the arbitrariness of B in B, it follows that Jj is
a full substructures of Z.

Let F be the family of the substructures 7y, for all k-varieties A of S. Since the type
map 7 take all values of A on every maximal flag of T" then for every i-variety P of S
there exists a k-variety A such that P is a point of 7. These considerations together with
Lemma 3.1 led to the following result.

Theorem 3.5. Let ' = (S,1,A, 1) be the diagram geometry underlying the buildings of
types Fy, Eg, E7 and Eg. Then the incidence map of i-varieties versus j-varieties of T is
one-to-one in the following cases:

1 2 3 4
(1) Fy: O—O0—0—">0

(Zvj) = (15 2)7 (47 3)

1 2 3 5 6
i) Eg: O—Q—E—Q—Q
4
(1,5) = (1,2),(1,3),(2,3), (6,5), (6,3), (5, 3).
1 2 3 5 6 7
(iii) B O—Q—i—@—@—@
4
(1,4) = (1,2),(1,3),(2,3),(7,6),(7,5),(7,3), (6,5), (6,3), (5,3).
(iv) Bq: Q—Q—E—Q—Q—Q—Q
4

(i,5) = (1,2),(1,3),(2,3),(8,7),(8,6),(8,5), (8,3),(7,6),(7,5), (7,3), (6,5), (6, 3).

Proof. Consider the diagram I' = (S, 1, A, 7) for Fy, and take (i, j) = (1,2), k = 3. Let
F be the family of full substructures arising from the 3-varieties of .S constructed as above.
The points and blocks of any J) € F are precisely the 1- and 2-varieties of S incident
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with A. By [7, Theorem 1], these are precisely the 1- and 2-varieties of the residue R(A)
of A in I, whose diagram is

12 4
o—0O O

Note that every 1- and 2-variety is incident with every 4-variety. This implies that the
set of the 1- and 2-varieties of S incident with A form a finite projective plane, whose
incidence map is injective by a result of Bruck and Ryser [5] and Bose [3]. Lemma 3.1
yields that the incidence map of 1-varieties versus 2-varieties of .S is one-to-one in this
case. Very similar argument can used with (7, j) = (4,3) and k = 2.

Now consider the diagram I' = (5,1, A, 7) for Eg, and take (i,j) = (1,2), k = 4.
As above the points and blocks of any Ja € F are precisely the 1- and 2-varieties of S
incident with A, and these are precisely the 1- and 2-varieties of the residue R(A) of A in
T", whose diagram is

This implies that R(A) has the geometry of a PG(5, ¢). We now apply Theorem 2.7
to conclude that the incidence map of [J, is incidence, and Lemma 3.1 yields that the
incidence map of 1-varieties versus 2-varieties of .S is one-to-one in this case. Very similar
arguments apply for the remaining cases, and for the buildings E~;, Es. O

4 An extension of Block’s Lemma

An automorphism of the incidence structure Z = (P, B,1) is a mapping g of P U B such
that g defines permutations on P and B such that PIB if and only if P/IBY. The group of
all automorphisms of Z is denoted by Aut Z.

A decomposition of an incidence structure Z = (P, B,1) is a pair (X,)), with X a
partition of P and Y a partition of B. A decomposition (X', ))) of an incidence structure
with finite block sizes is block-tactical if

{PeX:PIB} =|{PcX:PIBy},

forall X € X, Y € Y, By, By € Y. An example of block tactical decomposition of an
incidence structure 7 is obtained by taking the orbits on points and blocks of a subgroup of
AutZ.

With a decomposition (X, )) of Z = (P, B, 1) we associate the following subspaces of
the point space QF and the block space Q7 of Z: the point class space V of all functions
on P constant on each X € X, and the block class space V7 of all functions on B constant
oneachY € ).

Lemma 4.1. A decomposition (X,Y) of an incidence structure T = (P, B, 1) with finite
block sizes and incidence map o is block-tactical if and only if Vya C Vy.

Proof. Suppose (X,)) is block-tactical and f € Vy. For each X € X, let Px be a fixed
chosen point in X. As f is constant on X, then f(P) = f(Px) forall P € X.LetY € )
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and By, By € Y. Then [{Q € X : QIB1}| = |[{Q € X : QIB3}| and therefore

(fa)(Bi)= > f(P)=> > f(P)

P1B; Xexgleé

=Y Q€ X : QIB1}|f(Px)
Xex

= > Qe X :QIB}|f(Px)
Xex

=3 S HP) = 3 F(P) = (fa)(Bo).
XeXgleég PIBs

Hence fa is constanton Y. So fa € Vy, giving Vya C V5.

Conversely, suppose that Vya C V5. Let X € X and xyx € Q7 denote the charac-
teristic function of X. Then, xx can be naturally considered as an element of Vy, thus
Xx« € Vy by hypothesis. Therefore, we have

{P € X :PIB}| = (xxo)(B1) = (xxa)(B2) = {P € X : PIBy}|,

foreachY € Y and By, By € Y. Hence (X, ) is block-tactical. O

The following result is a slight extension of a fundamental result of R. E. Block [2,
Theorem 2.1] often known as “Block’s Lemma”.

Lemma 4.2. Let Z = (P, B,1) be an incidence structure with finite block sizes and (X,)))
a block-tactical decomposition of L. Let o denote the incidence map of L. Then

dim Vy < dim Vy + dim (ker ).

Proof. By Lemma 4.1, we have Vya C Vy, so dim (Vya) < dim Vy. Now dim Vy =
dim (Vya) + dim (Vx Nker o) < dim V3, 4+ dim (ker ). O

Theorem 4.3. Let G be one of the following groups:
(1) a permutation group of finite degree d;
(ii) a group of collineations of PG(d, q), d < ooy
(iil) a group of affine collineations of AG(d, q), d < oo,

(iv) a group of semi-linear isometries of a classical polar space of finite rank d over a

finite field.

For any given non-negative integer i < d, let n; denote the number of orbits on i-sets for
(1), on subspaces of dimension 1 for (ii), on flats of dimension i for (iii), on totally isotropic
subspaces (or totally singular in case of a orthogonal space) of dimension i for (iv). Then
n; <nj, fort < jandi+j <d.
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Proof. Let X; be the set of the orbits of G on the corresponding family of objects indexed
by i. Forany ¢ < j < d, put (X,)) = (&;, X;). The set of all characteristic functions x x,
X € X, is abasis for Vy. Hence, dim Vy = |X| = n;. Similarly, dim Vy = |Y| = n;,
and Lemma 4.2 gives |X| < |Y| + dim (ker «) since the point- and block-orbits of any
subgroup of the full automorphism group of an incidence structure form a block-tactical
decomposition. The result is obtained by applying Theorems 2.7 and 3.3. O

The following is the infinite version of the previous result.
Theorem 4.4. Let G be one of the following groups:
(i) a permutation group of infinite degree;
(1) a group of collineations of a projective space of infinite dimension over a finite field;

(iii) a group of affine collineations of an affine space of infinite dimension over a finite
field;

(iv) a group of semi-linear isometries of a classical polar space of infinite rank over a
finite field.

For any given non-negative integer i, let n; denote the number of orbits on i-sets for (i),
on subspaces of dimension i for (ii), on flats of dimension i for (iii), on totally isotropic
subspaces (or totally singular in case of a orthogonal space) of dimension i for (iv). Let [
be the least index such that n; is infinite. Then ng < n1 < --- < ny_1 and ny, is infinite for
allk > 1.

Proof. Let X; be the set of the orbits of G on the corresponding family of objects indexed
by <.

Leti < j <[l — 1. We apply very similar arguments as in the proof of Theorem 4.3
to the block-tactical decomposition (X,)) = (X;, X;). Then Theorems 3.2 and 3.3 give
n; S .

Let] < i < j < oo. Since the incidence map of the incidence structure associated with
(X5, X;) has trivial kernel by Theorems 3.2 and 3.3, we may apply Proposition 2.1 in [9]
(where p is the incidence relation). O

Remark 4.5. Theorem 4.4 (i) is due to Cameron [9, Theorem 2.2].

Remark 4.6. By using the Generalized Continuum Hypothesis it is possible to give a slight
improvement of the previous result when n; and n;, ¢ < j, are infinite.

From Lemma 4.2 we get dim Vy, < dim Vx; + dim (ker ), and it is known that
dim V' = |V| when V is an infinite dimensional vector space over an infinite field F such
that |V| > |F.

Setn; = Ng,, B > 0. Thus, [Va,| = |Q%| = X0 = Vg4 = 2% > R = |Q|
by the Generalized Continuum Hypothesis. Therefore, dim Vy, = 2%¢:, and similarly,
dim Vx, = 2%, Hence Lemma 4.2 yields

2N < 9% 4 dim (ker a).

Theorems 3.2 and 3.3 yield 2% < 2% | and the Generalized Continuum Hypothesis
implies Ng, < Nﬁj, thatis n; < nj.
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Remark 4.7. In the paper [18], examples of infinite Desarguesian projective planes with
collineation groups having three orbits on points and two on lines are provided, solving a
problem posed by Cameron [10] and attributed to Kantor.

5 Incidence structures and permutation representations

Block’s Lemma leads to consideration of ker a. It is particularly nice when ker « is trivial,
and the following lemma also emphasizes this case.

Lemma 5.1. Ler Z = (P, B,1) be a finite incidence structure whose incidence map is one-
to-one. For any given automorphism group G of I the permutation representation of G
on P is a subrepresentation of the permutation representation of G on B (considered as
linear representation over a field of characteristic zero).

Proof. The point space Q7 is the permutation Q-module for G on P, and the block space
QB is the permutation Q-module for G’ on B. Since G preserves the incidence, we have

(fra)(B) =Y Py =Y fPT )= Y f(P)=(fa)(BY ) = (fa)!(B),

PIB PIB PIB9 !

forall f € QF and g € G. Therefore, a is a QG-homomorphism from QF to QB. As
« is one-to-one, the permutation representation of G on P is a subrepresentation of the
permutation representation of G on B (over Q). For other fields of characteristic zero, we
need only tensor up. O

Lemma 5.2. Let G be a group acting as a transitive permutation group on a finite set X
of size n. Let S be a subset of G such that ) . g s is mapped to the O-matrix under every
irreducible non-principal representation. Then | X | divides |S|.

Proof. Let {z1,...,x,} be the natural basis of the permutation QG-module on X. The
matrix representation with respect this basis of any element s € G on the trivial module is
1/|X|J, where J is the all-one n x n matrix. This implies that the matrix representation
of the endomorphism ) __ s on the trivial module is |S|/| X |[.J.

On the other hand, the matrix representation of ) _¢ s in the basis {x1,...,z,} is
Ps = ) cg P(s), where P(s) is the permutation matrix representing s € G. Note that
the entries in Ps are positive integers. Since ) ¢ s is mapped to the O-matrix under
every irreducible non-principal representation, we have Ps = |S|/|X|J. The result then
follows. O

Theorem 5.3 ([19]). Let T = (P, B,1) be a finite incidence structure with incidence map
one-to-one. If the automorphism group of T contains a subset which is sharply transitive

on blocks, then |P| divides | B|.

Proof. Set G = Aut Z and S C G be sharply transitive on blocks. Hence, |S| = |B|.
By [19, Lemma 1], the endomorphism __¢ s of the permutation QG-module Q" on
blocks is mapped to the O-matrix under every irreducible non-principal representation. By
Lemma 5.1, every irreducible submodule of QF is a submodule of Q7 with less or equal
multiplicity. Hence, ) g s acting on Q7 is mapped to the O-matrix under every irre-
ducible non-principal representation in Q7. By Lemma 5.2, we have |P| divides |[B|. O
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Corollary 5.4. Let 7 = (P, B,1) be a finite incidence structure with incidence map one-
to-one and automorphism group G acting transitively on blocks. If | P| does not divide |B
then G does not contain a subset acting sharply transitive on blocks.

’

The above result can be restated as follows.

Corollary 5.5. Let T = (P, B,1) be a finite incidence structure with incidence incidence
map one-to-one and automorphism group AutZ acting transitively on blocks. Let H de-
note the one-block stabilizer in AutZ. If |P| does not divide |B|, then the permutation
representation of Aut Z on the cosets of H contains no sharply transitive subset.

Remark 5.6. Corollary 5.4 applies to the following incidence structures as their incidence
map is one-to-one: combinatorial designs, linear spaces and circular spaces (see [6]); in-
cidence structures in projective and affine spaces (see [14] and Theorem 2.7); incidence
structures in classical polar spaces (see [16] and Theorem 3.3); incidence structures on
subsets ([9, 14, 15, 20] and Theorem 2.7); nonbipartite graphs (see [21]).
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1 Introduction

In a topological drawing (in the plane or on the sphere) of a graph, vertices are represented
by points and edges by simple curves connecting the corresponding pairs of points.Usually,
we only consider drawings satisfying some natural non-degeneracy conditions, in particular
a drawing is called simple (or a good drawing) if two edges intersect at most in a single
point, either at a common endpoint or at a crossing in their relative interior. When all
the edges of a topological drawing are straight-line segments, then the drawing is called a
rectilinear drawing or geometric graph.

In this paper we consider only simple topological drawings of the complete graph K,
on n vertices. Simple topological drawings of complete graphs have been studied exten-
sively, mainly in the context of crossing number problems. It is well known that a drawing
minimizing the number of crossings has to be simple, and besides, if n > 8, the drawings
of K,, minimizing that crossing number are not rectilinear. We refer the reader to [1, 3, 4]
for recent advances on the Harary-Hill conjecture on the minimum number of crossings of
drawings of K, and to the survey [22] for some variants on this crossing number problem.

The problem of enumerating all the non-isomorphic drawings of K,, has been studied
in [2, 12, 13, 18] (two drawings are isomorphic if there is a homeomorphism of the sphere
that transforms one drawing into the other).

Let D,, be a simple topological drawing of K,,. Herein, we consider graphs in con-
nection with their drawings, and in particular when addressing subgraphs of K,, we also
consider the associated sub-drawing of D,,. We are interested in crossing-free edge sets F'
in D,,, and we will say that F' is a plane subgraph of D,,. Crossing-free edge sets in D,,
have attracted considerable attention, in part because problems on embedding graphs on a
set of points usually generalize to finding plane subgraphs of D,,. For instance, the problem
of computing the maximum number of plane Hamiltonian cycles that a simple drawings D,,
can contain, is a generalization of the same problem considering only rectilinear drawings
of K,,. And this last is the (open) problem of computing the maximum number of simple
n-gons that can be formed on n points in the plane.

There are relatively few results on plane subgraphs of D,,. It is well known that in any
drawing D,, of K,,, there are plane subgraphs with 2n — 3 edges, and that there are at most
2n —2 edges uncrossed by any other edge [6, 8, 19]. Pach, Solymosi, and T6th [14] showed

that any D,, has 2 (1og1/ 6(n)) pairwise disjoint edges. This bound was subsequently

improved in [5, 16, 23]. The current best bound of Q(nl/ 2’6) is by Ruiz-Vargas [20].
However, the much stronger conjecture that any simple drawing D,, of K, contains a plane
Hamiltonian cycle remains unproved, although it has been verified for n < 9, see [2].

In the course of their work on disjoint edges and empty triangles in D,,, Fulek and
Ruiz-Vargas [6] showed the following lemma. !

Lemma 1.1 (Fulek and Ruiz-Vargas [6]). Between any plane connected subgraph F of D,,
and a vertex v not in F, there exist at least two edges from v to F' that do not cross F.

This result can be used to build large plane subgraphs. For instance, we can begin with
F consisting of only one edge, then for each vertex v not in F, we add to F' the edges
from v to F' not crossing F'. In this way, we will obtain a maximal plane subgraph: a plane
subgraph F such that any edge e ¢ F crosses some edge of F.

I Their lemma is actually more general. It does not require £ and v to be elements of a drawing of K,,, but
rather of a drawing that contains all edges from v to vertices of F'.
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In Section 2 of this work, we extend that Lemma 1.1 to arbitrary (not necessarily con-
nected) plane subgraphs. Further, in Section 3, we prove that any plane subgraph of D,
can be augmented to a 2-connected plane subgraph of D,,. A consequence of this result is
that maximal plane subgraphs contain at least min([3n/2],2n — 3) edges, and this bound
is tight. Maximal plane subgraphs of D,, have other interesting properties. For example,
we show that, when removing two edges from a maximal plane subgraph, it either stays
connected or one of the two components is a single vertex. Another consequence of the
previous results is that for every vertex v of a drawing D,,, there is a plane subgraph of D,,
consisting of the n-vertex star of edges incident to v, plus the edges of a spanning tree on
the n — 1 vertices of V' \ {v}.

The problem setting changes when we want our plane graphs not only to be maximal,
but also to contain the maximum number of edges. While for geometric graphs, every max-
imal plane subgraph is a triangulation and thus also has a maximum number of edges, the
situation is different for plane subgraphs of D,,. In Section 4, we will prove that comput-
ing a plane subgraph of D,, with maximum number of edges is an NP-complete problem.
However, if a connected plane spanning subgraph F' is given, we can adapt a classic algo-
rithm from computational geometry to show that a maximum plane augmentation of F' can
be found in O(n?) time.

As a side result, we also show that the problem of finding a largest compatible plane
graph on two labeled point sets is NP-complete.

Finally, going back to Lemma 1.1, we give an O(n) algorithm to compute all the edges
from a vertex v to a plane connected subgraph F' that do not cross F'.

2 Adding a single vertex

We now discuss a generalization of Lemma 1.1 to arbitrary plane subgraphs. This general-
ization will also follow independently from Theorem 3.1. Still, the following proposition
gives further insight on the position of the uncrossed edges around the vertex v, which
might help in the construction of algorithms.

We assume that a simple topological drawing D,, of K,, in the plane is given, with
vertex set V. = {vy1,...,v,}. If 21,2 are two points on an edge e of D,, (not necessar-
ily the endpoints of e), by line ;x5 we mean the portion of the curve e of the drawing
placed between the points z; and x5. For a vertex v, the star graph with center v is the
subgraph formed by the edges connecting v to all the other vertices. We denote this set of
edges by S(v), usually call rays to these edges emanating from v, and we suppose that the
rays of S(v) are (circularly) clockwise ordered. By the clockwise range [vp, vq] of S(v)
we mean the ordered set of rays placed clockwise between vp and vq, including rays vp
and vq. When vp or vg or both are not included in that ordered set of rays, we will use
(vp,vq], [vp, vq) or (vp,vq), respectively. In the same way, we can define counterclock-
wise ranges.

In the rest of this section, we suppose F' is a given plane subgraph of D,, and v a vertex
not in F'. In the figures, we use red color for the edges of F', so we usually call them red
edges. We say aray vr of S(v) is uncrossed if it does not cross any edge of F'.

Suppose that the ray vr crosses some edge of F, let e = pq be the first edge of F
crossed by vr, and let = be the first crossing point. Without loss of generality, we can
suppose that the rays vr, vp, and vq appear in this clockwise order in S(v). See Figure 1.

We define the clockwise range .., of rays centered at v corresponding to the crossing
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Figure 1: The clockwise and counterclockwise ranges of a first crossing.

x in the following way: if no ray in the clockwise range (vp,vq) crosses the edge pq
between z and p, then Ry is the range (vr, vpl; otherwise, (some rays in the clockwise
range (vp, vq) cross the line xp), Ry is the clockwise range (vr, vl], where vl is the last
ray in (vp,vq) crossing the line xp. That implies that if vl crosses xp at the point y, among
the intersection points of rays in (vp, vq) with the line p, the closest to x is y. See Figure 1.
Analogously, the range R is defined either as the counterclockwise range (vr, vq| if no
edge in the counterclockwise range (vq, vp) crosses the line ¢, or as the counterclockwise
range (vr, vl'], where vl’ is the ray in the counterclockwise range (vq, vp) crossing the line
xq in a point ' closest to z. By definition, the rays vr, vp, vl, vl’, vq appear clockwise in
that order around v. Observe that R.,, and R, are disjoint sets and they are also nonempty,
as vp is in Ry and vgq is in R.y. The following result generalizes Lemma 1.1.2

Proposition 2.1. Suppose the ray vr first crosses the edge e of F at the point x. Let R,
and R, be the clockwise and counterclockwise ranges of rays of v corresponding to that
crossing. Then, each one of these two ranges contains an uncrossed ray. As a consequence,
S(v) contains at least two uncrossed rays.

Proof. We prove the statement for Ry, the proof for Ry, is identical.

Observe that by definition, no red edge can cross the line vz, and a ray in the clockwise
range (vg, vr] cannot cross the line xp. Let y be the crossing point between the red edge
e = pq and the ray vl. When R, is (vr, vp] (i.e., no ray in the clockwise range (vp, vq)
crosses xp), then we identify the points p, [ and y. The lines vz, zy and yv define a simple
closed curve, that divides the plane into two regions T¢y, Tcw, Where Tty is the region not
containing the point q.

From the definition of T, it follows that a ray containing a point placed in the interior
of Tt,, must be in the range R.,,. Besides, a red edge can cross the boundary of that region
only through the line yv, and hence, if a red edge e crosses yv, one endpoint of e must be
inside T, the other one in T,.

The proof is done by induction on | R.y,|, the number of rays in that range. So, first sup-
pose that the only ray in the range R, is the ray vp. In this case, T, is the region bounded
by the closed curve vz, zp, pv not containing the point ¢q. This region cannot contain any

2Like Lemma 1.1, this result is more general. It does not require F' and v to be elements of a drawing of K,
but rather of a drawing that contains all edges from v to vertices of F'.
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vertex v’ of I, because then vr’ would be in R, therefore vp must be uncrossed. This
proves the base case of the induction.

Now suppose that the proposition has been proved for any clockwise range containing
less than | R.| rays. Let vr’ be the first ray of R.y,. Of course, if the ray vr’ is uncrossed,
the proof is done, so we can suppose that the ray vr’ is first crossed by a red edge ¢’ at a
point 2’. We are going to prove that the clockwise range R.,, corresponding to the crossing
a is strictly contained in R.y. Then, by induction, R.,, contains an uncrossed ray, and thus
also Rey. To prove that R, C R, strictly, it is enough to prove that the clockwise last ray
of R, is contained in Ry

Let us first analyze Case A: when the edge ¢’ is precisely the edge e. See Figure 2.
In this case, if 2 is between x and vy, then the clockwise range R, corresponding to the

Figure 2: Case A, the ray vr’ first crosses the edge e = pq.

new crossing point &’ is precisely R.,, minus its first ray vr’. And if 2’ is between y and p,
then all the points of the line z’p (including point p) are in the interior of the region Ty,
therefore the corresponding last ray of R/, has to be in Rey. Thus, in both subcases is
R!,, C Ry strictly.

Suppose now Case B: when e’ # e. See Figure 3. Clearly, at least one endpoint of €’ is

Subcase B1 Subcase B2

Figure 3: Case B, the ray vr’ first crosses an edge ¢’ # e.

in Ty, as otherwise the ray vl would be crossed twice by €’. Hence, either both endpoints
are in 1,, subcase B1, or one of them is in 7., and the other one in 7T, subcase B2. In
subcase B1, the entire edge ¢’ = p’q’ must be inside T¢y,. Therefore, any ray containing a
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point of ¢’ must be in R.,. In particular, the last ray of R/, must be in Ry, and hence,
R/, is strictly contained in Rey.

In subcase B2, an endpoint, p’, of ¢’ is inside T}, and the other, ¢/, is in T,,,. Observe
that the ray vp’ must be in Ry, however the ray vq’ cannot be in R.,, because the range
(vr,vr’) is empty, and a ray in [vr’, vl] finishing at ¢’ has to cross the edge e’. See Figure 3.
Therefore, the rays vr’, vp’, vq’ appear clockwise around v in this order. Hence, the last
ray of R/, is either vp’ or a ray crossing the line z’p’. In any case, as the line z'p’ is inside
Ttw, this last ray of R., has to be in R,,,. This completes the proof. O

3 Structure of maximal plane subgraphs

Let D,, be an arbitrary simple drawing of K,,. In this section, we identify several structural
properties of maximal plane subgraphs of D,,, using Lemma 1.1 or Proposition 2.1 as
our main tool. Maximal plane subgraphs turn out to be 2-connected. While there are
examples of maximal plane subgraphs that are not 3-connected, we elaborate further on
the structure, showing that a maximal plane subgraph is either 3-edge-connected or has a
vertex of degree 2.

Theorem 3.1. A maximal plane subgraph of D,, is spanning and 2-connected.

Proof. The proof is by induction on n. The result is obviously true for n < 3. For n > 3,
assume there exists a maximal plane subgraph F that is not 2-connected, and let us see that
a contradiction is reached.

We first claim that, under this assumption, I’ has no vertices of degree less than 3.
Suppose the contrary, that the vertex v has degree < 2. Let F' be the subgraph of F
obtained after removing the vertex v, and let I/ be a maximal plane subgraph (in the
drawing D,, —{v} of K,,_1) containing F”. By the induction hypothesis, F” is 2-connected.
We observe that v cannot have (in F) degree less than 2, since applying Lemma 1.1 to v
and F’ would give two edges at v not crossing F, contradicting the maximality of F.
So suppose v has degree 2. As we assume that F is not 2-connected, F” cannot be 2-
connected. However, F” is 2-connected, and hence there exists an edge ¢’ in F'— F'. By
the maximality of F, ¢’ must cross at least one edge vw of F incident to v. But applying
Lemma 1.1 to v and F’ gives at least two edges incident to v not crossing F’. These two
edges and also vw do not cross F, contradicting the maximality of F'. Therefore, the claim
follows.

Assume now that F is not connected. Let C, Cy be two connected components of F.
As all vertices have (in F') degree at least 3, C; cannot be an outerplanar graph, and it has
more than one face. Without loss of generality, we can suppose that Cy is in the unbounded
face of Cy. Let v; be an interior vertex of Cy, F’ the graph obtained from F by removing
vy, and f; the face of F’ containing v;. The face containing C5 remains unchanged by the
removal of v;. By induction, F’ can be completed to a 2-connected plane graph F’, and
due to the maximality of F, all the edges in F’ — F' should be in the face f1. But then, as
(5 is outside f1, F’ could not be connected, a contradiction. Thus, F' has to be connected.

By a similar reasoning we arrive at our contradiction to F not being 2-connected. A
block is a 2-connected component of a graph, and a leaf block is a block with only one cut
vertex. Since F is not 2-connected, it has at least two leaf blocks B and Bs. As all vertices
have degree at least 3, By cannot have all its vertices on the same face. Again, without loss
of generality, we can suppose Bs is in the outer face of B;, and there is an interior vertex
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vy of B;. Removing v; from F, we obtain a plane graph F” that has a face f; containing
v1, and F" is contained in a maximal plane graph I’ that is 2-connected. Again, by the
maximality of F, all the edges in F/ — F' must be in f;, implying that B is still a block
of F', contradicting the fact that F’ is 2-connected. Hence, F' must be 2-connected. O

Theorem 3.1 can be used to obtain more properties of maximal plane subgraphs.

Lemma 3.2. If a maximal plane subgraph F of D,, contains a vertex v of degree 2, then
the subgraph of F' obtained after removing v is also maximal in D,, — {v}.

Proof. Suppose the contrary. Remove v from F to obtain F” and let I be a maximal plane
graph containing . As F is maximal but I is not, F/ — F’ must contain an edge ¢’ that
crosses some edge vw of F. But by Lemma 1.1 there are at least two edges from v to F”.
These two edges and also vw do not cross F, contradicting the maximality of F. O

Proposition 3.3. Any maximal plane subgraph F of D,, with n > 3 must contain at least
min([3n/2],2n — 3) edges. This bound is tight.

Proof. Suppose that n > 3 and Fy = F has a vertex vy with degree 2. By removing this
vertex we obtain another maximal plane graph F; (maximal on n — 1 points), and if F} is in
the same conditions (with at least three vertices and a vertex v; of degree 2), by removing
v1 we obtain a new maximal plane graph F5, and so on. We finish this process in a step k
because either F}, only has three points, or all the points of F}, have degree at least 3. In the
first case, the original graph F contains n = k -+ 3 vertices and 2k + 3 edges, so 2n — 3
edges. In the second case, F' must contain at least 2k + [3(n — k)/2] edges, this amount
reaching its minimum value when k£ = 0.

Finally, let us see that the bound is tight. If 2 < n < 6, then a straight-line drawing
on n points in convex position gives the bound 2n — 3 < [3n/2]. If n > 6 and n is an
even number, a drawing like the one shown in Figure 4 proves that the bound [3n/2] is
tight. The drawing is done on n = 2(k + 1) points in convex position, that clockwise are

Figure 4: A drawing of K,,. The missing edges should be drawn as straight-line segments
inside the convex hull of the set of points. The black edges form a maximal plane subgraph
with [3n/2] edges.
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denoted by ug, w1, usg, ..., Uk, Vgt1, Vk,-- ., V2,v1. Let C' denote the convex hull of that
set of points. All the edges of D,, are drawn straight-line except for the 2(k — 1) edges
UiVi41, Vilit1,% = 1,...,k — 1, and the edge ugvy.t1, that are drawn outside C' as shown

in Figure 4. Observe that the 2(k — 1) edges uw;v;1+1, vitiyr1,% = 1,...,k — 1, are the
diagonals of the (k — 1) quadrilaterals w;u;1v;41v;, With u;v;41 only crossing v;u;+1 and
UgVgt1, fori = 1,..., k — 1. Clearly, straight-line edges can cross at most once, and the
edges placed outside C, by construction, cross at most once. The graph F' formed by the
2(k 4 1) edges on the boundary of C, the k edges u;v;,4 = 1,...,k, and the edge uovg+1
is clearly plane and maximal, since the other straight-line edges cross at least one edge
u,;v;, and the non-straight-line edges cross the edge ugvi4 1.

If n is odd, we can add to the previous set a point u}, between ug and u1, very close
to segment uguy, but keeping all the 2k + 3 points in convex position. By connecting uy,
with straight lines to the rest of the points, we obtain a simple topological drawing of K,
on this set of n = 2k + 3 points, and a new maximal plane graph is obtained by adding the
edges uguf,upu; to the above graph F'. This new maximal plane subgraph also has [3n/2]
edges. O

We mention another interesting implication of Theorem 3.1. For a vertex v, we can
augment the star S(v) to a 2-connected plane graph F, and since F’\ {v} is connected, it
contains a spanning tree. So we have

Corollary 3.4. For each vertex v there exists a spanning tree T,, of V' \ {v}, such that the
edges of S(v) UT, form a plane subgraph of D,,.

Our next results are about diagonals on plane cycles. Let C' = (vq,vs,...,vk) be a
plane cycle of D,,. A diagonal of C is an edge of D,, connecting two non-consecutive
vertices of C'. It was previously known that, even for the case where there are diagonals
intersecting both faces of C, there are at least [k/3] of them not crossing C' (cf. [17,
Corollary 6.6]). Proposition 3.3, applied to the subdrawing induced by the vertices of C,
directly implies the following result.

Corollary 3.5. Let C = (vq,vs,...,v;) be a plane cycle of D, with k > 6. Then, there
exists a set D of diagonals, with |D| > [k/2], such that the subgraph C' U D is plane.

It turns out that the structure of the diagonals of a cycle, as shown in the next lemma, is
useful for our further results.

Lemma 3.6. Let C' = (v1,vs,...,v;) be a plane cycle of D,,, k > 3, dividing the plane
into two faces f1 and fs. If there is no diagonal of C entirely in f1, then all the diagonals
of C are entirely in fs.

Proof. The proof is by induction on k. For £ < 5 the statement is obvious, so suppose
k > 5 and consider only the subdrawing Dy, induced by the vertices of C'. Suppose C' U D
is a maximal plane graph of Dy, so necessarily, D consists of diagonals placed on f5.
Let d be a diagonal of D connecting two vertices at minimum distance on the graph C.
Lemma 3.2 implies that in a maximal plane subgraph, vertices with degree 2 cannot be
adjacent. Therefore, diagonal d has to connect two vertices at distance 2 on C'. Without
loss of generality, suppose d = vxve and let A be the triangle vivivs. Then, the cycle
Cy = (va,vs,...,v) with k — 1 vertices has the faces f{ = f1 + A and f} = fo — A.
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We claim that there cannot be diagonals of C entirely in f{. Such a diagonal e en-
tirely in f] would have to intersect A. Then, adding e to C' U {v,vy} and removing all
edges crossed by e, we would obtain a plane graph F' in which vy has degree 0 or 1. By
Lemma 1.1, there must be another edge between vy and C, and this edge would be a di-
agonal of C entirely in fi, a contradiction. Thus, by induction, any diagonal v;v; of C; is
entirely in f4 and hence also in fo.

It remains to see that the diagonals with endpoint vy are also in f,. By our induction
hypothesis, the diagonal vovy is in f4 and thus also in f>. Hence, arguing as before on the
cycle C3 = (v1,v2,4, ... ,v;), we deduce that all the diagonals of C5 incident to v; must
be in f5. So it remains to see that the diagonal vy vs is also in fy. But vzvs is also in f5, so
it is in f5, and again applying the same reasoning on the cycle (vq, va, v3, Vs, . . ., V), all
the diagonals of this cycle not incident to v4 have to be in f5. O

To prove the next result, we recall some definitions and properties of any 2-connected
graph G = (V, E). Two vertices vy, v are called a separation pair of G if the induced
subgraph G \ {v1,v2} on the vertices V' \ {vy,v2} is not connected. Let G4, ..., G| be the
connected components of G \ {v1, v2}, with I > 2. Foreach i € {1,...,1}, let G} be the
subgraph of G induced by V(G;) U {v1,v2}. Observe that G contains at least one edge
incident to v; and at least another edge incident to vs.

Theorem 3.7. Let F be a maximal plane subgraph of D,,, n > 3. Then, for each separation
— —x
pair vi,v2 of F, at least one of the subgraphs F'; must be 2-connected.

Proof. Suppose that vy, v is a separation pair of F, and let F';, F, ..., F; be the con-
nected components of F'\ {v1,v2}, 1 > 2. Since F is 2-connected, the graph F' \ {vo} is
connected with v as a cut vertex. As F is plane, we can suppose that v; is in the outer face
of F'\ {va} (vy must be inside that face) and that clockwise around vertex v; first there
appear the edges from v to some vertices of the component F';, then edges connecting v;
to some vertices of F'5 and so on. See Figure 5.

Vg

Figure 5: A plane graph with separating pair v1, v2 and three subgraphs ", none of them
2-connected. This plane graph cannot be maximal.

Now suppose that none of the subgraphs F;k is 2-connected. Then each subgraph F:
contains at least one cut vertex u;. Since F; is connected and there exist edges in F:
incident to v; and vs, vertex wu; is different from vy and vy. On the other hand, a connected
component C' of F? \ {u; } must contain at least one of v, or vy because otherwise, C' would
be a connected component of F' \ {u;}, contradicting that F is 2-connected. Therefore,

F; \ {u;} has exactly two components, one containing v;, the other one containing ;.
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This also implies that the edge v1v2 of D,, cannot belong to F, and that the cut-vertex u;
is in the outer face of F'; (and hence in the outer face of F'\ {v2}) since v1 and v are in
the outer face of F'\ {v2}. See Figure 5.

In the graph F \ {vy}, around the vertex vy, the edges to vertices of F} first appear,
then the edges to vertices of F; and so on. Therefore, when we add to that graph the vertex
v9 and all the edges connecting v, to each component F; to obtain F, v; and vs must be
in the faces R; of F defined as the regions placed between the last edge from v; to F'; and
the first edge from vy to F; 1, fori = 1,...,[, and the vertex u; must be in the faces R;
and R;_;. However, by the maximality of F, no edge of D,, is entirely in any of those
faces ;. Then, Lemma 3.6 implies that no point of the edge v;v2 of D,, can be inside any
face R;. See Figure 5. Thus, v;v9 must begin between two edges vyv,v1v” with both v
and v’ belonging to a common connected component F';. However, since u; belongs to the
faces R;_; and R;, any curve from v; to vy passes either through the point u; or through
the interior of R;_; or R;, which contradicts either the simplicity of D,, or Lemma 3.6.
Therefore, if none of the subgraphs F;k is 2-connected, F' cannot be maximal. O

We call a graph essentially 3-edge-connected if it stays connected after removing any
two edges not sharing a vertex of degree 2 (i.e., the graph either stays connected or one
component is a single vertex). Theorem 3.7 implies that a maximal plane subgraph is
essentially 3-edge-connected:

Theorem 3.8. Any maximal plane subgraph, F, of a simple topological drawing of K, is
essentially 3-edge-connected.

Proof. If the removal of two edges v1 v and v} v} from the plane subgraph F results in two
non-trivial components Cy, C5 (see Figure 6), then vy, v4 is a separation pair of F, that has
as induced subgraphs C; U{v}v}} and CoU{vivs}, neither of which is 2-connected. Then,
by Theorem 3.7, F cannot be maximal. O

%)

) Cy

U1 Ry vh

Figure 6: A graph that is not essentially 3-edge-connected. The induced subgraphs of the
separation pair vy, v4 are subgraph C; plus edge v} v} and subgraph C5 plus edge vy vo. By
Lemma 3.6, the edge vy v} of D,, cannot enter either the Ry face or the Ry face, which is
impossible in any good drawing.

4 Adding the maximum number of edges

Now, assume that a plane subgraph of D, is given, and we want to add the maximum
number of edges keeping plane the augmented graph. Clearly, the decision of adding one
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edge will in general block other edges from being added. We will see that the complexity
of an algorithm solving this problem highly depends on whether the given subgraph is
connected or not.

Before talking about algorithms and their complexity we have to talk about what infor-
mation of the drawing D,, we will need to compute plane subgraphs. For each vertex v, the
clockwise cyclic order of edges of S(v) is usually given as a permutation of V' \ {v} (that
is to be interpreted circularly) of the second vertices of all edges of S(v). That permutation
of V'\ {v} is called the rotation of v, and the rotation system of a drawing D,, consists of
the collection of the rotations of each vertex v of D,,. It is well-known that from the in-
formation provided by the rotation system, one can determine whether two edges cross or
not, and therefore, that information is enough to compute plane subgraphs. See [7, 11, 15].
From the rotation system, we can also compute (in O(n?) time) the inverse rotation system
that, for each vertex v; and index j, j # 14, gives the position of v; in the rotation of v;.

When we say that a drawing D,, is given, we mean that we know the rotation system
and the inverse rotation system of D,,. Using these two structures, one can determine
whether two edges cross, in which direction an edge is crossed, and in which order two
non-crossing edges cross a third one in constant time [11].

Theorem 4.1. Let F' be a connected spanning plane subgraph of D,,. Then there is an
O(n?) time algorithm to augment F to a plane subgraph F' of D,, with the maximum
number of edges.

Proof. As F'is plane and thus contains a linear number of edges, we can identify all the
edges of D,, not crossed by F' in O(n?) time. This also gives us, for each such edge, the
face of F in which it is contained, and we can also compute for each face f of F' the set Ay
of edges of D,, entirely inside f. Clearly, each face of F' can be considered independently,
adding the maximum number of edges in it.

Let f be a face of F. For simplicity, we assume f to be bounded by a simple cycle
(v1,...,vk). Other cases can be solved similarly by an appropriate “splitting” of edges
having f on both sides. Disregarding D,,, consider the rectilinear drawing D;, obtained
from k points p1, ..., px placed on a circle C, and assign to each edge p;p; of Dy, weight
0if v;v; isin Ay, weight 1 otherwise. Observe that two edges of A ¢ cross properly, if and
only if, the corresponding 0-weight edges in circle C' cross properly. It is well-known that
a minimum-weight triangulation in Dy, can be obtained in O(k?) time [9] by a dynamic
programming algorithm, and this triangulation gives a plane set of 0-weight edges with
maximum cardinality. Hence, the corresponding edges of Ay form a plane set of edges
entirely inside face f with maximum cardinality. O

In contrast to this result, the problem becomes NP-complete when the subgraph F' is
not connected.

Theorem 4.2. Given a simple topological drawing D,, of K, and a cardinality k', it is
NP-complete to decide whether there is a plane subgraph that has at least k' edges.

Proof. We give a reduction from the independent set problem on segment intersection
graphs (SEG problem), which is known to be NP-complete [10]: Given a set S of s seg-
ments in the plane that pairwise either are disjoint or intersect in a proper crossing, and an
integer k > 0, is there a subset of k disjoint segments?
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For each instance of a SEG problem, we are going to build, in polynomial time, a
drawing D,, of K,, and an integer k’ such that the instance of the SEG problem has a Yes
answer, if and only if, the drawing D,, contains a plane subgraph with k" edges.

Let v;, t; be the endpoints of each segment s;,7 = 1,...,s, of S. We can suppose that
these endpoints are in general position and that their convex hull is a triangle. Thus, for
each endpoint v;, we can find a disc B; centered at v;, such that any straight line connecting
two endpoints of S different from v; does not cross B;.

In each disc B;, we place two points u;, w; very close to the segment v;t;, in such a
way that when connecting the point v; with straight-line segments to all the other points, the
segments v;u;, v;t;, v;w; are clockwise consecutive. In other words, the clockwise wedge
defined by the half-lines v;u;, v;w; only contains the endpoint ¢;. See Figure 7.

Figure 7: Drawings D,, (left) and D,, (right). The gray wedge only contains the endpoint
t;. In D, the dashed edges need to take a detour to avoid intersecting the edge u;w; twice.

Consider the rectilinear drawing D,, obtained by connecting the n = 4s points v;, u;,
wy, t;. In D,,, maximal plane graphs are triangulations, but we are going to consider only
the family I" of plane triangulations of D,, containing the 2s edges u;v;, w;v;. The weight
of a triangulation of I' is the number of edges v;t; that it contains. Clearly, in the set S
there are k disjoint segments, if and only if, there is a triangulation in I with weight k.

Now, consider the drawing D,, obtained from D,, doing the following changes:

Fori = 1,...,s, only the edges of the star S(u;) crossing v;w;, the edges of the star
S(w;) crossing u;v;, and the edge u;w; are modified.

Suppose that in S(u;) after u;v; are clockwise the edges u;p1, . . ., u;px, u;w;, where
each u;p; has to cross v;w;. Let v;p;,,vips, - .., v;p;, be the clockwise ordered edges
of S(v;) with endpoint one of the vertices p;. Then, we modify D, by redrawing u;p;,
following first the line u;v; until point v;, then turning around v; and following the line
v;Di, » In such a way that in the rotation of u; the new edge u;p;, is placed just before u;v;.
See Figure 7, right. The new drawing obtained is simple, because no edge crosses both u;v;
and v;p;, , edges u;p; cannot cross v;p;, and none edge of S(p;, ) can cross u,;v;. Moreover,
the number of crossings in the edge v;w; has decreased by one. We repeat the same process
for the edge u;p;, (the new edge u;p;, is placed just before u;v; in the rotation of u; ), then
U;Pi,, and so on. The same process can be done with the edges w;q; crossing u;v;. See
Figure 7, right. Finally, we can redraw u;w; in the same way, following the edge u;v; then
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turning around v; following edge v;w;. If we do this process for all the edges crossing v;u;
or u;w;, ¢ = 1,...,s, at the end we obtain the simple drawing D,,. By construction, in
D,,, neither the edges v;u; nor the edges v;w; are crossed by any other edge.

Now, let us see that D,, has a triangulation of the family I" of weight k, if and only if,
D,, has a plane subgraph of size &/, with k' = 3n — 6 — (s — k) = 11s — 6 + k. Suppose
D,, has a triangulation F with weight k. This means that F' contains (s — k) edges u;w;.
By removing from F' these u;w; edges, we obtain a plane set " of edges, where no edge
of F has been modified to obtain the drawing D,,. Therefore, the edges of F also form a
plane subgraph in D,, of size 3n — 6 — (s — k) = 11s — 6 + k.

Conversely, suppose D,, contains a plane subgraph with 3n—6—(s—k) edges. Since the
edges u;v;, w;v; are not crossed by any edge of D,,, they must belong to any maximal plane
graph of D,,. Therefore, D,, has a plane subgraph F' containing all the edges w;v;, v;w;
and of size k' > 3n — 6 — (s — k). As the wedge v;w;, v;u; only contains point ¢;, if the
edge v;t; is not in F', then, the face of F' containing the edges v;u; and v;w; cannot be
a triangle. But, if a plane graph on n vertices contains more than (s — k) non-triangular
faces, its maximum number of edges is < 3n — 6 — (s — k). As a consequence, v;t; is not
in F' for at most (s — k) indices i, or equivalently, the plane subgraph F' contains at least
k edges v;t;. This means that we can obtain a triangulation of the family I" of weight k by
including k of these non-crossing edges. O

Note that in the straight-line setting, we can always draw a triangulation of the underly-
ing point set, which contains the maximum number of edges. However, this is not the case
for simple topological drawings. We were not able to come up with a reduction solving the
following problem.

Problem 4.3. What is the complexity of deciding whether a given D,, contains a triangu-
lation, i.e., a plane subgraph whose faces are all 3-cycles?

Our reduction can also be adapted for a related problem on compatible graphs. We leave
the realm of general simple topological drawings and consider the following problem in the
more specialized setting of geometric graphs (rectilinear drawings). Let P = {p1,...,pn}
and P’ = {p},...,pl} be two sets of points in the plane. A planar graph is compatible
if it can be embedded on both P and P’ in a way that there is an edge p;p; if and only if
there is an edge p) p;-. Saalfeld [21] asked for the complexity of deciding whether two such
point sets (with a given bijection between them) have a compatible triangulation. We will
say that triangulations F of P and F’ of P’ have k' compatible edges when there exists a
subset of k' edges p;p; of F, such that their images, edges p;p/;, are edges of F.

We can show the NP-completeness of the following optimization variant of the prob-
lem. (However, as the similar Open Problem 4.3, Saalfeld’s problem remains unsolved.)

Theorem 4.4. Given two point sets P = {p1,...,p,} and P' = {p},...,p,} and the in-
dicated bijection between them, as well as a cardinality k', the problem of deciding whether
P and P’ admit two triangulations with k' compatible edges is NP-complete.

Proof. We follow the idea of the proof of Theorem 4.2, and use a reduction from the SEG
problem. Suppose that an instance of the SEG problem is given: a set S of s segments in
the plane that pairwise either are disjoint or intersect in a proper crossing, and an integer
k > 0. We will build two sets of points P = {p1,...,p,} and P’ = {p},...,p!,} and
obtain an integer &’ such that the SEG problem has answer Yes if and only if, P and P’
admit two triangulations with k&’ compatible edges.
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Let P be the set of n = 5s points formed by the v;, t;, u;, w; (¢ = 1,...,s) points
obtained from S as in the above Theorem 4.2, plus s points ¢;, where each point ¥; is
placed inside the triangle v;u;w; very close to the point v;, to the right of the oriented line
v;t;, in such a way that in the wedge defined by the half-lines v;u;, v;w; the only point of
P is t;, and the wedges u;v;, u;9; and w;v;, w;v; do not contain points of P. See Figure 8,
left. By construction, any triangulation F of the set of points P must contain the edge v;7;.
Observe that if the edge t;v; is in F, then the edge ;7; has to be also in F. Also note that
w;w; is only crossed by the edges ¢;v; and t;v;.

Figure 8: The point sets P (left) and P’ (right).

In the same way, let P’ be the set of n = 5s points v;, t;, u;, w;, 0, (i = 1,. .., s), where
now each point ¢} is placed outside the triangle v;u;w;, very close to the intersection point
of u;w; with v;t;, to the right of the line v;t;, and satisfying that any clockwise triangle
u;w;p contains inside the point ;. See Figure 8, right. The bijection between the points
of P and P’ is the obvious one, to each point ¥; of P corresponds point ¥} of P’, for any
other point its image is itself.

To prove the statement of the theorem, it is enough to prove the following:

If in the set S there are k disjoint segments, then there are triangulations F and F’
of the sets P and P’, respectively, with k' = 3n — 6 — (s — k) compatible edges. And
reciprocally, if ' and F” contain &’ = 3n — 6 — (s — k) compatible edges, then S contains
k disjoint segments.

Suppose first that S contains a set D of k disjoint segments v;t;. Let P be the set of 4s
common points of P and P’ (all the points v;, u;, w;, t;). We build a triangulation Fyof P,
in the following way. If v;t; is in D, then we include the edges v;t;, v;u;, v;w;, t;u;, t;w;
in Fy. If v;t; is not in D, then we include the edges u;v;, v;w;, wiu,; in Fy. After that, we
add edges in an arbitrary way until obtaining a triangulation Fyy of Py. Now, to obtain F
and F’, we add the points 9; and @} to Fy and retriangulate the triangular faces where they
are. If the edge v;t; is in D, then the points 9;, ¥} are both in the triangle u,;v;t;. So, by
adding the point v; and the three edges v;u;, v;v;, U;t; to Fy, or the point 0} and the three
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edges 0)u;, Ujv;, Uit; we continue with all the edges being compatible. However, if the edge
v;t; is not in D, then the point ; is in the triangle w;v;w;, but the point ¥ is in a triangle
u;w;p;. Then, we obtain a triangulation F of P by adding the edges ¥;u;, ¥;v;, U;w;, and
a triangulation F” of P’ by adding the edges ¥/u;, 0/p;, %;w;. Now, the images of the
edges 7;v; of F, edges ¥v;, are not in F’ (there the edges ¥}p; appear instead). This
situation occurs (s — k) times, so the number of compatible edges between F and F” is
3n—6—(s—k).

Conversely, suppose P and P’ contain triangulations F' and F’ with k' = 3n — 6 —
(s — k) compatible edges. If 0;t; is not in F, then the edges ¥;v; and w;w; must be both
in F, because the edge u;w; can be crossed only by the edges ¢;v; and ¢;0;. However, in
set P, always the edge 0,v; is crossed by the edge u;w;. Then, for each index ¢ such that
U;t; is not in F', one of the edges v;v; or u;w; of F is not in F’. Therefore, this situation
can happen at most (s — k) times, that is, the triangulation F' must contain at least k edges
v;t;. But if k segments v;t; are disjoint, also their corresponding v;t; edges are disjoint.
Therefore, S has to contain at least k disjoint segments. 0

Finally, let us analyze the complexity of augmenting a plane subgraph F' of D,, until
obtaining a maximal plane subgraph. Since F' has O(n) edges, the set of edges of S(v) not
crossing F' can be trivially found in O(n?) time. This directly implies an O(n?) algorithm
to obtain a maximal plane graph containing F: For ¢« = 1,...,n, update F' by adding
the edges of S(v;) non-crossing F, not in F. The following result implies that, if F’ is
connected, finding a maximal plane subgraph containing F' can be done in O(n?) time.

Theorem 4.5. Given a simple topological drawing of K, a connected plane subgraph F,
and a vertex v, we can find the edges from v to F not crossing F in O(n) time.

Proof. Notice that as F' is a plane graph, we can compute in linear time, for each vertex w
the clockwise order of the edges of F' incident to w, the faces of F’, and for each face f,
the clockwise cyclic list of edges and vertices found along its boundary.

Suppose first that the vertex v is not in /', and let vw; be the first edge in the rotation of
v with one endpoint in F'. The algorithm runs in three stages. In the first stage, it starts by
finding the edge of F', edge e; = uguy, that intersects vw, closest to v along vw;. When
the first intersection point occurs precisely at the vertex wy, we take e; as the first edge
of F that follows, counterclockwise, to wyv in S(w;). Using the rotation system and its
inverse, this edge e; of F' can be found in linear time, since |F'| € O(n). It also gives us
the face f of F containing the vertex v inside.

For simplicity, let us suppose that f is a bounded face and that the boundary of f is a
simple cycle, formed by the edges e; = upui,e2 = ujus, €y = Um—1ug. We will later
discuss the general case. Notice that if the edges vw;, vw;, vwy, are in this clockwise order
in S(v), their corresponding first crossing points x;, x;, ¢ with F' are found in a clockwise
walk of the boundary of f in that same clockwise order. See the right bottom drawing of
Figure 9.

In the second stage, the algorithm simulates a clockwise walk xyuq, ujus, . .., up—1ug,
... of the boundary of f starting at point 1, the first crossing point of vw; with e; = uguq,
and simultaneously a clockwise walk vwy, vws, . . ., vw;, . . . on the edges of the star S(v),
beginning with the edge vw;. In each step, the algorithm makes progress in at least one
of the two walks, by adding the following edge on the boundary to the boundary walk or
passing to explore the following edge of S(v). In this process the algorithm will keep a list
o with some of the explored edges of S(v).
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In a generic step, the edges S; = (vwy,vws,...,vw;) of S(v), and the portion of the
boundary of f, Wy, = (x1u1,ujus,...,ur—1uy), have been visited, and the two following
invariants hold:

(A) The first crossing of the edge vw; is not on Wy_1 = (xju1,ujus, ..., Ug_oUg_1)
(the walk W, minus its last edge).

(B) The list o contains an ordered list (vu;,, vui,,...,vu;, ) of the explored edges of
S(v) finishing at some of the vertices u;,1 < j < k, satisfying:

(B1) All the explored edges of S(v) not placed in o cross the boundary of f.

(B2) The first crossing point of each edge vu; of o with the boundary of f is either
u; or is placed clockwise after u;.

Initially, if 2 is an interior point of the edge e; = wuguy, then Wy, = (z1uq1), S; =
(vwy, vws) and the list o is empty. If 21 coincides with the vertex ug, then Wy = (uguq),
S; = (vwi, vws) and the list contains the edge vug. In both cases invariants (A) and (B)
are satisfied (the walk Wj,_; is empty or consists of only one vertex).

Figure 9: Top left: A vertex v inside the face f. Only the edges vu;, with u; incident to the
face f, can be uncrossed by F. Top right: A clockwise walk along the boundary of the face
f. Bottom left: In a walk along the boundary of f, the first crossing points of the edges
of S(v) are found in the same order as the edges of S(v). Bottom right: An equivalent
drawing to the top left figure with the boundary of f being a simple cycle. Some vertices,
like (2, 4,9), can correspond to the same vertex of the first drawing.

In this second stage the algorithm proceeds as follows:
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o If vw; crosses the last edge of Wy, edge eg, or if w; is not a vertex of f, iterate
considering the clockwise successor vw; 41 of vw; in the rotation of v.

As the first crossing of vw; must be on the edge e, or a posterior edge e, ¢t > k, also
the first crossing of vw;; must be on ey, or a posterior edge. Thus invariant (A) is
kept. On the other hand, observe that o does not change, vw; must not be included
in o (it crosses f), and W}, is not modified. Therefore invariant (B) is also kept.

* If vw; does not cross e; and w; is a vertex of f, w; # uy, then, add the following
edge er11 on f to Wy, keeping the same edge vw; of S(v).

Invariant (A) is kept, because the first crossing point of vw; cannot be on Wy. In-
variant (B) is also kept, because ¢ is not modified.

* If vw; does not cross e; and w; = uy, then, add vw; to the list o, pass to explore the
following edge vw;+1 of S(v) and add the following edge e;+1 on f to Wy.

Again, invariant (A) is kept, because the first crossing of vw;; must be after uy.
On the other hand, the first crossing point of vw; is either uy, or it is placed after uy,
hence property (B) is kept.

This second stage of the algorithm ends when all the edges of S(v) and f have been
explored. The last edge of the boundary of f being either ugx; or w,,—1ug. Therefore, at
the end, invariant (B) implies that o will contain the uncrossed edges of S(v) plus some
crossed edges vu; of S(v) satisfying that the first crossing (on the boundary of f) is placed
after the endpoint u; of that edge.

In each step of this stage, a new edge in the boundary of f, a new edge of S(v), or both
edges become explored. As the number of edges in f and in S(v) is linear, this second
stage of the algorithm runs in O(n) time.

In the third stage, the algorithm repeats counterclockwise the above stage considering
only the edges in 0. That means, it explores counterclockwise the boundary of f (in the
order x1ug, Uolm—1,- - ., and counterclockwise the edges of S(v) placed in o (so, in the
order vu;_,vu;, ,,...). In this third stage, in linear time, a new list & is obtained. By
invariant (B1), all the uncrossed edges of S(v) have to be in &. And by invariant (B2), if
vu; 18 in @, its first crossing point cannot be clockwise nor counterclockwise before u;, so
it has to be u;. Therefore, & will contain the uncrossed edges of S(v).

In general, the boundary of face f is not a simple cycle, some edges of f can be incident
to f for both sides, so they appear twice in a walk along the boundary of f. However, this
general case can be transformed to the previous case by standard techniques, as done in [6]
in their proof of the general case of Lemma 1.1. In Figure 9, the bottom right figure shows
how to transform the drawing of the top left figure, to obtain an equivalent drawing where
the boundary of f is a simple cycle. When the face f is the unbounded face the algorithm
is totally analogous.

Finally, let us consider the case when the vertex v is in F'. Then, vertex v can be
incident to several faces f1, ..., f;, [ > 1. Again, for simplicity, suppose that the boundary
of each one of these faces is a simple cycle. For each face f;, if vw;,,vw;, are the two
edges incident to vertex v in f;, we can compute by the above method the uncrossed edges
of S(v) placed inside f;, using only the edges of S(v) placed clockwise between vw;,
and vw;,. O
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5 Conclusion

In this paper, we considered maximal and maximum plane subgraphs of simple topological
drawings of K. It turns out that maximal plane subgraphs have interesting structural prop-
erties. These insights could be useful in improving the bounds on the number of disjoint
edges in any such drawing, continuing this long line of research.

Also, algorithmic questions arise. For example, Proposition 2.1 ensures that there are
always two edges connecting a vertex v to a not necessarily connected plane graph F'in D,,
without crossings. Moreover, the set of edges of S(v) not crossing F' can be trivially found
in O(n?) time. This leads to the following question.

Problem 5.1. Given a not necessarily connected plane graph F' in D,,, plus a vertex v not
in F, can the edges of S(v) incident to but not crossing F' be found in o(n?) time?
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Abstract

A group G has a Frobenius graphical representation (GFR) if there is a simple graph I’
whose full automorphism group is isomorphic to GG acting on the vertices as a Frobenius
group. In particular, any group G with a GFR is a Frobenius group and I is a Cayley
graph. By very recent results of Spiga, there exists a function f such that if G is a finite
Frobenius group with complement H and |G| > f(|H|) then G admits a GFR. This paper
provides an infinite family of graphs that admit GFRs despite not meeting Spiga’s bound.
In our construction, the group G is the Higman group A(f, qo) for an infinite sequence of
f and qp, having a nonabelian kernel and a complement of odd order.

Keywords: Cayley graph, Frobenius group, Suzuki 2-group, Frobenius graphical representation.
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1 Introduction

Graphs and their automorphism groups have intensively been investigated especially for
vertex-transitive (and hence regular) graphs. Many contributions have concerned vertex-
transitive graphs with large automorphism groups compared to the degree of the graph, and
have in several cases relied upon deep results from group theory, such as the classification
of primitive permutation groups.

On the other end, the smallest vertex-transitive automorphism groups of graphs occur
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when the group is regular on the vertex-set. A group is said to have a graphical regular rep-
resentation (GRR) if there exists a graph whose (full) automorphism group is isomorphic to
G acting regularly on the vertex-set. Actually, almost all finite groups have GRRs. In fact,
all the few exceptions were found in the 1970-80s by a common effort of G. Sabidussi,
W. Imrich, M. E. Watkins, L. A. Nowitz, D. Hetzel, C. D. Godsil, and L. Babai, see [2,
Section 1]. Since regular automorphism groups of a graph are those which are vertex tran-
sitive but contain no non-trivial automorphism fixing a vertex, a natural next choice as a
small vertex-transitive automorphism group of a graph may be a Frobenius group on the
vertex-set: an automorphism group of a graph that is vertex-transitive but not regular and
only the identity fixes more than one vertex. It is well known that any group may be a
Frobenius group in at most one way. Furthermore, each graph I' with a (sub)group G of
automorphisms acting regularly on the vertex-set is a Cayley graph Cay(G, S).

All these give a motivation for the study of Frobenius groups G which have a graphical
Frobenius representation (GFR), that is, there exists a graph whose (full) automorphism
group is isomorphic to G acting on the vertex-set as a Frobenius group. The systematic
study of the GFR problem was initiated by J. K. Doyle, T. W. Tucker and M. E. Watkins in
their recent paper [2]. As pointed out by those authors, the GFR problem is largely not anal-
ogous to the GRR problem since all groups have a regular representation whereas Frobenius
groups have highly restricted algebraic structures. Nevertheless, they conjectured that like
the GRR-case, “all but finitely many Frobenius groups with a given Frobenius complement
have a GFR”. Very recently Spiga [9, 10] was able to prove that conjecture for Cayley
graphs and Cayley digraphs (digraphical Frobenius representations, or DFRs). Spiga com-
bined combinatorial properties of Cayley graphs with some deeper results on the 1-point
stabilizers of primitive permutation groups to obtain a function f: N — N such that if G
is a finite Frobenius group with complement H satisfying |G| > f(|H]|), then G admits a
GEFR; see [10, Theorem 1.1], [9, Theorem 1], and Section 9.

It is apparent from Spiga’s work and from the results, examples and classification of
smaller groups with GFRs in [2], see in particular [2, Theorem 5.3 and Remark 5.4], that
an interesting open problem is the explicit constructions of GFR for Frobenius groups G
which do not meet Spiga’s bound and whose kernel H is a non-abelian 2-group.

In this paper we provide such a construction. Our choice of Frobenius groups is in-
fluenced by Higman'’s classification of Suzuki 2-groups [5], as we take for G the group
A(f, qo) from Higman’s list where ¢y and ¢ = 27 are 2-powers. The group A(f, qo) is a
subgroup of G of GL(3,F,) whose main properties are recalled in Section 2. We build a
Cayley graph I',, on the Frobenius kernel K of G, with a certain inverse closed subset .S of
K as connecting set, constructed from an element u € F,. We show that G has GFRon I,
provided that ¢ = 2/, o and u are carefully chosen.

Our notation and terminology are standard. For the definitions and known results on
Frobenius groups which play a role in the present paper, the reader is referred to [2].

2 The group A(f, qo)

Let F,, be the finite field of order ¢ = 2/ with f > 4, and let ¢y = 2/° be another power of
2 smaller than q. For a,c € F, and A € F}, we write
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We define the groups

K={®,.|a,ceF,}

H={¥\|\eF,}.
Then, K is a 2-group of order ¢®> and H is a cyclic group of order ¢ — 1. Moreover,
H normalizes K, and its action fixes no nontrivial element in K. Their closure group is
HK, and denoted by A(f,qo) in Higman’s paper [5]. For brevity, we write G in place of
A(f, qo). With this change G = HK. Since H N H9 = 1 holds forany g € G\ H, G is
a Frobenius group in its action on the set G/H of right cosets of H. The point stabilizer
is H and K is a regular normal subgroup. It may be noticed that when ¢ = 2¢Z then G is

similar to the 1-point stabilizer of the Suzuki group Sz(q) in its double transitive action on
¢* + 1 points. A straightforward computation shows that the H-orbits on K are

Qu = {Pg ua0+1 | a €Ty}, u € Fy, 2.1
and
Qoo ={Poc | c€ IF:;}
3 A Cayley graph arising from G
For every u € F;, we may build a Cayley graph in the usual way:
I, = Cay(K,Q, UQyi1).

Since 2, U €, is H-invariant, the group G induces automorphisms of I',,. This allows
us to look at (the matrix group) G as a Frobenius group on K = V(I',). Our aim is to
show that if ¢, o and u € F are carefully chosen then Aut(T',) coincides with G. Define
the set %, 4, of elements v € F, which satisfy both conditions:

(U1) w=(1+n?)/(n+ n%) for some primitive element 7 of IF;
(U2) the polynomial X%F! + 4 X% + (u+ 1)X + 1 has no roots in F,.

Then such an appropriate choice of the triple (g, g, u) is given in the following theo-
rem.

Theorem 3.1. Assume that ¢ — 1 and g3 — 1 are relatively prime. Then
(i) T'y is connected Cayley graph.

(ii) If, in addition, w € Uy q,, then Aut(T',) = G, that is, G has a graphical Frobenius
representation on I',,.

The question whether Theorem 3.1 provides an infinite family is also answered posi-
tively.
Theorem 3.2. For infinitely many 2-powers q it is true that whenever the 2-power qq sat-

isfies ged(q — 1,3 — 1) = 1, the set Uy 4, is not empty.

Computer calculations show that for many u ¢ %, g, , the graph I',, is still a GFR for G.
Hence, the conditions (U1) and (U2) are only needed for our proofs. However, %, 4, = 0
implies ¢(q)/q < 3, which happens extremely rarely for ¢ = 27, f odd; see Section 5.
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4 Some more properties of the abstract structure of the group G
Lemma 4.1. The following hold in K :
(i) Qi,c = Dy qao+1 and Qj;,i =Dy eyt
(ii) D5 Py 1Pa,cP.a = Poarobiabo-
(iii) Qoo consists of central involutions of K.
(iv) For eachu € Fy, we have Q1 = Q1.
Proof. Straightforward matrix computation. O
Lemma 4.2. Assume that ged(q3 — 1,q — 1) = 1. Then the following hold:
(i) K' =Z(K) = {1} U Q.
(ii) K' and K/K' are elementary abelian 2-groups of order q.
(iii) Foru € Fg, the set Q,, generates K.
(iv) H acts transitively (hence irreducibly) on the nontrivial elements of K' and K/K'.

(v) The subgroup H is maximal in HK', which is maximal in G.

Proof. By the assumption, the map a +— a + a% has kernel Fy, and, a + a%7*! is a
bijection of IFZ. Hence, any element of IF;, can be written in the form a?b + ab?, which

implies (i). For a € F¥, we have 4153 waso+1 = Poqao+1. Thus, Q C (Q,) and (iii)
follows. The rest is straightforward computation. O

Notice that Lemma 4.2(iii) yields Theorem 3.1(i).

5 On Conditions (U1) and (U2)

A natural key question regarding the applicability of Theorem 3.1 is the existence of some
g such that %, 4, is not empty, that is, IF, contains an element v satisfying both Conditions
(U1) and (U2). Theorem 3.2 states that infinitely many such ¢ exist and we are going to
show how to prove it using Euler’s phi function and the M6bius function. For this purpose,
we need some algebraic preparatory results stated in the next lemmas.

Lemma 5.1. Let ¢ = 2f be a power of 2 with odd exponent f. There exist at least
2(q +1)/3 elements u € Fy such that X +uX® + (u+ 1)X + 1 has no roots in F,.

Proof. Define the rational function
ot 441
ACIRER

Clearly, 0 and 1 are never roots of X! + 4 X% + (u + 1)X + 1. Moreover, X% F1 4
uX% + (u+1)X + 1 has aroot in F, if and only if u = U(x) for some =z € F, \ {0,1}.
Since U(0) = U(1) = oo and

U(x)—U<x;Ll> —U<xi1>

identically, we have |U(FF, \ {0,1})| < (¢ — 2)/3. Here we use the fact that F is not a
subfield of F, and x, (x + 1)/x, 1/(x + 1) are distinct elements of F,. O

U(z) =
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Lemma 5.2. For infinitely many odd integers n, inequality o(2" — 1)/(2" — 1) > 1/3
holds.

Proof. The claim follows from the asymptotic formula of [7, Theorem 3]

m—1
% Z L_I)ZM+O(M_110gM),

om
1<m<M

with  is given by the absolute convergent series

p(d)
:E — =~ 0.73192
I i, 0.73192,
d odd

where t4 is the multiplicative order of 2 modulo d, and p(d) is the Mdbius function; see
[11, Theorem 4.1].

We give a second, elementary proof based on Fermat’s Little Theorem. We show that
for primes p, (2P — 1)/(2P — 1) — 1. Let rq,..., 7 be the different prime factors of
2P — 1. Fori = 1,...,k, let m; be the order of 2 modulo ;. Then m; | p and p = m,.
Moreover, 2" =1 =1 (mod r;) implies p | (r;—1). Infact, p | (r;—1)/2and r; = 2s;p+1
holds for some integer s; > 1. This implies

p
k<l 22 —1) < .
Og?p( ) 10g2 p
Hence,
k _p
p(2P - 1) 1 1 Teszw
1> —= = 1l——)>(1-— ,
2r —1 21;[1 T 2p
where the latter term converges to 1. This proves our claim. O

Remark 5.3. As pointed out in [8], much more is true: [7] implies that given any € > 0,
there is a ¢ > 0 such that (2" —1)/(2"™ — 1) > c apart from a set of n with upper density
< €.

We are in a position to prove Theorem 3.2. By Lemma 5.2, it suffices to show that for
an arbitrary odd integer f with ¢(2f —1)/(2/ — 1) > 1/3, ¢ = 27 fulfills the conditions
of Theorem 3.2. Fix such an f and choose an arbitrary integer fy, coprime to f. Then
qo = 270 satisfies ged(q — 1,¢2 — 1) = 1. By the choice of f, F, has more than (¢ — 1)/3
primitive elements. In our case, z — 29~ is bijective in F,, hence the maps

1
1 4-no p U 20-1
—n = —u =1
R n+nt’ v * u+1

are well-defined inverses to each other. Now, the claim follows from Lemma 5.1.

6 Incidences

Recall that I',, denotes the Cayley graph Cay (K, 2,, U, +1), where the vertices of I, are
the elements of K and 2, is defined in (2.1). The identity @ ¢ of K will also be denoted
by €. The group G = HK acts on K, the action is induced as follows: The elements of
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K act in the right regular action and the elements of H act by conjugation. In the sequel,
we identify G with its permutation action on K, whereby some caution is required since
for a subset X of K, the point-wise stabilizer of X in G and the centralizer of X in G are
in general different. As a permutation group, G is a subgroup of the automorphism group
Aut(T,), and H is its cyclic subgroup of order ¢ — 1, fixing ¢ and preserving both 2,, and
Q,+1. Formally, € is viewed as an element of Aut(T',,); nevertheless, we will also use the
notation id to denote the trivial automorphism of Aut(T",,).

For any two elements &, ., P, 4 € K with ¢G’C¢bic11 e Q,, we introduce the directed

edge notation P, . LAY @y, 4 in I'y, and we refer to it as a u-edge. It should be noticed
that our notation is not the usual one for Cayley digraphs, where the arrows point in the
opposite direction. An obvious observation is that the following are equivalent:

(i) Puc — Pp.as
(i) $a,c® g € Qs
(iil) ¢+ d = (a+b)%®(ua+ (u+ 1)b),
(iv) ¢+ d=u(a+ b)Tt 4 q@0p  po+1,
Now we collect some incidences in I';, which play a role in our proof.

Lemma 6.1. Assume ged(q — 1,2 — 1) = 1 and define

1 u_ \@
n_+u+1

foru e Fy\ {0, 1}. Then the following hold inT',, for a,b # 0:

u a
Dy uqatt — Py ypaott = b= ;, (6.1a)
¢a,ua‘10+1 LH} gpb,ubqOJrl = b= ar, (6.1b)
By (us1)arott = Py (up1yprotr <= b=a- %7 (6.1c)
u+1 1 +
Do (ut1)ato+ v Dy, (ug1)pott <= b=a- Tn7 (6.1d)
u a
d)a’uaqo%—l — @b,(u-‘rl)bqo"'l b= e 17, (616)

w qo+1 q
Dy wamot utl Dy (ut1)paot1 = (%) Tt (%) oy (u+1) (%) +1=0.
(6.1)

Proof. (6.1a): Since I',, has no loops, we may assume a % b.

By yarott — Dy ypaott < ua® !t +ub®t = (a4 )% (ua + (u+ 1)b)
<= 0= (u+1)a%b + uab® + po**

—0=(u+1) (%)qo+u<%)+1

<:>0:(u+1)(%+1>qo+u(%+l)
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a q0—1 U
= (- 1) = = 1)%—1
(b+ u+1 (n+1)
—_ _
p T

Since (u + 1)-edges are reversed u-edges, we obtain (6.1b) by switching a and b in the
computation above. To show (6.1d), we replace u by v + 1 and use the computation above
to obtain

1
wil a w-1 441 1 \%
Pa,(ut1)ato+t = Pp (ug1ypaott <= (Z + 1) R <1+n
a U
==
b 1+n

This proves (6.1¢c) by switching a and b. For (6.1e):

Dy uaiott — D (ut1)pao+t = ua®™ " 4 (u + )b = (a + )% (ua + (u + 1)b)
<= 0= (u+1)a®b+ uab®

a\ -1 u
= (- = = 1)1
(b) e Rl CAuRY)

a
<:>3:1+77.

Finally,

Dy uasot ut] Dy, (ut1)paot1 = ua®t + (u + 1) = (a + )% ((u + 1)a + ub)

= 0=a®" +ua®b+ (u+1)ab® 4 b +!

0= (%)q”l tu (D) e (§)+1,

which shows (6.1f). O

Our next step is to describe the structure of the neighborhood of the vertex ¢ in T',,.
For this purpose, we recall the concept of generalized Petersen graphs [3]. Let n and k be
integers with 1 < k < n/2, the vertex set of GPG(n, k) is {c1,...,¢n, ¢}, ..., ¢, } and
the edge set consists of all pairs of the form

CiCit1, cic, cicg+k, ie{l,...,n},
where all subscripts are to be read modulo n. In order to describe the automorphism group
of GPG(n, k), define the permutations
pi i Civ1, C > Ciiq,
d:ci—c_y, ¢
e — c;m-, C; > Cl;

foralli € {1,...,n}. By [3, Theorem 1 and 2],

(p,6) < Aut(GPG(n,k)) < (p,,a)



96 Ars Math. Contemp. 20 (2021) 89-102

provided that n ¢ {4,5,8, 10,12, 24}. Moreover, the generators p, J, satisfy the relations
p" = 6% = id, dpd = p~1, hence, (p,d) is isomorphic to the dihedral group of order
2n. Also, ad = da, a? € {id,d}, and most importantly a~!pa = p¥. This implies the
following lemma:

Lemma 6.2. Let n be an odd integer, n # 5, and 1 < k < n. In Aut(GPG(n, k)), the
following properties hold:

(i) The elements of odd order form a unique cyclic normal subgroup of order n.
(ii) For k # +1, no involution commutes with the cyclic normal subgroup of ordern. [

Proposition 6.3. Assume ged(q — 1,q2 — 1) = 1 and u € %, 4,. Then, the neighborhood
Qu U Quy1 of € in Ty, is isomorphic to the generalized Petersen graph GPG(q — 1, k),
where u = (14 n%)/(n + n%) and the integer k is defined by 1 + n = n*+1.

Proof. By the choice of u, 7 is a primitive element of IF,. Define

/
€i = Py uyitao+n), € = Pri/(14m), (ut1) (i / (1m)) 0+ -
From Lemma 6.1, ¢;c;11, ¢;c; are edges and there are no more edges in 2, and between
Qy and Q. 41. In Qy41, ¢ and ¢; are connected with an u-edge if and only if

w1+
1+n 1+n 17

=gt o1y == j=i+k (modq-1).

This finishes the proof. O

Notice that k¥ = +1 would imply » = 0 or 1 + 7 + n? = 0, which is not possible if
ged(q — 1,3 — 1) = 1 and 1) generates .

Corollary 6.4. Assume gcd(q —1,q2 — 1) = 1 and u € %, q,. Let A be the permutation
group induced by the stabilizer Aut(T'y)c on ., U Qy11. Then A is solvable, its order is
either (¢ — 1), 2(q¢ — 1) or 4(q¢ — 1), and it has a unique cyclic normal subgroup of odd
order ¢ — 1. Moreover, Aut(T',,). either preserves S, and Qy,.11, or it interchanges them.

Proof. A contains the cyclic subgroup of order ¢ — 1 that is induced by H on €, U 2,,41.
Proposition 6.3 and Lemma 6.2 apply. O

We finish this section with another property of the stabilizer of £ in Aut(T",,).
Lemma 6.5. Assume ged(q —1,¢3 — 1) = 1 andu € Yy 4.

(i) Let A be the centralizer of the commutator subgroup K' in Aut(T,,). Then K < A
and |A : K| < 2. Moreover, any element of A\ K interchanges the sets Q,, and
Qi1

(ii) Let a € Aut(T') be an involution which centralizes H. Then « fixes Q, U Qqyyq
point-wise.
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Proof. (i): Obvoiusly, K < A and A is transitive. From the last sentence of Corollary 6.4,
an element o € A, either preserves €2, and (2,1, or it interchanges them. We show
that if « preserves €2, then o = id. This will imply |A.| < 2 and |A| < 2¢%. Since a
commutes with K’ and fixes ¢, it fixes all points in the orbit X" = {e}UQ. The elements
Dy pantr € Qy and Do 4 € K' satisfy both relations

u
¢a7uaq0+1 — P g <= d=0,
1
By yaiot1 T Bo g <= d = a®tl.

This means that each element in €2,, is connected with a unique element in {2.,. Hence, o
fixes all elements in 2,,. As each K’-orbit contains a unique element in §2,,, we see that
each K'-orbit is preserved. Once again, o commutes with K’ and fixes an element in each
K'-orbit. Therefore, « fixes all points in each K’-orbit.

(i1): As ¢ is the unique fixed point of H, € = ¢ and « leaves the neighborhood
Q,, U, 11 of € invariant. By Lemma 6.2(ii), the restriction of « to €2,, U€2,,41 cannot have
order 2, therefore, it must be trivial. O

7 Imprimitivity

In this section we show that an appropriate choice of u € F, ensures that Aut(I",) cannot
act primitively on the set of vertices of I",,. We recall that a primitive permutation group G is
of affine type if it has an abelian regular normal subgroup, which is necessarily elementary
abelian of order r™ for some prime r. In this case G is embedded in the affine group
AGL(n,r) with the socle being the translation subgroup. Its stabiliser of 0 € F is a
subgroup of GL(n,r) which acts irreducibly on F*. For our purpuse, a useful tool is the
following result by Guralnick and Saxl.

Proposition 7.1 (Guralnick and Saxl [4]). Let G be a primitive permutation group of degree
2". Then either G is of affine type, or G has a unique minimal normal subgroup N =
Sx---x8=8t>1, S isanon-abelian simple group, and one of the following holds:

(i) S = A, m =2°> 8 n = te, and the 1-point stabilizer in N is Ny = A,,_1 X

- X Ap_1, or

(ii)) S = PSL(2,p), p = 2¢° — 1 > 7 is a Mersenne prime, n = te, and the 1-point
stabilizer in N is the direct product of maximal parabolic subgroups each stabilizing
a 1-space.

Lemma 7.2. Let G be a group acting transitively on the set X. Forx € X andlet H = G,
be the stabilizer of x in G.

(i) Fory € X, choose g € G such that y = 9. Then the subgroup of H, fixing the
H-orbit of y point-wise, coincides with Npe g HI".

(ii) If G is 2-transitive on X then Nyc g HI" is either H or {1}, depending upon whether

gEHorg¢ H.
Proof. If iy € yH, then v/ = y" = 29" for some h € H. Hence, for the stabilizer we
have G,y = G9" = H9". Therefore, the point-wise stabilizer of y is Nyreyn Gy =

Nheg HY". This proves (i). Clearly, if g € H then NpegH9" = H. If g € G\ H
then z # y = 29 and Ny H9" fixes all points in {x} U y*. The latter set is X if G is
2-transitive. O
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Lemma 7.3. Assume ged(q —1,q3 — 1) = 1 and u € U, 4, If Aut(L,) acts primitively
on Iy, then its action is of affine type.

Proof. Letus assume on the contrary that Aut(T",,) is not of affine type. Let IV be its unique
minimal normal subgroup. With the notation in Proposition 7.1, we have N = S* where
either S = A,,,, m > 8, or S = PSL(2,p), with a Mersenne prime p = m — 1 > 7. In
both cases, S has a 2-transitive action on m points. Moreover, if B is the 1-point stabilizer
in S, then the point stabilizer of ¢ = &g in N is N. = B*. For (g1,...,9:) € S* take
a generic vertex y = (9129 of T',,. Let Y be the B'-orbit of 3. By Lemma 7.2(i) the
point-wise stabilizer of Y is

(ﬂbeBBglb) X oo X (ﬂbeBBg‘b).

By Lemma 7.2(ii), each factor is either {1} or B, depending upon whether g; € B or not.
Thus, the point-wise stabilizer of Y in Bt is B%, where 0 < tg < ¢, and ¢y = t occurs
if and only if Y = {e}. Therefore, the B’ induces a permutation group on Y which is
isomorphic to B!, where t; = t — to. Furthermore, ¢; = 0 if and only if Y = {¢}.

The stabilizer N, acts on €, U Q,11. Let Y be a nontrivial N.-orbit contained in
Qu UQyuiq. IfS = A, then N, induces a nonsolvable group of automorphisms of
0y UQyyq. If S = PSL(2,p), then |B] = p(p — 1)/2, and N, induces a noncyclic group
of odd order on 2, U ,,;1. Both possibilities are inconsistent with Corollary 6.4. [

We are now able to prove the imprimitivity of Aut(T",,).

Proposition 7.4. Assume ged(q — 1,3 — 1) = 1 and u € %, 4, Then, Aut(T',) acts
imprimitively on T',,.

Proof. As before, GG is identified with its permutation action on I',,. In particular, we
consider H, K as subgroups of Aut(I",,). At the same time, K is the set of vertices of T',,.
Assume on the contrary that Aut(I",) is primitive, hence of affine type by Lemma 7.3.
Let N be the unique minimal normal subgroup of Aut(T',,). Then N is a regular elementary
abelian 2-group. Since H has odd order, N decomposes into the direct product of H-
invariant subgroups. For any 1 # h € H and 1 # n € N, h has a unique fixed point,
while n has no fixed point. Hence nh # hn. Therefore N = A; x As where A; is an
elementary abelian group of order ¢ and H acts regularly on A; \ {1}, ¢ = 1,2. Consider
the subgroup M = Ny (K). Since NK is nilpotent, we have K < M and K’ < M. The
latter implies K" N Z(M) # {1}. Since both K’ and Z(M) are H-invariant while H acts
regularly on K’ \ {1}, we have K’ < Z(M). By Lemma 6.5, |M : K| = 2. On the one
hand, M = (M N N)K. On the other hand, N N K is an H-submodule of M N N. By
Maschke’s Theorem [1, (10.8)] applied to M N N, viewed as a Fy-vector space, there is an
H-invariant subgroup B in M N N such that M N N = B x (N N K). Therefore,

B (MNN)/(NNK)2(MNN)K/K = M/K = Fs,
that is, the nontrivial element of B < N commutes with H, a contradiction. O

8 Proof of the main result Theorem 3.1(ii)

In this section, we complete the proof of Theorem 3.1. As before, G is identified with
its permutation action on I';,. From Proposition 7.4, we know that A = Aut(T',) acts
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imprimitively on I',. We claim that the only nontrivial blocks of imprimitivity of A are
the cosets of the commutator subgroup K’ of K. Or equivalently, K is the only nontrivial
block containing €. Let B be an arbitrary nontrivial block of imprimitivity of A which
contains €. Then the stabilizer of the set B in G is a subgroup G'p of G, lying properly
between H and G. By Lemma 4.2(v), Gg = HK' and B = K’, which proves the claim.
The next two lemmas describe the point-wise stabilizer of K’ in A.

Lemma 8.1. Let E be the point-wise stabilizer of K' = {e} UQq in Aut(T'y). Then E is
either trivial or it is an elementary abelian 2-group which fixes all pairs {®, ., @;ﬁ}

Proof. The observations made prior to Lemma 6.1 show
Doc LN Ppq—=d=c+ uadot!

forall a,c,d € Fy. Thus, any vertex @, ., a # 0, is u-connected to a unique element 9 4,
of K’ and (u + 1)-connected to a unique element &g 4, of K’, where d; = ¢ +ua%*! and
do =c+ (u+ 1)aq‘3+1. If d; and d are distinct nonzero elements, then @g 4,, Do 4, are
distinct vertices in {2, whose common neighbors are ¢, . and @;}: = @, c4qe0+1, Where

a=(dy + dg)%lﬁ and ¢ € {dy +ua®™"! dy +ua® "}

This shows that any automorphism of I',,, which fixes {2, point-wise, must leave the pair
{®q,c, P, L} invariant. It follows that E either trivial or has exponent 2 and in the latter
case E is elementary abelian. O

Actually, F is trivial by the following lemma.
Lemma 8.2. The only automorphism that fixes {e} U Qoo point-wise is the identiry.

Proof. Let E be defined as in Lemma 8.1. Since H K’ preserves the set of vertices in K’,
HK' normalizes E. Assume on the contrary that E # {1}, then Cg(K') # {1} is H-
invariant. Since K’ acts regularly on itself, E N K’ = {1}. We apply Lemma 6.5(i) to
conclude that |Cg(K')| = 2. This means that there is a unique involutory automorphism
a € A which centralizes both K’ and H. Now, Lemma 6.5(ii) implies that « fixes €2, U
Q,,+1 point-wise. Finally, Lemma 6.5(i) yields « € K, a contradiction. O

Let us now focus on the point stabilizer A, of € in A = Aut(T',). Clearly, A, leaves
Q, U8, 41 invariant. Moreover, by the imprimitivity of A, A, preserves {2, as well. Since
any element of €2, is connected with a unique element of {2.,, each automorphism fixing
all points in {e} U Q,, U Q41 fixes all points in 2,. Hence by Lemma 8.2, the action of
A on Q,, U Q41 is faithful and the possibilities for |Ac| are ¢ — 1, 2(¢ — 1) or 4(g — 1)
by Corollary 6.4.

Let S denote the stabilizer of the set X’ in A. On the one hand, HK' < S, hence
S is transitive on K’. On the other hand, A, < S since K’ is a block of imprimitivity.
Therefore, A. = S, and

1S| = qlAc| € {q(q —1),2q(q — 1),4q(q¢ — 1)}.

This implies that .S induces a 2-transitive solvable permutation group S on K. Since the
order of K’ is a power of 2, Huppert’s Theorem [6, Theorem XII1.7.3] yields that S is
similar to a subgroup of the group AT'L(1, ¢) of all semilinear mappings

z+— az® + b, a,beF,,a#0,a € Aut(F,)
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on F,. Here, (1,9)| = fq(qg — 1) for ¢ = 2/. Since ged(q — 1,¢2 — 1) = 1, f is
odd, and the only possibility for the cardinality of S is q(q —1). We apply Lemma 8.2 once
more to conclude that |.S| = ¢(¢ — 1), which implies A, = H and A = HK = G. This
finishes the proof of Theorem 3.1(ii).

Remark 8.3. Since the proof of Lemma 8.2 depends on Huppert’s classification of solvable
2-transitive groups of degree 2" 4 1, a natural question is whether the possibility |S| €
{2¢9(q¢ — 1),4q(q — 1)} can be ruled out by purely combinatorial arguments based on the
structure of the graph I',, rather than by the use of Huppert’s classification. We are likely
to think that the answer is negative. In fact, the action of an extra-automorphism in case
|S] € {2¢(q — 1),4q(q — 1)} does not seem to produce further useful constraint on the
structure of the graph G, in the case where the kernel K is nonabelian and the complement
H has odd order. Actually, as Spiga himself pointed out in [10, Section 1.1], this case is by
far the hardest in the GFR problem.

9 Spiga’s bound

To state Spiga’s bound we need some notation consistent with that used in [9]. For a
Frobenius group G = N x H with kernel N and complement H, let

(L =1+ B (VI og, ),

|N‘ 1 (\/'“l 1 ‘Hl 4 )
di2(|N|,|H|) =1+ — log, = — 2log, /|N|+ 1 );

di ([N, |H]) = (logy [N ])?*;
f1(IN|, |H]) = le(IN\7|H|)(l|N| —-1) max{gdu(\NHHl) 2d12(\N|7\H|)};

3N 1 |H|
N |H|) =212 2 VIV (log, | N

Fo(IN], [H]) = 2220V LIHD,
2
2IN|\ 3

(L1 = (1) -2V

ds2(IN|, |H|) = VN;
d33(|N|, |H|) = 4 |N — 2|H[+/|N;

Fy(IN, ) = 4|H| min{dy (N, | ). dsa(V]. | H) dsa( [N, |HD)Y:
ol L) = 5+ 1t + g7 — Fa(INL LD + (o V1)

fs(IN|, |H|) = 203(\N| |H)
Theorem 9.1 (Spiga’s Bound). If
! FUNI=V/HL > f (INY, [H) + f2(INI, |H]) + f3(IN], |H]|)

then G admits a GFR.
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As stated in [9, Theorem 2], Spiga’s bound implies that when | V| is large compared
to | H|, then a random H-invariant subset S of N gives rise to GFR on Cay(NV, S). Spiga
also claimed on his strategy that “Theoretically this strategy is sound, in practice, even for
relatively small groups H, the lower bound on |N| is so large that it seems hopeless and
infeasible to study the small groups /N with a computer.”

Proposition 9.2. For a 2-power q > 2, let G be a Frobenius group of order q*(q — 1) with
nucleus of order ¢ and complement of order ¢ — 1. Then Spiga’s bound does not hold

for G.

Proof. In our case, in the exponent on the left hand side in Spiga’s bound we have g + 2.
On the other hand, for ¢ = 2™,

3 ¢ alg—2) q(5¢ — 4)
(N H|) > - ——+ 77— +2m> "+ 2
dg—1 2(¢—1) 4(q—1)
A straightforward computation shows that the last number is always bigger than ¢+ 2 when
the claim follows. O
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We present the tables of feasible parameters of primitive 3-class Q-polynomial associ-
ation schemes and 4- and 5-class ()-bipartite association schemes (on up to 2800, 10000,
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1 Introduction

Much attention in literature on association schemes has been paid to distance-regular graphs,
in particular to those of diameter 2, also known as strongly regular graphs — however, their
complete classification is still a widely open problem. The tables of their feasible parame-
ters, maintained by A. E. Brouwer [4, 5], are very helpful for the algebraic combinatorics
community, in particular when one wants to check whether a certain example has already
been proven (not) to exist, to be unique, etc. Compiling such a table can be a challeng-
ing problem, as, for example, some feasibility conditions require calculating roots of high
degree polynomials.

The goal of this work is to present the tables of feasible parameters of (Q-polynomial
association schemes, compiled by the third author, and accompanied by a number of nonex-
istence results obtained by the first two authors.

Recall that Q-polynomial association schemes can be seen as a counterpart of distance-
regular graphs, which, however, remains much less explored, although they have received
considerable attention in the last few years [11, 25, 27, 28] due to their connection with
some objects in quantum information theory such as equiangular lines and real mutually
unbiased bases [24].

More precisely, let Ay, ..., Ap and Ey, ..., Ep denote the adjacency matrices and the
primitive idempotents of an association scheme, respectively. An association scheme is
P-polynomial (or metric) if, after suitably reordering the relations, there exist polynomials
v; of degree i such that A; = v;( A1) (0 <4 < D). If this is the case, the matrix A; can be
seen as the distance-i adjacency matrix of a distance-regular graph and vice-versa. Simi-
larly, an association scheme is QQ-polynomial (or cometric) if, after suitably reordering the
eigenspaces, there exist polynomials v of degree j such that £; = v;(El) 0O <3< D),
where the matrix multiplication is entrywise. These notions are due to Delsarte [15], who
introduced the P-polynomial property as an algebraic definition of association schemes
generated by distance-regular graphs, and then defined Q-polynomial association schemes
as the dual concept to P-polynomial association schemes.

Many important examples of P-polynomial association schemes, which arise from clas-
sical algebraic objects such as dual polar spaces and forms over finite fields, also possess
the (Q-polynomial property. Bannai and Ito [1] posed the following conjecture.

Conjecture 1.1. For D large enough, a primitive association scheme of D classes is P-
polynomial if and only if it is Q-polynomial.

We are not aware of any progress towards its proof. The discovery of a feasible set of
parameters of hypothetical counter-examples (see [30]) casts some doubt on the conjecture,
and in the very least shows that this will likely be difficult to prove (see the next section
for the definition of feasible parameter sets). Moreover, the problem of classification of
association schemes which are both P- and @-polynomial (i.e., Q-polynomial distance-
regular graphs) is still open. We refer the reader to [13] for its current state.

Recall that, for a P-polynomial association scheme defined on a set X, its intersection
numbers p}; satisfy the triangle inequality: pf; = 0if [i — j| > k or i+ j < k, which
naturally gives rise to a graph structure on X. Perhaps, due to the lack of such an intu-
itive combinatorial characterization, much less is known about ()-polynomial association
schemes when the P-polynomial property is absent (which also indicates that there should
be much more left to discover). To date, only few examples of (Q-polynomial schemes are
known which are neither P-polynomial nor duals of P-polynomial schemes [28] — most
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of them are imprimitive and related to combinatorial designs. The first infinite family of
primitive (Q-polynomial schemes that are not also P-polynomial was recently constructed
in [31]. Due to Conjecture 1.1, it seems that the most promising area for constructing new
examples of (Q-polynomial association schemes which are not P-polynomial includes those
with few classes, say, in the range 3 < D < 6. The tables of feasible parameters of prim-
itive 3-class (-polynomial association schemes and 4- and 5-class ()-bipartite association
schemes presented in Section 3 may serve as a source for new constructions.

We note that imprimitive ()-polynomial 3-class schemes are either Taylor graphs (see
[5, pp. 4-6]) or linked systems of symmetric designs (see [27]). For current research on Q-
antipodal 4- and 5-class association schemes, see [24, 25] and [11]. Due to this recent work
on (Q-antipodal schemes, the third author has focused only on the less studied primitive
and @-bipartite cases in his tables. We note the primitive case is far more computationally
demanding than the )-bipartite case, and this is the reason the class number in the tables
does not go to 4 or 5.

The parameters of P-polynomial association schemes are restricted by a number of
conditions implied by the triangle inequality. On the other hand, the ()-polynomial prop-
erty allows us to consider triple intersection numbers with respect to some triples of ver-
tices, which can be thought of as a generalization of intersection numbers to triples of
starting vertices instead of pairs. This technique has been previously used by various re-
searchers [8, 10, 17, 21, 22, 23, 36, 37], mostly to prove nonexistence of some strongly reg-
ular and distance-regular graphs with equality in the so-called Krein conditions, in which
case combining the restrictions implied by the triangle inequality with triple intersection
numbers seems the most fruitful. Yet, while calculating triple intersection numbers when
the P-polynomial property is absent is harder, we managed to rule out a number of open
cases from the tables. This includes a putative (Q-polynomial association scheme on 91
vertices whose existence has been open since 1999 [12].

The paper is organized as follows. In Section 2, we recall the basic theory of association
schemes and their triple intersection numbers. In Section 3, we comment on the tables of
feasible parameters of (-polynomial association schemes and how they were generated. In
Section 4, we explain in detail the analysis of triple intersection numbers of ()-polynomial
association schemes and prove nonexistence for many open cases from the tables. Finally,
in Section 5, we discuss the generalization of triple intersection numbers to quadruples of
vertices.

2 Preliminaries

In this section we prepare the notions needed in subsequent sections.

2.1 Association schemes

Let X be a finite set of vertices and { Ry, R1,..., Rp} be a set of non-empty subsets of
X x X. Let A; denote the adjacency matrix of the (di-)graph (X, R;) (0 < i < D). The
pair (X, {R;}2,) is called a (symmetric) association scheme of D classes (or a D-class
scheme for short) if the following conditions hold:

(1) Ag = I|x|, which is the identity matrix of size | X|,

) Eiio A; = J) x|, which is the square all-one matrix of size | X,

G) Al =A,(1<i< D),
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4 AA; = Z?:o p%Ak, where pifj are nonnegative integers (0 < 7,5 < D).

The nonnegative integers pfj are called intersection numbers: for a pair of vertices x,y € X
with (z,y) € Ry and integers 4, j (0 < 4,5,k < D), pfj equals the number of vertices
z € X such that (z,2) € R;, (y,2) € Rj.

The vector space A over R spanned by the matrices A; forms an algebra. Since A is
commutative and semisimple, there exists a unique basis of .A consisting of primitive idem-
potents Ey = ﬁbﬁ x|» £1, ..., Ep (i.e., projectors onto the maximal common eigenspaces
of Ag, ..., Ap). Since the algebra A is closed under the entry-wise multiplication denoted
by o, we define the Krein parameters qu 0<14,5,k < D)by

D
1
Bio B = 1 > 4 Ey. .1)
k=0

It is known that the Krein parameters are nonnegative real numbers (see [15, Lem-
ma 2.4]). Since both {Ag, 41,...,Ap} and {Ey, E1,..., Ep} form bases of A, there
exists matrices P = (Pj;);_, and Q = (Qi;);—, defined by

D D
1
A = E Pj;E; and E; = X E QjiA;. (2.2)
=0 =0

The matrices P and Q are called the first and second eigenmatrix of (X, {R;}2.,).

Let n;, 0 < ¢ < D, denote the valency of the graph (X, R;), and m;, 0 < j < D,
denote the multiplicity of the eigenspace of Ag,..., Ap corresponding to E;. Note that
n; = pY, while m; = q?j.

For an association scheme (X, {R;}2 ), an ordering of Ay, ..., Ap such that for each
i (0 < i < D), there exists a polynomial v;(z) of degree ¢ with Pj; = v;(Pj1) (0 < j < D),
is called a P-polynomial ordering of relations. An association scheme is said to be P-
polynomial if it admits a P-polynomial ordering of relations. The notion of an association
scheme together with a P-polynomial ordering of relations is equivalent to the notion of
a distance-regular graph — such a graph has adjacency matrix Ay, and A; (0 < i < D)
is the adjacency matrix of its distance-i graph (i.e., (x,y) € R; precisely when x and y
are at distance ¢ in the graph), and the number of classes equals the diameter of the graph.
It is also known that an ordering of relations is P-polynomial if and only if the matrix of
intersection numbers L, where L; := (pfj)kD i—0 (0 < i < D), is a tridiagonal matrix with
nonzero superdiagonal and subdiagonal [1, p. 189] — then pfj = 0 holds whenever the triple
(i, j, k) does not satisfy the triangle inequality (i.e., when |i — j| < k ori + j > k). For
a P-polynomial ordering of relations of an association scheme, set a; = pii, b = p’“ 11
and ¢; = piﬂ»_l. These intersection numbers are usually gathered in the intersection array
{bo,b1,...,bp_1;¢1,¢C2,...,cp}, as the remaining intersection numbers can be computed
from them (in particular, a; = by — b; — ¢; for all ¢, where bp = ¢y = 0). For an association
scheme with a P-polynomial ordering of relations, the ordering F, ..., Ep is called the
natural ordering of eigenspaces if (P;1)2 , is a decreasing sequence.

Dually, for an association scheme (X, {R;}2 ), an ordering of E, ..., Ep such that
for each ¢ (0 < i < D), there exists a polynomial v; (x) of degree ¢ with Q;; = v} (Q;1)
(0 < j < D), is called a Q-polynomial ordering of eigenspaces. An association scheme



A. L. Gavrilyuk et al.: On few-class Q-polynomial association schemes: feasible . .. 107

is said to be Q-polynomial if it admits a Q-polynomial ordering of eigenspaces. Similarly
as before, it is known that an ordering of eigenspaces is ()-polynomial if and only if the
matrix of Krein parameters L}, where L} := (qf])kD =0 (0 <4 < D), is a tridiagonal ma-
trix with nonzero superdiagonal and subdiagonal [1, p. 193] — then qu = 0 holds whenever
the triple (4, j, k) does not satisfy the triangle inequality. For a (Q-polynomial ordering of
eigenspaces, set aj = qi ;, bf = ¢} ;. and ¢ = ‘Ii,ifr Again, these Krein parameters
are usually gathered in the Krein array {b{,b3,...,b5_1;¢i,¢5, ..., ¢h} containing all
the information needed to compute the remaining Krein parameters (in particular, we have
af = by — b — ¢ for all i, where b}, = ¢ = 0). For an association scheme with a Q-
polynomial ordering of eigenspaces, the ordering A1, ..., Ap is called the natural ordering
of relations if (Q;1)2, is a decreasing sequence. Unlike for the P-polynomial association
schemes, there is no known general combinatorial characterization of ()-polynomial asso-
ciation schemes.

An association scheme is called primitive if all of Ay, ..., Ap are adjacency matrices
of connected graphs. It is known that a distance-regular graph is imprimitive precisely
when it is a cycle of composite length, an antipodal graph, or a bipartite graph (possibly
more than one of these), see [5, Thm. 4.2.1]. The last two properties can be recognised from
the intersection array as b; = ¢p—; (0 < i < D, i # |D/2])anda; = 0(0 < i < D),
respectively. We may define dual properties for a Q-polynomial association scheme — we
say that it is Q-antipodal if bf = ¢},_, (0 < i < D, i # |D/2]), and Q-bipartite if
af = 0(0 <7 < D). All imprimitive (Q-polynomial association schemes are schemes of
cycles of composite length, (Q-antipodal or ()-bipartite (again, possibly more than one of
these). The original classification theorem by Suzuki [34] allowed two more cases, which
have however been ruled out later [9, 35]. An association scheme that is both P- and Q-
polynomial is Q-antipodal if and only if it is bipartite, and is ()-bipartite if and only if it is
antipodal.

A formal dual of an association scheme with first and second eigenmatrices P and )
is an association scheme such that, for some orderings of its relations and eigenspaces, its
first and second eigenmatrices are () and P, respectively. Note that this duality occurs on
the level of parameters — an association scheme might have several formal duals, or none
at all (we can speak of duality when there exists a regular abelian group of automorphisms,
see [5, §2.10B]). An association scheme with P = () for some orderings of its relations and
eigenspaces is called formally self-dual. For such orderings, pfj = qu 0<L4,5,k< D)
holds — in particular, a formally self-dual association scheme is P-polynomial if and only
if it is ()-polynomial, and then its intersection array matches its Krein array.

Any imprimitive association scheme with two classes is both P- and Q)-polynomial for
either of the two orderings of relations and eigenspaces. The graph with adjacency matrix
Aj of such a scheme is said to be strongly regular (an SRG for short) with parameters
(n,k,\, 1), where n = |X]| is the number of vertices, k¥ = p; is the valency of each
vertex, and each two distinct vertices have precisely A = pi; common neighbours if they
are adjacent, and . = p?, common neighbours if they are not adjacent. In the sequel, we
will identify P-polynomial association schemes with their corresponding strongly regular
or distance-regular graphs.

By a parameter set of an association scheme, we mean the full set of pfj, qf] P;;
and (Q;; described in this section, which are real numbers satisfying the identities in [5,
Lemma 2.2.1, Lemma 2.3.1]. We say that a parameter set for an association scheme is
feasible if it passes all known conditions for the existence of a corresponding association



108 Ars Math. Contemp. 20 (2021) 103-127

scheme. For distance-regular graphs, there are many known feasibility conditions, see [5,
13, 37]. For @Q-polynomial association schemes, much less is known — see Section 3 for
the feasibility conditions we have used.

2.2 Triple intersection numbers

For a triple of vertices z,y, 2 € X and integers ¢, 7, k (0 < 4,5,k < D) we denote by

Ty z
[ i jk
number of vertices w € X such that (z,w) € R;, (y,w) € R; and (2, w) € Rj. We call
these numbers triple intersection numbers.

Unlike the intersection numbers, the triple intersection numbers depend, in general, on
the particular choice of (z,y, z). Nevertheless, for a fixed triple (z,y, z), we may write
down a system of 3D? linear Diophantine equations with D3 triple intersection numbers as
variables taking nonnegative values, thus relating them to the intersection numbers, cf. [22]:

} (or simply [¢ j k] when it is clear which triple (z,y, z) we have in mind) the

D
=

D D
DUikl=p, D itk =pk, D iif=ph (1<ijk<D) (23)
0 £=0 £=0

where (z,y) € R, (z,2) € Rs, (y,2) € Ry, and
07 k] = 6j0ks, [0 0 k] = 0irOs, [i 7 0] = 6504 (0<14,5,k < D)

are constants. Note that the equations (2.3) are not all linearly independent, so the system
is underdetermined in general when D > 3. Moreover, the following theorem sometimes
gives additional equations.

Theorem 2.1 ([10, Theorem 3], cf. [7], [5, Theorem 2.3.2]). Let (X,{R;}2 ) be an
association scheme of D classes with second eigenmatrix () and Krein parameters g
(0 <r,s,t < D). Then,

D

to_ 0. ryz _

=0 = 'Ek:Oerstthij}—o forallz,y, > € X.
%,7,R=

Note that in a (Q-polynomial association scheme, many Krein parameters are zero, and
we can use Theorem 2.1 to obtain an equation for each of them.

3 Tables of feasible parameters for (Q-polynomial association schemes

In this section we will describe the tables of feasible parameter sets for primitive 3-class
(2-polynomial schemes and 4- and 5-class ()-bipartite schemes.

These tables were all completed using the MAGMA programming language (see [2]).
Any parameter set meeting the following conditions was included in the table:

(1) The parameters satisfy the ()-polynomial condition.

k . . . () . .
(2) All p; are nonnegative integers, all valencies p;; are positive.

(3) For each j > 0 we have npgj is even (the handshaking lemma applied to the graph
(X, R;)).
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(4) For each j,k > 0 we have p?jp;: & is even (the handshaking lemma applied to the
subconstituent (Y, {(y,2) € Y xY | (y,2) € Ri}), wherex € X andY = {y €
X | (z,y) € Rj D).

(5) For each 5 > 0 we have np?jpg ; 1s divisible by 6 (the number of triangles in each
graph (X, R;) is integral).

(6) All qu are nonnegative and for each j the multiplicity q?j (i.e., the dimension of the
E;-eigenspace) is a positive integer (see [5, Proposition 2.2.2]).

(7) For all 4,5 we have > my < mym; ifi # jand >, my < W (the
qf;#0 a5, #0
absolute bound, see [5, Theorem 2.3.3] and the references therein).

(8) The splitting field is at most a degree 2 extension of the rationals (see [29]).

We note that there are many other conditions known for the special case of distance-
regular graphs. It was decided to apply these conditions after the construction of the table,
and those not meeting these extra conditions were labelled as nonexistent with a note as
to the condition not met. We leave as an open question whether if any of these conditions
could be generalized to any cases beyond distance-regular graphs; this (perhaps faint) hope
is the main reason that they are included in the table.

We begin with the tables for ()-bipartite schemes, since this case is somewhat sim-
pler than the primitive case. Schemes which are ()-bipartite are formally dual to bipartite
distance-regular graphs. As a consequence, the formal dual to [5, Theorem 4.2.2(i)] gives
the Krein array for the quotient scheme of a Q-bipartite scheme (see [27]). Namely, if the

scheme has Krein array {b§, b, ...,b% _i;¢i,...,ch}and ¢?; = u*, then the Krein array
of the quotient is
{ bobi b33 b3 b3 4 _C1Cy C3cy Co1_1Ca¢ }
M* 9 M* ? 9 u* 3 u* ) M* ) 3 N* )
where ¢t = L%j Note that the quotient scheme has multiplicities 1,mqo, my, ..., Moy,

from which it follows that the condition Y_°_ ma; = Y227 my; 1 must be satisfied for a
D-class Q-bipartite scheme.

When D = 4,5 we obtain ¢ = 2, so the quotient structure is a strongly regular graph.
A database of strongly regular graph parameters up to 5000 vertices can be generated very
quickly. From there, we can use the above condition on the multiplicities. The following
proposition shows that the multiplicities determine all the parameters of the scheme.

Proposition 3.1. A D-class Q-bipartite Q)-polynomial association scheme with D € {4,5}
and multiplicities 1, m1, ms, ..., mp has the Krein array

{ mi(mz2 —mi+1) mi(ms —ma+mqg —1)
ml,ml—l, 5 ;

e ms (D = 4)

17 )

ml(ml — 1) ml(mg — mi =+ 1) }
, M
mo ms

or
mi(ma—mi+1) mi(mz—ma+mi—1) mi(ma—ma+ma—mi+1)

mlyml_la ) ) ’
mo ms ma

1 ml(m1—1) ml(mz—ml—i—l) ml(mg—m2+m1—1) m
) Mo ) ms ) ma ) 1
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Proof. Follows easily from the identities of [5, Lemma 2.3.1]. O

In the 4-class case, the parameters are entirely determined by the quotient’s multiplici-
ties (with a chosen Q-polynomial ordering) and m;. To search, we take a strongly regular
graph parameter set, choose one of two possible orderings for its multiplicities, calling its
multiplicities my = 1, meo, my4. From the absolute bound, we have 1 + mqy < ml(mfﬁ'l),

> 0. We then search over all

(m2—mi+1)my
ma

2(1 4+ mg) — % < my < mao, checking the conditions above. Given that we are iter-

ating over SRG parameters together with two orderings and one integer, this search is very

fast. The limitation of the table to 10000 vertices is mainly readability and practicality. The
third author has unpublished tables (without comments or details) to 100000 vertices.

We note that ()-bipartite schemes with 5 classes are very similar, except we must iterate
over both m and m3. Again, this is a very quick search, but the relative scarcity of 5-class
parameter sets makes listing up to 50000 vertices, with annotation, manageable. The table
actually goes slightly higher, to 50520 vertices, because of the existence of an example on
that number of vertices.

The trickiest search was the primitive 3-class ()-polynomial parameter sets. In this
case, there is no non-trivial quotient scheme to build on.

We use the following observation.

and from the positivity of c¢5 we have

Theorem 3.2. A primitive Q-polynomial association scheme of 3 classes must have a ma-
trix L; with 4 distinct eigenvalues.

Proof. Assume not. If a matrix A; has only two distinct eigenvalues, it is either complete,
contradicting the fact that it is a 3-class scheme, or a disjoint union of more than one
complete graph, contradicting the fact the scheme is primitive. Therefore, the only case left
to consider is when A1, Ao, A3 all have three distinct eigenvalues, meaning the graphs are
all strongly regular. A 3-class scheme where every non-trivial relation is strongly-regular
is amorphic, see [19] and [14] for a definition and details on amorphic schemes. It was
shown in [20] that amorphic schemes are formally self-dual. This implies that no column
of @ has 4 distinct entries. Therefore, the second eigenmatrix () cannot be generated by
one column via polynomials, thus the scheme cannot be Q-polynomial. O

We note that, in fact, all Q-polynomial D-class schemes must have a relation with D+1
distinct eigenvalues. However, the above theorem and its proof is sufficient for our needs.
From this we conclude that each 3-class primitive ()-polynomial scheme has an ad-
jacency matrix, which we label A;, which has four distinct eigenvalues. Then the corre-
sponding 4 x 4 intersection matrix L; has four distinct eigenvalues. From this matrix, all
of the other parameters may be determined. In particular, from [5, Proposition 2.2.2], the
left-eigenvectors of L1, normalized so their leftmost entry is 1, must be the rows of P.
The rest of the parameters can be derived from the equations:

Lj = P_ldiag(P0j7P1jv‘"7PDj)P’
Ly = Q" diag(Qoj, Q1 - --» Qpj) Q-

However, checking the ()-polynomial condition is done before the computation of all
parameters. We use the following theorem, a proof of which can be found in [30].
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Theorem 3.3. Let L; be an intersection matrix of a D-class association scheme, where L;
has exactly D + 1 distinct eigenvalues. Then the scheme is Q-polynomial if and only if
there is a Vandermonde matrix U such that U L;U = T where T is upper triangular.

It is not hard to show that, without loss of generality, we can take 7p; to be 0, implying
that the first column of U is an eigenvector of L;. We only then need to iterate over the
three (nontrivial) eigenvectors of L; to check this condition. If the Q-polynomial condition
is met, the rest of the parameters are computed and checked for the above conditions.

The schemes are then split into types depending on whether there is a strongly regular
graph as a relation, and whether the splitting field is rational or not. These are split in this
manner to aid in computation (following the list of types we give details on how these were
used):

(1) Diameter 3 distance-regular graphs (DRG for short).

(2) No diameter 3 DRG, there is a strongly regular graph as a relation, the splitting field
is the rational field.

(3) No diameter 3 DRG, there is a strongly regular graph as a relation, the splitting field
is a degree-2 extension of the rational field.

(4) No diameter 3 DRG, there is no strongly regular graph as a relation, the splitting field
is the rational field.

(5) No diameter 3 DRG, there is no strongly regular graph as a relation, the splitting field
is a degree-2 extension of the rational field.

We note that we do not have any examples of primitive 3-class -polynomial schemes
with an irrational splitting field, but there are open parameter sets of such (for example, see
entry (216, 20) in the third author’s primitive 3-class table at [39]). It would be interesting
to determine if these exist. We also point out that all the feasible parameter sets known to
us have rational Krein parameters.

Type 1. For DRG’s, we iterated over the number of vertices, intersection array and valen-
cies. The order was n, by = n1, b1, no (noting no is a divisor of n1by), then by (noting b
must be a multiple of where n3 = n — nq1 — ny), from which the rest could be
determined.

When there is no DRG, it is tempting to try to formally dualize the above process.
However, the Krein parameters of a scheme do not have to be integral, or even rational.
For this reason, it seemed more advantageous to iterate over parameters that needed to be
integral, namely the parameters pfj All arithmetic was done in MAGMA using the rational
field, or a splitting field of a degree two irreducible polynomial over the rationals. Floating
point arithmetic was avoided to minimize numerical errors.

ns
ged(ne,ng)’

For the rest of the types, L; and the valencies were iterated over. In particular, the
parameters a = pi,,b = pi; and ¢ = p?,, together with n, ny, ny determine the rest of Ly,
noting thata +b <n; —landc < n; — % Any matrix without 4 distinct eigenvalues
or with an irreducible cubic factor in its characteristic polynomial was discarded.

Types 2 and 3. For these types, we iterate over strongly regular graphs first, with param-
eters (n, k, A, 11). We choose A3 to be the adjacency matrix of the strongly regular graph
relation, and Ly, Lo to be fissions of the complement. Given this, the choice of n; will
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determine ns. The possibilities for n; can be narrowed by observing that pls = p, ng = k
and pisng = piyns, implying that n; is divisible by
Using similar identities, we find b is divisible by

W a is divisible by

and c = ”1("3717_2}’_“) After choosing these parameters all of L; follows.

gcd(nl na)’

Types 4 and 5. For these types, we know L, Ly and L3 all have 4 distinct eigenvalues.
Therefore, we can assume n; is the smallest valency, and that a < b. Using a is divisible
by Wm)’ b is divisible by W, and no divides any, we choose ny,a,ns, b, c,
from which the rest is determined. This is the slowest part of the search, and the reason the
primitive table goes to 2800 vertices.

We close this section with some comments on the irrational splitting field types. The
2-class primitive (Q-polynomial association schemes are equivalent to complementary pairs
of primitive strongly regular graphs. The only case where strongly regular graphs have an
irrational splitting field is the so-called “half-case”, when the graph has valency % Such
graphs do exist, for example the Paley graphs for non-square prime powers ¢ with ¢ = 1
(mod 4). We note that no primitive ()-polynomial schemes with more than 2 classes and a
quadratic splitting field are known. All feasible parameter sets we know of are 3-class and
have a strongly regular graph relation (type 3). The corresponding strongly regular graphs
are also all unknown (see [4]). We have no feasible parameter set for type 5. However, one
type 5 parameter set satisfied all criteria except the handshaking lemma. Given this, we
expect feasible parameter sets for type 5 to exist, but may be quite large. This parameter
set is listed below (including L7, so it can be seen it is ()-polynomial, but not including the
other L] matrices), though this set is not included in the online table:

1 285 285 405 1 60 855 60
p |1 1948VI0 —38+1VI9 18-9vI9| |1 643219 g 76-32V19
- ) - — V19 _ —44/19 )
1 -3 5 -3 1 1521454 19 15 152194 19
1 19-8V19 —38—119 184919 1 E=4VI 19 SdvID
0 285 0 O 0 0 28 0 0 0 0 405
1 116 60 108 0 60 90 135 0 108 135 162
L1: ; L2: ) L3: )
0 60 90 135 1 90 59 135 0 135 135 135
0 76 95 114 0 95 95 95 1 114 95 195
0 60 0 0
1 40043219 3199-32/19 0
LF = 61 61
1 0 12796—128v/19 181184412819 80
3477 3477 19
0 0 60 0

While feasible parameters may exist, the complete lack of examples elicits the follow-
ing question:

Question 3.4. Do all 3-class primitive ()-polynomial schemes have a rational splitting
field?

This is a special case of the so-called “Sensible Caveman” conjecture of William J. Mar-
tin:

Conjecture 3.5. For QQ-polynomial schemes of 3 or more classes that is not a polygon, if
the scheme is primitive then its splitting field is rational.
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4 Nonexistence results

We derived our nonexistence results by analyzing triple intersection numbers of ()-poly-
nomial association schemes. For some choice of relations R,., R, R:, the system of Dio-
phantine equations derived from (2.3) and Theorem 2.1 may have multiple nonnegative
solutions, each giving the possible values of the triple intersection numbers with respect to
atriple (z,y, z) with (z,vy) € R,, (z, %) € R, and (y, z) € R;. However, in certain cases,
there might be no nonnegative solutions — in this case, we may conclude that an association
scheme with the given parameters does not exist.

Even when there are solutions for all choices of R,, R, R; such that p’._ # 0, some-
times nonexistence can be derived by other means. We may, for example, employ double
counting.

Proposition 4.1. Let x and y be vertices of an association scheme with (z,y) € R,.

Suppose that o, aa, . . ., oy, are distinct integers such that there are precisely kg vertices
. Ty z

z with (xz,z) € Rs, (y,2) € Ry and {Z g k} =a (1 <0< m Yt ke =0Dy)

and (1, B, . .., By are distinct integers such that there are precisely \y vertices w with

(w,z) € R;, (w,y) € R; and [Ilg aS: ?ﬂ =B (1 <0<, Y, Ao = pj;). Then,

m n
E Kooy = E AefBe.
=1 =

Proof. Count the number of pairs (w, z) with (x,2) € Rs, (y,2) € R, (w,z) € Ry,
(w,y) € R; and (w, z) € Ry,. O

We consider the special case of Proposition 4.1 when a triple intersection number is
zero for all triples of vertices in some given relations.

Corollary 4.2. Suppose that for all vertices x,y, z of an association scheme with (x,y) €
R, (z,2) € Ry, (y,2) € Ry, [f y ﬂ = 0 holds. Then, ﬁ;’ 7 ?2{] — 0 holds for all
vertices w, x,y with (w, ) € R;, (w,y) € R;j and (z,y) € R,.

Proof. Apply Proposition 4.1 to all (z,y) € R,., withm < 1 and a; = 0. Since 5, and Ay
(1 < ¢ < n) must be nonnegative, it follows that n < 1 and 5; = 0. O

4.1 Computer search

The sage—-drg package [38, 37] by the second author for the SageMath computer al-
gebra system [32] has been used to perform computations of triple intersection numbers
of @-polynomial association schemes with Krein arrays that were marked as open in the
tables of feasible parameter sets by the third author [39], see Section 3. The package
was originally developed for the purposes of feasibility checking for intersection arrays of
distance-regular graphs and included a routine to find general solutions to the system of
equations for computing triple intersection numbers.

For the purposes of the current research, the package has been extended to support
parameters of general association schemes, in particular, given as Krein arrays of Q)-poly-
nomial association schemes. Additionally, the package now supports generating integral
solutions for systems of equations with constraints on the solutions (e.g., nonnegativity of
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triple intersection numbers) — these can also be added on-the-fly. The routine uses Sage-
Math’s mixed integer linear programming facilities, which support multiple solvers. We
have used SageMath’s default GLPK solver [26] and the CBC solver [16] in our computa-
tions — however, other solvers can also be used if they are available.

We have thus been able to implement an algorithm which tries to narrow down the
possible solutions of the systems of equations for determining triple intersection numbers
of an association scheme such that they satisfy Corollary 4.2, and conclude inequality if
any of the systems of equations has no such feasible solutions.

(1) For each triple of relations (R,, Ry, R¢) such that p., > 0, initialize an empty
set of solutions, obtain a general (i.e., parametric) solution to the system of equa-
tions derived from (2.3) and Theorem 2.1, and initialize a generator of solutions
with the constraint that the intersection numbers be integral and nonnegative. All
generators (r, s,t) are initially marked as active, and all triple intersection num-

bers (r,s,t;1,7, k) (representing [f g Z} with (z,y) € R,, (z,z) € R, and
(y,z) € Ry) are initially marked as unknown.

(2) For each active generator, generate one solution and add it to the corresponding set
of solutions. If a generator does not return a new solution (i.e., it has exhausted all
of them), then mark it as inactive.

(3) For each inactive generator, verify that the corresponding set of solutions is non-
empty — otherwise, terminate and conclude nonexistence.

(4) Initialize an empty set Z.

(5) For each unknown triple intersection number (r, s, t; ¢, j, k), mark it as nonzero if a
solution has been found in which its value is not zero. If such a solution has not been
found yet, make a copy of the generator (r, s, t) with the constraint that (r, s, t; 4, j, k)
be nonzero, and generate one solution. If such a solution exists, add it to the set of
solutions and mark (r, s, t;4, j, k) as nonzero, otherwise mark (r, s,t;1, j, k) as zero
and add it to Z.

(6) If Z is empty, terminate without concluding nonexistence.

(7) For each triple intersection number (r, s,¢; 1, j, k) € Z and for each nonzero (a, b, c;
d,e, f) € {(r,i,5;s,t, k), (s,i,k;r,t,7), (¢t j,k;r, s,4)}, remove all solutions from
the corresponding set in which the value of the latter is nonzero, mark (a, b, ¢; d, e, f)
as zero, mark all nonzero (a, b, ¢; £, m,n) with (¢, m,n) # (d, e, f) as unknown, and
add a constraint that (a, b, ¢; d, e, f) be zero to the generator (a, b, ¢) if it is active.

(8) Goto (2).

Note that generators and triple intersection numbers are considered equivalent under
permutation of vertices, i.e., under actions (r,s,t) — (r,s,t)™ and (r,s,t;4,5,k) —
((r,s,6)™; (i, 5, k)™ ) for = € S.

The above algorithm is available as the check_quadruples method of sage-drg’s
ASParameters class. We ran it for all open cases in the tables from Section 3, and ob-
tained 29 nonexistence results for primitive 3-class schemes, 92 nonexistence results for
(Q-bipartite 4-class schemes, and 11 nonexistence results for ()-bipartite 5-class schemes.
The results are summarized in the following theorem and in the tables in Appendix A.
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Theorem 4.3. A Q-polynomial association scheme with Krein array listed in one of Ta-
bles 1, 2 and 3 does not exist.

Proof. In all but two cases, it suffices to observe that for some triple of relations R,., R, R:,
the system of equations derived from (2.3) and Theorem 2.1 has no integral nonnegative
solutions — Tables 1 and 2 list the triple (r, s, t), while for all examples in Table 3, this is
true for (r, s,t) = (1,1, 1). Note that the natural ordering of the relations is used.

Let us now consider the cases (225, 24) and (1470, 104) from Table 1. In the first case,
the Krein array is {24,20,36/11;1,30/11,24}. Such an association scheme has two Q-
polynomial orderings, so we can augment the system of equations (2.3) with six equations
derived from Theorem 2.1. Let w,z,y, z be vertices such that (z,z2), (y,2) € Ry and
(w,z), (w,y), (z,y) € Rs. Since p3; = 22 and p3; = 3, such vertices must exist. We
first compute the triple intersection numbers with respect to x, y, z. There are two integral
nonnegative solutions, both having [3 3 1] = 0. On the other hand, there is a single solution
for the triple intersection numbers with respect to w, z, y, giving [1 1 1] = 3. However, this
contradicts Corollary 4.2, so such an association scheme does not exist.

In the second case, the Krein array is {104, 70, 25;1,7,80}. Let w, z, y, z be vertices
such that (z,y), (x,2) € Ry, (w,y),(y,2) € Ry and (w,z) € R3. Since p}, = 70 and
p3y = 250, such vertices must exist. There is a single solution for the triple intersection
numbers with respect to z,y, z, giving [3 2 3] = 0. On the other hand, there are four
solutions for the triple intersection numbers with respect to w, x, y, from which we obtain
[312] € {15,16,17,18}. Again, this contradicts Corollary 4.2, so such an association
scheme does not exist. This completes the proof. O

Remark 4.4. The sage—drg package repository provides two Jupyter notebooks con-
taining the computation details in the proofs of nonexistence of two cases from Table 1:

* QPoly—-24-20-36_11-1-30_11-24.ipynb for the case (225,24), and

* DRG-104-70-25-1-7-80. ipynb for the case (1470, 104).
Remark 4.5. The parameter set (91, 12) from Table 1 was listed by Van Dam [12] as the
smallest feasible ()-polynomial parameter set for which no scheme is known. The next
such open case is now the Krein array {14, 108/11,15/4;1,24/11,45/4} for a primitive

3-class Q-polynomial association scheme with 99 vertices, which was also listed by Van
Dam.

Since some of the parameters from Table 1 also admit a P-polynomial ordering, we
can derive nonexistence of distance-regular graphs with certain intersection arrays. We
have also found an intersection array for a primitive (Q-polynomial distance-regular graph
of diameter 4, which is listed in [5] and [3], and for which, to the best of our knowledge,
nonexistence has not been previously known.

Theorem 4.6. There is no distance-regular graph with intersection array
{83,54,21;1,6,63},
{104, 70,25;1,7,80},
{195,160, 28; 1, 20, 168},
{125,108,24;1,9,75},
{126,90, 10;1,6,105}, or
{203,160, 34;1,16,170}.
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Proof. The cases (1080, 83), (1470,104), (2016, 195) and (2640, 203) from Table 1 are
formally self-dual for the natural ordering of relations, while (2197, 126) is formally self-
dual with ordering of relations A5, A3, A; relative to the natural ordering. In each case,
the corresponding association scheme is P-polynomial with intersection array equal to
the Krein array. The case (2106, 65) is not formally self-dual, yet the natural ordering
of relations is P-polynomial with intersection array {125,108,24;1,9,75}. In all of the
above cases, Theorem 4.3 implies nonexistence of the corresponding association scheme,
so a distance-regular graph with such an intersection array does not exist. O

Theorem 4.7. There is no distance-regular graph with intersection array
{53,40,28,16; 1,4, 10, 28}.

Proof. Consider a distance-regular graph with intersection array {53, 40, 28, 16; 1, 4, 10,
28}. Such a graph is formally self-dual for the natural ordering of eigenspaces and there-
fore also ()-polynomial. Augmenting the system of equations (2.3) with twelve equations
derived from Theorem 2.1 gives a two parameter solution for triple intersection numbers
with respect to three vertices mutually at distances 1, 3, 3. However, it turns out that there
is no integral solution, leading to nonexistence of the graph. O

Remark 4.8. The non-existence of a distance-regular graph with intersection array {53, 40,
28,16; 1,4, 10,28} also follows by applying the Terwilliger polynomial [17]. Recall that
this polynomial, say 7T (x), which depends only on the intersection numbers of a -
polynomial distance-regular graph I" and its ()-polynomial ordering, satisfies:

Tr(n) >0, 4.1)

where 7) is any non-principal eigenvalue of the local graph of an arbitrary vertex x of I'.
Furthermore, by [5, Theorem 4.4.3(1)], n satisfies

by

1
0D+]—’

<n<-1-

1
4.2
01+1— 4.2)

where by = 0y > 61 > --- > 0p are the D + 1 distinct eigenvalues of T".
For the above-mentioned intersection array, 7T (z) is a polynomial of degree 4 with a

negative leading term and the following roots: —% (= —1 — GII’}H ), =249 ~ —1.695, 4T

(= —1— i), Hv249 ~ 6.195.

Op+1
Thus, combining (4.1) and (4.2), we obtain
7 9 — /249 17
g Y7 =
g="=T =g

and one can finally obtain a contradiction as in [18, Claim 4.3].

4.2 Infinite families

The data from Tables 1, 2 and 3 allows us to look for infinite families of Krein arrays for
which we can show nonexistence of corresponding (Q-polynomial association schemes. We
find three families, one for each number of classes.
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The first family of Krein arrays is given by
{2r% —1,2r% — 2,72 4+ 1;1,2,7% — 1}. 4.3)

This Krein array is feasible for all integers » > 2. A ()-polynomial association scheme
with Krein array (4.3) has 3 classes and 4r* vertices. Examples exist when r is a power of
2 — they are realized by duals of Kasami codes with minimum distance 5, see [5, §11.2].

Theorem 4.9. A Q-polynomial association scheme with Krein array (4.3) and r odd does
not exist.

Proof. Consider a @Q-polynomial association scheme with Krein array (4.3). Besides the
Krein parameters failing the triangle inequality, qi; is also zero. Therefore, in order to
compute triple intersection numbers, the system of equations (2.3) can be augmented with
four equations derived from Theorem 2.1. We compute triple intersection numbers with
respect to vertices x,y, z such that (z,y), (z,2z) € Ry and (y,2) € Rs. Since p}, =
r(r+2)(r? —1)/4 > 0, such vertices must exist. We obtain a four parameter solution (see
the notebook QPoly-d3-1param-odd. ipynb on the sage-drg package repository
for computation details). Then we may express

[123]:—§+2r2+[131]+3-[233}—[311]+4~[333].

Clearly, the above triple intersection number can only be integral when r is even. Therefore,
we conclude that a -polynomial association scheme with Krein array (4.3) and r odd does
not exist. O

The next family is a two parameter family of Krein arrays
{m,m—1,m@? = 1)/r>,m —r*+1;1,m/r* r*> — 1,m}. 4.4)

This Krein array is feasible for all integers m and r such that 0 < 2(r? — 1) < m <
r(r — 1)(r + 2) and m(r 4+ 1) is even. A @Q-polynomial association scheme with Krein
array (4.4) is Q-bipartite with 4 classes and 2m? vertices. One may take the Q-bipartite
quotient of such a scheme (i.e., identify vertices in relation R4) to obtain a strongly regular
graph with parameters (n, k, A, u) = (m?, (m — 1)r?, m + r%(r* — 3),7%(r* — 1)), i.e.,
a pseudo-Latin square graph. Therefore, we say that a scheme with Krein array (4.4) is of
Latin square type.

There are several examples of @-polynomial association schemes with Krein array (4.4)
for some r and m. For (r,m) = (2,6) and (r,m) = (3,16), this Krein array is realized
by the schemes of shortest vectors of the Ej lattice and an overlattice of the Barnes-Wall
lattice in R'6 [28], respectively. For (r,m) = (2%,2!(27+1)) there are examples arising
from duals of extended Kasami codes [5, §11.2] for each choice of positive integers ¢ and
j. In particular, the Krein array obtained by setting ¢ = j = 1 uniquely determines the
halved 8-cube.

In the case when r is a prime power and m = r3, the formal dual of this parameter
set (i.e., a distance-regular graph with the corresponding intersection array) is realized by
a Pasechnik graph [6].

Theorem 4.10. A Q-polynomial association scheme with Krein array (4.4) and m odd
does not exist.
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Proof. Consider a Q-polynomial association scheme with Krein array (4.4). Since the
scheme is Q-bipartite, we have qu = 0 whenever i + j + k is odd or the triple (4, j, k) does
not satisfy the triangle inequality. This allows us to augment the system of equations (2.3)
with many equations derived from Theorem 2.1. We compute triple intersection numbers
with respect to vertices , y, z such that (x,y), (x,z) € Ry and (y, 2) € Ra. Since p?, =
r2(r? — 1)/2 > 0, such vertices must exist. We obtain a one parameter solution (see
the notebook QPoly-d4-LS-odd.ipynb on the sage-drg package repository for
computation details) which allows us to express

r2(1—r) m

g =r+—F— - +[11].

Clearly, the above triple intersection number can only be integral when m is even. There-
fore, we conclude that a (Q-polynomial association scheme with Krein array (4.4) and m
odd does not exist. O

The last family is given by the Krein array

{7’2+1 r2—1 (r2+1)?2 (r—=1)(?+1) 7’2+1.

2 72 T2r(r+1)’ 4y oop @5)
(r—1D@F2+1) (r+D)E2+1) (r=D0E2+1) 2 +1 '
o 2r(r41) 4r ’ 2r T2 } '

This Krein array is feasible for all odd » > 5. A @-polynomial association scheme with
Krein array (4.5) is Q-bipartite with 5 classes and 2(r + 1)(r? 4 1) vertices. One may take
the -bipartite quotient of such a scheme to obtain a strongly regular graph with parameters
(n,k, A\, 1) = ((r+1)(r2+1),7(r +1),7 — 1,7 + 1) — these are precisely the parameters
of collinearity graphs of generalized quadrangles GQ(r, 7). The scheme also has a second
@-polynomial ordering of eigenspaces, namely the ordering Fs, Fo, E3, F4, F1 relative to
the ordering implied by the Krein array. For r = 1 (mod 4) a prime power, the Krein
array (4.5) is realized by a scheme derived by Moorhouse and Williford [30] from a double
cover of the Cy(r) dual polar graph.

Theorem 4.11. A Q-polynomial association scheme with Krein array (4.5) and r = 3
(mod 4) does not exist.

Proof. Consider a Q-polynomial association scheme with Krein array (4.5). Since the
scheme is Q-bipartite, we have qu = 0 whenever ¢ + j + k is odd or the triple (i, j, k)
does not satisfy the triangle inequality. This allows us to augment the system of equa-
tions (2.3) with many equations derived from Theorem 2.1. We compute triple inter-
section numbers with respect to vertices x,y, z that are mutually in relation R;. Since
pi; = (r —1)/2 > 0, such vertices must exist. We obtain a single solution (see the note-
book QPoly—-d5-1param—3mod4.ipynb on the sage—-drg package repository for
computation details) with
r—29

1

Clearly, the above triple intersection number can only be integral when » = 1 (mod 4).
Therefore, we conclude that a (Q-polynomial association scheme with Krein array (4.5) and
r =3 (mod 4) does not exist. O

[111] =
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5 Quadruple intersection numbers

The argument of the proof of Theorem 2.1 ([5, Theorem 2.3.2]) can be further extended
to s-tuples of vertices (see Remark (iii) in [5, §2.3]; cf. [34, Lemma 4(2)]). In particular,
we may consider quadruple intersection numbers with respect to a quadruple of vertices
w,x,y,z € X. For integers h,,j,k (0 < h,i,5,k < D), denote by [1;; J; Zj/ lﬂ (or
simply [h 7 j k] when it is clear which quadruple (w, x, y, z) we have in mind) the number
of vertices u € X such that (u, w) € Ry, (u,x) € R;, (u,y) € R;, and (u, z) € Ry.

For a fixed quadruple (w, x, y, z), one can obtain a system of linear Diophantine equa-
tions with quadruple intersection numbers as variables which relates them to the intersec-
tion numbers (or to the triple intersection numbers).

The following analogue of Theorem 2.1 allows us to obtain some additional equations.

Theorem 5.1. Let (X, {R;}2 ) be an association scheme of D classes with second eigen-
matrix QQ and Krein parameters qu (0 < 4,5,k < D). Then, for fixed indices i1, 2,3, L4
(0 < t1,t9,t3,t4 < D) and any permutation p,r, s,t of 11,2, L3, L4,

qurqst =0 <~ Z therstth{ Z:| =0 for allw, x,Y,z € X.
=0 h,i,j,k=0

Proof. Since F; is a symmetric idempotent matrix, one has

> Ei(u,w)E;(v,w) = Ei(u,v). (5.1

Let (M) denote the sum of all entries of a matrix M. Then, by (5.1),

S(EpoE, 0B, 0E) = Y Ey(u,v)E(u,v)Eq(u,v)E(u,v)
u,veX

Z (Z Ey(u,w)E,(u, 2)Es(u, y) By (u, z)) .

w,r,y,z€X \ueX

(Z E,(v,w)E.(v,z)Es(v,y)E¢(v, z))

veX

> o(wa,y,2)’ >0, (5.2)

w,z,y,2€X

where o(w,z,y,2) = >, c x Ep(u, w)E.(u, ) Es(u, y) Bt (u, 2).
On the other hand, by (2.1),

I X?Y(E,0 E, 0 E 0 Ey) = (Ep o E,) - (Es o Ey))

{(fer) (£)

D
= mughq’y, (5.3)
=0
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where my is the rank of F; (i.e., the multiplicity of the corresponding eigenspace), and by
(2.2),

I X]PY(E,0E,0E o0 F;) =

D
% S Qi QurQusQuT(Ay)
£=0

D
= Z e QepQer Qus Qe 5.4
=0

where ny is the valency of (X, Ry).

Since the multiplicities m, are positive numbers and the Krein parameters are non-
negative numbers, by (5.2), (5.3), (5.4), we have X(E, o E, o E o E;) = 0 if and only if
¢,q5; = 0 (with fixed p, r, 5,t) forall £ = 0, ..., D. In this case, we have o (w, x5, z) = 0
for all quadruples (w, z, y, z), which implies

0= X|"o(w,z,y,2) = X" Y Eplu,w)E,(u,2) By(u,y) Ev(u, 2)

ueX

D
> Q@ Qul T YR

h,i,j,k=0
which completes the proof. O

The condition of Theorem 5.1 is satisfied when, for example, an association scheme is
@-bipartite, i.e., qu = 0 whenever ¢ + j + k is odd (take p + r and s + ¢ of different parity).
Suda [33] lists several families of association schemes which are known to be triply reg-

ular, i.e., their triple intersection numbers [f QJJ ﬂ only depend on i, j, k and the mutual

distances between z, y, z, and not on the choices of the vertices themselves:

* strongly regular graphs with ¢i; = 0 (cf. [8]),
* Taylor graphs (antipodal Q-bipartite schemes of 3 classes),

* linked systems of symmetric designs (certain (Q-antipodal schemes of 3 classes) with
a] =0,
* tight spherical 7-designs (certain Q-bipartite schemes of 4 classes), and

¢ collections of real mutually unbiased bases (Q-antipodal @Q)-bipartite schemes of 4
classes).

Schemes belonging to the above families seem natural candidates for the computations of
their quadruple intersection numbers. However, the condition of Theorem 5.1 is never sat-
isfied for primitive strongly regular graphs, while for Taylor graphs the obtained equations
do not give any information that could not be obtained through relating the quadruple inter-
section numbers to the triple intersection numbers. This was also the case for the examples
of triply regular linked systems of symmetric designs that we have checked. However, in
the cases of tight spherical 7-designs and mutually unbiased bases, we do get new restric-
tions on quadruple intersection numbers. So far, we have not succeeded in using this new
information for either new constructions or proofs of nonexistence.



A. L. Gavrilyuk et al.: On few-class Q-polynomial association schemes: feasible . .. 121

ORCID iDs

Alexander L. Gavrilyuk (0] https://orcid.org/0000-0001-9296-0313
Janos Vidali ® https://orcid.org/0000-0001-8061-9169
Jason S. Williford @ https://orcid.org/0000-0002-8697-5997

References

(1]

[2

—

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

[11]

(12]

(13]

[14]

[15]

[16]

E. Bannai and T. Ito, Algebraic Combinatorics I: Association Schemes, The Benjamin/Cum-
mings Publishing, Menlo Park, CA, 1984.

W. Bosma, J. Cannon and C. Playoust, The Magma algebra system I: The user language, J.
Symbolic Comput. 24 (1997), 235-265, doi:10.1006/jsc0.1996.0125.

A. E. Brouwer, Parameters of distance-regular graphs, 2011, http://www.win.tue.nl/
~aeb/drg/drgtables.html.

A. E. Brouwer, Strongly regular graphs, 2013, http://www.win.tue.nl/~aeb/
graphs/srg/srgtab.html.

A. E. Brouwer, A. M. Cohen and A. Neumaier, Distance-Regular Graphs, volume 18 of
Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer-Verlag, Berlin, 1989, doi:
10.1007/978-3-642-74341-2.

A. E. Brouwer and D. V. Pasechnik, Two distance-regular graphs, J. Algebraic Combin. 36
(2012), 403-407, doi:10.1007/s10801-011-0341-1.

P. J. Cameron, J.-M. Goethals and J. J. Seidel, The Krein condition, spherical designs, Norton
algebras and permutation groups, Nederl. Akad. Wetensch. Indag. Math. 40 (1978), 196-206,
doi:10.1016/1385-7258(78)90037-9.

P. J. Cameron, J.-M. Goethals and J. J. Seidel, Strongly regular graphs having strongly regular
subconstituents, J. Algebra 55 (1978), 257-280, doi:10.1016/0021-8693(78)90220-x.

D. R. Cerzo and H. Suzuki, Non-existence of imprimitive ()-polynomial schemes of excep-
tional type with d = 4, European J. Combin. 30 (2009), 674-681, doi:10.1016/j.ejc.2008.07.
014.

K. Coolsaet and A. Juri$i¢, Using equality in the Krein conditions to prove nonexistence of
certain distance-regular graphs, J. Comb. Theory Ser. A 115 (2008), 1086—1095, doi:10.1016/].
jcta.2007.12.001.

E. van Dam, W. Martin and M. Muzychuk, Uniformity in association schemes and coherent
configurations: cometric QQ-antipodal schemes and linked systems, J. Comb. Theory Ser. A 120
(2013), 1401-1439, doi:10.1016/j.jcta.2013.04.004.

E. R. van Dam, Three-class association schemes, J. Algebraic Combin. 10 (1999), 69-107,
doi:10.1023/a:1018628204156.

E. R. van Dam, J. H. Koolen and H. Tanaka, Distance-regular graphs, Electron. J. Combin.
(2016), #DS22, doi:10.37236/4925.

E. R. van Dam and M. Muzychuk, Some implications on amorphic association schemes, J.
Comb. Theory Ser. A 117 (2010), 111-127, doi:10.1016/j.jcta.2009.03.018.

P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips Res.
Rep. Suppl. 10, Philips Research Laboratories, 1973.

J. Forrest, T. Ralphs, S. Vigerske, L. Hafer, B. Kristjansson, J. P. Fasano, E. Straver, M. Lu-
bin, H. G. Santos, R. Lougee and M. Saltzman, coin-or/Cbc (COIN-OR Branch-and-
Cut MIP Solver), Version 2.9.4, 2015, doi:10.5281/zenodo.1317566, https://projects.
coin-or.org/Cbc.



122

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

Ars Math. Contemp. 20 (2021) 103-127

A. L. Gavrilyuk and J. H. Koolen, The Terwilliger polynomial of a Q-polynomial distance-
regular graph and its application to pseudo-partition graphs, Linear Algebra Appl. 466 (2015),
117-140, doi:10.1016/j.1aa.2014.09.048.

A. L. Gavrilyuk and J. H. Koolen, A characterization of the graphs of bilinear (d x d)-forms
over Fo, Combinatorica 39 (2019), 289-321, doi:10.1007/s00493-017-3573-4.

T. Ikuta, T. Ito and A. Munemasa, On pseudo-automorphisms and fusions of an association
scheme, European J. Combin. 12 (1991), 317-325, doi:10.1016/s0195-6698(13)801 14-x.

T. Ito, A. Munemasa and M. Yamada, Amorphous association schemes over the Galois rings
of characteristic 4, European J. Combin. 12 (1991), 513-526, doi:10.1016/s0195-6698(13)
80102-3.

A. Jurisi¢, J. Koolen and P. Terwilliger, Tight distance-regular graphs, J. Algebraic Combin. 12
(2000), 163-197, doi:10.1023/a:1026544111089.

A. Jurisi¢ and J. Vidali, Extremal 1-codes in distance-regular graphs of diameter 3, Des. Codes
Cryptogr. 65 (2012), 29-47, doi:10.1007/s10623-012-9651-0.

A. Juri$i¢ and J. Vidali, Restrictions on classical distance-regular graphs, J. Algebraic Combin.
46 (2017), 571-588, doi:10.1007/s10801-017-0765-3.

B. G. Kodalen, Cometric Association Schemes, Ph.D. thesis, Worcester Polytechnic Institute,
2019, arXiv:1905.06959 [math.CO].

B. G. Kodalen, Linked systems of symmetric designs, Algebr. Comb. 2 (2019), 119-147, doi:
10.5802/alco.22.

A. Makhorin, GLPK (GNU Linear Programming Kit), Version 4.63.p2, 2012, http://www.
gnu.org/software/glpk/.

W. J. Martin, M. Muzychuk and J. Williford, Imprimitive cometric association schemes:
constructions and analysis, J. Algebraic Combin. 25 (2007), 399415, doi:10.1007/
s10801-006-0043-2.

W. J. Martin and H. Tanaka, Commutative association schemes, European J. Combin. 30
(2009), 1497-1525, doi:10.1016/j.€jc.2008.11.001.

W. J. Martin and J. Williford, There are finitely many (-polynomial association schemes with
given first multiplicity at least three, European J. Combin. 30 (2009), 698-704, doi:10.1016/j.
€jc.2008.07.009.

G. E. Moorhouse and J. Williford, Double covers of symplectic dual polar graphs, Discrete
Math. 339 (2016), 571-588, doi:10.1016/j.disc.2015.09.015.

T. Penttila and J. Williford, New families of Q-polynomial association schemes, J. Comb. The-
ory Ser. A 118 (2011), 502-509, doi:10.1016/].jcta.2010.08.001.

The Sage Developers, Sagemath, the Sage Mathematics Software System (Version 7.6), 2017,
http://www.sagemath.org.

S. Suda, Coherent configurations and triply regular association schemes obtained from spheri-
cal designs, J. Comb. Theory Ser. A 117 (2010), 1178-1194, doi:10.1016/j.jcta.2010.03.016.

H. Suzuki, Imprimitive Q-polynomial association schemes, J. Algebraic Combin. 7 (1998),
165-180, doi:10.1023/a:1008660421667.

H. Tanaka and R. Tanaka, Nonexistence of exceptional imprimitive ()-polynomial association
schemes with six classes, European J. Combin. 32 (2011), 155-161, doi:10.1016/j.€jc.2010.09.
006.

M. Urlep, Triple intersection numbers of -polynomial distance-regular graphs, European J.
Combin. 33 (2012), 1246-1252, doi:10.1016/j.€jc.2012.02.005.



A. L. Gavrilyuk et al.: On few-class Q-polynomial association schemes: feasible . .. 123

[37] J. Vidali, Using symbolic computation to prove nonexistence of distance-regular graphs, Elec-
tron. J. Combin. 25 (2018), #P4.21, doi:10.37236/7763.

[38] J. Vidali, jaanos/sage-drg: sage—drg Sage Package, Version 0.9, 2019, doi:10.5281/
zenodo.3350856.

[39] J. S. Williford, Homepage, 2018, http: //www.uwyo.edu/jwilliford/.



124 Ars Math. Contemp. 20 (2021) 103-127

Appendix A Tables of nonexistence results

Here, we give the tables of nonexistence results obtained by running the algorithm from
Subsection 4.1 on the open cases in the tables from Section 3. Tables 1, 2 and 3 give
nonexistence results for ()-polynomial schemes which are primitive of 3 classes, and Q-
bipartite (but not Q-antipodal) of 4 and 5 classes, respectively.

Label Krein array DRG Nonexistence  Family
338 39 312 39

<917 12) {127 35 25717 175° 5 (3737 3)
(225, 24) {24,20,35:1, 39 243} (3,1,1;3,3,1)
(324,17) {17,16,10;1,2,8} (1,1,2) 4.3)
(324, 19) {19, 128 10;1, 15,10} (1,

378

(441, 20) {20,278 ,12 1, 25,9} (1,1,3)

(540, 33) {33,20, %31, 12 15} (1,1,3)
243 27 27 45

(540, 35) {85,555 Ll 5 (1,1,3)
(576, 23) {23,432 15;1, 38,9} (1,1,3)
(729, 26) {26,488 18;1, 32, 9} (1,1,3)
(1000, 37) {37,24,14;1,2,12} (1,1,3)

2523 4263 1218 203
(1015, 28) {28, 557 5385 L Gis » 96 (1,1,3)
(1080, 83) {83,54,21;1,6,63} FSD (1,1,2)
(1134, 49) {49,48, 8441, 196 42} (1,1,1)
(1189, 40) {40, 3053, 1281, 815 1843 (1,1,2)
(1470, 104) {104,70,25;1,7,80} FSD (1,1,2;3,2,3)
(1548, 35) {35, 2187 43.9 135 27 (1,1,3)
(1680, 69)a {69,42,7;1,2,63} (1,1,2)
4761 115 345 69
(1702, 45) {45, 955 5 L i 1 (1,1,2)
(1944, 29) {29,22,25;1,2,5} (1,1,2)
(2016, 195) {195,160, 28; 1,20, 168} FSD (1,2,2)
(2106, 65) {65,64, 8761, 104 96} {125,108, 24; 1,9, 75} (1,1,1)
4761 58121 11799 6118

(2185,114) {114, 4761 38131, 690 it (1,1,3)
(2197, 36) {36,%,4:1,3 15 (1,1,3)
(2197,126) {126, 90 10;1,6,105} FSD (0231) (2,2,3)
(2304, 47) {47,135 33;1, 9 15} (1,1,3)
(2376, 95) {95, 63 12;1,3,84} (1,1,3)
(2401, 48) {48,30,29;1, 3, 20} (1,1,2)
(2500, 49)a {49,48,26;1,2, 24} (1,1,2) 4.3)
(2640, 203) {203,160, 34; 1,16, 170} FSD (1,2,2)

Table 1: Nonexistence results for feasible Krein arrays of primitive 3-class ()-polynomial
association schemes on up to 2800 vertices. For P-polynomial parameters (for the natural
ordering of relations, unless otherwise indicated), the DRG column indicates whether the
parameters are formally self-dual (FSD), or the intersection array is given. The Nonex-
istence column gives either the triple of relation indices for which there is no solution
for triple intersection numbers, or the 6-tuple of relation indices (r, s, t; 1, j, k) for which
Corollary 4.2 is not satisfied. The Family column specifies the infinite family from Subsec-
tion 4.2 that the parameter set is part of.
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Label Krein arra Nonexistence  Famil
y y
(200,12) {12,11, 338,361, 22,95 12} (1,1,2)
(462,21) {21,20, 435, 29;1, 32 56 91} (1,1,2)
(486, 45) {45,44,36,5;1,9,40,45} (1,1,2)
(578,17) {17,16, 13, 9;1, 197,8,17} (1,1,2) 4.4
(686, 28) {28,217, 25 8:1,3,20,28} (1,2,2)
(702, 36) (36,33, 9 2, 13,736} (1,2,2)
(722,19) {19,18, 152 1151, % ) 98,19} (1,1,2) (4.4)
(882,21) {21, 20, 536,13,1, 1,8,21} (1,1,2) (4.4)
(990, 66) {66,65, 577, 151, 52, T, 66} (1,2,2)
(1014, 78) {78,77,65,8; 1, 13 70 78} (1,2,2)
(1058, 23) {23,22, 18 15;1, 9 38,23} (1,1,2) 4.4
(1250, 25) {25,24, 2 0,17;1, %, 8,25} (1,1,2) (4.4)
(1458, 27) {27,26, 24 19;1,3,8,27} (1,1,2) (4.4)
(1458, 36) {36,35,33,16;1, 3, 20,36} (1,2,2)
(1482, 38) {38,37, %gzz %25,1, ggg 2220,38} (1,2,2)
(1674, 45) {45,44, 1236 1351, T ,45} (1,1,2)
(1682, 29) {29,28, 232 21;1, 228,29} (1,1,2) (4.4)
(1694, 55) {55, 54, 352 15,1, 33 40,55} (1,1,2)
(1862,21) {21, 20, 364, 8l:1,35 2 21} (1,1,2)
(2058, 49) {49, 48, 61856 7r;1, 42,188 49} (1,1,2)
(2060, 50) {50, 49, 4180030, 1;0 1,350,220 50} (1,1,2)
(2394, 27) {27,26, 320 219:7 331 %,27} (1,1,2)
(2466, 36) {36,35, 4807 134, 315 108 36} (1,2,2)
(2550, 85) {85,84, 1126, 187, 1, L9 408 g5} (1,1,2)
(2662, 121) {121,120, 2324 77.q 605 528 191} (1,1,2)
(2706, 66) {66,65, 2241 4.7 165 154 661 (1,2,2)
(2730, 78) {78,77, 527 52:1,32 182 78} (1,2,2)
(2750, 25) {25,24,250 185.7 25 20 95} (1,1,2)
11236 265. 689 424
(2862, 53) {53,52, 11236 1265, 089 424 533 (1,1,2)
(2890, 153) {153,152,136,9; 1,17, 144, 153} (1,1,2)
(2926,171) {171,170, 11352, 11771,1, 1815 /2736 471} (1,1,2)
(2970, 54) {54, 53, 51617, 12;1, f[,42 54} (1,2,2)
(3042, 65) {65,64, 152 25,1, 12, 40,65} (1,1,2)
(3074,106) {106, 105, 2339, 212,71, 285 142 106} (1,2,2)
(3174, 184) {184,183,161,16;1,23,168, 184} (1,2,2)
(3250, 50) {50,49, 825, 100,1, 22,350 50} (1,2,2)
(3402, 126) {126,125, 333, 28,1,% 98 126} (1,2,2)
(3498, 77) {77,76, 3§§2, 21391,1, 25039, 1?32,77} (1,1,2)
(3610, 133) {133,132, 898 21,1, 57 i 112,133} (1,1,2)
(3726, 36) {36,35, 72833,24, 1,%2,12,36} (1,2,2)
(4070, 55) {55,54, 1936 77,1 99 88 55} (1,1,2)
(4250,119) {119,118, 13872 13099 1008 '5T12 119} (1,1,2)
(4370, 190) {190,189, 3511 16,7 399 1254 190} (1,2,2)
(4410, 210) {210,209, 189,12;1, 21, 198 210} (1,2,2)
(4464, 24) {24,23 jé%i ;1%‘ i1, ;9}?2;24} (1,1,2)
Wy TN N e, b
(4558, 86) {86,85, 12292 1376 ,1, 2L, 3010 86} 1,2,2)
(4590, 75) {75,74, 1200 '35:1, 12 40,75} (1,1,2)

(Continued on next page.)
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(Continued.)
Label Krein array Nonexistence  Family
6760 273 377 3120
(4758,117) {117,116, 6760 278, § 2 ,117} (1,1,2)
(4802, 49) {49,48, 1176 '25:1, 22 24,49} (1,1,2) 4.4
(5046, 261) {261,260, 232, 21; 1, 29, 240, 261} (1,1,2)
(5202, 51) {51,50, 1222 27;1, 51 24,51} (1,1,2) 4.4)
(5480, 100) {100, 99, lfggo, 10, ?gg, 160 100} (1,1,2)
(5566, 66) {66,65, 1353, 24;1, 35,42, 66} (1,2,2)
(5590, 78) {78,77,32LL 312,74 143 '546 7q} (1,2,2)
(5618, 53) {53,5 24%;2 ,%9,1, §§,2i153} (1,1,2) (4.4)
(5618, 106) {106,105, 254, 36; 1, 22,70, 106} (1,2,2)
(5642,91) {91,90, 2704 /65,9 117 208 g7} (1,1,2)
(5670, 105) {105,104, 98,49; 1,7, 56, 105} (1,1,2)
(5670, 105)a {105,104, 100, 25; 1, 5 80,105} (1,1,2)
(6050, 55) {55,54, 284 3151, 4L 24,55} (1,1,2) (4.4)
21316 365 657 1168
(6278, 73) {73,72, 01,2 21 i1, goi a1 ,73} (1,1,2)
(6358, 85) {85, 841,66141 ,14159 1, 161,4;]3685} (1,1,2)
5
(6422, 91) {91, 90, piy ,1,11497, ,91} (1,1,2)
(6426, 147) {147,146, 2352 35:1, 147 112,147} (1,1,2)
(6450, 105) {105,104, 4320 357, 155 1088 105} (1,1,2)
26498, 57; ?57 56, 12?:,33,1, ég,%, 57% El,l,zg 4.4
6962, 59 59,58, ,35;1, 22 24,59 1,1,2 (4.4)
-)
84872 927 5253 824
(<721o, 103>> {103{102 el 17 i1, & ,1—7,}103} 21, 1,2;
7442, 61 61,60, ,37;1, 8 24,61 1,1,2 (4.4)
(7854, 66) {66, 65, “1’25;%, £8:1, §2§5,M,66} (1,2,2)
ARG iy ST
(7906,134) {134,133, 22123 2948, A ,134} (1,2,2)
(7938, 63) {63,62, 1312,39; 1, 82,24, 63} (1,1,2) 4.4)
(8120, 100) {100, 99, 19290 6207 1190 480 100} (1,1,2)
(8190, 90) {90,89, 1125 1401, 2, 50,90} (1,2,2)
(8246, 217) {217, 216, 351‘34, 1359 21799, 496 , 217} (1,1,2)
(8450, 65) {65,64, 212 41 i1,12 24, 65} (1,1,2) (4.4)
(8450, 78) {78,717, 377 ,36;1, 13 42,78} (1,2,2)
(8470, 88) {88, 87, 4 ,16;1, 11, 72,88} (1,2,2)
3888 327 351 24
(8478, 27) {27,26,3888 327, 281 24 97} (1,1,2)
(8750, 325) {325,324, 300, 13; 1, 25, 312, 325} (1,1,2)
(8758,232) {232,231, 32799 461.q 2333 2088 939} (1,2,2)
(8798, 106) {106,105, 8227 424, 371 330 106} (1,2,2)
(8802,351) {351,350, 5?;}28, 8oL:1, 405 8224 351} (1,1,2)
(8978,67) {67,66, 1508, 43;1, L, 24,67} (1,1,2) (4.4)
(9310,105) {105,104, 1{3‘1)0, 11635,1, ‘g;, 1§g0,105} (1,1,2)
(9350, 153) {153,152, 8592 439,71, 328 2448 153} (1,1,2)
(9386, 171) {171,170, 228 2751, 2,144,171} (1,1,2)
(9522, 69) {69,68, 1526 45;1, 32,24 69} (1,1,2) 4.4
(9522, 161) {161,160, 452, 49; 1, 22,112,161} (1,1,2)
(9702, 126) {126,125, 1§§3,56,1, 83 70,126} (1,2,2)

Table 2: Nonexistence results for feasible Krein arrays of (Q-bipartite (but not Q)-antipodal)
4-class (Q-polynomial association schemes on up to 10000 vertices. The Nonexistence
column gives either the triple of relation indices for which there is no solution for triple
intersection numbers. The Family column specifies the infinite family from Subsection 4.2
that the parameter set is part of.
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Label Krein array Family

(576,21) {21,20,18,2}, 275 1,3, 21, 120 21}

(800, 25) {25,24,825 75, 25,1 15, %, 130 25} 4.5)
(2000, 25) {25,24,8%, 30 25,7 59 25 20 200 ,25}

(2400, 22) {22,21,20,88 32,1 9 22, 21110,22}

(2928, 61) {61,60, 3721 305 61,7 305 366 610 61} .5)
(7232,113) {113,112, 12769 791 118, T81 904 1582 113} 4.5)
(14480,181) {181,180, 32701 1029 181, 1029 1810 3258 181}  (4.5)
(25440,265) {265,264, 10225 2915 265, 2915 3180 5830 965}  (4.5)
(37752,121) {121,120, 14641 484 121, 484 121 12904 991}
(40880,365) {365,364, 133225 4745 305, 4155 5110 9990 365}  (4.5)
(47040, 116) {116,115,112, 996 14d.q 4, 116 3220 116}

Table 3: Nonexistence results for feasible Krein arrays of QQ-bipartite (but not Q-antipodal)
5-class Q-polynomial association schemes on up to 50000 vertices. In all cases, there is no
solution for triple intersection numbers for a triple of vertices mutually in relation R;. The
Family column specifies the infinite family from Subsection 4.2 that the parameter set is
part of.
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Abstract

For a subset S of vertices in a graph G, a vertex v € S is an enclave of S if v and
all of its neighbors are in .S, where a neighbor of v is a vertex adjacent to v. A set S is
enclaveless if it does not contain any enclaves. The enclaveless number ¥(G) of G is the
maximum cardinality of an enclaveless set in G. As first observed in 1997 by Slater, if G is
a graph with n vertices, then v(G) + ¥ (G) = n where v(G) is the well-studied domination
number of G. In this paper, we continue the study of the competition-enclaveless game
introduced in 2001 by Philips and Slater and defined as follows. Two players take turns in
constructing a maximal enclaveless set .S, where one player, Maximizer, tries to maximize
|S| and one player, Minimizer, tries to minimize |.S|. The competition-enclaveless game
number \Il;r (G) of G is the number of vertices played when Maximizer starts the game and
both players play optimally. We study among other problems the conjecture that if G is
an isolate-free graph of order n, then \If; (G) > %n We prove this conjecture for regular
graphs and for claw-free graphs.

Keywords: Competition-enclaveless game, domination game.

Math. Subj. Class. (2020): 05C65, 05C69

1 Introduction

In 2010 Bresar, Klavzar, and Rall [2] published the seminal paper on the domination game
which belongs to the growing family of competitive optimization graph games. Domi-
nation games played on graphs are now very well studied in the literature. Indeed, the
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subsequent rapid growth by the scientific community of research on domination games
played on graphs resulted in several dozen papers to date on the domination-type games
(see, for example, [3, 4, 10, 11, 12, 14, 17]). A recent book entitled “Domination games
played on graphs” by BreSar, Henning, KlavZar, and Rall [1] presents the state of the art
results to date, and shows that the area is rich for further research. In this paper, we con-
tinue the study of domination games played on graphs, and investigate in more depth the
competition-enclaveless game birthed by Philips and Slater [15, 16].

A neighbor of a vertex v in G is a vertex that is adjacent to v. A vertex dominates itself
and its neighbors. A dominating set of a graph G is a set S of vertices of G such that every
vertex in G is dominated by a vertex in S. The domination number of G, denoted ~(G),
is the minimum cardinality of a dominating set in G, while the upper domination number
of G, denoted I'(G), is the maximum cardinality of a minimal dominating set in G. A
minimal dominating set of cardinality I'(G) we call a I'-set of G.

The open neighborhood of a vertex v in G is the set of neighbors of v, denoted N (v).
Thus, Ng(v) = {u € V | wv € E(G)}. The closed neighborhood of v is the set Ng[v] =
{v} U Ng(v). If the graph G is clear from context, we simply write N (v) and N [v] rather
than N¢(v) and Ng [v], respectively.

As defined by Alan Goldman and introduced by Slater in [19], for a subset .S of vertices
in a graph G, a vertex v € S is an enclave of S if it and all of its neighbors are also in S
that is, if N[v] C S. A set S is enclaveless if it does not contain any enclaves. We note that
a set S is a dominating set of a graph G if and only if the set V(G) \ S is enclaveless. The
enclaveless number of G, denoted ¥ (@), is the maximum cardinality of an enclaveless set
in G, and the lower enclaveless number of G, denoted by (), is the minimum cardinality
of a maximal enclaveless set. The domination and enclaveless numbers of a graph G are
related by the following equations.

Observation 1.1. If G is a graph of order n, then v(G) + V(G) = n =T'(G) + ¢ (Q).

The domination game on a graph G consists of two players, Dominator and Staller,
who take turns choosing a vertex from G. Each vertex chosen must dominate at least one
vertex not dominated by the vertices previously chosen. Upon completion of the game, the
set of chosen (played) vertices is a dominating set in G. The goal of Dominator is to end
the game with a minimum number of vertices chosen, while Staller has the opposite goal
and wishes to end the game with as many vertices chosen as possible.

The Dominator-start domination game and the Staller-start domination game is the
domination game when Dominator and Staller, respectively, choose the first vertex. We
refer to these simply as the D-game and S-game, respectively. The game domination num-
ber, v5(G), of G is the number of moves in a D-game when both players play optimal
strategies consistent with their goals. The Staller-start game domination number, v, (G),
of G is defined analogously for the S-game.

Philips and Slater [15, 16] introduced what they called the competition-enclaveless
game. The game is played by two players, Maximizer and Minimizer, on some graph
G. They take turns in constructing a maximal enclaveless set .S of G. That is, in each turn
a player plays a vertex v that is not in the set .S of the vertices already chosen and such that
S U {v} does not contain an enclave, until there is no such vertex. We call such a vertex a
playable vertex. The goal of Maximizer is to make the final set S as large as possible and
for Minimizer to make the final set S’ as small as possible.

The competition-enclaveless game number, or simply the enclaveless game number,
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\I/;F(G ), of G is the number of vertices chosen when Maximizer starts the game and both
players play an optimal strategy according to the rules. The Minimizer-start competi-
tion-enclaveless game number, or simply the Minimizer-start enclaveless game number,
V_(G), of G is the number of vertices chosen when Minimizer starts the game and both
players play an optimal strategy according to the rules. The competition-enclaveless game,
which has been studied for example in [8, 9, 15, 16, 18], has not yet been explored in as
much depth as the domination game. In this paper we continue the study of the competition-
enclaveless game. Our main motivation for our study are the following conjectures that
have yet to be settled, where an isolate-free graph is a graph that does not contain an iso-

lated vertex.
Conjecture 1.2. If G is an isolate-free graph of order n, then \I/;(G) > %n

Conjecture 1.2 was first posed as a question by Peter Slater to the 2nd author on 8th May
2015, and subsequently posed as a conjecture in [9]. We refer to Conjecture 1.2 for general
isolate-free graphs as the %-Enclaveless Game Conjecture. We also pose the following
conjecture for the Minimizer-start enclaveless game, where 6(G) denotes the minimum
degree of the graph G.

Conjecture 1.3. If G is a graph of order n with 6(G) > 2, then ¥V (G) > in.

We proceed as follows. By Observation 1.1, if the domination number of a graph is
known, then we immediately know the enclaveless number, and vice versa. In contrast,
we show in Section 2 that the game domination number and the enclaveless game number
are very different and are not related in the same way that the domination and enclaveless
numbers are related. Indeed, knowledge of the game domination number gives no informa-
tion of the enclaveless game number, and vice versa. We show that the domination game
and the enclaveless game are intrinsically different. In Section 3, we present fundamental
bounds on the enclaveless game number and the Minimizer-start enclaveless game number.
In Sections 4 and 5, we show that the %-Enclaveless Game Conjecture holds for regular
graphs and claw-free graphs, respectively. We use the standard notation [k] = {1,...,k}.

2 Game domination versus enclaveless game

Although the domination and enclaveless numbers of a graph G of order n are related by
the equation v(G) + ¥(G) = n (see Observation 1.1), as remarked in [9] the competition-
enclaveless game is very different from the domination game. To illustrate this, we present
two simple examples showing that the sum ¢ (G) + ¥/ (G) on the class of graphs of a
fixed order can differ greatly even when restricted to trees.

For the first example, for £ > 3, let G be a tree with exactly two non-leaf vertices
both of which have k leaf neighbors, that is, G is a double star S(k, k). In this case,
Ui(G) = ¥, (G) =k + 1 and 74(G) = 3 and 7, (G) = 4. Thus if G is a double star of
order n, then v4(G) + V1 (G) = gn + 3.

For the second example, we consider the class of paths; P, denotes the path on n
vertices. For n > 1, KoSmrlj [14] showed that v} (P,) = [%] and that v4(P,) = [%] — 1
if n = 3 (mod 4) and y,(P,) = [%], otherwise. For n > 2, Phillips and Slater [16]
showed that W/ (P,) = [2%H ] and ¥, (P,) = [22]|. Thus if G is a path P,, then

5
Ye(G) + \I/;‘(G) ~n 4 1—1071



132 Ars Math. Contemp. 20 (2021) 129-142

The most important general fact in the domination game is the so-called Continuation
Principle, which provides a much-used monotonicity property of the game domination
number and allows us to assume that each optimal move of Dominator (and of Staller) is
taken from a restricted subset of the unchosen vertices. Due to its importance in the dom-
ination game, we recall this well-studied Continuation Principle. A partially dominated
graph is a graph together with a declaration that some vertices are already dominated and
need not be dominated, but can be played, in the rest of the game. Given a graph G and a
subset .S of vertices of G, we denote by G|S the partially dominated graph with S as the
set of declared vertices already dominated. We use 74 (G|S) (resp. 7, (G|S)) to denote the
number of moves remaining in the game on |.S under optimal play when Dominator (resp.
Staller) has the next move. We are now in a position to state the Continuation Principle
presented by Kinnersley, West, and Zamani in [12, Lemma 2.1].

Lemma 2.1 (Continuation Principle). If G is a graph and A, B C V(G) with B C A,
then 75 (G|4) < 75(G|B) and 7}(G|A) < 7L(G|B).

The Continuation Principle is one of the most important proof techniques to obtain
results on the domination game and its variants. It yields, for example, the following fun-
damental monotonicity property of the domination game; see [2, Theorem 6] and [12,
Corollary 4.1].

Theorem 2.2. The Dominator-start game domination number and the Staller-start game
domination number can differ by at most 1, that is, for any graph G, we have

76(G) = (@) < 1.

The most significant difference between the competition-enclaveless game and the
domination game is that the Continuation Principle holds for the domination game but
does not hold for the competition-enclaveless game. If the Continuation Principle were to
hold for the competition-enclaveless game, then this would imply that the Maximizer-start
enclaveless game number and the Minimizer-start enclaveless game number can differ by
at most 1. However, this is not the case, and these two game numbers can differ signifi-
cantly. For example, if n > 1 and G is a star K ,,, then ¥} (G) = n while ¥ (G) = 1.
Thus, the numbers ¥} (G) and ¥ (G) can vary greatly.

Without the powerful proof method of the Continuation Principle at our disposal, the
competition-enclaveless game is raised to a greater level of difficulty than other domination
games played on graphs. Indeed, this suggests that there may exist a graph G (or infinite
classes of graphs) for which ¥ (G) > \I/';(G) is possible, and such that the difference
W, (G) — U1 (G) can possibly be made arbitrarily large. However, we are unable at this
time to construct such examples, if they exist. Moreover, we are also unable to prove at this
time that U_"(G) < W (G) is always true.

Another significant difference between the domination game and the competition-en-
claveless game is that upon completion of the domination game, the set of played vertices
is a dominating set although not necessarily a minimal dominating set, while upon com-
pletion of the competition-enclaveless game, the set of played vertices is always a maximal
enclaveless set. Thus, the enclaveless game numbers of a graph G are always squeezed
between the lower enclaveless number ¢)(G) of G and the enclaveless number ¥ (G) of G.
We state this formally as follows.



M. A. Henning and D. F. Rall: The enclaveless competition game 133

Observation 2.3. If G is a graph, then
P(G) SV (G)<W(G)  and  Y(G) < T (G) < V(G).

A graph G is well-dominated if all the minimal dominating sets of G have the same
cardinality. Examples of well-dominated graphs include, for example, the complete graph
K,, C7, Py, the corona of any graph, and the graph formed from two vertex disjoint cycles
of order 5 joined by a single edge. Finbow, Hartnell and Nowakowski [7] characterized
the well-dominated graphs having no 3-cycle nor 4-cycle. As observed earlier, upon com-
pletion of the enclaveless game, the set of played vertices is always a maximal enclaveless
set. Hence, any sequence of legal moves by Maximizer and Minimizer (regardless of strat-
egy) in the enclaveless game played in a well-dominated graph of order n will always lead
to the game ending in n — y(G) moves. Thus as a consequence of Observation 2.3, we
have the following interesting connection between the enclaveless game and the class of
well-dominated graphs.

Observation 2.4. If G is a well-dominated graph of order n, then
U, (G)=VHG) =n—7(G).

g

It is well-known that if G is an isolate-free graph of order n, then v(G) < %n implying
by Observation 1.1 that ¥(G) = n — y(G) > in. Hence one might think that v,(G) <
\I/;“(G) for such a graph G with no isolated vertex. We now provide an infinite class of
graphs to show that the ratio 7,/ \I/;]|r of these two graphical invariants can be strictly larger
than, and bounded away from, 1. The corona cor(G) of a graph G, also denoted G o K in
the literature, is the graph obtained from G by adding for each vertex v of G a new vertex
v’ and the edge vv’ (and so, the vertex v has degree 1 in cor(G)). The edge vv’ is called a
pendant edge. We shall need the following 2014 result due to KoSmrlj [13].

Theorem 2.5 ([13, Theorem 4.1]). For k > 1, if G = cor(Py), then v5(G) = k + ]—%]
Let G be the (infinite) family of coronas of paths P where & > 8 and kmod 10 €

{8, 9}, that is,
G = {cor(Py) : k mod 10 € {8,9}}.

As a consequence of Theorem 2.5, we have the following result.
Theorem 2.6. For every graph G € G, we have

74(G) > 11

Us(G) - 10
Proof. Let G € G, and so G = cor(Py) for some positive integer k& where k mod 10 €
{8,9}. Every minimal dominating set of G has cardinality k, which implies by Observa-
tion 1.1 that every maximal enclaveless set of G also has cardinality k; that is, ¥(G) =
U(G) = k where we recall that ¢)(G) denotes the cardinality of the smallest maximal en-
claveless set in G and ¥(G) is the cardinality of a largest enclaveless set in G. Hence by

Observation 2.3, ¥ 7 (G) = k. Consequently, by Theorem 2.5 and since k mod 10 € {8,9}
we have

%(G) _ b+ 11 -
U (GQ) k 10°

Hence, by Theorem 2.6, the difference v, (G) — ¥ (G) can be made arbitrarily large
for an infinite family of graphs.
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3 Fundamental bounds

In this section, we establish some fundamental bounds on the (Maximizer-start) enclaveless
game number and the Minimizer-start enclaveless game number. We establish next a lower
and upper bound on the enclaveless number of a graph in terms of the maximum degree
and order of the graph.

Proposition 3.1. If G is an isolate-free graph of order n with maximum degree A(G) = A,

" (A1H> n <¢(G) <Y(G) < (AA+1> n.

Proof. If G is any graph of order n and maximum degree A, then v(G) > g7~ Hence,
by Observation 1.1,

n A
U(G)=n—v(G)<n A—|—1<A+1>n'

On the other hand, let D be a minimal dominating set of maximum cardinality, and
so |D| = I'(G). Let D = V(G) \ D, and so |D| = n — |D|. Let £ be the number of
edges between D and D. Since G is an isolate-free graph and D is a minimal dominating
set, every vertex in D has at least one neighbor in D, and so ¢ > |D|. Since G has
maximum degree A, every vertex in D has at most A neighbors in D, andso ¢ < A- |ﬁ\ =
A(n —|D|). Hence, |D| < A(n — |D|), implying that T'(G) = |D| < An/(A + 1). Thus
by Observation 1.1,

w(G):n—F(G)zn—<AA+1>n: (Alﬂ)n

This completes the proof of Proposition 3.1. O

By Observation 2.3, the set of played vertices in either the Maximizer-start enclaveless
game or the Minimizer-start enclaveless game is a maximal enclaveless set of G. Thus as
an immediate consequence of Proposition 3.1, we have the following result.

Corollary 3.2. If G is an isolate-free graph of order n with maximum degree A(G) = A,
then

<A1+1> n< U (G) < <AA+1> n and <A1+1> n < UH(G) < <AA+1) n.

We show that the upper bounds in Corollary 3.2 are realized for infinitely many con-
nected graphs.

Proposition 3.3. There exist infinitely many positive integers n along with a connected
graph G of order n satisfying

Vo (G) = UH@) = (A(AGS)GJF)J n.

Proof. Let r be an integer such that » > 4 and let m be any positive integer. For each
i € [m], let H; be a graph obtained from a complete graph of order  + 1 by removing
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the edge x;y; for two distinguished vertices x; and y;. The graph F,, is obtained from
the disjoint union of Hy, ..., H,, by adding the edges y; 2,11 for each i € [m] where the
subscripts are computed modulo m. The vertices x; and y; are called connectors in F,,,,
and each of the  — 1 vertices in the set V(H;) \ {z;, y;} is called a hidden vertex of H;.
Note that F;,, is r-regular and has order n = m(r + 1).

We first show that ¥ (F,,) = (;37)n. Suppose the Minimizer-start enclaveless game
is played on F},,. We provide a strategy for Maximizer that forces exactly rm vertices to be
played. Maximizer’s strategy is to make sure that all the connector vertices in the graph are
played. If he can accomplish this, then exactly rm vertices will be played when the game
ends because of the structure of F},,. Suppose that at some point in the game Minimizer
plays a vertex from some H;. If one of the connector vertices, say z;, is playable, then
Maximizer responds by playing x;. If both connector vertices have already been played
and some hidden vertex, say w, in H; is playable, then Maximizer plays w. If no vertex
of Hj is playable, then Maximizer plays a connector vertex from H; for some ¢ # j if one
is playable and otherwise plays any playable vertex. Since H} contains at least 3 hidden
vertices for each k € [m], it follows that Maximizer can guarantee that all the connector
vertices are played by following this strategy. This implies that for each i € [m], exactly
one hidden vertex of H; is not played during the course of the game. That is, the set of
played vertices has cardinality

= (i) e = (sin)

where we recall that A(F},,) = r. Thus,

By Corollary 3.2,

Consequently, ¥ (F,) = (%) n.

If the Maximizer-start enclaveless game is played on F),, then the same strategy as
above for Maximizer forces rm vertices to be played (even with the relaxed condition that

7 be an integer larger than 2). Thus as before, W ¥ (F,,,) = (%) n. O

The lower bound in Corollary 3.2 on W_'(G) is achieved, for example, by taking G =
Ky A for any given A > 1 in which case V' (G) = 1 = (ﬁ)n where n = n(G) =
A+ 1.

The lower bound in Corollary 3.2 on [ (G) is trivially achieved when A = 1, in which
case G is the disjoint union of copies of K5. However, as remarked in the introductory
section, the main open problem in the competition-enclaveless game is the %-Enclaveless
Game Conjecture (stated formally in Conjecture 1.2) that claims that if G is an isolate-free
graph of order n, then \I/g+ (GQ) > %n If the conjecture is true, then, from our earlier exam-
ples such as the double star, the bound is achieved for isolate-free graphs with arbitrarily
large maximum degree A.



136 Ars Math. Contemp. 20 (2021) 129-142

4 Regular graphs

In this section, we show that %—Enclaveless Game Conjecture (see Conjecture 1.2) holds
for the class of regular graphs, as does Conjecture 1.3 for the Minimizer-start enclaveless
game. For a set S C V(QG) of vertices in a graph G and a vertex v € S, we define the
S-external private neighborhood of a vertex v, abbreviated epng (v, S), as the set of all
vertices outside S that are adjacent to v but to no other vertex of .S; that is,

epnge(v,S) ={w e V(G)\ S : Ng(w) N S = {v}}.

As remarked in the introduction, if the graph G is clear from the context, we omit the
subscript G in the above definitions. We define an S-external private neighbor of v to be a
vertex in epn(v, S).

We establish next a 1 -lower bound on U (G) and ¥ (G) by forbidding induced stars
of a certain size. We remark that the proof of the following result uses similar counting
techniques to those employed by Southey and Henning in [20].

Proposition 4.1. If G is a graph with order n, minimum degree § and with no induced
K1 541, then (G) > in.

Proof. Let D be an arbitrary minimal dominating set of G. Denote by D, the set of vertices
in D that have a D-external private neighbor. That is, D1 = {z € D : epn(z, D) # 0}.
In addition, let Do = D \ D;. Since D is a minimal dominating set, the set Dy consists of
those vertices in D that are isolated in the subgraph G[D] of G induced by D. Let

Cy = U epn(z, D) and Cy=V(G)\ (DUCY).
reDq

We note that by definition, there are no edges in G joining a vertex in Dy and a vertex
in Cp. That is, each vertex in Dy has at least § neighbors in Cs. Since the set Do is
independent and G has no induced K 51, each vertex of C5 has at most ¢ neighbors in
D,. Denote by ¢ the number of edges of the form uv where u € Dy and v € Cs. It now
follows that §| Do| < ¢ < §|Cy|, that is, | D2| < |Cs|. Now,

[D| = [D1] + [Da| <[Ci| +|Ca| =n - |DJ,
which shows that I'(G) < 3n. Hence by Observation 1.1, we have ¢(G) > 1n. O

Observation 2.3 and Proposition 4.1 now yield the following result.

Corollary 4.2. If G is a graph with order n, minimum degree § and with no induced
Ki 511, then VH(G) > in and v (G) > in.

As a special case of Corollary 4.2, we have the desired %—lower bound on \I/;r (G) and

U (G) for regular graphs G without isolated vertices.

Corollary 4.3. If G is a regular graph of order n without isolated vertices, then \I/g+ (G) >
snand ¥, (G) > 3n.

We remark that if G is a graph of order n that is a disjoint union of copies of K5, then

vHG) = in and Vo (G) = in. The same conclusion holds if G is a disjoint union of

copies of Cy. Hence, for k € {1,2} there are k-regular graphs G that achieve equality in
the lower bound in Corollary 4.3. However, it remains an open problem to characterize the
graphs achieving equality in Corollary 4.3 for each value of k£ > 3.
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5 Claw-free graphs

A graph is claw-free if it does not contain the star K; 3 as an induced subgraph. In this
section, we show that %-Enclaveless Game Conjecture (see Conjecture 1.2) holds for the
class of claw-free graphs with no isolated vertex, as does Conjecture 1.3 for the Minimizer-
start enclaveless game. For this purpose, we recall the definition of an irredundant set. For
aset S of vertices in a graph G and a vertex v € S, the S-private neighborhood of v is the
set

pngfv, S| ={w eV :Nw|nS={v}}

If the graph G is clear from context, we simply write pn[v, S] rather than png[v, S].
We note that epn(v,.S) C pnfv,S] C epn(v,S) U {v} and v € pn[v,S] if and only if
v is isolated in G[S]. A vertex in the set pn[v, S] is called an S-private neighbor of v.
The set S is an irredundant set if every vertex of S has an S-private neighbor. The upper
irredundance number IR(G) is the maximum cardinality of an irredundant set in G.

The independence number o(G) of G is the maximal cardinality of an independent set
of vertices in G. An independent set of vertices of G of cardinality «(G) is called an a-set
of G. Every maximum independent set in a graph is a minimal dominating set, and every
minimal dominating set is an irredundant set. Hence we have the following inequality
chain.

Observation 5.1 ([5]). For every graph G, we have a(G) < T'(G) < IR(G).

The inequality chain in Observation 5.1 is part of the canonical domination chain which
was first observed by Cockayne, Hedetniemi, and Miller [5] in 1978.

In 2004, Favaron [6] established the following upper bound on the upper irredundance
number of a claw-free graph.

Theorem 5.2 ([6]). If G is a connected, claw-free graph of order n, then IR(G) <
+(n + 1). Moreover, if IR(G) = 3(n + 1), then o(G) =T(G) = IR(G).

In addition, she proved the following stronger upper bound for the upper irredundance
number of claw-free graphs with minimum degree at least 2.

Corollary 5.3 ([6]). If G is a connected, claw-free graph of order n and minimum degree
at least 2, then IR(G) < in.

Suppose that G is a claw-free graph of order n and minimum degree § > 2. By Corol-
lary 5.3, IR(G) < %n, and thus by Observations 1.1 and 5.1, we have

z/J(G):n—F(G)zn—IR(G)Zn—%n:%n.

By Observation 2.3, we therefore have the following result.

Theorem 5.4. If G is a claw-free graph of order n and 6(G) > 2, then

n and U (G) >

g n.

v (G) =

N =
N | =

By Theorem 5.4, we note that Conjecture 1.3 holds for connected claw-free graphs.
In order to prove that Conjecture 1.2 holds for connected claw-free graphs, we need the
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characterization due to Favaron [6] of the graphs achieving equality in the bound of The-
orem 5.2. For this purpose, we recall that a vertex v of a graph G is a simplicial vertex if
its open neighborhood N (v) induces a complete subgraph of G. A clique of a graph G is a
maximal complete subgraph of G. The clique graph of G has the set of cliques of G as its
vertex set, and two vertices in the clique graph are adjacent if and only if they intersect as
cliques of G. A non-trivial tree is a tree of order at least 2.

Favaron [6] defined the family JF of claw-free graphs G as follows. Let 11, ...,T, be
g > 1 non-trivial trees. Let L; be the line graph of the corona cor(T;) of the tree T; for
1€q). fg=1,let G = L;. If ¢ > 2, let G be the graph constructed from the line graphs
Ly, Ls,...,Lg by choosing ¢ — 1 pairs {z;;, x;;} such that the following holds.

* x;; and x; are simplicial vertices of L; and L;, respectively, where i # j.
¢ The 2(¢q — 1) vertices from the ¢ — 1 pairs {z;;, xj; } are all distinct vertices.

* Contracting each pair of vertices x;; and x;; into one common vertex c;; results in a
graph whose clique graph is a tree.

To illustrate the above construction of a graph G in the family F consider, for example,
such a construction when ¢ = 3 and the trees 11,75, T35 are given in Figure 1.

- e e e N e e

' Ty T Ts
U cor(Th) cor(Th) cor(T3)
N NN
L T12 21 Lo T23 32 Ly
I
C12 G €23

Figure 1: An illustration of the construction of a graph G in the family F.

We note that if G is an arbitrary graph of order n in the family F, then n > 3 is odd
and the vertex set of G can be partitioned into two sets A and B such that the following
holds.

* |[A]=3(n—1)and |B] = 3(n+1).

e The set B is an independent set.
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* Each vertex in A has exactly two neighbors in B.

We refer to the partition (A, B) as the partition associated with G. For the graph G € F
illustrated in Figure 1, the set A consists of the darkened vertices and the set B consists of
the white vertices.

We are now in a position to state the characterization due to Favaron [6] of the graphs
achieving equality in the bound of Theorem 5.2.

Theorem 5.5 ([6]). If G is a connected, claw-free graph of order n > 3, then IR(G) <
+(n + 1), with equality if and only if G € F.

We prove next the following property of graphs in the family F.

Lemma 5.6. If G € F and (A, B) is the partition associated with G, then the set B is the
unique IR-set of G.

Proof. We proceed by induction on the order n > 3of G € F. If n = 3, then G = Ps.
In this case, the set B consists of the two leaves of (G, and the desired result is immediate.
This establishes the base case. Suppose that n > 5 and that the result holds for all graphs
G’ € F of order n/, where 3 < n’ < n. Let @) be an IR-set of G.

By construction of the graph G, the set B contains at least two vertices of degree 1 in
G. Let v be an arbitrary vertex in B of degree 1 in GG, and let u be its neighbor. We note that
u€ A. Let G = G—{u,v} and let G’ have order n/, and son’ = n—2. Let A’ = A\ {u}
and B’ = B\ {v}. By construction of the graph G and our choice of the vertex v, we note
that G’ € F and that (A’, B’) is the partition associated with G’. Applying the inductive
hypothesis to G’, the set B’ is the unique IR-set of G’. Let w be the second neighbor of u
in G that belongs to the set B, and so N(u) N B = {v, w}. By the structure of the graph
G € F, we note that N[w] C N[u] and that the subgraph of G induced by N[w] is a clique.

Suppose, to the contrary, that Q # B. Let Q' be the restriction of @) to the graph
G', and so Q' = Q NV (G"). Suppose that u € Q. Since @ is an irredundant set, this
implies that v ¢ Q. If w € Q, then pn[w, Q] = 0, contradicting the fact that Q is an
irredundant set. Hence, w ¢ @, and so @’ # B’. By the inductive hypothesis, the set @)’
is therefore not an IR-set of G’, and so |Q’| < IR(G’). Thus, IR(G) = |Q] = |Q'| + 1 <
(IR(G') — 1)+ 1= %(n' +1) = 3(n — 1) < IR(G), a contradiction. Hence, u ¢ Q. In
this case, IR(G) = |Q| < |Q'| +1 <IR(G')+1=3(n' +1)+1 = 2(n+1) =IR(G).
Hence, we must have equality throughout this inequality chain. This implies that v € @
and |Q’| = IR(G’). By the inductive hypothesis, we therefore have @' = B’. Hence,
Q = Q' U{v} = B"U{v} = B. Thus, the set B is the unique IR-set of G. O

Corollary 5.7. If G € F and (A, B) is the partition associated with G, then the set B is
the unique a-set of G and the unique I'-set of G.

Proof. By Theorem 5.2, o(G) = I'(G) = IR(G) = 4(n+1). By Lemma 5.6, the set B
is the unique IR-set of G. Since every a-set of G is an IR-set of G and o(G) = IR(G),
this implies that B is the unique a-set of G. Since every I'-set of G is an IR-set of G and
I'(G) = IR(G), this implies that B is the unique I'-set of G. O

We show next that Conjecture 1.2 holds for connected claw-free graphs.

Theorem 5.8. If G is a connected, claw-free graph of order n > 2, then the following
holds.
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@ ¥ (G) > gn.
(b) If G # Ps, then \Ilg_(G) > %

Proof. Let G be a connected, claw-free graph of order n > 2. If IR(G) < %n, then

min{ ¥} (Q), ¥, ()} > $(G) > n —IR(G) >

l\D\)—l

Therefore, by Theorem 5.5, we can assume that IR(G) = 3(n+1) and G € F. Let (A, B)
be the partition associated with Gi. We show in this case we have min{ ¥} (G), V_(G)} >
P(G) + 1.

By Observation 1.1, I'(G) + ¥(G) = n. Moreover, the complement of every I'-set
of GG is a maximal enclaveless set, and the complement of every -set of G is a minimal
dominating set. By Corollary 5.7, the set B is the unique I'-set of G. These observations
imply that the complement of the set B, namely the set A, is the unique -set of G. Thus
every maximal enclaveless set of G of cardinality ¢ (G) is precisely the set A.

In the Maximizer-start enclaveless game played on GG, Maximizer plays as his first
move any vertex from the set B. In the Minimizer-start enclaveless game played on G,
by supposition we have G # P3, implying that there are at least two vertices in the set B
at distance at least 3 apart in G. Thus, whatever the first move is played by Minimizer,
Maximizer can always respond by playing as his first move a vertex chosen from the set
B. Hence, no matter who starts the game, Maximizer can play a vertex in B as his first
move. Thus if S denotes the set of all vertices played when the game ends (in either game),
then the set S is a maximal enclaveless set in G. By our earlier observations, such a set
S contains a vertex of B and is therefore different from the set A. Since the set A is the
unique t-set of G, this implies that |S| > ¢(G). Therefore,

1 1
S| > ¢(G)+1= (n—F(G))+1:n—§(n+1)+1: §(n+l).

Since the first move of Maximizer from the set B may not be an optimal move, we
have that W1 (G) > 9(G) + 1 if we are playing the Maximizer-start enclaveless game and
¥ (G) > ¥(G) + 1if we are playing the Minimizer-start enclaveless game. Thus, in both
games Maximizer has a strategy to finish the game in at least %(n + 1) moves. Hence, if we

assume that IR(G) = 3(n + 1), then ¥/ (G) > min{¥[(G), ¥ (G)} > 5(n+1). O

By Theorem 5.8(a), we note that Conjecture 1.2 holds for connected claw-free graphs.
Moreover by Theorem 5.8(b), we note that Conjecture 1.3 holds for connected claw-free
graphs even if we relax the minimum degree two condition and replace it with the require-
ment that the graph is isolate-free and different from the path Ps.

6 Open problems and conjectures

In this paper, we have shown that the %—Enclaveless Game Conjecture (see, Conjecture 1.2)
is true for special classes of graphs, such as regular graphs and claw-free graphs. However,
the conjecture has yet to be solved in general. It would be very interesting to prove or dis-
prove the conjecture, or at least prove the conjecture for certain other important classes of
graphs. We have also shown that the related conjecture for the Minimizer-start enclaveless
game (see, Conjecture 1.3) holds for special classes. Again, it would be interesting to make
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further inroads into the conjecture. We close with the following two questions that we have
yet to settle.

Question 6.1. Do there exist graphs G' such that W (G) > W (G)? If so, how large can
the difference ¥ (G) — ¥ (G) be made? Oris ¥ (G) < 1 (G) always true?

Question 6.2. Is it possible to characterize graphs G such that ¥ (G) = V1 (G)?
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1 Introduction

A planar and 3-connected graph G = (V, E') can be drawn in essentially one way on the
sphere or the plane. This fundamental fact is a result of the work of Whitney [14]. It
tells us that we not only have the sets V' and E defined, but that the set F' of faces is
also determined, and furthermore the dual graph G* is well defined. The dual graph G* is
the graph whose vertex set V' * is the set of faces F' of G, and two new vertices in G* are
connected by an edge if and only if the faces that define them are adjacent in G.

In this class of graphs, each face f is determined by its boundary walk, that is, a cycli-
cally ordered sequence (v1,vs,...,vx) consisting of the vertices (and the edges) that are
in the closure of the region defining the face f (see [4]). In this sense we can say that u
incides on f, if it is any of the elements v1, va, . . ., vy of the cycle defining the face f. We
denote this situation simply by v € f. From Steinitz’s theorem [12] we know that it is
the same to talk about polyhedra in the sense of convex polytopes and to talk about these
graphs, so we will refer to them as polyhedra. A polyhedron is a graph G that is simple
(without loops and multiple edges), planar and 3-connected.

A polyhedron P is said to be self-dual if there exists an isomorphism of graphs 7: P —
P*. This isomorphism is called a duality isomorphism. There may be several of these
duality isomorphisms and each of them is a bijection between vertices and faces of P,
such that adjacent vertices correspond to adjacent faces. We are interested in such an
isomorphism that satisfies two more properties:

(1) For each pair u, v of vertices, v € 7(v) if and only if v € 7(u).
(2) For every vertex v, we have that v ¢ 7(v).

Such an isomorphism will be called a strong involution. If P is a self-dual polyhedron
admitting a strong involution 7, we will say that P is a strongly involutive polyhedron.

Strongly involutive self-dual polyhedra are very common, like for example wheels on
n-cycles with n odd and hyperwheels on n-cycles with n-even (see [11]). In fact the
relevance of strongly involutive self-dual polyhedra is partially related with the famous
Vazsonyi problem. Let T be a finite set of points of diameter /& in Euclidean d-space.
Characterize those sets 71" for which the diameter is attained a maximal number of times
as a segment of length h with both endpoints in 7". Y. S. Kupitz et al. [5], call these sets
extremal configurations. For d = 3, if T' is an extremal configuration and V' is the inter-
section of balls of radius i with centers in points of 7', a facial structure can be defined on
the boundary of V' that is strongly self-dual in the sense that it admits an duality isomor-
phism that is involution and is fixed-point free when acting as an automorphism of the first
barycentric subdivision of the boundary cell complex of V' (see [5]). Indeed, this unusual
connection between discrete and convex geometry attracted the attention of several mathe-
maticians to this and other related problems. See, for example L. L6vasz [6], L. Montejano
and E. Roldan-Pensado [9], L. Montejano et al. [8] and the work of Bezdek et al. [2]. For
more about the Vazsonyi problem see [7].

In order to have a good understanding of strongly involutive self-dual polyhedra, we
will use a result due to Tutte [13] establishing that every 3-connected graph is either a
wheel (a cycle where every vertex is also connected with a central vertex o) or it can be
obtained from a wheel by a finite sequence of two operations: adding an edge between any
pair of vertices and splitting a given vertex v, with degree §(v) > 4, into two new adjacent
vertices v’ and v” in such a way that the new graph obtained is still 3-connected.
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In the following section we briefly summarize the notions and notation in relation with
the above Tutte’s result restricted to the case of simple and planar graphs. In [1], Griinbaum
and Barnette used this idea for giving two proofs of Steinitz’s Theorem. In Section 3, we
show our main results that classify the strongly involutive self-dual polyhedra. Finally, in
Section 4, we give a geometric interpretation of strong involutions by proving that such a
duality is topologically equivalent to the antipodal mapping on the sphere.

2 Tutte’s theorem for polyhedra

In this section we summarize the main ideas and terminology of a recursive classification
of spherical polyhedra. These results are deduced from Tutte’s work and the details can be
found in [10]. Let G be a polyhedron and e = (uv) any edge of G. We write G\e for the
graph obtained from G by deleting e. We write G/e for the graph obtained from G\e by
identifying its endpoints v and v in a single vertex uv. In the same way, given any subset
X of V, we write G\ X for the graph obtained from G by ommiting the elements of X and
any edge such that one of its endpoints is an element of X. We will say that e = (uv)
can be deleted if G\e is a polyhedron and we say that e = (uv) can be contracted if G /e
is a polyhedron. We will say that X is an n-cutting set if it has n vertices and G\ X is
not connected. According to Tutte’s terminology, we will say that an edge e is essential if
neither G\ e nor G /e are polyhedra. In other words, e is essential if it cannot be deleted and
it cannot be contracted.

Theorem 2.1 ([10]). The following statements are equivalent.
(1) G is a wheel.
(2) Every edge is essential.
(3) Every edge is on a triangular face and has one of its endpoints of degree 3.
This result can be rephrased as follows.

Remark 2.2. Every polyhedron is either a wheel or it can be obtained by a wheel by adding
new edges within faces of the polyhedron or its dual’s. Equivalently: if a polyhedron is not
a wheel there is always a not essential edge, this means, an edge we can delete or contract
in order to obtain a new polyhedron with one fewer edge.

In this way we can reduce any polyhedron by a finite sequence of this operations until
we obtain a wheel. It happens that one can obtain different wheels from a given polyhedron
by selecting different sequences of non essential edges.

3 Strongly involutive polyhedra

Throughout this section, we let P = (V, E| F, T) be a strongly involutive self-dual poly-
hedron and (ab) € F any edge of P. By definition 7(a) and 7(b) are adjacent faces of P,
thus there must be an edge (xy) € F such that 7(a) N 7(b) = (xy) and condition (1) of
strong involution implies that 7(x) N 7(y) = (ab). We will write 7(ab) for the edge (zy).
We will say that (ab) is a diameter if and only if a € 7(b) (and therefore b € 7(a)).

Lemma 3.1. If (ab) and (zy) are both diameters, then P is the tetrahedron K.
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Proof. From the hypotheses we deduce a € 7(z)N7(y)N7(b) and z € T(a) NT(b)NT(y),
then {a,z} C 7(y) N 7(b) but from the 3-connectivity, the intersection of any two faces
must be empty, a single vertex or a single edge, thus (ax) is an edge, otherwise {a, x} is
a 2-cutting set. Analogously, (bx) is an edge. In the same way, (ya) and (yb) are edges.
It follows that the induced graph on these four vertices is K4. In addition, we have the
faces 7(a), 7(b), 7(x) and 7(y) are triangles. Suppose there exist additional vertices. Take
any vertex v € V' \ {a, b, z,y} such that v is connected to some vertex in {a, b, z,y} by
an edge. Assume, without loss of generality, that (av) is an edge. This is a contradiction
because in that case face 7(a) should form a cycle with at least four edges. O

Lemma 3.2. If (ab) is a diameter and (xy) is not, then {a, b, x} and {a, b, y} are 3-cutting
sets of P.

Proof. From the hypotheses we can deduce that (7(a)UT(b))\ (zy) and (7(x)UT(y))\ (ab)
are cycles whose intersection is the set {a, b}, then we can observe that (7(a) U 7(b)) \
(zy)) U (ab) is the union of two cycles 71, y2 whose intersection is the edge (ab) and thus
P\ 71 consists of two connected pieces Ry, R and also P \ 2 consists of two connected
pieces S1, So. Since 7(x) N7(y) = (ab) = v1 N~y2, we may assume 7(z) \ (ab) C R1 NS,
and 7(y) \ (ab) C Ra N Sy. Letbe w € (7(y) \ (ab)) \ 1 C Rz N Sa. It exists because
otherwise 7(y) = 1, and therefore = € 7(y), a contradiction since (zy) is not a diameter.
Analogoulsy, letbe u € (7(z) \ (ab)) \ v2 C S1 N Ry. Then in the graphs P\{a, b, y} and
P\ {a,b, z}, the vertices u and w are disconnected. O

Theorem 3.3. If P is not a wheel, then there exists an edge e satisfying the three following
conditions:

(1) eisnot on a triangular face,
(2) eisnotin a 3-cutting set and
(3) e is not a diameter.

Proof. Since P is not a wheel then, by Theorem 2.1, there is a not essential edge, say e
that can be either deleted or contracted. In fact we ensure, since P is self-dual, there is an
edge that can be contracted, otherwise we can take an edge e that can be deleted and the
corresponding dual edge e* can be contracted in P* which is isomorphic to P. Without
loss of generality we may assume e can be contracted in P. We may now check that e
verifies the three desired conditions:

(1) eis not in a triangle. Otherwise, if e were contracted then P /e would have parallel
edges (which is not possible since P /e is simple).

(2) eisnot in any 3-cutting set. Otherwise, if e were contracted then P /e would have a
2-cutting set (which is not possible since P /e is 3-connected).

(3) eis not a diameter. Indeed, if e were a diameter then we would have that edge 7(e)
cannot be a diameter (otherwise, by Lemma 3.1, P must be a tetrahedron, that is, a
3-wheel, which is not the case) and thus, by Lemma 3.2, e would be in a 3-cutting
set, which is not possible. O
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Theorem 3.4. Let ¢ = (ab) be an edge which is neither on a triangular face nor in a
3-cutting set nor a diameter. Then, the graph [P /(ab)|\7(ab), denoted by P® = PS,, is a
strongly involutive self-dual polyhedron.

Proof. Since (ab) satisfies the three properties of last theorem, then P/(ab) is a polyhe-
dron, and therefore its dual P\7(ab) is also a polyhedron. We will show that P° is a
polyhedron. Indeed, it is simple and planar. We need it to be 3-connected. If it were not,
then it would have a 2-cutting set {m,n}. Since 7(a) and 7(b) are the faces such that
7(a) N7(b) = 7(ab) we may observe that one of the elements in {m, n} is in 7(a) and the
other is in 7(b). Let’s supose m € 7(a) and n € 7(b). Furthermore the vertex a = b, de-
noted by ab must be one of the elements in {m, n}, otherwise {m, n} would be a 2-cutting
set of P\7(ab), a contradiction. This implies that in P, a € 7(b) (and therefore b € 7(a)),
so (ab) would be a diameter, which is not by hypothesis. Finally, by definition, P° is self-
dual and it is strongly involutive with isomorphism 7°(u) = 7(u) for every u ¢ {a,b}
and with 7°(a = b) the face obtained by the union of 7(a) and 7(b) when edge (zy) is
deleted. O

By the above theorem, we can define the remove-contract operation in any strongly
involutive polyhedron which is not a wheel: there is at least one edge (ab) that we can
contract and at the same time remove the edge 7(ab) in order to obtain a new strongly
involutive polyhedron. We can apply this operation repeatedly in order to finish with a
strongly involutive wheel (with odd number of vertices in the main cycle). Conversely, we
can start with such a wheel and then diagonalizing faces and splitting their corresponding
vertices carefully in order to expand a strongly involutive polyhedron. By diagonalizing
we mean that given a face that is not a triangle, we add a new edge within the face joining
two non-consecutive vertices.

In the above terms, Theorem 3.4 gives the following.

Corollary 3.5. Every strongly involutive self-dual polyhedra is either a wheel or it can be
obtained from an odd wheel by a finite sequence of operations consisting in diagonalizing
faces of the polyhedron and its dual’s simultaneously.

4 Topological interpretation

In this section we are going to consider topological embeddings of a given graph G on the
surface S2. By Whitney’s Theorem we know that if G is simple, planar and 3-connected,
then any two such embeddings are equivalent in the sense that the set of faces (and their
adjacencies) is fully determined only by the graph (they are independent of the embedding).
It is an interesting fact that with these conditions we can choose one of these embeddings
in such a way that any automorphism of the graph of P acts as an isometry of S%. We will
write this important fact as follows.

Lemma 4.1 (Isometric embedding lemma [11, Lemma 1]). There exists an embedding
i: G — S? such that for every o € Aut(G) there exists an isometry & of S? satisfying
100 =001.

Our goal for now is to interpret geometrically the strong involutions. In the rest of the
section G is the underlying graph (simple, planar and 3-connected) of a strongly involutive
self-dual polyhedron P.
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Let us define G the graph of squares of G as follows:

=
K\

2
I

V() UF(G)U E(G) and
E(Gn) ={(ve) :v eV (G),e € E(G),v E€e}U
{(ec) : e € E(G), f € F(G),e € f}.

It is easy to observe that G is a 3-connected simple planar graph and therefore it can
be drawn on the sphere in such a way that any automorphism of G is an isometry. We can
suppose G is embedded in that way and we will abuse of notation making no distintion
between G and its image under the embedding. By definition, the faces of G are all
quadrilaterals of the form (va fb), where v € V(G),a,b € E(G) and f € F(G).

Theorem 4.2. Let T be a strong involution of P. Then 7 is the antipodal mapping o: S* —
S?, a(r) = —.

Proof. First we can observe that 7 is an automorphism of G and condition (1) of strong
involution implies 72 = id. Therefore, 7 (given in Lemma 4.1) must be an involution as
isometry. There are three possible involutive isometries of the sphere: a reflection through
aline (a spherical line), a rotation by 5 and the antipodal mapping (a good reference is [3]).
Only the antipodal mapping has no fixed points, so we will show that 7 cannot have fixed
points. We will proceed by contradiction, supposing 7 has a fixed point and then we will
conclude there exists a vertex v such that v € 7(v).

If 7 is a reflection through a plane H, let us consider v € V(G), a,b € E(G) and
f € F(G) such that H intersects the quadrilateral @ = (vafb) in its interior. The only
points of the edges of quadrilateral Q can intersect H are a and b, so H N'S? = [ where
is the spherical line through a and b, thus we must have 7(v) = f that means v € 7(v).

If 7 is a rotation in a line PP’ (P, P’ antipodal points on the sphere), let Q = (vafb)
be a quadrilateral containing P. If P is the center (the barycenter) of the quadrilateral, then
since 7 is a duality, it must send v into f, but then 7(v) = f, which means v € 7(v). If P
is a or b, say P = a, then the edge (va) is sent to an edge (af’) where f’ is a face of G,
distinct from f and containing v, but then the quadrilateral @’ corresponding to v and f’
we have 7(v) = f’, which means v € 7(v). This concludes the proof. O

As a consequence of Theorem 4.2 we obtain the following.

Corollary 4.3. For a strongly involutive self-dual polyhedron there is only one duality
which is a strong involution.
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Abstract

The concept of the spine geometry over a polar Grassmann space belongs to a wide
family of partial affine line spaces. It is known that the geometry of a spine space over
a projective Grassmann space can be developed in terms of points, so called affine lines,
and their parallelism (in this case the parallelism is not intrinsically definable as it is not
Veblenian). This paper aims to prove an analogous result for the polar spine spaces. As a
by-product we obtain several other results on primitive notions for the geometry of polar
spine spaces.

Keywords: Grassmann space, projective space, polar space, spine space, coplanarity, pencil of lines.
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Introduction

Some properties of the polar spine spaces were already established in [8], where the class
of such spaces was originally introduced. Its definition resembles the definition of a spine
space defined within a (projective) Grassmann space (= the space P (V) of pencils of
k-subspaces in a fixed vector space V), cf. [12, 13]. In every case, a spine space is a
fragment of a (projective) Grassmannian whose points are subspaces which intersect a fixed
subspace W in a fixed dimension m. In case of polar spine spaces we consider a two-
step construction, in fact: we consider the subspaces of V that are totally isotropic (self
conjugate, singular) under a fixed nondegenerate reflexive bilinear form £ on V, and then
we restrict this class to the subspaces which touch W in dimension m.

It is a picture which is seen from the view of V. Clearly, W can be extended to a
subspace M of V with codimension 1 and then M yields a hyperplane M of the polar space
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Qo determined by £ in V. In other words, the projective points on W that are points of Qg
yield a subspace W of Qg extendable to a hyperplane. Recall that situation of this sort was
already investigated in [10]. The isotropic k-subspaces of V are the (k — 1)-dimensional
linear subspaces of Q, and first-step restriction yields the so called polar Grassmann space
Qr—1 = Px_1(Q). The points of Qx_1 which touch W in dimension m are — from view
of Q — the elements of Qx_1 which touch W in dimension m — 1. So, a polar spine space
is also the fragment of a polar Grassmannian which consists of subspaces which touch a
fixed subspace extendable to a hyperplane in a fixed dimension. The analogy seems full.

In particular, when W is a hyperplane of V i.e. W is a hyperplane of Qg then a k-
subspace of () either is contained in ‘W or it touches it in dimension k£ — 1. It is seen that
in this case the only reasonable value of m is m = k — 1 and the obtained structure is
the Grassmannian of subspaces of the affine polar space obtained from Qg by deleting W
(cf. [3, 11]). So, the class of polar spine spaces contain Grassmannians of k-subspaces of
arbitrary polar slit space: of a polar space with a subspace (extendable to a hyperplane)
removed, see [10]. An interesting case appears, in particular, when we assume that W is
isotropic.

1 Generalities

This section is quoted after [8] with slight modifications.

1.1 Point-line spaces and their fragments

A point-line structure B = (S, £), where the elements of S are called points, the elements
of £ are called lines, and where £ C 2°, is said to be a partial linear space, or a point-line
space, if two distinct lines share at most one point and every line is of size (cardinality) at
least 2 (cf. [2]).

A subspace of B is any set X C S with the property that every line which shares with
X two or more points is entirely contained in X. We say that a subspace X of B is strong
if any two points in X are collinear. If S is strong, then B is said to be a linear space.

Let us fix a nonempty subset 7 C .S and consider the set

Ly ={kNH:keLand|kNH|>2}. (1.1)

The structure
M= B | H = (M, Ll

is a fragment of *5 induced by H and itself it is a partial linear space. The incidence relation
in 91 is again €, inherited from ‘B, but limited to the new point set and line set. Following a
standard convention we call the points of 9t proper, and the points in S \ H improper. The
set S\ H will be called the horizon of 9. To every line L € L|3 we can assign uniquely
the line L € L, the closure of L, such that L C L. For a subspace X C H the closure of X
is the minimal subspace X of B containing X. A line L € L[ is said to be a projective
line if L = L, and it is said to be an affine line if |L \ L| = 1. With every affine line L one
can correlate the point L>° € S\ H by the condition L € L\ L. We write .A for the class
of affine lines. In what follows we consider sets 7 which satisfy the following

IL\H|<lor|LNH|<1lforall L € L.

Note that the above holds when # or S \ H is a subspace of B, but the above does not
force H or S\ H to be a subspace of B. In any case, under this assumption every line
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is either projective or affine. In case L]y contains projective or affine lines only, then
N is a semiaffine geometry (for details on terminology and axiom systems see [18]). In
this approach an affine space is a particular case of a semiaffine space. For affine lines
Ly, Ly € L|3 we can define a parallelism in a natural way:

Ly, Ly are parallel (Ly || Ly) iff Ly N Ly N (S\H) # 0.

In what follows we assume that the notion of ‘a plane’ (= 2-dimensional strong sub-
space) is meaningful in ‘B: e.g. ®B is an exchange space, or a dimension function is defined
on its strong subspaces. In the article in most parts we consider ‘B such that its planes are,
up to an isomorphism, projective planes. We say that E is a plane in 9% if E is a plane in 5.
Observe that there are two types of planes in 9J1: projective and semiaffine. A semiaffine
plane E arises from E by removing a point or a line. In result we get a punctured plane
or an affine plane respectively. For lines L1, Lo € L|3 we say that they are coplanar and
write

Ly m™ Ly iff thereisaplane E suchthat Ly, Ly C E. (1.2)
Let E be a plane in 9t and U € E. The set
p(UE):={LeLy:UecLCE} (1.3)

will be called a pencil of lines if U is a proper point, or a parallel pencil otherwise. The
point U is said to be the vertex and the plane E is said to be the base plane of that pencil.
We write

L1 p Ly iff thereis apencil p such that Ly, Lo € p. (1.4)

1.2 Cliques

Let o be a binary symmetric relation defined on a set X{. A subset of X is said to be a
o-clique iff every two elements of this set are p-related.
For any x1, x5, ..., xs in X we introduce
Aj (w1, @9, .., xs) iff  # (v1,22,...,75) and z; oz foralli,j=1,...,s
and for all y1,y2 € X if y1,y2 0 ©1,22,...,Ts then y; o y2, (1.5)

cf. analogous definition of A7 in [9]. For short we will frequently write A, instead of A7,
Next, we define

[z1,22,. .. ,xs]g = {y eX:yoxy,x,.. xg} (1.6)
It is evident that if A,(z1,...,2s) holds (and p is reflexive) then [z1, ... 7333]9 is the
(unique) maximal p-clique which contains {z1,...,zs}. Finally, for an arbitrary integer
s > 3 we put
X5, = {[371,.’1)2, ... ,xs]g i T1,%2,...,Ts € X and Ag(xl,xg,...,xs)}. 1.7)
Then we write
oo
K, = %
s=3

In most of the interesting situations there is an integer smax such that X, = [JI=%* X5 =
K*(o), where
X* (o) is the set of maximal p-cliques.
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1.3 Grassmann spaces and spine spaces

We start with some constructions of a general character. Let X be a nonempty set and
let P be a family of subsets of X. Assume that there is a dimension function dim: P —
{0,...,n} such that B = (P, C, dim) is an incidence geometry, cf. e.g. [1]. Write P, for
the set of all U € P with dim(U) = k.

Given H € Py,_; and B € Py with H C B, a k-pencil over B is a set of the form

p(H,B)={Ue€?P,:HCUC B}.

The idea behind this concept is the same as in (1.3), though this definition is more general.
The family of all such k-pencils over ‘B will be denoted by Pj. Then, the structure

Py (B) = (Px, Pr)

will be called a Grassmann space over ‘B (cf. [5, Section 2.1.3]). It is a partial linear space
for0 <k <n.
Let us fix W € P and an integer m. We will write

Frm (B, W) :={U € Pj,: dim(U NW) = m}.

The fragment
A (B, W) = Py(B) | Fion (B, W)

will be called a spine space over B determined by W. It will be convenient to have an
additional symbol for the line set of a spine space, which is

gk,m(%v W) = Pk|fk,m(%7w).

What follows are more specific examples of the above constructions that we actu-
ally investigate in our paper. Let V be a vector space and let Sub(V) be the set of all
vector subspaces of V. Then P (V) is a partial linear space called a projective Grass-
mann space. In particular P1(V) is the projective space over V. It is well known that
Pk(V) = Pk_l(Pl(V)).

Let W € Sub(V). The spine space Ay, ,,(V, W) was introduced in [12] and developed
in [13, 14, 15, 16]. Note that Ay, ,,, (V, W) = Aj_1 m—1(P1(V), Sub; (W)). The concept
of a spine space makes a little sense without the assumption that

0,k—n+w<m<k,w, (1.8)

where w = dim(W). It is a partial linear space when (1.8) is satisfied.

For possibly maximal values of m we get Ay, ,(V, W) = P (W), where the points are
basically vector subspaces of W, and Ay, ,,(V, W) = Py._,,(V/W), where the points are
those vector subspaces of V which contain W. Therefore, we assume that

m < k,w. (1.9)

Now, let £ be a nondegenerate reflexive bilinear form of index r on V. For U/ W €
Sub(V) we write U L W iff {(U,W) = 0, meaning that {(u,w) = 0 for all u € U,
w € W. Then the set of all totally isotropic subspaces of V w.r.t. £ is

Q:={U € Sub(V): U LU},
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and Q := Q N Subg (V). The set Qy, is nonempty iff
kE<nr. (1.10)

Provided that 2 < r the structure Q = P;(Q) is a classical polar space embeddable into
the projective space P1(V). It is clear that Q = (Q1,Q2, C) and usually polar space is
defined that way.

A polar Grassmann space is the structure P (Q). It is a partial linear space whenever

k<. (1.11)

Note that P (Q) 2 Pr_1(P1(Q)).
Finally,
M .= Ak,m(Qa W)?

a polar spine space, the main subject of our paper, arises. Note that we have 91 =
Ak—l,nL—l(Pl(Q)a SUb(W) N Ql)

Letry = ind(€ | W) be the index of the form ¢ restricted to W. If ry < m, then there
is no totally isotropic subspace of V, which meets W in some m-dimensional subspace.
Every U € Q can be extended to an Y € Q,.. Assume that dim(Y N W) > r — k+m
for all Y € Q,. This means that all totally isotropic subspaces of V, which meet W in
some m-dimensional subspace, are at most (k — 1)-dimensional. On the other hand, this
assumption implies ry > r — k + m. Thus

m<rw <r—k+m (1.12)
is a sufficient condition for Fy, ,,,(Q, W) # 0.

Warning. The condition (1.12) is — in the context above — only sufficient. As we shall see
there are sets W such that r — k +m < ry but Fj ,,(Q, W) # 0. Clearly, the condition
m < ryy IS necessary.

Under (1.12) no point of 9 is isolated and 91 is a partial linear space. Now, let us
have a look at the structure of strong subspaces of polar spine spaces. Following [13] they
are called: a-stars, w-stars, a-tops and w-tops. For details see Table 2. Actually, this is
an ‘adaptation’ of the classification of strong subspaces of Ay ., (V, W) (consult [13]) to
the case when we restrict P (V) to P, (Q). With a slight abuse of language all sets of
the type 7% and T we call fops, and sets of the form S and S“ stars. But note that
due to some specific values of r, k,m and dim(Y N W) with Y € Q, families of some
of these types may be empty. Moreover, stars and tops consist of strong subspaces of 91,
but stars or tops of some kind may be not maximal among strong. In general, S“ and 7¢
consist of projective spaces, while the other consist of proper slit spaces (cf. [4, 18]), but if
.kal_’m(Q7W) SHCY € fr,m(Qy W) then [H, Y]k n }—k,m(Qa W) = [H, Y]k IS
is a projective space as well.

Generally, H € Pj_; determines a star and B € P determines a top as follows

SH)={Ue?,:HCU}, T(B)={U € P, : U C B}.

Here, we occasionally make use of this convention in the context of polar spine spaces,
where Py, = Fi . (Q, W).
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2 Lines classification and existence problems

In analogy to [13, 17] the lines of 9t can be of three sorts: affine (in .A), a-projective
(in £%), and w-projective (in £%). To be more concrete, comp. Table 1, these are pencils
L = p(H, B) N Fi,m(Q, W) such that (we consider parameters k, m, Q, W as fixed)

A H e Fro1m(Q, W), B € Frp1,m+1(Q,W);inthiscase L = H+(WNB) =
(H + W) N B. Note that L> C B € Q and therefore L™ € Fj, ,,,+1(Q, W). In
other words, L™ is a point of A, +1(Q, W).

L% HeEFr1m(QW), BE Friim(QW).
LY  HE€ Fr1m-1(Q, W), B € Fry1,m+1(Q,W)

(cf. Table 1).

Note that if ry < m + 1 (in view of the global assumption ry, > m this means
rw = m) then AU L¥ = (). Looking at [8, Lemma 1.6] we see that in this case 90 is
disconnected as well or m = w. In the latter case also A U £¥ = (). Besides, this also
contradicts (1.9). Consequently, for 7 < m + 1 the horizon A, +1(Q, W) of 91 looses
its sense.

The problem whether one of the three above classes of lines is nonempty reduces, in
fact, to the problem whether the corresponding class of ‘possible tops’ of these lines is
nonempty. More precisely, we have the following criterion.

Lemma 2.1.
() Let B € Fit1,m(Q, W); then T(B) # 0.

(i) Let B € Fip1.m(Q, W) and U € T(B); then there is an L = [H, B, € L such
thatU € L.

So, if Fi11,m(Q, W) # 0 then L~ # 0.
(iii) Let B € Fit1,m+1(Q, W); then T(B) # 0.
(iv) Let B € Fip1,m+1(Q, W) and U € T(B). Then there are:

e an L' = [H', B]y, € L (provided that m > 0) such that U € L' and
ean L’ =[H",B;, € AsuchthatU € L".

Consequently, if Fi41,m+1(Q, W) # 0 then A # 0, and L # () when m > 0.

Proof. To justify (i) present B in the form B = (BNW) @® D, where DNW = ©
and dim(D) = k 4+ 1 — m. Let D’ be a (k — m)-dimensional subspace of D and put
H := (BNW)+ D'. To justify (ii) we simply use (i) with B replaced by U to obtain the
subspace H.

To justify (iii) we present B in the form B = (BN W) @ D (now, dim(D) = k — m)
and proceed analogously to (i): U = D + Z, where Z is an m-dimensional subspace of
BN W. To justify (iv) to get H' we apply (iii) with B replaced by U, and to get H" we
apply (i) with B replaced by U. O



K. Petelczyc et al.: Geometry of the parallelism in polar spine spaces and their line reducts 157

Note that, sufficient conditions for the existence of the corresponding subspaces B in
Lemma 2.1, i.e. for Fi41,m (Q, W), Frt1,m+1(Q, W) # 0 are

m<ry <r—(k+1)+m and m+1<ry <r—k+ m, respectively.

We say that an U € Fj, ,,,(Q, W) is an a-point iff each top containing U is of type «,
i.e. each line through U is of type «. Similarly, an U € Fj, ,,,(Q, W) is an w-point iff each
top containing U is of type w, i.e. each line through U is either affine or of type w.

Lemma 2.2. Let U € F, ,(Q, W).
(i) There is B suchthatU C B € F11.m(Q, W)U Frq1,m+1(Q, W).
(i) U is an a-point iff U+ "W C U. In this case
w < k+m. 2.1)
Otherwise, if UL NW ¢ U then there is a B € Fii1,m+1(Q, W) such that U C B.
(ili) U is an w-point when UL+ C U + W. In this case
w>n+m—2k. 2.2)
Otherwise, if U+ ¢ U + W then there isa B € Fi11.m(Q, W) such that U C B.

Proof. Clearly, U is not maximal isotropic, so there is a B such that U C B € Q1. As
in [12] we obtain m < dim(B N W) < m + 1. This justifies (i).

To justify (ii) note that every B € Q1 containing U belongs to Fj11.,(Q, W), and
thenU < BC Ut andUNW C BNW C U+ NW. If we have dim(B N W) = m for
all B, then dim(U+ NW) =mand UNW = U+ NW. As U C U+ by definition of U,
the obtained condition is equivalent to U+ N W C U.

In this case we have W = (U NW) @ D, where D is contained in a linear complement
of UL. D is at most codim(U~) = k-dimensional, so dim(W) < m + k.

To justify (iii) note, first, that if U C B € Qg1 then B € Fri1,m+1(Q, W). So, if
U<BecQ,thenB=U®® (y)withy e UL \U. IfU+ C U + W then y = u + w for
someu € Uandw € W\ U andthen B=U & (w). So, BNW = (UNW) & (w). If
there isy € UL\ (U + W), then U + (y) intersects W in U N W.

If U is as required above then n — k = dim(U+) < dim(U + W) = w + k — m. This
gives w > m + n — 2k. O

From Lemmas 2.1 and 2.2(ii), 2.2(iii) we infer the following geometrical fact.

Corollary 2.3.
(1) If w > k + m then through each point of 9 there passes an w-line and an affine
line.

(1) Ifw < n+ m — 2k then through every point of 9N there passes an a-line.

Combining Lemmas 2.2(i) with 2.1(ii) and 2.1(iv) we obtain the following Corollary, a
weakening of Corollary 2.3 but with more general assumptions.

Corollary 2.4. IfU € Fj, 1, (Q, W) then there is a line in Gy, (Q, W) through U. Con-
sequently, if Fim (Q, W) # 0, then G, ., (Q, W) # 0.



158 Ars Math. Contemp. 20 (2021) 151-170

Comments to Lemma 2.2.
ad (ii) Condition (2.1) is a necessary condition for the existence of an a-point.

By (1.12) and (2.1) we get ryy < r — k +m < r — w (this implies r — ry > w).
This condition is not inconsistent. So, it may happen that 9T contains both «-
points and w-tops.

One can note (it is, practically, proved in the proof of Lemma 2.2(ii) that if (2.1)
is satisfied and U € Qi then there is a subspace W such that U is an a-point in
Ay (Q, W) and dim(W) = w.

ad (iii) Analogously, condition (2.2) is a necessary condition for the existence of an w-
point.

It is seen that (under suitable assumption, obtained by (1.12) and (2.2): r — ry >
k —m > n — k — w) the space 2t may contain both w-points and a-tops.

And there do exist W for which associated spine spaces contain an w-point.
As an immediate consequence of Lemma 2.2(iii) we obtain the following.

Corollary 2.5. Assume that w < n+m + 1 — 2k. Then, for every U € Fj m+1(Q, W)
there is L € Ay, 1, (Q, W) such that U = L.
3 Examples, particular cases

Let us examine in some detail polar spine spaces of some, particularly natural classes.

3.1 Grassmannians of affine polar spaces

Assume that TV is a hyperplane of 3; in turn this is equivalent to say that Sub; (W) is a
hyperplane in . In this case we have
m =k —1and 3.1
r whenY C W

dim(W NY) = f Y €Q,. 3.2
im( ) {r—l wheny ¢ W orevey ¥ eQ (3:2)

It is clear that in this case
Fie,m(Q, W) # 0; in view of Corollary 2.4, Ay, ,,,(Q, W) is nontrivial

simply, because it is impossible to have Qj C Suby(W). However, this case raises several
degenerations concerning the structure of strong subspaces of 1.

Lemma 3.1.

(i) Let B € Subg11(V). Then either dim(BNW) = k+1 = m+2 (and then B C W)
or dim(BNW) = k = m + 1. Therefore, there is no strong subspace in T*.
Morveover; by the same reasons, L% = ().

(i) If B € Fis1,m+1(Q, W) then T(B) N Fim(Q, W) € T¥ is a k-dimensional punc-
tured projective space.
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(i) Let X = [H, Y] N Fem(Q,W), H € Subg_1(V), Y € Qr. Assume that
dm(HNW)=m=k—1ie HC W. IfY C W then, clearly, X = 0. If
Y ¢ W then X € 8% is a (r — k)-dimensional affine space.

(iv) Let X = [H,Y]i N Fim(Q, W), H € Subr_1(V), Y € Qr. Assume that
dm(HNW)=m—-1=k—2ie Hg W. ThenY ¢ W and, consequently,
dim(Y N W) = r — 1. In this case X € S¥ is a (r — k)-dimensional projective
space.

Corollary 3.2. If4 < k + 2 < r then every line of I has at least two extensions to a
maximal at least 2-dimensional strong subspace: one to a top, and one to a star.

3.2 Spine spaces with isotropic ‘holes’

Next, let us assume that W € Q i.e. W is isotropic. In this case we have
W = w. (3.3)

So, let m < w, k; let us take arbitrary D € Sub,, (W) and Y € Q, with W C Y. Then
there is Yy € Q, such that Y N Yy = D. Consider any U such that dim(U) = k and
D CU C Yy thenU € Fi, ,,, (Q, W). Thus we have proved that

Fie,m(Q, W) # 0; in view of Corollary 2.4, Ay, ,,(Q, W) is nontrivial.

Note that if we assume (1.10) then k+w —m < r+r—m < n—m < n follows, so (1.8)
holds as well.

Next, let us pay attention to the problem of extending lines. Namely, let L = p(H, B) €
LY. So, dim(B N W) = m + 1. Suppose that = m + 1; then we obtain contradictory
m < k <r=m+ 1. As above, we extend W to a maximal isotropic Y and find maximal
isotropic Y’ with Y N'Y’ = B. This proves

Lemma 3.3. Ifk < r—1, then every line in L% can be extended to an at least 2-dimensional
star.

4 Binary collinearity

Let us start with a Chow’like result concerning binary collinearity A of points in a polar
spine space M = Ay ,,,(Q, W) defined for some integers k,m and a fixed subspace W of
a vector space V' equipped with a suitable form £. To this aim standard reasoning similar
to this of [6, 7, 17] can be used:

a line through two distinct points is the intersection of all the maximal
A-cliques which contain these points.

In the sequel we intensively analyse Table 2. Let U; A Uy, Uy # Us. Put L = Uy, Us.
Evidently, every line L = p(H, B) can be extended to a top T' = T(B) N Fj, m(Q, W),
which is a (kK — m)-dimensional (T" € T%) or a k-dimensional (7" € T%) slit space. We
have assumed that £ > 1. So, when m < k — 1 then T is greater than L. For any triangle
U1,Usz,Us € T we have A)\(Ul, Us, Ug) and T' = [Ul, Us, U3]>\.

If L is an a-projective line or an affine line then it has at least one extension to a star S
in 8¢, which are (r — k)-dimensional slit spaces. Consequently, L = 7' N S. Assume that
k<r—1,s0L CS.
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In this point we can choose one of the following two ways. Firstly, we notice that there
is a finite system Uy, Us,...,U; € S such that Ax(Uy,Us,...,Us), so S := S =
[U1,Us, ..., U]y Secondly, we can extend Uy, Us to any triangle Uy, Us,Us € S and
note that S’ := [Uy,Us, Us],, is the union of all the extensions of the plane spanned by
Ui, Us, Us to a maximal A-clique. In both cases L = S’ N'T and thus L can be defined in
terms of .
A problem may arise when L € £¢. In this case each extension of L to a star .S
is contained in a segment [H, Y], with a maximal totally isotropic extension Y of B D
H and it has dimension dim(W N'Y) — m. So, it may degenerate to the line L when
dim(W NY) = m + 1. Is it possible that every such an extension Y intersects W in
dimension m + 1? Recall that the condition L € £¥ yields dim(B N W) = m + 1 and
therefore we obtain W NY = W N B, forevery Q, 3 Y D B. So, our problematic case
reduces to the question: for which B € Fj.t1 1,+1(Q, W) there is no reasonable extension
Y and: when each such a B has a required extension. Note that to find Y it suffices to find
D such that B < D € Q and dim(D N W) = m + 2; then Y is an extension of D to a
maximal totally isotropic subspace. On the other hand, the existence of D in question can
be assured by a suitable substitution in Lemma 2.2(ii), which yields a sufficient condition
for the existence of our Y':
w>k+m+ 2. 4.1

As a consequence we can formulate the following result.

Theorem 4.1 (The Chow Theorem for IN). Ifm < k — 1, k < r — 1, and each line in
LY can be extended to at least 2-dimensional star (which is assured, e.g. by (4.1)) then the
structures M and (Fi, m (Q, W), X) are definitionally equivalent.

In particular, in view of Corollary 3.2 and Lemma 3.3, the Chow theorem holds in 90
when W is an isotropic subspace and k£ < r — 1, and it holds in 9t when W is a hyperplane
and4 < k+2<r.

One can continue these investigations in the fashion of [17] considering graphs of
collinearity with some sorts of lines distinguished (A%, A*, A*Y“ etc.). Observing cri-
teria in Lemma 2.2 and Corollary 2.5 we see that it may be a hard work: a-points and
w-points may appear, ‘deep’ improper points may appear as well.

5 Maximal cliques of A7

Let o be a one of the symbols
a,w,aVw,at,wt.
The classes L7 with 0 € {«,w} are already defined (usually, the arguments like k,m,

V, Q, W will be omitted, if unnecessary or fixed). Next, £of = Loy A, and, finally
LOVY = L>J L%, Tt is evident that

M = (Fiom(Q, W), L5, (Q, W) .1

is a partial linear space for every admissible symbol o as above, but it may be trivial for
particular values of k,m,r, w etc.: it may have a void line set. Let us write X° for the
binary collinearity of points of 90t°. Let A* be the binary collinearity in

A= <]:k,m(Q7 W)7Ak,ma H>
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In the first part of this section we shall determine (maximal) cliques of A for particular
values of o as above. Clearly, each such a clique is a A-clique. So, it is contained in an
appropriate strong subspace of J)1.

We begin with some results which state, generally, that the affine lines in many cases
can be ‘eliminated’: they are definable in terms of other projective lines.

Proposition 5.1. Assume that m > 0 or w < r — k. Then for arbitrary triple U, Us, Us €
Fro,m (Q, W) we have

thereis aline Lo € As.t. Uy, Uy, Us € Ly <
there is a triangle Ly, Ly, Ly € L% s.t. U; € L; fori =1,2,3

k,m

& there isno L € LYY s.t. U;, Uj € L forsomel <i<j<3. (52)

Proof. Let Uy,Uz,Us € Lo € A; then we can write Ly = p(H,B) N Fim(Q, W)
for suitable H, B. As in the proof of Lemma 6.6 we examine extensions of Lg to maximal
strong subspaces of 9. First, let us have a look at T(B)NFy m (Q, W). It is an affine space
only when m = 0; otherwise it contains a nonaffine semiaffine plane A which contains Ly.
The lines on A are all in £%V% except the direction of Lg. It suffices to find adequate
triangle on A to justify (=) of (5.2).

Next, assume that m = 0 and take a look at extensions of Ly of the form [H,Y]; N
From(Q, W), then B C Y € Q,. This extension is an affine space when dim(W NY) =
r — k. If there is no such Y, which is assured by the condition assumed, our extension
contains a plane A as above and (=) of (5.2) is justified.

To prove (<=:) it suffices to note that a triangle spans a plane A in 9. Since this plane
contains projective lines it is not affine, and since there are non projectively joinable points
on A it contains just one direction of affine lines. The rest is evident. O

Thus we have proved the following result.

Proposition 5.2. Under assumptions made in Proposition 5.1 the class Ay, (Q, W) is
definable in M*V¥. That means: N is definable in MY,

Remark 5.3. Analysing the proof of Proposition 5.1 one can note an even more detailed
result:

(1) If m > 0 then A is definable in 991 and therefore then oM« is definable in M.

(ii) If every affine line L = p(H, B) can be extended to a non-affine star (dim(WnNY") >
r — k + m — 3 for some maximal isotropic Y containing B) then 4 is definable in
M*. So, M is definable in M.

For an arbitrary set X of points we write
L(X)={L € Grm(QW):LCX}.

Let us remind well known and fundamental classification of lines in strong subspaces of
m.

Fact 5.4. Let X be a strong subspace of M and X = L(X).
IfX €T then X C L°, if X € S® then X £,
ifX €T then X C L, if X € S then X C L¥.
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Let us note an elementary

Fact5.5. Let G be a ng-dimensional slit space with a wo-dimensional hole i.e. let G result
from a ny-dimensional projective space by deleting a wy-dimensional subspace D. Let L
be the class of projective lines of G and A\g be the binary collinearity determined by L.
Then

(1) The maximal affine subspaces of S (i.e. maximal strong subspace w.r.t. to the family
of affine lines of ) are wy + 1 dimensional affine spaces. Two such subspaces either
coincide or are disjoint.

(ii) The maximal projective subspaces of & are (ng — wo — 1)-dimensional projective
spaces. These are linear complements of D and the elements of X* (o).

(iii) Let X be a maximal projective subspace of &; then X € Ky0™"°.

If wg < ng — 3 (i.e. every projective line of G has two distinct extensions to maximal
projective subspaces) then the Chow Theorem holds:

The class Ly is definable in terms of Ao.

Observing Table 2 and Fact 5.5 we conclude with the following.

Corollary 5.6.

(i) The maximal X*-cliques are (k — m)-dimensional projective tops: elements of T,
and (r + m — k — dim(W NY))-dimensional projective spaces of the form

[H,Elg, where HCECY, EN(WNY)+H)=H
contained in a suitable element [H,Y |, N Fim (Q, W) of S°.

(il) The maximal X*-cliques are (dim(W NY’) — m)-dimensional projective stars: ele-
ments of §¥, and m-dimensional projective spaces of the form

[G, B, where G C B,GN(BNW) =0
contained in a suitable element T(B) N Fi, 1 (Q, W) of T¥.

(iii) The maximal A -cliques are elements of T U S, and the maximal )\”+-Cliques
are elements of T* U S¥.

Av) IC(AMYY) = IH(AY) U KH(AY), so the maximal X*Y-cliques are of the form (i)
and of the form (ii) above.

Corollary 5.7. The following variants of the Chow Theorem hold in projective reducts
of M.

(i) If m > 1 then MY is definable in (Fi, ., (Q, W), A¥).

(ii) If every projective line L = p(H,B) € L% can be extended to a non-affine star
(dim(W NY) <r—k+m— 2 for some maximal isotropic Y containing B) then
M is definable in (Fi m(Q, W), A%).
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6 Parallelism, horizon, projective completion(s)

Let us summarize the following
(i) {L>®:L € Axm} C Frme1(Q, W).
(ii) by Lemma 2.2(ii) {L>® : L € Agn} D {U € Frms1(Q, W) : ULt NW ¢ U},
(i) {L>: L€ Apm} D Freom+1(Q, W), when w < n +m + 1 — 2k by Corollary 2.5.

Note 6.1. The set {L> : L € Ay .} will be frequently referred to as the horizon of M.
We warn that, generally it does not coincide with the horizon Qy, \ F . (Q, W) as defined
in Section 1.

Note that the inequality in (iii) above is only sufficient. One can compute e.g.

Lemma 6.2. Let W € Q. Then the claim of Corollary 2.5 holds i.e. for every U €
From+1(Q, W) there is an L € Ay, 1, (Q, W) such that U = L>. Consequently,

{LOO : L e .Akﬂn} = ]:k,m—i-l(Qa W)

Proof. By assumption, dim(U N'W) = m + 1. There are extensions Y7,Ys € Q, such
that U C Y1, W C Yo, and Y1 NYy, = UNW. Take B € [U,Y1]p+1; then B €
Fr+1,m+1(Q, W) and we are through. O

For a subset X of Fy, ,, (Q, W) we write
X :={N*: Am>NCX}
Lemma 6.3. Let L =p(H,B) € L, ULY 1

(i) If L € L* then there is in M a plane A = |G, Bl N Fim(Q, W) with G €
Fr—2,m(Q, W) such that A> = L.

(i) Assume thatw < n+m — 2k. If L € L% then A = [H, E]x N Fio.m(Q, W) with
some E € Fiio m+2(Q, W) is a plane in M such that A = L.

Proof. Ad (i): By assumption, B € Fj11.m+1(Q, W) and H € Fy_1,m+1(Q, W). There
isapoint U € L, so U € Fj m+1(Q, W). By Lemma 2.1(iii) there is an Hy such that
U= Hy € Fr_1,m(Q,W). Set G = Hy N H; clearly, dim(G) = k — 2, so [G, Bl is a
plane in P (Q). Taking into account the fact that H, Hy > G we obtain dim(G N W) €
{m+1,m}and dim(GNW) € {m,m—1}. Thus dim(GNW) =m. As L C [G, B];, and
|G, Bl D [Ho, B]j while [Hy, Bl N Fim (Q, W) € Ay we get that A N Fy 1, (Q, W)
is a plane in 9t with A> = L.

Ad (ii): By assumption, B € Fiy1.m+2(Q, W) and H € Fj_1 ,,(Q, W). As above,
we take any U € L, so U € Fj p+1(Q, W). By assumption of (ii) (they yield w < n +
(m+2)—2(k+1)) and Lemma 2.2(iii) there is an E such that B < E' € Fy1 0 m+2(Q, W).
Next, there is By € Fpt1,m+1(Q, W) withU C E: B = U + (b) withab € W and
E = B+ (e) with an e ¢ W; we take By = U + (e). Clearly, E = B + By and
[H, Bolk N Fieom (Q, W) € A ,. As above we argue that A = [H, Ej, N Fim (Q, W) is
aplane in M, and L = A, O
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Roughly speaking, Lemma 6.3 gives sufficient condition under which a (projective) line
L of Ay m+1(Q, W) can be considered as a ‘horizon’ — the set of improper points of a plane
in Ay, (Q,W). On the other hand, considering classification of planes in Ay, ,,,(V, W)
presented in some details in [14] we easily conclude with the following

Lemma 6.4. Let X C Suby(V) and A = X N Fim(Q, W) be a plane of MM such that
A is a line of Ak 1m+1(Q, W). Then one of the following holds:

(1) X = [G, B]kfor some G € fk_gmL(Q, W), B e fk+1,m+1(Q, W)
(i) X = [H, Ey, for some H € Fj_1m(Q,W) and E € Fiy2 m+2(Q, W).

Conversely, if X is defined by (i) then X N Fi m+1(Q, W) = (X N Frem (Q, I/V))OC €
LY i1 and if (ii) holds, then X N Frm+1(Q, W) € Ly i1

So, Lemma 6.4 states that the ‘horizon’ of any (affine) plane of Fj, ,,, (Q, W) is a (pro-
jective) line of Fj, ,4+1(Q, W). As usually, the conditions of Lemma 6.3 are only suffi-
cient. Dealing with concrete cases one should look for suitable extendability more or less
‘by hand’. Let us quote an example:

Lemma 6.5. Let W € Q. If L = p(H,B) € Ly, then A = [H, E];; N Fm(Q, W)
with some E € Fiyo.m+2(Q, W) is a plane in I such that A = L.

Hint. With the reasoning as in the proof of Lemma 6.3(ii) we look for an E such that
B < E € Frirom+2(Q,W). It suffices to find an E such that ENW = BN W just
considering suitable maximal isotropic extensions of B and W. O

To accomplish this part of investigations on the parallelism let us check if directions are
‘isolated’: when for an affine line L of 91 there are other lines parallel to L and coplanar
with L; with the plane in question being affine in 1.

Lemma 6.6. Let L = p(H, B) € Ay, and U = L.

(i) Assume that k > m + 1. There is an Ly = p(Hy, B) € LY y1 such that U € Lo
and A = [HyN H, Bl N Fiem (Q, W) is a plane in I such that A~ = L. We have
dim((Ho N HYN W) = m — 1.

(ii) If B has an extension to a 'Y € Q,. such that dim(W NY) > m + 2 (this yields,
necessarily, m + 2 < ry) then there exists an L1 = p(H, B;) € £‘]:,’rn+1 such that
U € Ly and A = [H, B + By is a plane in O such that A~ = L. We have
dim((B1 + B)NW) =m+ 2.

Proof. Let us begin with a reminder: H € Fj,_1,,,(Q, W), B € Fit1,m+1(Q, W). Have
a look at the extension of L to a top T' = T(B) N Fim(Q, W) (an w-top in this case).
Since k > m + 1, this is a semiaffine space, and its hole is at least 1-dimensional. Let L
be any line of P (V) contained in this hole and A be the plane spanned by L U L. That
way we justify (i).

Next, let us look for appropriate extension of L to an a-star S = [H, Y |NFgm (Q, W).
In general, it is a (r — k)-dimensional semiaffine space. Since Qg1 # ) we have k+1 < r.
So, S is at least a line. To assure that the hole of S contains at least a line of P (V) we
must assume that dim(W NY') > m + 2. That way we justify (ii). O
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Let us remind that for distinct affine lines L;, Lo contained in a strong subspace of
A (V, W) their parallelism || can be characterized by the following formula (so called
Veblenian parallelism).

Ly ||v Ly <= thereare lines L}, L, s.t. |[L1 N LS| =1,
and LYNLyNL, =0, |L;NL;j|=1fori=1,2, (6.1)

and then Lq || Lo iff Ly |lv Le. It is easy to note that the same formula (6.1) characterizes
parallelism of affine lines contained in a common strong subspace of 1.
Let us begin with a special form of connectedness of the space of lines over 91:

Lemma 6.7. Let U € Fi, 1, 41(Q, W) and Ls° = U = L$° for L1, Ly € Ay, 1. Moreover,
assume that k < r — 2. Then there are lines My, ..., M; € A (t < 1+ 1) such that
Ly = My, Ly = My, and M = U, M;, M;y; are in a strong (semiaffine) subspace of
Mor M; = M;q, fori=1,...;t—1.

Proof. Write My := Ly. We have Hy, Hy C U C By, B2, U € Fim+1(Q, W) and B; €
Fk+1,m+1(Q, W), H, € ‘Fk—17m(Q’ W) for: =1,2. Put Ny := [Hl, Bg]kﬂfhm(Q, W),
Ny := [H27Bl]k O}'k’m(Q, W) Then Nl,NQ € Ak,ms NQOO =U = Nloo

If L; = Ny we set My := Lq. Assume that L; # Ny. Note that Ly, No € T(By) N
Frem(Q, W) € T¥. So, we set My := Nj.

Observe that N, Ly C [Hz, V] N Fim(Q,W). So, the problem reduces to find a
required sequence of lines in the projective star S(Hs). Let By CY' € Q,, B, CY" €
Q.. There is a sequence Y5, ..., Y; of elements of Q, such that Y’ = Y5, Y” =Y, and
UcCY,E, =Y,NY,dim(E;) =r—1fori =2,...,t—1,¢t < r+ 1. Then
dim(FE; N W) > m + 1. From our assumption k + 1 < r — 1 = dim(E;). So, for every
1=3,...,t —lonecan find D; suchthat U < D; C E;_; and dim(D; N W) = m + 1.
With N; = [Ha, D;]x we close our proof. O

Corollary 6.8. Under assumptions of Lemma 6.7 the parallelism || in 9 coincides with
the transitive closure of |lv. Actually, it is the (r + 1)-th relational power ||y o---o ||y of
—_———

(r41) times
v, defined by (6.1), and therefore || is definable in the incidence structure .

As an immediate corollary we conclude with the following theorem.
Theorem 6.9. Assume the following

(1) w < n+m — 2k to assure that every line in ﬁ;;m 1 can be extended to a nontrivial
a-star of M (cf. Lemma 6.3),

(2) w < n+m+1— 2k to assure extendability of each improper point to an affine line
(cf. Corollary 2.5),

3) m+1> 0orw < r—k to assure definability of Ay, y+1 in Ak my1(Q, W) in terms
of its projective lines (cf. Proposition 5.2),

4) k <r—2, to assure definability of parallelism in I (cf. Corollary 6.8).
Then Ay m+1(Q, W) is definable within Ay, ,,,(Q, W).
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In analogy to [17] in the fragment of P;(Q) determined by R := Fj »(Q, W) U
Fre.m+1(Q, W) (i.e. the points of 9t and the points of the “affine horizon” of ) we
distinguish two substructures corresponding to two possible sorts of lines. Let us set
LE ., = {[HBlx : H € Fre1m(Q, W), B € Fry1,m+1(Q,W)}; it is seen that
Ly, ={L: L € Ay} Note evident relation:

{L:Lisalineof Px(Q), LC R} =L}, ULY,,ULY,, 1 UL, 1 ULE,,. (6.2)
We define (write: —a = w, —w = @)
N7 = (R, L], UL UL, ) Witho € {a,w}.
Evidently, 92t can be embedded into 917. Intuitively, while the structure
(R.{L: Lisaline of P;(Q), L C R})

can be considered as a projective completion of 9 and, under specific assumptions, it is
definable in 91, N7 is a projective completion of 7.

To close this part it is worth to note the following analogue of Remark 5.3 and, at the
same time, an analogue of [17, Fact 3.1].

Remark 6.10. Assume (2) and (4) from Theorem 6.9.
(i) If m > 0 (cf. Remark 5.3) then the structure 91“ is definable in 971“.

(ii) If for each affine line L = p(H, B) there is a maximal isotropic Y such that B C Y’
and dim(WNY) > r—k+ m — 3 (cf. Remark 5.3) and w < n + m — 2k (cf.
Lemma 6.3), then the structure 1“ is definable in 901,

According to Corollary 2.5 and Lemma 6.3, under condition w < n + m — 2k each
point of Ay, ,,11(Q, W) is a direction of a line in 9t and each line of Ay ,,11(Q, W) is a
direction of a plane in 2. This observation leads to the following.

Proposition 6.11. If w < n + m — 2k, then the horizon Ay, ,,,11(Q, W) of M can be
defined in terms of 2l.

Finally, the question arises whether the adjacency of 9 is definable purely in terms
of the geometry of 2? Unfortunately, the answer is not straightforward. The reasoning
for spine spaces that justifies [17, Proposition 4.12], based on the fact that two distinct
stars or tops of 2 share no line on the horizon, cannot be adopted here without significant
alterations. Note that if £~ U L* = (), then practically 24 = 9i. Therefore we assume that
LY U LY £ 0.

Theorem 6.12. If the ground field of V is of odd characteristic, then the structure 90 can
be defined in terms of 2.
Proof. The proof is divided into several steps. For distinct points Uy, Uy of 90T we define
Uy ~T Uy <= Uy,Us C Bforsome B € Fy1.m+1(Q, W),
Uy ~_ Uy <= H C U, U;forsome H € Fj_1,(Q, W),
U ~Uy <= Uy ~T Uyor Uy ~_ Us.

Note that U; ~+ U, yields that either U; A* Us or Uy A* Us, while U; ~_ U, yields that
either U; A* Uy, Uy A* Us, or Uy, Us are not collinear in 901.
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Step 1. The following conditions are equivalent.
(1) U1 ~t U2 or U1 ~_ UQ.
(i1) There is a plane II; through U; parallel to a plane II, through Us in 2.

Proof of Step 1. (i) = (ii): Assume that Uy, Uy C B € Fiy1,m+1(Q, W), then T(B) is
a semiaffine space (of the form 7*) and one easily finds IIy, I5 in it.

Next, assume that U;,Us D H € Fi_1.,(Q,W). Set B := U; + Us. If B € Q
then L = p(H, B) is a line of 9. Applying analogous reasoning we find IT;, IT5 in an
extension [H, Y], of the type S. If B ¢ Q then, in any case L is a line of the surrounding
Ay (V,W). Let us restrict to the subspaces around H; they form a spine space in the
projective space P1(V/H) with the quadric Q(£/H) distinguished. Projective reasoning
proves that required planes II;, II5 exist.

(i) == (i): Let II; be parallel planes of A with U; € 11;,¢ = 1, 2. Let Ly = II7° = II5°
be the improper line of II;. Then Loy € Lf; ,, ; or Lo € L . ;. Inthe first case Lo, Uy, Uz
are contained in the (unique) extension to a top T(B) with B € Fj11 m+1(Q, W) and
therefore U; ~T Us. In the second case extensions of IT; to maximal strong subspaces have
form [H, Y], (they have L¢ in common), where H € Fj,_1,,(Q, W). So, Uy ~_ Ua.

Let us write
Mo := Apmn(V, W) [ Frm(Q, W)

for the surrounding spine space with point set restricted to totally isotropic subspaces. Note
that the distinction between 9t and 91, consists in the range of their line sets. More pre-
cisely, for a line L = p(H, B) of 9, its base B needs not to be totally isotropic and

Lisalineof M iff |L| > 3.
Step 2. Let Uy, Us € Fi 0, (Q, W) and Uy # Us. The following conditions are equivalent.
1) Uy ~ Us.

(i) Uy, U, are collinear in 9y with exception when the line L of 9ty which joins them
has form L = p(H, B) where H € Fj_1 1m-1(Q, W), B € Frt1,m+1(V, W), and
B ¢ Q (i.e. Lis an w-line in Ay, ,,, (V, W)).

Proof of Step 2. (1) = (ii): It is clear that Uy, U; are collinear in the surrounding Grass-
mann space. If Uy ~T Us, then they lie on an affine or w-line in 901 by Table 1, while if
U, ~_ U, then they lie on an affine or a-line in M.

(ii) = (i): Now, let Uy, Us be collinear in M. Hence Uy, Us € p(H, B) for suitable
H, B. If dim(BNW) = m, then dim(HNW) = m and thus Uy ~_ Us. If dim(BNW) =
m + 1, then two cases arise: dim(H NW) = m, m — 1. In the former we have U; ~_ Us.
Inthe later H € Fjy_1,m—1(Q, W) and B € Fyp1m+1(V,W). If B € Q, then Uy ~ Uy,
otherwise we get the excluded case. O

Step 3. A set X of points of 2 is a maximal at least 3-element ~-clique iff X has one of
the following forms:

(a) X = T(B) for some B € ]:k-}-lﬂn-i-l(Qa W)’
(b) X = T(B) for some B € Fj11,m(Q, W),
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(c) X =S(H) forsome H € Fj_1 m(Q, W), or
(d) X =[H,Y]N Fim(Q, W) for some H € Fy_11,,—1(Q,W)and H CY € Q,.

Proof of Step 3. Tt is easy to verify that sets defined in (a)—(d) are maximal ~-cliques.
Now, let X be a maximal at least 3-element ~-clique. In view of Step 2, X is a subset of
a clique in 9. So, we need general tops To(B) = [©, B]) for B € Suby.1(V) and stars
So(H) = [H, V], for H € Subj_1(V). Let us examine the following four cases:

X CTo(B), B € Fry1,m+1(V,W)
If B € Q, then any two points of My in T(B) are ~*-adjacent and thus X =
T(B) N Fi.m(Q,W) is a ~-clique as in (a). If B ¢ Q, then |[X| < 2 by [19,
Proposition 4.4], a contradiction.

X CTy(B), B € Frr1,m(V,W)
Since | X| > 3 we have B € Q by [19, Proposition 4.4]. Any two points of 01y in
T(B) are ~_-adjacent, so X = T(B) N Fi m(Q, W) has form (b).

X CSo(H), H € Fr—1,m(V, W)
Note that H € Q as X is nonempty. This implies that any two points of 9ty in S(H )
are ~_-adjacent. Consequently, X = S(H) N Fj »(Q, W) has form (c).

X C S()(H), H e .7:]@,17m,1(V, W)
As above H € Q. The points of 9y in Sq(H) are ~-adjacent iff they are ~7-
adjacent i.e. they are collinear in the surrounding polar Grassmann space where the
appropriate clique has form [H, Y], for some Y € Q, (cf. [7, Section 3]). Hence
X = [H, Y], N Fiem(Q, W) has form (d).

That way we obtain the desired list (a) —(d). O
Note that the A*-cliques are essentially smaller than ~-cliques.

Step 4. At least 3-element minimal intersections of the maximal ~-cliques are lines of 1.

Proof of Step 4. Let K be the family of cliques of the form (x) defined in Step 3. Let
X1, X be two distinct ~-cliques and Z = X; N Xy, If X3, Xo € Ky U Ky, X1, X2 €
Ky, or X1 € Ky UKy and Xo € Kg), then Z contains at most a single point. If
X1 € K@ and X2 € K, then Z is an affine line of 9. If X; € K, and X, € K, then
Z is an a-line of M. If either X; € K, and Xo € Kg) or X, Xo € K(g), then at least
3-element minimal Z is an w-line of 1. O

It is evident that every projective line of 9T can be presented as the intersection of
cliques enumerated in Step 3. So, applying Step 4 we get the line set of 91 recovered
which makes the proof of Theorem 6.12 complete. O

Remark 6.13. The horizon of a star in 901 may have strange properties. Assume that
W € Qandlet H € Qp_1, H C Wt. Set m := dim(H N W). This means that
k—14w—m < r.Thenthereisan Yy € Q, suchthat H UW C Yy. So, YoNW = W.
Write Sy = [H, Yo]r N Fre.m (Q, W). Then S§° = [H, H + W] Take any S = [H, Y], N
Fr,m(Q, W) contained in S(H ). Then S = [H, H+ (WNY)], C [H,H+ W], = S5°.
So, in this case

S(H)® is the projective space [H, H + W], contained in 9.



K. Petelczyc et al.: Geometry of the parallelism in polar spine spaces and their line reducts 169

Nevertheless, S(H ) contains affine subspaces of different dimensions.

Note that in this case k —m — 1 = dim(T(B)*°) = dim(S(H)*®) = w —m — 1 yields
w = k, so horizons of stars and tops may have equal dimensions only when 9T consists of
points in Q that are at the fixed distance £ — m from the fixed point 1.

Remark 6.14. Theorem 6.12 for polar spine spaces and its counterpart [17, Proposi-
tion 4.12] for spine spaces both say that the respective geometry depends only on affine
lines together with parallelism, that is, projective lines can be recovered using affine line
structure. However, the idea of the proof presented in this paper is more general than that
in [17] because it does not rely on specific horizons and intersections of stars which are
completely different in 9t and in Ay ,,,(V, ). As such it can be applied for spine spaces
and is expected to give less complex reasonings.

7 Classifications

Table 1: The classification of lines in a polar spine space Ay, ,,,(Q, W).

Class Representative line g = P(H, B) N Fj m (Q, W) g

Ak,m(Qa W) He ‘Fk—l,m(Qa W)7 B e Fk—&-l,m—i—l(Qa W) H+ (B n W)
%,m(Qv W) He fk—l,m(Qa W), B e Fk+1,m(Qa W) -
L/;J,m(Qv W) He fkfl,mfl(Qv W)7 B¢ Jrk+1,m+1(Qa W) -

Each strong subspace X of a polar spine space is a slit space, that is a projective space P
with a subspace D removed. In the extremes D can be void, then X is basically a projective
space, or a hyperplane, then X is an affine space.

Table 2: The classification of stars and tops in a polar spine space Ay, (Q, W).

Class Representative subspace
dim(P) | D | dim(D)
se@wy  HEWINYLHEFana@QW).Y €QH Y
mmwmm_m\ 0 ‘ 4
S« (Q W) [H; Y}k ﬂfk,m(Qy W) cH e fk*l,m(Q, W),Y c QmH cyYy
k,m > r—k ‘ [H,(H-‘rW)ﬂY]k ‘ dim(WﬁY)_m_l
Bn W» Bl : B e F m ’W
T (Q, W) [ Jk k+1,m(Q, W)
k—m ‘ 0 ‘ 1
Efm(Qv W) [67 B]k N fk,m,(Qa W) :Be fk+1,m+1(Q, W)

k | BAWw.BL | k—m—1
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