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Abstract

In 2018, Fan and Li classified the complete bipartite graph K, ,, that has a unique
orientably edge-transitive embedding. In this paper, we extend this to give a complete
classification of K,,, , which have exactly two orientably edge-transitive embeddings.
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1 Introduction

Let M = (V, E, F) be an orientable map with vertex set V, edge set £ and face set F', that
is, M is a 2-cell embedding of the underlying graph I" = (V, F) in an orientable surface.
A permutation of VU EUF which preserves V, I/, F', and their incidence relations is called
an automorphism of M. All automorphisms of M form the automorphism group Aut M
under composition.

A map M = (V,E,F) is said to be G-edge-transitive if G < Aut M is transitive
on F; if in addition G also preserves the orientation of the supporting surface, then M is
called orientably edge-transitive. Similarly, orientably arc-transitive maps are defined.

It is a main aim of topological graph theory to determine and enumerate all the 2-cell
embeddings of a given class of graphs, see [2, 3, 7, 10, 11, 12] for arc-transitive maps, and
[5, 8,9, 13] for edge-transitive maps.

Although each map has a unique underlying graph, a graph may have many non-
isomorphic 2-cell embeddings usually. For example, K3 » has two edge transitive em-
beddings that have automorphism groups Zg and S3, respectively. As a special case, the
complete bipartite graphs that has a unique edge-transitive embedding has been received
much attention. For instance, Jones, Nedela and Skoviera [10] proved that K, ,, has a
unique orientably arc-transitive embedding if and only if ged(n, ¢(n)) = 1, where ¢(n)
is the Euler phi-function. Fan and Li [4] showed that K, ,, have a unique edge-transitive
embedding if and only if ged(m, ¢(n)) = 1 = ged(n, ¢(m)). For convenience, we call
the pair (m, n) singular if gcd(m, ¢(n)) = 1 = ged(n, ¢(m)) in the following.

The aim of this paper is to consider the analogous problem for the complete bipartite
graph K, ,,, and we give a complete classification of K,, ,, which have exactly two ori-
entably edge-transitive embeddings. To state the theorem, we need some notations. For an
integer n and a prime p, let n = n,n, such that n, is a p-power and ged(n,, ny) = 1.
The main theorem of this paper is now stated as follows.

Theorem 1.1. A complete bipartite graph K, ,, has exactly two orientably edge-transitive
embeddings if and only if, interchanging m and n if necessary, one of the following holds:

(i) (m,n) = (4,2);
(ii) m = p° with p odd, n = 2ny/, and (m,ny) is a singular pair;

(iii) m = p® withp = 3 (mod 4), n = 2/ ny with f > 2, and (m,no) is a singular
pair;

(iv) m = 2p°® with p odd, and n = 2.

This solved the problem in [4] to determine complete bipartite graphs which have ex-
actly two non-isomorphic orientably edge-transitive embeddings.
Particularly, the following corollary about K, ,, is easily observed.

Corollary 1.2. There exists no complete bipartite graph K, ,, (n > 2) that has exactly two
non-isomorphic orientably edge-transitive embeddings.
2 Complete bipartite edge-transitive maps

Let m, n be positive integers, and let I' = (V, E) be a complete bipartite graph K, ,.
Let M be an orientable map with underlying graph I' = K, ,,. Let Aut™ M consist of
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automorphisms of M which preserves the biparts of I, and let Aut® M be the subgroup
of Aut M which preserves the orientation of the supporting surface. Let

Awt® M = Autt M N Aut® M.

Then Aut® M contains all elements of Aut M which preserve the orientation of the sup-
porting surface, and fixes the biparts of the underlying graph. It is clear that isomorphic
embeddings of K,,, , have isomorphic automorphism groups.

Orientable edge-transitive embeddings of K, ,, have automorphism groups being bi-
cyclic, which is defined as follows.

Definition 2.1. A group G is called bicyclic if G = (a)(b) for some elements a,b € G. If
|a| = m and |b| = n, then G is said to be of order {m,n}. If in addition (a) N (b) = 1,
then G is called an exact bicyclic group, and {a, b} is called an exact bicyclic pair of order

{m,n}.

It is known that orientable edge-transitive embeddings of K, ,, precisely correspond
to exact bicyclic pairs of order {m, n}. We denote by

M(G, a,b)

the edge-transitive embedding of K,, ,, corresponding to a bicyclic group G associated
with a bicyclic pair {a, b}. For convenience, (a,b) is called an edge-regular pair for G.
Moreover, M(G, a,b) is called an abelian embedding if G is abelian, and non-abelian
embedding otherwise.

The following lemma is well-known and easy to prove, see [1 1] or [6].

Lemma 2.2. Let G be an exact bicyclic group of order {m,n}, and let a,b € G be a
bicyclic pair. Then there is an edge-transitive orientable embedding M = M(G, a,b) of
K, such that Aut® M = G is edge-regular on M, and for any bicyclic pair x,y € G,
M(G,a,b) =2 M(G,x,y) if and only if there is an automorphism o of Aut(G) such that
(a,1)° = (z,y).

Since there exists an abelian bicyclic group Z,, x Z,, for any positive integers m and
n, the graph I' = K,, ,, has a unique orientable edge-regular embedding M such that
Aut® M = Z,, x Z,, see [4, Lemma 2.3]. Moreover, it is known that if {m,n} is a
singular pair of integers then each exact bicyclic group of order {m, n} is abelian, see [4,
Lemma 3.3]. This leads to the following observation.

Lemma 2.3. Let m,n be positive integers for which K, ,, has exactly two non-isomorphic
edge-transitive embeddings. Then there exists a unique non-abelian exact bicyclic group
of order {m,n}.

In the next section, we work out a classification of integer pairs {m, n} for which there
is only one non-abelian exact bicyclic group.

3 Uniqueness of groups

Let (m, n) be a pair of integers such that there is a unique non-abelian exact bicyclic group
of order {m,n}. Then (m,n) is not a singular pair. So there exist divisors m,, | m, and
ng | n such that (m,,, ng) is not a singular pair.

The first lemma determines (my, n,) for the same prime p.
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Lemma 3.1. If a prime p | ged(m, n), then
(i) {mp,n,} ={4,2}, or
(ii) {mp,n,} = {p®, p} with p an odd prime and e > 2, or
(iii) {my,,n,} = {p?, p?} with p an odd prime.

Proof. To prove the lemma, we may assume that m,, > n,, and m,, = p© with e > 2.

Assume first that n, = p. If p = 2 and e > 3, then there are 3 non-isomorphic groups
Gi = Ll = Lin,, X L, ¥ P;, wherei = 1,2 or 3, and P; = (22)(y2) = Zoe:Zy as
below:

Py = (x9,y0 | 2 = a3 1),

—1
P2 - <$2,y2 ‘ $g2 = 9356 +1>a

e—1
Py = (xo,y0 | 2 =25 b,
This contradiction shows that either p = 2 and e = 2, that is (m,,n,) = (4, 2), or p is odd
and (my,n,) = (p°, p) with e > 2.

Next, assume that n,, = pf with f > 2. Suppose further that ¢ > 3. Then there exist at
least 2 non-isomorphic groups G; = Zy,:Zy, = Ly, X Ly, , X P;, where i = 1 or 2, and

p p

P; = () (yp) = Zpe:Z,s as below:
1+ e—1
p P >7

e—2
117+p ).

P1:<xp,yp\xz":x
P2:<xp,yp\xz":x

This is a contradiction. Thus e = 2, and f = 2.
Suppose further that p = 2, there are two non-isomorphic groups G; = ZnZ, =
Ty X L, X P;, where i = 1 or 2, and P; = (x2)(y2) = Z47Z4 is non-abelian as below:
Py= (2o, ys |25 =y = 1,2y =a3'),
P2 = <$2ay2 | .’17‘21 = yg = [x§7y2} = [$2,y§] = 17 [92,332] = $§y§>
So {m,,n,} = {p?, p*} with p an odd prime. O
The next lemma determines the relation m,, and n, for distinct primes p, g.

Lemma 3.2. Assume that m, = p® and n, = ¢/, where q | (p — 1). Then either f =1, or
q> /f(p — 1); equivalently, gcd(ng, $(mp)) = q.

Proof. Suppose that f > 1 and ¢? divides p — 1. Then there exist at least 2 non-abelian
groups
Gi = Ly:Ly = Ly, X Ln, X H;,

where i = 1 or 2, and H; = (x,):(yq) = Zpe:Z,s are as below:

Hy = (xp,yq | a1 =), wherei # land i =1 (mod p°);

Hy = (2, yy | e = 21), where j2 £ 1 (mod p°).

This contradiction shows that either f = 1, or ¢> )( (p — 1), as stated. O
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Remark on Lemma 3.2. Interchange m and n, if p| (¢ — 1), then either e = 1, or
P> /f(q — 1); equivalently, gcd(mp, ¢(ng)) = p.

Now we are ready to state the main result of this section.

Theorem 3.3. Given a pair of integers {m,n}. Then the following two statements are
equivalent:

(a) there is a unique non-abelian exact bicyclic group (up to isomorphism) of order

{m,n},

(b) there exist exactly one prime p | m and exactly one prime q | n such that (m,,ng) is
not a singular pair, and either

(i) ged(@(my),ny) = g and ged(my, $(n,)) = 1, or
(ii) ged(my, d(ng)) = p, and ged(d(my), ng) = 1.

If further p = q, then {m,,,n,} = {4, 2}, or {p?, p*} with p an odd prime, or {p°, p}
with p a prime and e > 3.

Proof. First, assume (a) holds. Let G = (a)(b) be the unique exact nonabelian bicyclic
group of order {m,n}, where |a| = m and |b| = n. Then (m,n) is not a singular pair. So
there exist at least one prime p | m, and at least one prime ¢ | n, such that (m,,, nq) isnot a
singular pair.

Suppose that py, po are prime divisors of m and ¢, g2 are prime divisors of n such that
ged(ng,, ¢(myp,)) # 1 with ¢ = 1 or 2, and either p; # ps or ¢1 # 2. Then there are 2
non-isomorphic nonabelian exact bicyclic groups of the form G = (a):(b) = Z,,:Z:

(a):(b) = (ap; ap,):(bg;bg,) = (ap;) *x (bg;) x ({ap,):(bq
(a):(b) = <ap’2 ap2>:<bq§ bgy) = <ap’2> :
This is a contradiction.
Similarly, interchanging m and n, suppose that p1, ps are prime divisors of m and g1, g2
are prime divisors of n such that ged(m,,, ¢(ng,)) # 1 with ¢ = 1 or 2, and either p; # po
or g1 # qo. Then there are 2 non-isomorphic nonabelian exact bicyclic groups of the form
G = (b):{a) = Zp:ZLy:
(b):(a) = (by; bp, ):(aq; aq,) = (ap;)
(b):(a) = (bpybp, ):(agyaq,) = (ap;)

This is a contradiction.
Now, suppose that p1, po are prime divisors of m and ¢y, g2 are prime divisors of n such

that ged(ng,, ¢(myp,) # 1 and ged(my,, ¢(ng,)) # 1. Then there are 2 non-isomorphic
nonabelian exact bicyclic groups G of the form:

(a):(b) = (ap; ap, ):(bg; bg,) = {ap;)
(b):(a) = (bgybqy):(apyap,) = (bgy)

This is a contradiction.

oy
~
~—

X
X

<bqi> x ((ap, ):(bg,)),

X
X
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We thus conclude that there is exactly one prime p | m and exactly one prime ¢ ‘ n such
that (m,, ny) is not a singular pair.

Assume that ged(¢(mp),ng) # 1 and ged(mp, ¢(ng)) # 1 such that p # ¢g. By
Lemma 3.2, ged(¢(my),ng) = g and ged(my, ¢(ng)) = p, which implies that ¢ | (p — 1)
and p | (¢ — 1), this is not possible. Thus either part (b)(i) or part (b)(ii) holds. Moreover, if
p = ¢, then by Lemma 3.1, we have ged(m,,, ¢(np)) = p, or ged(¢p(my), ny,) = p, which
implies that {m,,n,} = {4, 2}, or {p?, p?} with p an odd prime, {p°, p} with p a prime
and e > 3.

Conversely, let m, n be integers satisfying condition (b). We claim that both (m,, n)
and (m, ny ) are singular pairs. In fact, suppose to the contrary that one of (m,,n) and
(m,ng), say (my, n), is not singular. Then there is a prime p; # p of m, and a prime ¢
of n, such that the pair (m,, , n,, ) is not singular, which contradicts with the unique choice
of the prime p.

Now let G = (a)(b) such that (a) = Z,, (b) = Z, and (a) N () = 1. Then G
is supersoluble by [1]. Further let G = (a)(b) = (apa,){bsby) = G,G,, then G, =
(ap) = Zm, and Gy = (ap)({bg) X (bg')) = Zm , L. As (ap) N (b) = 1, we have that
G} is an exact bicyclic group of order {m,/,n}. By [4, Lemma 3.3], G, is abelian. So
Gp = ({ap) x (by')) x (by). Similarly, G = ({ap) X {by)) % {a,). Thus a Hall subgroup
G{p,qy 1s abelian and centralizes both G, and G, and so G = Gy, 410 X Gy 3> Where
Gipgy = ap) X (bg') = Ly X Ly, and Gy, gy = (ap)(bg) = Zm,Ln, is nonabelian.
Moreover, assume that (b)(i) hold, that is ged(¢(my), ng) = ¢ and ged(my,, ¢(ng)) = 1,
we have afﬁ = a;}, where A # 1and A? =1 (mod m,,). So the group Gy, 43 = (ap):(by).
We claim that the group Gy, 41 is unique up to isomorphism. In fact, assume that p # A
such that H = (z,y | 2¥ = o#,u # 1,u? = 1 (mod p©)). Then (A\) and (i) are both
subgroups of order ¢ in Zjy., where Zy. is the multiplicative group consisting of all the
unites in the ring Z.. Since Zye = Zy,—1 X Zpe-1, which has a unique subgroup of order
q, we have (\) = (u). Thus A = p* (mod p°) for some integer k. Let z = y*. Then
z € Hand 77 = 2" = 2. Hence H = G{p,q)- Similarly, assume that (b)(ii) hold, we
have the group Gy, o3 = (bg):(ap), bg” = by, where X # 1 and \? = 1 (mod ng), which
is unique up to isomorphism. Therefore, there is only one non-abelian exact bicyclic group
of order {m,n}.

In particular, assume that p = ¢. Then G = (a)(b) = G,G,, where G, = (a,){b,) =
Loy L,y and Gy = (ap ) {bpr) = Zm,, Ly, By the assumption, there exists exactly one

prime p | ged(m, n) such that (m;,, n,) is not a singular pair. We conclude that (m,, 1),
(myr,n) and (m,n, ) are all singular pairs. Since (a,) N (by) C {(a) N (b) = 1, by [4,
Lemma 3.3], G, is abelian. Similarly, from {(a,/) N (b) = 1 and (a) N (b,/) = 1, it follows
that (a,)(b) = Gy (b,) and (a)(b,') = G (a,) are abelian. That is to say G, centralizes
both (a,) and (b,). Thus G = G,y x G, where G,y = (a,y) X (by) and G, = (ap):(bp),
which is unique discussed as above. These prove (a) holds. O

4 Proof of the main theorem

Let m, n be integers for which K, ,, only has one non-abelian edge-transitive embedding.

Then there is only one non-abelian exact bicyclic group G = Z,,Z,,. By Theorem 3.3,

interchanging m and n if necessary, there are a unique prime divisor p of m and a unique

prime divisor g of n such that G' = Gy, o3 X Gyp g3, and Gy, v = Zype:Z,s is nonabelian.
We give a basic fact at first which is used repeatedly in the following.
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Lemma 4.1. Suppose H = (a):(b) = Z:Z; is a split extension such that a® = a*, where
A# 1, N =1 (mod k) and | is odd. Then the following map of H :

ora—al, b bt

where ged(i, k) = 1, is not an automorphism of H.

Proof. Supppose to the contrary. Then o(a)?®) = (ai)b_1 = ba'b~! = o(a?) = a™
b=ta’b, and so a’b? = b%a’. Since o(b?) = o(b) and o(a’) = o(a), it follows that H
{a*,b?) is abelian, which is a contradiction. O

Now we determine the {p¢, ¢/} when p = ¢.
Lemma 4.2. Ifp = q, then {p°, p/} = {4,2}.

Proof. Since a group of order p? is abelian, without loss of generality, we may assume that
e>2,ande > f.

Suppose that p is odd. Then there exists a non-abelian metacyclic group G, ;3 =
(zp):(yp) such that z* = x, where A # 1and A? = 1 (mod p®). Let

G = G{p,q}/ X G{p7q} = (zp) X (Ypr) ¥ ((2p):(Up)) = (Tp Tp):(Ypr Yp) = Lin: L.

Then the pairs (pp, ypyp) and (zpxp, Yy, ') are not equivalent under Aut(G) by
Lemma 4.1, and thus K, ,, has at least 3 non-isomorphic orientably edge-transitive em-
beddings, which is a contradiction.

We thus conclude that p = 2, and so by Theorem 3.3, {p¢,p’} = {4,2}. O

Next we determine the {p®, ¢f} when p # q.
Lemma 4.3. Ifp # q, then q = 2, and either ¢/ = 2, or ¢ > 4 andp =3 (mod 4).

Proof. Assume p # q. Since Gy, gy = Zpe:Zys is nonabelian, g divides p — 1. Suppose
that ¢ is odd. Let (z') = Zy, , and (y') = Zy, ,, and let

G = () x () x ((@p):(g)) = (@p2"):(Yqy) = Zm:Zn.

Then (2, yqy') and (z,2’,y, 'y') are not equivalent under Aut(G) by Lemma 4.1, and
so K, » has at least 3 non-isomorphic orientably edge-transitive embeddings, which is a
contradiction.

We thus have that ¢ = 2, and ged(ne, ¢(my,)) = 2 by Lemma 3.2, that is, either gf =2,
org/ >4andp=3 (mod 4). O

Now we are ready to produce a list of groups for G.

Lemma 4.4. The unique nonabelian exact bicyclic group G = Z,,Z,, satisfies one of the
following, where p is a prime:

(i) G = Dg;
(ii) G = Dape X Zy,,, where (m,ny:) is a singular pair;

(iii) G = (Lype:Los) X L,,, where p =3 (mod 4) and (m,ny) is a singular pair;
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(iv) G = Dype with p odd.

Proof. Noting that the group G = Gy, ;v X Gy 3> and Gy, oy = Zpe:Zys is nonabelian.
By Lemma 4.3, ¢ = 2, and if my > 2 is even, then (mg, n2) = (4,2) by Lemma 4.2. We
conclude that (m,n) = (4, 2), and the corresponding group G = Ds, as in part (i).

Assume now that msy = 1. It follows that m = p° and either ¢/ = 2, or ¢/ = 2f >4
and p = 3 (mod 4) by Lemma 4.3. If ny = 2, then G = Zy,,, X (Zpe:Zy) = Zp,, X Dope
such that (m, ny/) is a singular pair, as in part (ii). If ny > 4, then G = (Zpe:Zos ) X Ly, ,
where p = 3 (mod 4) and (m, ny) is a singular pair, as in part (iii).

Finally assume that my = 2. Then m = 2p® with p odd, and n = 2. So the correspond-
ing group G = Dyye, as in part (iv). This completes the proof. O

To complete the proof of Theorem 1.1, we need to prove that for each group G listed in
Lemma 4.4, all edge regular pairs are equivalent.

Lemma 4.5. Let G = Doy, be dihedral. Then all edge-regular pairs for G on K, o are
equivalent.

Proof. Let (x,y) be an edge-regular pair for G acting on K,,, 5. Then |z| = m, |y| = 2,
and ¥ = z~!. Let 2,y be another edge-regular pair such that G = (2/){y’). Then
|2/| = m, |y/] = 2, and (2/)¥ = (/). Clearly, there is an automorphism o € Aut(G)
such that

oo, y—y,

so all regular pairs for G on K, > are equivalent. O
We are now ready to prove the main theorem.

Proof of Theorem 1.1. The necessity is easily found from Lemma 4.4.

To prove the sufficienty, we need prove that for each group G = Z,,Z, listed in
Lemma 4.4, there is exactly one non-abelian orientably edge-transitive embedding of K, ,,.
If GG is a dihedral group, then the proof follows from Lemma 4.5. Thus we assume that G
is not a dihedral group.

Assume that m = p® and n = 2ny/. Then the only exact bicyclic group of order {m, n}
is G = ({a):(b2)) x (bar), where (a):(ba) = Dape and |bo/| = nos. Let (z1,y1) and (z2, y2)
be two edge-regular pairs from G. Then

1 =a", Y1 = bgb%},
€T = ai27 Y2 = b2b;37
where i1, 72 are coprime to p, and ji, jo are coprime to ny/. There is an automorphism
o € Aut((a):(b2)) which sends a’ to a’2; there is an automorphism 7 € Aut((bo/)) which
sends b’ to b’2. Then (o, 7) is an automorphism of G which maps (21, 1) to (22, y2).
Assume that G = (Zpe:Zys) X Zy,,, where m = p® with p = 3 (mod 4), and
ged(p(n), m) = 1 and ged(n, ¢(m)) = 2. Then

G = ({a):(b2)) x (b),
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where |a| = m = p®andn = 2/ny, and a®? = a~!. Let (x,%) and (z', %) be edge-regular
pairs for G on K, ,, such that |z| = |z'| = m and |y| = |¢/| = n. Then
z=d, Yy = b%bg/, and

. -/ 7
' =a, y = b bk,

where p /fii’, jj’ is odd and ged(kk’,no ) = 1. It is easily shown that there are automor-
phisms o € Aut((a):(b2)) and 7 € Aut({bs/)) such that

. » . ./
o:a' v+ a’, bl b

T bk bg:
It follows that (o, 7) is an automorphism of G which sends (z,y) to (z/,y’). Thus all
edge-regular pairs for G on K,,, ,, are equivalent. O
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