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Abstract

The distinguishing number of a graph G is the smallest &£ such that G admits a k-
colouring for which the only colour-preserving automorphism of G is the identity. We
determine the distinguishing number of finite 4-valent vertex-transitive graphs. We show
that, apart from one infinite family and finitely many examples, they all have distinguishing
number 2.
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1 Introduction

All graphs in this paper will be finite. A distinguishing colouring of a graph is a colouring
which is not preserved by any non-identity automorphism. The distinguishing number
D(G) of a graph G is the least number of colours needed for a distinguishing colouring of
the vertices of G. These concepts were first introduced by Albertson and Collins [1] and
have since received considerable attention.
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It is an easy observation that a graph has distinguishing number 1 if and only if its
automorphism group is trivial. Hence, by [6] almost all graphs have distinguishing num-
ber 1. This obviously is not true for non-trivial vertex-transitive graphs which always have
non-trivial automorphisms. However, it seems that the vast majority of vertex-transitive
graphs still have the lowest possible distinguishing number, namely 2. Hence let us call a
vertex-transitive graph exceptional if its distinguishing number is not equal to 2.

One of the most interesting results concerning distinguishing numbers of vertex-tran-
sitive graphs is that, apart from the complete and edgeless graphs, there are only finitely
many exceptional vertex-primitive graphs [3, 14]. It is only natural to ask whether some-
thing similar holds for vertex-transitive graphs as well. As a first step, Hiining et al. recently
determined the exceptional 3-valent vertex-transitive graphs and their distinguishing num-
bers.

Theorem 1.1 ([7, Corollary 2.2]). The exceptional connected 3-valent vertex-transitive
graphs are

1. K4 and K3 3, with distinguishing number 4, and
2. Q3 =2 Ky x Ks and the Petersen graph, with distinguishing number 3.

This result shows that there are only finitely many connected 3-valent vertex-transitive
exceptional graphs. This is not true for 4-valent graphs, as shown by the following family
of graphs. For n > 3, the wreath graph W,, is the lexicographic product C,,[2K;] of a
cycle of length n with an edgeless graph of order 2, see Figure 1.

Figure 1: The wreath graph W.

It is easy to see that wreath graphs form an infinite family of connected exceptional
4-valent vertex-transitive graphs, thus providing a negative answer to [7, Question 2]. Our
main result shows that this is the only such family, that is, apart from the wreath graphs,
there are only finitely many connected exceptional 4-valent vertex-transitive graphs.

Theorem 1.2. The exceptional connected 4-valent vertex-transitive graphs are
1. K5 and Ky 4 = Wy, with distinguishing number 5, and

2. K3OKs3, KyOKs, Ky x Ko and W, for some n > 3, n # 4, with distinguishing
number 3.

In particular, there is no example with distinguishing number 4. This leads us to the
following question.
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Question 1.3. For A > 5, is there a connected A-valent vertex-transitive graph G with
D(G) = A?

More generally, one could ask about “gaps” in the set of distinguishing numbers of
connected A-valent vertex-transitive graphs, as a subset of {2,..., A 4+ 1}.

Using lexicographic products, it is not hard to construct infinite families of connected
exceptional vertex-transitive graphs with fixed valency.

Example 1.4. Let H; be a connected vertex-transitive graph of valency A; and let Ho
be a vertex-transitive graph of valency As on ny vertices. Then the lexicographic product
H,[H>)] is connected, has valency Ajns + Ao and its distinguishing number is at least
D(H3) + 1. For an infinite family of examples that are not lexicographic products, note
that, for every n > 3 and every d > 2, the graph (C,,[d*K;]) O Ky has valency 2d? + 1
and distinguishing number strictly greater than d.

We hence pose the following (informal) problem.

Problem 1.5. Is there a “natural small family” F of exceptional graphs such that, for every
positive integer k, all but finitely many k-valent connected exceptional vertex-transitive
graphs are contained in F?

2 Definitions and auxiliary results

Throughout this paper, all graphs are assumed to be finite and simple. Graph theoretic
notions that are not explicitly defined will be taken from [5].

An automorphism of a graph is an adjacency preserving permutation of its vertices.
The group of all automorphisms of a graph G is denoted by Aut G. We say that a graph is
vertex-transitive if its automorphism group is transitive (that is, for every pair of vertices,
there exists an automorphism mapping the first to the second).

An arc in a graph G is an ordered pair of adjacent vertices, or equivalently, a walk of
length 1 in G. An s-arc is a non-backtracking walk of length s in G, i.e. a sequence of
vertices vg, . . ., Vs wWhere v; is adjacent to v;41 for 0 < i < s — 1, and v;_1 # ;41 for
1 <4 < s — 1. The automorphism group Aut G acts on the set of edges, arcs, and s-arcs
of GG in an obvious way. Call a graph edge-transitive, arc-transitive, or s-arc-transitive, if
the action of Aut G on edges, arcs, or s-arcs is transitive, respectively. Analogously define
arc-regular and s-arc-regular.

The local group at a vertex v is the permutation group induced by the stabiliser of v
acting on its neighbourhood N (v). Note that, for vertex-transitive graphs, this does not
depend on the choice of v (up to permutation equivalence). We say that a graph is locally
T, if the local group is isomorphic to I'.

A graph G is called k-connected if it remains connected after removing any set of at
most k£ — 1 vertices and all incident edges, and k-edge connected if it remains connected
after removing any set of k£ edges. The following result about the connectivity of vertex-
transitive graphs is due to Watkins [16].

Lemma 2.1. A vertex-transitive graph with valency r is at least %-connected.

If we impose additional properties on the set of vertices to be removed, then we can
remove much larger sets without disconnecting the graph. The following lemma follows
easily from results in [ 5].
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Lemma 2.2. If G is a k-valent vertex-transitive graph with k > 4 and girth g > 5, then
there is a g-cycle C' in G such that G — C'is 2-edge connected.

Proof. By [15, Theorem 4.5], there is a g-cycle C' such that the edges with one endpoint in
C and the other endpoint in H := G —C form a minimum (w.r.t. cardinality) cut separating
two cycles in G. Assume that H was not 2-edge connected and let e be a cut-edge of H.
Let A and B be the two components of H —e. By [15, Lemma 3.3], the minimum degree of
H is 2, so A and B each contain at most one vertex of degree 1, and thus there are cycles in
both components. Now either the cut separating A UC' from B, or the cut separating BUC'
from A contains strictly fewer edges than the cut separating C' from H, contradicting the
minimality. O

We will also need the notion of distinguishing index D'(G) of a graph G, which is the
least number of colours needed for a distinguishing colouring of the edges of GG. Here are a
few results giving upper bounds on D’(G). The first two are Theorems 2.8 and 3.2 in [11].

Theorem 2.3. Let G be a connected graph that is neither a symmetric nor a bisymmetric
tree. If the maximum degree A(G) of G is at least 3, then D'(G) < A(G) — 1 unless G is
K4 or K373.

Theorem 2.4. If G is a graph of order at least T with a Hamiltonian path, then D'(G) < 2.

Lemma 2.5. If G is a connected graph on 5 or more vertices, then Aut L(G) is permu-
tationally equivalent to Aut G with its natural action on E(G). Furthermore, in this case
D'(G) < D(G), unless G is a tree.

Proof. The first part is a variant of Whitney’s theorem due to Jung [8], the second part
follows by applying [10, Theorem 1.3] to a distinguishing colouring with D(G) colours.
O

In the remainder of this section, we discuss some known results on distinguishing num-
bers and determine the distinguishing numbers of several graphs that will occur in the proof
of Theorem 1.2. The following lemma gives a general bound on distinguishing numbers
and was independently proved in [4] and [9].

Lemma 2.6. If G is a connected graph with maximum degree A, then D(G) < A + 1,
with equality if and only if G is either Cs, or K,, or K,, ,, for some n > 1.

For n > 2, we define a family of graphs C, k, , as follows. For 1 < i < n, let H; be
disjoint copies of K3 3 with bipartition V(H;) = X;UY;. Let C,, x, , be the graph obtained
from this collection by adding a matching between X; and Y;; for 1 < i < n — 1, and
between X, and Y7, see Figure 2.

Lemma 2.7. The following graphs have distinguishing number at most 2:
(1) The line graph of every non-exceptional 3-valent graph;

(2) The line graphs of the following graphs: the Petersen graph, Qs, K3 OKs, K5 x Ko,
and W, for everyn > 3;

(3) The bipartite complement of the Heawood graph;

(4) The 4-dimensional hypercube Q4;
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(5) The (4,6)-cage, and

(6) The graph C,, x, , forn > 2.

Figure 2: Distinguishing colouring of Cs k, , .

Proof. Lemma 2.5 immediately implies (1).

For (2), it suffices to observe that all the base graphs have at least 7 vertices and a
Hamiltonian path, and then apply Theorem 2.4 and Lemma 2.5 .

For (3) note that the bipartite complement of the Heawood graph has the same auto-
morphism group as the Heawood graph and thus also the same distinguishing number. By
Theorem 1.1, this distinguishing number is 2.

(4) follows from [2], where distinguishing numbers of all hypercubes were determined.

For the proof of (5) first note that the (4, 6)-cage is bipartite and any two vertices in
each of its parts have exactly one neighbour in common. Let v be any vertex, let v; for
1 <4 < 4 be the neighbours of v, and let v;; 1 < i < 3 be the neighbours of v;.

Colour v white, for 1 <4 < 4 colour v; black, and colour v;; black if 7 < j and white
otherwise. Finally colour the common neighbours of voe and v32, and vey and wss black
and all other vertices at distance 3 from v white, see Figure 3.

v

Figure 3: Colouring of the (4, 6)-cage, all vertices at distance 3 from v not shown in the
picture are coloured white.

Let ~y be a colour preserving automorphism. Then v must fix v, since it is the only white
vertex with 4 black neighbours. Furthermore v must fix all neighbours of v since they have
a different number of black neighbours. It must also fix the two black vertices at distance
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3 from v for the same reason. Now it is easy to see that - has to fix all vertices at distance
2 from v and hence it is the identity.

For (6), consider the colouring shown in Figure 2. Note that the automorphism group
has two orbits on edges: those that belong to a copy of K3 3, and those that don’t, which
we call matching edges. There is a unique matching edge both of whose endpoints are
coloured white. Every colour preserving automorphism must fix this edge and the matching
it is contained in. The colours on the remaining edges in this matching make sure that
every colour preserving automorphism must fix this matching pointwise, and thus must fix
every matching between two copies of K3 5 setwise. It is now easy to see that a colour
preserving automorphism fixes all vertices of Cs k, ,. Finally note that this colouring can
be generalised to a colouring of Cy, i, , for any number n > 2. [

3 The proof of Theorem 1.2

In this section, we prove our main result. Determining the distinguishing numbers of the
exceptional graphs is straightforward and will be left to the reader.

To show that the remaining graphs have distinguishing number 2, we distinguish cases
according to the local group of A := Aut G. Define the rype of an edge uv as the size of
the orbit of v under the action of the local group at v. By the orbit-stabiliser lemma, this is
the index of A, in A,. Since by vertex transitivity |A,| = |A,|, this also shows that the
type is well-defined, i.e. it does not depend on the endpoint of the edge.

Note that since the orbits of the local group at v partition the neighbourhood of v the
types of edges incident to v correspond to a partition of 4. Since G is vertex-transitive, this
partition is the same for every vertex. Since the only partitions of 4 that do not contain a
part of size 1 are (2,2) and (4), we split up the proof of Theorem 1.2 into the following
three cases:

1. There are edges of type 1. This case is treated in Section 3.1.
2. All edges have type 2. This is treated in Section 3.2.

4. All edges have type 4, and hence G is arc-transitive. For this case, see Section 3.3.

3.1 Graphs with edges of type 1

Let G¢>2 be the graph obtained from G by removing all edges of type 1. Note that the
components of G>o form a system of imprimitivity for A. We will need the following
results.

Lemma 3.1. Assume that every vertex of G is incident to a unique type 1-edge, Gy>3 is
not connected, and any two components of Gy>2 are connected by at most one type 1-edge.
Then G has a distinguishing 2-colouring.

Proof. Let k be the number of vertices in a component of G;>2. Consider the graph H ob-
tained from G by contracting every component of G;>2 to a single vertex. By our assump-
tions, H is a k-regular graph and it follows from Lemma 2.6 that its distinguishing number
is at most k + 1. Let ¢’ be a distinguishing colouring of H with colours {0, 1,...,k}.
We now colour G in the following way: in every component of G;>2, we colour as many
vertices black as the colour of the corresponding vertex of H suggests.
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Since ¢’ is distinguishing, any automorphism which preserves the resulting colouring
has to fix all components of G;>2 setwise. As every type 1 edge is uniquely identified by
the components it connects, each type 1 edge and hence also every vertex must be fixed by
every colour-preserving automorphism. 0

Lemma 3.2. Let G be a connected vertex-transitive graph. Assume that G>3 is not con-
nected, let H be a component of Gy>o and let v € H. If H admits a 2-colouring ¢’ such
that the only automorphism of H fixing v and preserving c' is the identity, then G has a
distinguishing 2-colouring.

Proof. Denote the components of Gy>2 by Hi, ..., Hr. Note that each H; is isomorphic
to H. Let v; € H;. Note that the graph obtained from G by contracting the components
Hi, ..., Hgis connected and vertex-transitive and thus at least 2-connected. Hence G— H1

is connected, and thus (G — Hy) + vy is connected as well.

Fori € {2,..., R}, pick some shortest path from H; to v1 in (G — Hy) + v; and let v;
and e; be the first vertex and edge of this path, respectively. Without loss of generality we
may assume that the number of black vertices in ¢’ is not exactly one—otherwise change the
colour of v to obtain a colouring with this property. Let m;: H — H; be an isomorphism
which maps v to v;. Such an isomorphism exists because G (and thus also H) is vertex-
transitive. Now define a colouring ¢ of G by

black if z =y,
c(x) = ¢ white if x € Hy — v,
d(mit(2)) ifx€ H,fori# 1.

Let v be an automorphism of G preserving c. We show that y fixes every vertex and thus ¢
is distinguishing.

First, note that v must fix vy, since v; is the only black vertex in H; which in turn is
the only component with a unique black vertex.

Next we show that, for ¢ £ 1, every H; must be fixed pointwise by ~. Assume not. Let
H; be a component such that the distance from H; to v; is minimal, among the components
that are not fixed pointwise. The endpoint u; of e; which does not lie in H; is either vy,
or it lies in some component H; which is closer to v;. Hence u; is fixed by «y. Since e;
has type 1, v must also fix v; and thus induce an automorphism of H;. By hypothesis, this
induced automorphism is trivial and thus ~ fixes H; pointwise.

Finally, let x € H; — v;. Then z is incident to an edge of type 1 which connects H;
to a different component H;. Since the other endpoint of this edge is fixed by ~, the same
must be true for . O

Corollary 3.3. Let G be a connected, vertex-transitive graph and let H be a component of
Gi>o. If H has a distinguishing 2-colouring, then so does G.

Proof. 1f H is the only component of G>2, then a distinguishing colouring of H is also
distinguishing for GG, otherwise apply Lemma 3.2. O

Theorem 3.4. Let G be a connected 4-valent vertex-transitive graph containing edges of
type 1. Then D(G) = 2, unless G is K4 O Ko.
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Proof. If all edges are of type 1, then A, = 1 and thus colouring one vertex black and all
other vertices white yields a distinguishing colouring.

Next assume that the local group has two orbits of size 1 and one orbit of size 2. In this
case (G;>2 is a union of cycles. If there is only one such cycle, then it must have length 6
or more, and hence G is 2-distinguishable by Corollary 3.3. If there is more than one, then
the conditions of Lemma 3.2 are satisfied.

Finally consider the case where the local group has one orbit of size 1 and one orbit of
size 3. All components of G;>9 are isomorphic to some 3-regular vertex-transitive graph
G’. Also note that the induced action of A on G is arc-transitive.

If G’ has distinguishing number 2, then we can apply Corollary 3.3 to obtain a dis-
tinguishing 2-colouring of G. By Theorem 1.1, the only other possibility is that G’ is
isomorphic to one of K4, K3 3, Q3 or the Petersen graph.

If G>» is connected, then G is obtained from G’ by adding edges of type 1. Since A
is arc-transitive on G’, no edge of type 1 can connect two neighbours (in G’) of the same
vertex. Otherwise any two neighbours of this vertex would have to be connected by an
edge, contradicting the fact that each vertex of G is adjacent to only one edge of type 1.
Hence an edge of type 1 can’t connect vertices at distance at most 2 in G’. This rules out
K4, K3 3 and the Petersen graph as possibilities for G, since they have diameter at most 2.
The only way to add edges with respect to this constraint in the cube Q3 yields G = Ky 4
which does not contain edges of type 1.

Thus we can assume that G';>2 is not connected. Both the Petersen graph and Q3 have
colourings satisfying the condition of Lemma 3.2, see Figure 4. Hence if G’ is one of them,
then G has a distinguishing 2-colouring.

Figure 4: Colourings satisfying the condition of Lemma 3.2, v is the square vertex.

We may thus assume that G’ is either K4 or K3 3. By Lemma 3.1 we may assume
that there is a pair of components of G;>2 connected by multiple type 1 edges. Since G is
vertex-transitive and each vertex is incident to a unique edge of type 1, the number of type 1
edges between any pair of adjacent components of G;>2 is independent of the choice of the
pair. Furthermore, recall that A acts arc-transitively on G’. Hence if two adjacent vertices
in a component H are both adjacent to the same component H' (via type 1 edges), then all
vertices of H are adjacent to H'. For G’ = Ky, this is the only possibility, and the resulting
graph is G = K4 OKj,. For G’ = K3 3, the above observation tells us that all vertices in
the same bipartite class of a component send their type 1 edges to the same component, and
hence G = C,, k, , (see Figure 2) for some n > 2, which has distinguishing number 2. [J
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3.2 Graphs with only edges of type 2

In this section, we assume that all edges of G are of type 2. This implies that A has two
orbits on arcs and therefore at most two orbits on edges. We distinguish two subcases
according to whether G is edge-transitive or not.

3.2.1 Edge-transitive case

Theorem 3.5. Let G be a connected 4-valent graph that is vertex- and edge-transitive but
not arc-transitive. Then D(G) = 2.

Proof. In this case, A has two orbits on arcs and each arc is in a different orbit than its
inverse arc. By removing one of the two orbits, G becomes an arc-transitive directed graph
in which every vertex has in- and out-degree 2. There is some s > 1 such that A acts
regularly on directed s-arcs (see for example [ 12, Lemma 5.4(v)]).

Let P = (vo,...,vs) be a directed s-arc in G. Suppose for a contradiction that there
is an arc from v, to vg. Clearly, in this case s > 2, as G does not contain any 2-cycles.
There is an automorphism fixing (vo,...,vs—1) pointwise, but not fixing vs. Therefore,
the second out-neighbour v’ # v of vs_; must also have vy as an out-neighbour. By
directed 2-arc-transitivity we conclude that for any vertex v; on P, the out-neighbours of
v; are exactly the in-neighbours of v; 2, so the digraph is a directed wreath graph and G is
arc-transitive, which gives the desired contradiction.

We may thus assume that there is no arc from v to vg. Colour the vertices of P
black and the remaining vertices white. Note that vy is the unique black vertex with no
black in-neighbour. Hence vy and thus all of P must be fixed by any colour-preserving
automorphism. By s-arc-regularity, this implies that the colouring is distinguishing and G
has distinguishing number 2. O

3.2.2 Non-edge-transitive case

If G is not edge-transitive, then there must be 2 orbits on edges each of which forms a
disjoint union of cycles. Denote the two subgraphs induced by the edge orbits by G; and
G>. By transitivity, all cycles in G; have the same length, the same is true for Gs.

We will inductively construct a distinguishing colouring from partial colourings of G.
Let ¢ be a partial colouring of G with domain 174 C V(Q), that is, ¢ is a function from Vto
some set C' of colours. An extension of ¢ is a colouring ¢ of G such that c and ¢ coincide
onV.

Lemma 3.6. Let G be a connected 4-valent vertex-transitive but not edge-transitive graph
and assume that all edges have type 2. Let Gy and G5 be the subgraphs induced by the two
edge orbits. Let V' be a set of vertices of G and let C be a cycle in G which is disjoint
from V' and contains a neighbour v of some vertex in V'. Then there is a cycle D in G,
which is disjoint from V' (possibly D = C) and a partial 2-colouring ¢ of G with domain
C U D such that

o C and D both contain either 1 or 2 black vertices, and

o ify € Aut G fixes V' pointwise and fixes any extension of ¢, then y fixes V' UC U D
pointwise.
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Proof. Call a vertex u a twin of v if there is an automorphism in the stabiliser of V"’ that
moves u to v. Note that v has at most one twin, since there is an edge in G5 connecting v
to some w in V’, and w has only one other neighbour in G.

If v has no twin then every automorphism that fixes V' pointwise must fix v. Set
D = C, colour v and one of its neighbours on C black and colour the remaining vertices of
C white. Then every automorphism which fixes V'’ as well as an extension of this colouring
must fix v and its black neighbour and thus also fixes C.

Next assume that v has a twin that lies on C'. Again let D = C and colour v and one
of its neighbours in C' black, but make sure that the black neighbour of v is not a twin of v.
The same argument as above tells us that this colouring has the desired properties.

Finally assume that v has a twin u that lies outside of C'. Let D be the cycle in G
containing v and observe that D is also disjoint from V. Colour v and one of its neighbours
in C black, colour one of the neighbours of u in D black, and colour the remaining vertices
of C'U D white. Any automorphism that fixes V'’ as well as an extension of this colouring
must fix 4 and v and their respective black neighbours, whence we have found the desired
colouring. O

Theorem 3.7. Let G be a connected 4-valent vertex-transitive but not edge-transitive graph
and assume that all edges have type 2. Then D(G) = 2.

Proof. Let G1 and G5 be the subgraphs induced by the two edge orbits respectively and
without loss of generality assume that cycles in G; are at least as long as cycles in Gbs.

If G1 consists of a single cycle then this cycle must have length at least 6. Hence there
is a distinguishing 2-colouring of G; which must also be distinguishing 2-colouring of G.
Hence we may assume that (G; consists of more than one cycle.

If cycles in G1 have length at least 4, then let C7 be a cycle in G and let v; be a vertex
on this cycle. Now inductively apply Lemma 3.6. For the first step, let V' = {v; }. In each
step, pick a cycle C' # C which contains a Go-neighbour of V", colour it according to the
lemma and add the vertices of CUD to V'. The graph obtained from G by contracting every
cycle in G is connected and vertex-transitive. Hence, by Lemma 2.1 it is 2-connected and
remains connected after removing C. In particular, the above colouring procedure assigns
colours to all vertices except those in C'y. Finally colour v; and its neighbours on C black,
and colour the rest of C'; white.

We claim that the resulting colouring is distinguishing. Clearly, every colour-preserving
automorphism must fix v; since it is the only black vertex both of whose neighbours in
GGy are black (recall that C'y is the only cycle in GG; containing 3 black vertices). Us-
ing Lemma 3.6 inductively, we see that every colour-preserving automorphism must fix
every cycle pointwise, except possibly C;. Hence the colouring is distinguishing unless
the two neighbours of v; in G have the same G-neighbourhood. In this case, by vertex-
transitivity any two vertices at distance 2 in G have the same G2-neighbourhood. If cycles
in G have length 5 or more, this implies that vertices have degree at least 3 in G'2 which
is a contradiction. If cycles in G; have length 4, then so do cycles in G2 and G is a graph
obtained by identifying antipodal points of 4-cycles, i.e., a wreath graph, which contradicts
the assumption that G is not edge transitive.

It remains to deal with the case when both G; and G4 are disjoint unions of 3-cycles.
Let H be the graph with vertices these 3-cycles, with two such 3-cycles being adjacent in
H if they share a vertex in G. It is easy to see that H is regular of valency 3 and G = L(H).
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By Theorem 2.3, we have D(G) = D’(H) < 2, unless H is K4 or K3 3. Finally, note that

3.3 Arc-transitive graphs

We first prove a few lemmas to show that we can restrict ourselves to graphs with girth 4.

Lemma 3.8. Let G be a connected 4-valent arc-transitive graph. If G has girth 3, then G
is either K5 or W3, or the line graph of a 3-valent arc-transitive graph.

Proof. Follows from [13, Theorem 5.1(1)]). ]

Lemma 3.9. Let G be a connected graph of minimal valency at least 3 and girth g > 5. If
G is s-arc-transitive, then s < g— 3, unless G is a Moore graph of girth 5, or the incidence
graph of a projective plane.

Proof. Assume for a contradiction that G is (g — 2)-arc-transitive. Let C' = (vo, ..., vg—1)
be a cycle of length g. Note that (vg,...,v4_2) is a (¢ — 2)-arc and that its endpoints
have a common neighbour. By (g — 2)-arc-transitivity, every (g — 2)-arc has this prop-
erty. Let vy_, be a neighbour of v,_3 outside of C. Then (vo,...,v5-3,v;_5) is a
(g — 2)-arc, whence v;_, and vy have a common neighbour v ;. Now the closed walk
(V0,Vg—1,Vg—2,V4-3,Vy_o,Vy_1,v0) shows that g < 6.

If ¢ = 5, then the fact that the endpoints of every 3-arc have a common neighbour
implies that G has diameter 2 and is thus a Moore graph.

If ¢ = 6, then an analogous argument as above yields that G has diameter 3. If G was
not bipartite, then for v € V(G) there would be an edge connecting two vertices z and y at
the same distance from v, and since g = 6 we have d(x,v) = d(y,v) = 3. But then there
is a 4-arc from v to x whence by the above argument v and « have a common neighbour,
contradicting d(x,v) = 3.

Hence G is bipartite and every vertex at distance 2 from a given vertex v has a unique
common neighbour with v. It follows that G is the incidence graph of a projective plane.

O

Lemma 3.10. Let G be a connected 4-valent arc-transitive graph of girth at least 5, then
D(G)=2.

Proof. Let g be the girth of G and let s be such that G is s-arc-transitive but not (s + 1)-
arc-transitive. Note that there is no 4-valent Moore graph, and that there is a unique 4-
valent graph that is the incidence graph of a projective plane, namely the (4, 6)-cage. By
Lemmas 2.7 and 3.9 we may thus assume that s < g — 3.

By Lemma 2.2, there is a cycle C' = (vy,...,vy—1) such that G — C'is 2-edge con-
nected. Let P = (vs11,vs,...,v1) and let X be its pointwise stabiliser. Note that P is
an s-arc and thus X is not transitive on N (v1) \ {v2} (otherwise G would be (s + 1)-arc-
transitive). Let v, be a neighbour of v; that is in a different orbit than vy under X.

Note that the subgraph induced by the vertices {v(, vo,v1,...,V4—2} is a tree since
any additional edge between these vertices would give a cycle of length less than g. Denote
this tree by 7" and let H be the subgraph obtained from G by removing all vertices of 7.
Observe that v(’) has degree at most 3 in G — C. If H is not connected, then there is one
component of H that is connected to v, by a unique edge. Removing that edge from G — C
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Figure 5: The tree T in the proof of Lemma 3.10.

would disconnect it, contradicting the fact that G — C'is 2-edge connected. It follows that
H is connected.

Colour all vertices of T' black and colour v,_; white. Inductively colour the vertices
of G as follows: Let x be a vertex at minimal distance to vy_; in A that has not been
coloured yet. If x is fixed by the pointwise stabiliser in A of all previously coloured points,
then colour it white. Otherwise colour it black.

We claim that this colouring is distinguishing. First note that if an automorphism fixes
two neighbours v and w of a vertex v, then it must also fix v, since otherwise the image
of v would also be a common neighbour of u and w contradicting g > 5. Note that this
implies that all vertices in H with a neighbour outside of H are coloured white. Indeed,
at the time such a vertex z is considered for colouring, two of its neighbours are already
coloured: its predecessor on a shortest v4_1-z-path in H and its neighbour outside of H.
Hence by the previous observation, x is coloured white.

Next we show that v; is the only black vertex with three black neighbours. By the
above observations it is the only such vertex in 7. Now let « be a black vertex in H. Then
at most one neighbour of x was coloured before x (otherwise we would have coloured z
white). Furthermore, if P is a shortest v,_;-z-path in H, then P U C contains an s-arc
ending in . Hence the pointwise stabiliser of x and all vertices coloured before x does
not act transitively on the remaining neighbours of x, whence at most one of them will be
coloured black.

Let « be a colour preserving automorphism. The above discussion shows that v must
fix v;. Furthermore all neighbours of 1" are white, so v must preserve 71" setwise. Since
there is no automorphism of G that fixes (v1, ..., v4—2) and moves vy to v(, y must fix T
pointwise. Finally assume that there is a vertex in H that is not fixed by v and let = be
the first such vertex that was coloured in the inductive procedure. Clearly, x is coloured
black. Let y be the neighbour of = on a shortest v,_;-z-path P, and let S be an s-arc
contained in C'U P. Then S is pointwise stabilised by y, and since the orbit of x under the
pointwise stabiliser of S is not a singleton, it contains exactly one other element z’. Every
automorphism that fixes 2 and S also fixes 2’ and vice versa. Hence at most one of z and
2’ can be coloured black and thus neither of them can be moved by 7. O

Next we give some results for the case when G has girth exactly 4. Note that in this case,
there must be vertices at distance 2 from each other with 2 or more common neighbours.
The following two lemmas follow from results in [13].

Lemma 3.11. Let G be a connected 4-valent arc-transitive graph. If there are two vertices
at distance 2 with 3 or more common neighbours, then G is isomorphic to either K5 x Ks
or W, for some n > 4.
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Proof. If there are vertices with 4 common neighbours, then by [13, Lemma 4.3], G is a
wreath graph. Otherwise, Subcase II.A of the proof [13, Theorem 3.3] implies that G =2
K5 X KQ. O

Lemma 3.12. Let G be a connected 4-valent 2-arc-transitive graph. If G has girth 4 but
no two vertices at distance 2 have more than 2 common neighbours, then G is isomorphic
to either Q4, or the bipartite complement of the Heawood graph.

Proof. By 2-arc-transitivity, every edge is contained in at least three 4-cycles. Subcase I11.B
of the proof of [ 13, Theorem 3.3] then implies that G is isomorphic to one of the two graphs
as claimed. O

The hardest case to deal with is when the graph is locally D4. In this case, we take
advantage of the following structural property. Note that D4 in its natural action on 4
points admits a unique system of imprimitivity with 2 blocks of size 2. We say that a 2-
arc (vg, v1, v2) is straight, if {vo,v2} is a block with respect to the local group at v1, and
crooked otherwise. Note that, of the three 2-arcs starting with a given arc, one is straight
and two are crooked. Further note that fixing a crooked 2-arc fixes all neighbours of its
midpoint. Finally, note that A acts transitively on crooked 2-arcs of G. Call a cycle in G
straight, if all sub-arcs of length 2 are straight.

Theorem 3.13. Let G be a connected 4-valent arc-transitive graph, then D(G) = 2 unless
Gis K5, KsOKsg, K5 x Ko, or W, for some n > 3.

Proof. By Lemmas 3.8, 3.10, as well as Lemma 2.7, we can assume that G has girth 4. By
Lemma 3.11, we can assume that no two vertices have more than two common neighbours.

Since G is arc-transitive, the local group must be a transitive subgroup of Sy. If the local
group is 2-transitive, then G is 2-arc-transitive and this case is handled with Lemmas 3.12
and 2.7.

If the local group is C4 or Vy, then G is arc-regular. One can then colour one vertex
v and three of its neighbours black, and colour the remaining vertices white. Any colour
preserving automorphism must fix the arc from v to its unique white neighbour, thus the
colouring is distinguishing.

The last remaining case is that G is locally D4. Suppose first that G contains a 4-cycle
that is not straight. Let (u, v, w, x) be a 4-cycle of G such that (u, v, w) is a crooked 2-arc.

We claim that any automorphism fixing » and all of its neighbours must be the identity.
By arc-transitivity and connectedness it is enough to show that such an automorphism must
fix all neighbours of v. Since no pair of vertices has more than two common neighbours, »
and w are the only two common neighbours of v and z. In particular, if an automorphism
fixes w and all its neighbours, then it must also fix u. Hence it fixes a crooked 2-arc with
midpoint v, and thus it fixes v and all of its neighbours, thus proving our claim.

Let y be the unique vertex such that (v, w, y) is a straight 2-arc, and let P = (u, v, w, y).
Suppose that y is adjacent to u. Let v be the unique vertex other than u such that (v/, v, w)
is crooked. Note that there is an automorphism fixing v and w (and thus y) and mapping »
to «’, and thus y is adjacent to «’, and v and y have at least 3 common neighbours (u, v/,
and w), contradicting an earlier hypothesis. We conclude that y is not adjacent to u and thus
the induced subgraph on P is a path of length 3. Colour P black and colour the remaining
vertices white. Since (u, v, w) is crooked, but (v, w, y) is straight, every colour preserving
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automorphism fixes P pointwise, and thus it fixes v and all its neighbours. Hence, by the
above claim, this colouring is distinguishing.

From now on, we can assume that all 4-cycles of G are straight. Let C be the set of all
4-cycles. Note that every edge is contained in a unique straight 4-cycle, whence C forms
a partition of E(G). Furthermore, any two elements of C intersect in at most one vertex,
since otherwise there would be vertices with 3 or more common neighbours.

Now consider the auxiliary graph G’ with vertex set C and an edge between two vertices
if the 4-cycles have a vertex in common. Note that G’ is a 4-valent graph on |C| = \E(470)I =
Lf)l vertices.

Note that A has a natural induced action on G’, and this is easily seen to be locally
Dy. Furthermore any distinguishing colouring of L(G’) corresponds to a distinguishing
colouring of G. By Lemma 2.5 and the above observations D(G’) > D(L(G")) > D(G).
Hence if D(G’) = 2, then D(G) = 2 and we are done. By induction, we may thus assume
that G’ is one of K5, K3 (K3, K5 x Kg, or W, for some n > 3. If G’ # Kj, then by
Lemma 2.7(2), we have D(L(G’)) = 2 and we are done. Finally note that G’ = K3 is
not possible, since A induces a transitive, locally D4 action on G’, but K5 admits no such
action. O
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