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Abstract

A four-element dipole representation by first-order electromagnetic invariants according to
differential transformation and increments is well known. The paper deals with a most general
description of the conditions of existence of an electromagnetic invariant for a four-element dipole
with active-reactive components in a differential form and as increments of any order. It is shown
analytically that invariants exist at mutual transformations of increments into differentials and
differentials into increments.
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Povzetek

Predstavitev dipola, sestavljenega iz Stirih elementov, z elektromagnetno invarianto prvega reda
je z vidika diferencialne transformacije in inkrementov 7e dobro poznana. Clanek obravnava
splosen opis pogojev za obstoj elektromagnetnih invariant dipola, sestavljenega iz Stirih
elementov, z delovno in jalovo komponento v diferencialni obliki in kot inkrementi poljubnega
reda. Analiticno je dokazano, da pri medsebojni transformaciji inkrementov v diference in
diferenc v inkremente invariante obstajajo.

1 INTRODUCTION

A four-element dipole with active-reactive components (Fig. 1, a, b, c) is known [1, 2] to
represent electromagnetic invariants according to differential transformation and increments
that are of the form:

ac G -G oot
oo _0C _ C+C oy AC _ CG+C e _da oy +a,
08 0g  g+g L-8 Az g+g OR R R+R,
felo} ) — fel0}
o =0 o L-L
W -0 _Aa oyt g9 0L L+l oy-o AL L+l (1)
R,-R AR R +R,” R OR R +R, R-R AR R +R,’
0, — O o® ®, —
where ® -—arbitrary circular frequency; ,,®, —circular frequencies and ®, >, ;

C,a,L,g,R at
C,o, L, g, R atfrequency o, .

C,,a,,L,, g,, R, —values frequency ®,; Cj,a,,L,g, R —values
Conditions for invariants existence consist of, respectively:

Cg,-Cg#20, R, —0,R #0, LR, —L,R, #0. (2)
The same papers [1, 2] state that (1) there exist invariants not only according to frequency o,
but also according to order n of derivatives and increments:

N oN N +N,

g 08 g&+g&
but conditions for their existence are not given.
The purpose of this paper: determination of conditions for the existence of higher order invariants.
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2 MATERIAL AND RESULTS OF RESEARCH
Second derivatives with respect to Cand g:
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Determination of the conditions for the existence of higher-order differential electromagnetic invariants

o’g 2(g1+£:)(Cg - Cog )2 |:(gl +g2)2 -30’ (e "'Cz)q

o0t 2, 9 2P ' @

[(g1 +g,) +0” (G +G,) }
The second condition for the existence of a second-order differential invariant follows from (4):
&t+& ¢\/§(’3(C1 +Gy), )

which is supplementary to (2).
Analogously, for a third-order differential invariant, the second condition for existence (the first
one, as before, is (2)) is of the form:

g +g 2o(C+C,), (6)
and for the fourth one:
4 2 2 2
(& +2) =502 (G + ) [2(gi+22) ~0* (G +Go) |20 (7)
Condition (7), obviously, always exists at
x/i(gl+g2):o)(C]+C2). (8)
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Figure 1: Circuits of four-element dipoles: a) C1, C, and C — condensers capacities and terminal
capacitance of the circuit at arbitrary frequency, g,, g, and g —the same concerning

conductivity; b) a,;, o, and o — potential coefficients of condensers and overall potential
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coefficient of the circuit, R1, R2 and R — the same concerning resistances;
¢) Ly, Ly, and L —branches inductances and overall inductance of the circuit,
R1, Rz, and R — the same concerning resistances

Let us determine a derivative of the (n+1)-th order by a mathematical induction method, [3], in
accordance with which a formula is considered true for any transformation, if it is proved that it,
being true for n-th transformation, is also true for (n+1)-th transformation.

As invariant of the n-th order is of the form:

. _(]Vl +]\72)(Nl +]\72)2 (]\71g2 _NZgl )2 fn (C17 C2> 81> 82> (D)
N - - n+l
N o [(e1+2,) +0 (R +,)’ ] o
s g (g+&) N +N) (Mg -Mog )’ £,(C.Co g1 g0 0)
e 1
oo (&) +o? (G +1) ]
where f, (C], G, g, 8, co) —the determined function for the derivative of the n-th order, e.g.

for n=3 f, :_240{(g1 +g,) -0’ (G +c2)2} .
Invariant of the (n+1)-th order is obtained:
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In this case, the condition for existence of (n+1)-th invariant, except (2), is of the form:
2 a4 2] 0
|:(g1 +2,) +o (N +N,) J%[fn (Ci, Gy 815 &5 “’)] # (1)

# 2(n+1)oo(]\71 +]\72)2 I (Cl, C,, 81, 8> m).
Thus, it can be stated that as a relation of any order derivatives of C and g with respect to
frequency represents an invariant with respect to frequency, it is also an invariant with respect
to the order of differential transformation with the condition for existence (2) for all invariants
and (5) or (6), or (7)—(8) — for invariants of the determined orders (in a general form (11)).
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Determination of the conditions for the existence of higher-order differential electromagnetic invariants

Analogously to the circuits shown in Fig. 1, b, ¢, higher-order invariants are of the form (3) and,
accordingly, conditions for their existence are of the form (except (2):

o(R +R,) ;t\/g(ocl +0,), (12)
R +R, # \/gco(Ll +L2) —second-order invariant,
o R +Ry) # 0y +0.,, (13)

R +R, #\30(L, +L,) —third-order invariant,

V20 (R +R,) # oy +ay, N2(R +R,)#o(L +1L,) or

o (R+Ry) =5(ay + 0, [ 2(Ri+ Ry 07 ~(on +0,) | 0, 1
(R +R,) =50% (1, + L, [2(R1 +R) -0’ (L +1, )2} # 0 —fourth-order invariant.
In the general form, the condition for existence:

[coZ(Rl +Ry) + (o +°‘2)2J%Un (04,05, R, Ry, @) ] #

#=20(n+1)(oy +a2)2 falay, 0y, Ry, Ry, @)

[(R1+R2)2 2(L +Ly) J [ /(L. Ly, R, Ry 0) ] #

#20(n+1)(L +L,) £, (L1, Ly, Ry, Ry, ).
Let us determine conditions for the existence of invariants according to increments. Second-
order increment (otherwise —finite differences of the second order [4]) can be determined as:

AN, —AN,, N3‘]‘72‘(]\72—]\71) _(]\71Jsz)(ngz—]\72&)2(033—601)X
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3
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N i=1 :]Vl +N2 (16)
2

x{(g +g) — (N +N, 2[0)2(w3+w1)+0)3(01}} gi+g

Xli[[ (g1+8) o] PN +N) J

i=1

where C|, C,, G5, g1, &5, g3 —values C and g, respectively, at frequencies @y, 00, 003
The condition for existence in this case:
2 o 2
(g1+2) #(N+N,) [0)2(0)34‘0)1)“030)1} (17)
Analogously, for other invariants:
No  aj+a, AL L+

2% P , 18
A’R R +R, A? R +R, (18)
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conditions for existence:

(o +a, )2 # (R +R )2 [032 (o3 +“)l)+m3m1]; (19)
(R1 +R2)2 * (Ll +L2)2 |:(D2 ((’)3 +ml)+m3(x)1:|-

Obviously,  value (»2(003 +001)+(1)3001 at  approximation Ao—0,  where

03 =0, +An =, +2A® tends to value 3@’ then conditions (17) and (19) turn into (5) and

(12), which confirms the correctness of the performed transformations.
For increments of any n-th order, the condition for the existence of an invariant is of the form,
e.g. with respect to Cand g,

1(GL o, g5 €05 0 v, ) 2 0. (20)
It should be noted that invariants also exist in mutual transformations of increments into

differentials and differentials into increments, i.e. (omitting lengthy intermediate
transformations):

A(@C)_@(AC)__C1+C2. A(ao‘)_a(Ao‘)__‘ll‘*az.
Alg) a(Ag) g +g’  A(GR) 0(AR) R +R,’ o
A(L) o(AL)  L+L,

A(BR) 0(AR) R +R,
In this case, the condition for existence of an invariant e.g. with respect to C and g in
transformations of increments into derivatives:

(& +g2)4 # 20,0, (N, +N2)2 |:(gl +g2)2 "'(0012 + 00, +‘D§)(N1 +N, )2} (22)

and transformation of derivatives into increments provide an invariant existing at any positive
real values C|, C,, g, g, (meeting (2).

Analogous results also take place for circuits 6,R, and L, R.

3  CONCLUSIONS

Conditions for the existence of invariants of a four-element dipole with active-reactive
components at differential transformations and in increments of any order and also for mutual
differential-difference transformations have been determined.
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