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Abstract. We study to what extent the soluble two-level Nambu–Jona-Lasino model can
be applied to the study of the equation of state of quark matter. We have found that in the
relation of energy versus temperature the phase transition does occur at a similar temper-
ature as in Lattice QCD calculations.

1 Introduction

We have designed a simple model similar to the Nambu–Jona-Lasino model, in
order to explore pedagogically [1,2] several phenomena and approximations sim-
ilar to those in full Nambu–Jona-Lasinio or Lattice QCD. In our previous stud-
ies, it was very instructive to get consistent results with such a simple model for
ground state (vacuum) properties such as the chiral condensate, as well as multip-
ion energies, pion-pion scattering length, and sigma meson energy and width [3].
In this contribution we explore the application to the phase transition of quark
matter.

In order to have a soluble two-level model with finite number of quarks, we
make the following simplifications:

1. We assume a sharp 3-momentum cutoff 0 ≤ |pi| ≤ Λ;
2. The space is restricted to a box of volume V with periodic boundary condi-

tions. This gives a finite number of discrete momentum states,
N = NhNcNfVΛ3/6π2 occupied by N quarks. (Nh, Nc and Nf are the num-
ber of quark helicities, colours and flavours.)

3. We take an average value of kinetic energy for all momentum states: |pi| →
P =

3

4
Λ .

4. While in the NJL model the interaction conserves the sum of momenta of
both quarks we assume that each quark conserves its momentum and only
switches from the Dirac level to Fermi level.

5. Temporarily, we restrict to one flavour of quarks, Nf = 1.
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We get a simplified NJL-like Hamiltonian

H =

N∑
k=1

(
γ5(k)h(k)P +m0β(k)

)
+

−
g

2

( N∑
k=1

β(k)

N∑
l=1

β(l) +

N∑
k=1

iβ(k)γ5(k)
N∑
l=1

iβ(l)γ5(l)
)

.

Here γ5 and β are Dirac matrices, h = σ · p/|p|, m0 is the bare quark mass and
g = 4G/V .

We introduce the quasispin operators which obey the spin commutation re-
lations

jx =
1

2
β , jy =

1

2
iβγ5 , jz =

1

2
γ5 ,

Rα =

N∑
k=1

1+ h(k)

2
jα(k) , Lα =

N∑
k=1

1− h(k)

2
jα(k) , Jα = Rα + Lα =

N∑
k=1

jα(k) .

The model Hamiltonian can then be written as

H = 2P(Rz − Lz) + 2m0Jx − 2g(J
2
x + J

2
y) .

The three model parameters Λ = 648MeV, G = 40.6MeV fm3, m0 =

4.58MeV have been fitted (in a Hartree-Fock + RPA approximation) to the ob-
servables

M =

√(
Eg(N) − Eg(N− 1)

)2
− P2 = 335MeV

Q = 〈g|ψ̄ψ|g〉 = 1

V 〈g|
∑
i

β(i)|g 〉 = 1

V 〈g|Jx|g 〉 = 250
3MeV3

mπ = E1(N) − Eg(N) = 138MeV .

The values of our model parameters are very close to those of full Nambu–
Jona-Lasinio model used by the Coimbra group [4] and by Buballa [5].

2 The canonical ensemble

It is easy to evaluate the matrix elements of the quasispin Hamiltonian using the
angular momentum algebra. If N is not too large the corresponding sparse ma-
trix can be diagonalized using Mathematica. The eigenstates and eigenvalues ε(ν)
are labeled with the quasispin quantum numbers R and L corresponding to the
operators |R|2 and |L|2 which commute with the Hamiltonian. The eigenvalues
may be highly degenerate (degeneracyD(ν) is due to the permutation symmetry
of different single particle labels p(i)). The ground state band with R = L = N/4

is nondegenerate and corresponds to the vacuum and multipion states.
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To get the equation of state (energy versus temperature) we apply the canon-
ical ensemble

E =
∑

ε(ν)D(ν) exp(−ε(ν)/T)/
∑

D(ν) exp(−ε(ν)/T) .

It is plotted in Fig.1 for two different values of quark numbers. As expected, the
phase transition is sharper for the larger number of quarks. However, the values
of energy are about the same. The model in its present form does not offer yet the
thermodynamic limit in which the energy would be proportional to the volume.
The reason is in the approximation 3 ( |pi|→ P = 3

4
Λ) which makes lifting quarks

to the upper level too expensive. Only collective excitations (multipion states, σ
mesons etc.) contribute significantly to the equation of state, but they are roughly
independent of the size of the normalization volume. Improvements to make a
more flexible average of the kinetic energy are in progress.

In the graph for the Lattice QCD asqtad and p4 refer to two different im-
proved staggered fermion actions [6]. At low temperature the curve corresponds
to the meson gas with 3 light degrees of freedom while at high temperatures it
corresponds free gas of quarks and gluons (18 quarks + 18 antiquarks + 16 gluons
= 52 massless degrees of freedom).

Note the difference in the vertical scale in our NJL curves (energy) as com-
pared to the Lattice QCD curve (energy density/T4). As mentioned before, we
are not yet in the thermodynamic limit and it would not be meaningful to plot
energy density. However, even in the simple model we get the temperature of the
phase transition with approximately the same value and width.

3 The two-flavour case: the SU(4) algebra

In order to proceed to two flavours, a larger group than SU(2) would be needed.
It is the O(3)⊗O(3)⊂O(5)⊂O(6) group (or equivalently SU(4) group) with fifteen
generators

τα; γ5τ
α; β, iβγ5τα; γ5, iβγ5, βτα,

where τα are isospin operators with α = 1, 2, 3.
With these generators we can express the two-flavour Hamiltonian

H =

N∑
k=1

(
γ5(k)h(k)P +m0β(k)

)
+

−
g

2

( N∑
k=1

β(k)

N∑
l=1

β(l) +

N∑
k=1

iβ(k)γ5(k)τ(k) ·
N∑
l=1

iβ(l)γ5(l)τ(l)
)

.

Work is in progress.
We have discussed this SU(4) symmetry in 2009 but have not exploited it

yet [2]. This symmetry has been recently widely popularized and applied by
L.Glozman [7–11].
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Fig. 1. Equation of state in the Quasispin NJL for N = 96 and N = 192, compared to the
Lattice QCD [6]
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