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$EVWUDFW��
5KHRORJLFDO FKDUDFWHUL]DWLRQ RI SRO\PHU VROXWLRQV DQG SRO\PHU GLVSHUVLRQV GHDOV ZLWK ZLGH

UDQJH RI PHFKDQLFDO UHVSRQVHV� )ORZ EHKDYLRXU DQG HVSHFLDOO\ WKH YLVFRHODVWLF SURSHUWLHV RI

DTXHRXV GLVSHUVLRQV RI K\GURSKLOLF ELR�SRO\PHUV� ZHODQ� JHOODQ� DQG FDUER[\PHWK\O

FHOOXORVH ZHUH H[DPLQHG DW ORZ SRO\PHU FRQFHQWUDWLRQV� 'LIIHUHQW W\SHV RI UKHRORJLFDO

UHVSRQVHV ZHUH DFKLHYHG E\ YDU\LQJ SRO\PHU FRQFHQWUDWLRQ DQG E\ SUHSDULQJ GLIIHUHQW

PL[WXUHV RI WKH SRO\PHUV DW YDULRXV PXWXDO UDWLRV� 'LVSHUVLRQV RI SRO\PHU EOHQGV ZHUH

SUHSDUHG DW FRQVWDQW RYHUDOO SRO\PHU FRQFHQWUDWLRQ� 7KHVH V\VWHPV ZHUH SUHSDUHG LQ RUGHU WR

VWXG\ WKH LQIOXHQFH RI GLIIHUHQW VWUXFWXUDO FRQGLWLRQV RI WKH VDPSOHV RQ UKHRORJLFDO

SURSHUWLHV� 7KH WUDQVLWLRQ IURP VRO�WR�JHO EHKDYLRXU ZDV DFKLHYHG E\ FKDQJLQJ WKH SRO\PHU

FRQFHQWUDWLRQ� RU E\ FKDQJLQJ WKH FRPSRVLWLRQ DW FRQVWDQW SRO\PHU FRQFHQWUDWLRQ� 7KH

YLVFRHODVWLF SURSHUWLHV RI WKH V\VWHPV ZHUH PHDVXUHG XQGHU QRQ�GHVWUXFWLYH VKHDU FRQGLWLRQV

RI RVFLOODWRU\ VKHDU� E\ XVLQJ WKH FRQWUROOHG VWUHVV UKHRPHWHU� 7KH DQDO\VLV RI H[SHULPHQWDO

GDWD ZDV SHUIRUPHG E\ XVLQJ WKH JHQHUDOL]HG 0D[ZHOO PRGHO DQG WKH )ULHGULFK � %UDXQ

PRGHO IRU GHVFULELQJ WKH PHFKDQLFDO VSHFWUD LQ OLQHDU YLVFRHODVWLF UHJLPH�

,QWURGXFWLRQ��
�

$TXHRXV� SRO\PHU� VROXWLRQV�� HVSHFLDOO\� WKRVH� RI� QDWXUDO� ELRSRO\PHUV� DUH� YHU\�

LPSRUWDQW� PDWHULDO� VRXUFH� LQ� YDULRXV� LQGXVWULDO� EUDQFKHV� EHFDXVH� WKH\� H[KLELW� KLJK�

VWDELOLW\�OHYHO��JRRG�FRPSDWLELOLW\�DQG�DUH�ELRGHJUDGDEOH��,Q�UHFHQW�\HDUV��WKH�SURGXFWLRQ�

DQG� WKH� DSSOLFDWLRQ� RI� VXFK� HQYLURQPHQWDO� IULHQGO\� PDWHULDOV� FRQVLGHUDEO\� LQFUHDVH��

,QGXVWULDO�XVHV�RI�WKH�FDUERK\GUDWH�V\VWHPV�FHQWHU�RQ�WKHLU�DELOLW\�WR�WKLFNHQ�RU�VWUXFWXUH�

PDQ\� WLPHV� WKHLU� RZQ�ZHLJKW�RI�ZDWHU�� RU� LQ�RWKHU�ZRUGV� WKH\� FRQWURO� WKH� UKHRORJ\�RI�

K\GUDWHG� V\VWHPV�� 7KH� VROXWLRQ� SURSHUWLHV� RI� WKHVH� FDUERK\GUDWHV� DUH� RI� FRQVLGHUDEOH�

LQWHUHVW� IRU� D� QXPEHU� RI� SUDFWLFDO� FRPPHUFLDO� DSSOLFDWLRQV� VXFK� DV� WKLFNHQLQJ��

VXVSHQGLQJ�DQG�JHOOLQJ�DJHQWV�
���
�)RU�H[DPSOH��K\GURSKLOLF�SRO\PHUV�UHSUHVHQW�RQH�RI�WKH�

PRVW� XVHG� PDWHULDOV� LQ� WKH� SURGXFWLRQ� RI� DOPRVW� DOO� SKDUPDFHXWLFDO� GRVDJH� IRUPV�� DV�

JHOOLQJ� DJHQWV� VWUXFWXULQJ� K\GURJHOV�� RU� DV� WKLFNHQHUV� RI� WKH� FRQWLQXRXV� SKDVH� LQ�

GLVSHUVLRQV� �HPXOVLRQV� DQG� VXVSHQVLRQV��� 7KH� QDWXUDO� SRO\VDFFKDULGHV� XVHG� DV� FDUULHU�
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PDWHULDOV�LQ�WKH�HQFDSVXODWLRQ�WHFKQRORJ\�KDYH�WKH�JUHDW�DGYDQWDJH�WR�EH�QRQ�WR[LF��ELR�

FRPSDWLEOH� DQG� ELRGHJUDGDEOH�� )XUWKHUPRUH�� DTXHRXV� GLVSHUVLRQ� RI� JHOODQ� LV� XVHG� LQ�

PHGLFLQH� WR� SUHSDUH� H\H� OHQV�� 'XH� WR� D� VSHFLILF� UKHRORJLFDO� SURSHUWLHV� RI� K\GURSKLOLF�

ELRSRO\PHUV��DUH�RI�JUHDW�LQWHUHVW�IURP�VFLHQWLILF�DQG�WHFKQRORJLFDO�SRLQW�RI�YLHZ�LQ�WKH�

ILHOG� RI� IRRG� VFLHQFH� DQG� WHFKQRORJ\�
���
� DV� ZHOO� DV� LQ� WKH� RWKHU� LQGXVWULDO� EUDQFKHV�

�SKDUPDF\��FHUDPLFV�
��
�SDLQWV��WH[WLOH��HWF����$TXHRXV�GLVSHUVLRQV�RI�FDUERK\GUDWHV�FDQ�EH�

VXFFHVVIXOO\� XVHG� DOVR� DV� PRGHO� IOXLGV� LQ� RUGHU� WR� VLPXODWH� GLIIHUHQW� UKHRORJLFDO�

SURSHUWLHV�RI�UHDO�V\VWHPV�LQ�YDULRXV�WHFKQRORJLFDO�SURFHVVHV�OLNH�PL[LQJ�
��
��SXPSLQJ�HWF��

5KHRORJLFDO� EHKDYLRXU� RI� K\GURSKLOLF� SRO\PHU� GLVSHUVLRQV� LQ� DTXHRXV� PHGLD� LQ�

JHQHUDO� H[KLELW� WKH� UKHRORJLFDO� EHKDYLRXU� FKDUDFWHULVWLF� IRU� SRO\PHUV� RU� SRO\PHU�

VROXWLRQV�� EXW� DW� FHUWDLQ� FLUFXPVWDQFHV� DOVR� VRPH� VSHFLILF� UKHRORJLFDO� SURSHUWLHV��

$TXHRXV�FDUERK\GUDWHV�RU�ELR�SRO\PHUV��DQG�V\QWKHWLF�V\VWHPV��OLNH�FHOOXORVH�HWKHUV��FDQ�

EHKDYH�OLNH�SXUH�OLTXLGV�RU�OLNH�HODVWLF�VROLGV�
�
�7KH�WUDQVSRUW�SURSHUWLHV�DQG��VSHFLILFDOO\��

WKH�UKHRORJLFDO�EHKDYLRXU�RI�UHDO�DQG�FRPSOH[�PDWHULDOV�VXFK�DV�FDUERK\GUDWH�SRO\PHUV�

FDQ� EH� VLJQLILFDQWO\� DIIHFWHG� E\� VHYHUDO� IDFWRUV�� PDLQO\� UHODWHG� WR� PROHFXODU� DQG�

VXSHUPROHFXODU� IHDWXUHV��0RVW� RI� WKHVH� IDFWRUV� DUH� FRPPRQ� WR� DOO� SRO\PHULF� V\VWHPV��

RWKHUV� DUH� SHFXOLDU� WR� FDUERK\GUDWH� SRO\PHUV�
�
� 5HOHYDQW� IRUFHV� WR� LQWHUPROHFXODU�

DVVRFLDWLRQV�RI�FDUERK\GUDWH�V\VWHPV�DQG��WKH��IRUPDWLRQ�RI��'�VWUXFWXUDO�QHWZRUN�RU�JHO�

VWUXFWXUHV��DUH�FKDLQ�DVVRFLDWLRQV��K\GURJHQ�ERQGLQJ��&RXORPELF��GLSROH�GLSROH��9DQ�GHU�

:DDOV� FKDUJH� DQG�K\GURSKRELF� LQWHUDFWLRQV��$OO� WKHVH� IOXFWXDWH�ZLWK� WLPH�� WHPSHUDWXUH�

DQG� HQYLURQPHQWDO� FRQGLWLRQV�� 6LQFH� WKH� PHFKDQLFDO� SURSHUWLHV� K\GURSKLOLF� SRO\PHU�

GLVSHUVLRQV� GHSHQG� RQ� WKHLU� SK\VLFDO� DQG� FKHPLFDO� FRQGLWLRQV�� WKHLU� QHWZRUN� VWUXFWXUDO�

IRUPDWLRQV� GHSHQG� RQ� WKH� SRO\PHU� FRQFHQWUDWLRQ�� LRQLF� VWUHQJWK�� SUHVHQFH� RI� RUJDQLF�

VROYHQWV��S+�HWF�
�
�

,Q� JHQHUDO�� K\GURSKLOLF� SRO\PHUV� DUH� DEOH� WR� IRUP� LQ� DTXHRXV� PHGLD� WKUHH�

GLPHQVLRQDO� QHWZRUN� VWUXFWXUHV�� RU� JHO� VWUXFWXUH�� DOUHDG\� DW� YHU\� ORZ� SRO\PHU�

FRQFHQWUDWLRQV�
���
�7KH�V\VWHPV�ZLWK�JHO�VWUXFWXUH�H[KLELW�HODVWLF�VROLG�EHKDYLRXU�XQGHU�WKH�

FRQGLWLRQV�RI�VPDOO�GHIRUPDWLRQV��7KURXJK�D�UKHRORJLFDO�VWXG\�LW�LV�QRW�RQO\�SRVVLEOH�WR�

HYDOXDWH�WKH�WLPH�HYROXWLRQ�RI�WKH�PDFURVFRSLF�SURSHUWLHV�RI�D�JLYHQ�V\VWHP��EXW�DOVR�WKDW�

RI� LWV� VWUXFWXUDO� DQG�RU� PROHFXODU� FKDUDFWHULVWLFV�
�
� 7KH� VWUXFWXUDO� FRQGLWLRQV� RI�
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K\GURSKLOLF� SRO\PHU� GLVSHUVLRQV� FDQ� EH� FODVVLILHG� DV�� GLOXWH� SRO\PHU� VROXWLRQV�� ZHDN�

JHOV��PLFUR�JHOV�DQG�VWURQJ�JHOV��:HDN�JHOV�JHQHUDOO\�UHVXOW�IURP�WKH�FR�RSHUDWLYH�DFWLRQ�

RI� SK\VLFDO� QRQ�FRYDOHQW� LQWHUDFWLRQV� EHWZHHQ� SRO\PHU� FKDLQV� LQ� WKH� IRUPDWLRQ� RI�

H[WHQGHG�LQWHUPROHFXODU�MXQFWLRQ�]RQHV��7KH�ZKROH�V\VWHP�LV�FRPSRVHG�E\�PRUH�RU�OHVV�

H[WHQGHG� VWLII� MXQFWLRQ� ]RQHV� WKDW� LQYROYH� WZR� RU� PRUH� FKDLQV� DQG� E\� IOH[LEOH� FKDLQ�

VHJPHQWV� EHWZHHQ� WKH� MXQFWLRQ� ]RQHV�� ,WV� UKHRORJLFDO� SURSHUWLHV� OLHV� EHWZHHQ� WKRVH� RI�

RUGLQDU\� SRO\PHU� VROXWLRQV� DQG� VWURQJ� JHOV�� GHSHQGLQJ� RQ� WKH� EDODQFH� EHWZHHQ� WKHVH�

HQWURSLF� DQG� HQWKDOSLF� FRQWULEXWLRQ�� DV� ZHOO� DV� RQ� WKH� GHJUHH� RI� FRQQHFWLYLW\� DQG�

KHWHURJHQHLW\�RI�WKH�QHWZRUN�
�
�:LWK�LQFUHDVLQJ�VWUHVV�WKH�LQWHUPROHFXODU�MXQFWLRQV�EUHDNV�

GRZQ�� OHDGLQJ� WR� VWURQJ� GHFUHDVH� LQ� YLVFRVLW\� DQG� SHUPLWWLQJ� WKH� IORZ� RI� WKH� V\VWHP��

7KDQNV� WR� WKH� SK\VLFDO� QDWXUH� RI� WKH� LQWHUDFWLRQ� ERQGV�� WKLV� VLWXDWLRQ� LV� UHYHUVLEOH�� EXW�

VRPHWLPHV�WDNHV�WLPH��

2XU�VWXG\�LV�IRFXVHG�RQ�WKH�H[DPLQDWLRQ�RI�WKH�V\VWHPV��ZKLFK�IRUP�SK\VLFDO�JHOV��

L�H�� ZLWKRXW� WKH� FKHPLFDO� FURVVOLQNLQJ� RI� WKH� SRO\PHU� PROHFXOHV�� $W� ORZ� SRO\PHU�

FRQFHQWUDWLRQ� VXFK� PDWHULDOV� H[KLELW� OLTXLG� OLNH� EHKDYLRXU�� 1HZWRQLDQ� RU� QRQ�

1HZWRQLDQ�� 7KH� UKHRORJLFDO� SURSHUWLHV� RI� K\GURSKLOLF� SRO\PHU� GLVSHUVLRQV� FDQ� EH�

FKDQJHG�E\�FKDQJLQJ�SK\VLFDO�DQG�FKHPLFDO�FRQGLWLRQV��DQG�XQGHU�WKH�SURSHU�FRQGLWLRQV�

WKH\� FDQ� H[KLELW� WKH� EHKDYLRXU� FKDUDFWHULVWLFV� IRU� VHPL�VROLGV�
�
� $W� KLJKHU� SRO\PHU�

FRQFHQWUDWLRQV� RYHUODSSLQJ� DQG� DVVRFLDWLRQV� RI� WKH� SRO\PHU� PROHFXOHV� UHVXOW� LQ�

IRUPDWLRQ�RI�DQ�H[WHQGHG�MXQFWLRQ�]RQHV��DQG�FRQVHTXHQWO\�D�WKUHH�GLPHQVLRQDO�QHWZRUN�

LV�IRUPHG��ZKHUH�WKH�MXQFWLRQ�]RQHV�SOD\�WKH�SDUW�RI�WKH�SRLQW�FURVVOLQNV�LQ�FRYDOHQW�JHOV��

6WURQJ� JHO� EHKDYLRXU� FDQ� EH� REVHUYHG�ZKHQ� WKH� SRO\PHU� DVVRFLDWLRQ� LV� VWURQJ��8QGHU�

VPDOO�GHIRUPDWLRQ�FRQGLWLRQV�WKH�PHFKDQLFDO�VSHFWUD�RI�VWURQJ�JHOV�DSSUR[LPDWH�FORVHO\�

WR� VROLG� OLNH� EHKDYLRXU�� :KHQ� VXEMHFWHG� WR� ODUJH� GHIRUPDWLRQ� RU� FRQWLQXRXV� IORZ�

FRQGLWLRQV�� WKH� JHO� QHWZRUN� UXSWXUHV� LQWR� VPDOO� JHO� UHJLRQV�� 7KH� IORZ� FRQGLWLRQV� WKHQ�

EHFRPH� KHWHURJHQHRXV�� 7KLV� LV� QRW� WKH� FDVH� IRU� ZHDN� JHOV�� ZKLFK� PD\� IORZ�

KRPRJHQHRXVO\�� HYHQ� XQGHU� FRQWLQXRXV� VKHDU� FRQGLWLRQV�� 7KH\� H[KLELW� PDUNHG� QRQ�

1HZWRQLDQ� SURSHUWLHV�� VWULFWO\� FRQQHFWHG� WR� WKH� SURJUHVVLYH� GLVUXSWLRQ� RI� WKH� QHWZRUN�

LQWR�VPDOOHU�IORZ�XQLWV�DV�WKH�VKHDU�UDWH�LQFUHDVHV�
�
�$OVR�ZHDN�JHOV�H[KLELW�HODVWLF�VROLG�

EHKDYLRXU�XQGHU�WKH�FRQGLWLRQV�RI�VPDOO�GHIRUPDWLRQV��EXW�WKH�HODVWLF�FRQWULEXWLRQ�WR�WKH�
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YLVFRHODVWLF�UHVSRQVH�LV� LQ�WKLV�FDVH�QRW�VR�SURQRXQFHG��DV�IRU�VWURQJ�JHOV��7KH�VWDELOLW\�

DQG�PDFURVFRSLF�LQWHJULW\�RI�WKH�JHO�VWUXFWXUH�GHSHQG�RQ�WKH�EDODQFH�EHWZHHQ�SRO\PHU�

SRO\PHU� DQG� SRO\PHU�VROYHQW� LQWHUDFWLRQV�� :KHQ� SRO\PHU� DJJUHJDWLRQ� LV� IDYRXUHG��

VHJUHJDWLRQ�LQWR�WZR�SKDVHV�PD\�WDNH�SODFH�RU�LQWHU�FKDLQ�DVVRFLDWLRQ�PD\�EH�UHVWULFWHG�

WR� VPDOO� PLFURJHO� FOXVWHUV� GLVSHUVHG� LQ� D� PDFURPROHFXODU� � VROXWLRQ�� 7KH� UKHRORJLFDO�

EHKDYLRXU�RI�WKH�PLFURJHOV��GHSHQG�RQ�WKH�SRO\PHU�FRQFHQWUDWLRQ��$W�KLJK�FRQFHQWUDWLRQ�

RI� WKH�DJJUHJDWHV� WKH\�H[KLELW�VROLG� OLNH�EHKDYLRXU�DW� ORZ�VWUHVVHV�DQG�WKHLU�UKHRORJLFDO�

SURSHUWLHV�FDQQRW�EH�HDVLO\�GLVWLQJXLVKHG�IURP�WKRVH�RI�ZHDN�JHOV���

&RUUHODWLRQ� RI� UKHRORJLFDO� GDWD� DQG� PRGHOLQJ� FRQVWLWXWH� D� FRPSOHPHQWDU\� VWHS��

QHFHVVDU\� IRU� WKH� H[SORLWDWLRQ� RI� WKH� H[SHULPHQWDO� UHVXOWV�� $OO� DSSURDFKHV� WR� GDWH�

PRGHOLQJ� IDOO� LQWR� WZR� PDLQ� FDWHJRULHV�� WKH� SKHQRPHQRORJLFDO� DQG� PLFURUKHRORJLFDO�

�PROHFXODU�� DSSURDFKHV�� 7KH� IRUPHU� GHDOV�ZLWK� WKH� GHYHORSPHQW� DQG� GHILQLWLRQ� RI� WKH�

PRGHO�DFFRUGLQJ� WR� WKH�SULQFLSOHV�RI�FRQWLQXXP�PHFKDQLFV��,W�EDVHG�XSRQ�DFKLHYHPHQW�

WKH�PD[LPXP�DJUHHPHQW�EHWZHHQ�SUHGLFWHG�DQG�H[SHULPHQWDO�GDWD��7KH�ODWWHU�LV�EDVHG�RQ�

WKH� GHILQLWLRQ� RI� UKHRORJLFDO� SURSHUWLHV�� VWDUWLQJ� IURP� PROHFXODU� RU� PLFURVFRSLF�

SDUDPHWHUV�ZKLFK�LGHQWLI\�WKH�FRPSRQHQWV�RI�WKH�V\VWHP���

7KH� DQDO\VLV� RI� YLVFRHODVWLF� GDWD� LQ� RXU� ZRUN� LV� EDVHG� RQ� WKH� SKHQRPHQRORJLFDO�

DSSURDFK��6WDUWLQJ�SRLQW�RI�WKH�PRGHOLQJ�LV�WR�FRQVLGHU�WKH�IOXLG¶V�UKHRORJ\�HTXLYDOHQW�WR�

D�SDUDOOHO�VHULHV�RI�0D[ZHOO�HOHPHQWV�DV�VKRZQ�LQ�)LJXUH����

�

�

�

�

�

�
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�

)LJXUH���7KH�JHQHUDOLVHG�0D[ZHOO�PRGHO��JL��VSULQJ�FRQVWDQWV��KL��YLVFRVLWLHV��

J��J��JL�

KL K�� K��
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(DFK� VSULQJ� DQG� HDFK� GDVKSRW� KDV� D� FKDUDFWHULVWLF� UHOD[DWLRQ� WLPH�O�� JLYHQ� E\� WKH�

UDWLR� RI� WKH� YLVFRVLW\� K� DQG� WKH� HODVWLF� PRGXOXV� J� RI� WKH� HOHPHQW� �O�  � K�J��� %\�

FRQVLGHULQJ� D� GLVFUHWH� DUUD\� RI� VSULQJV� DQG� GDVKSRWV� LW� LV� SRVVLEOH� WR� LQFRUSRUDWH� D�

GLVFUHWH�UDQJH�RI�UHOD[DWLRQ�WLPHV�ZLWKLQ�WKH�PRGHO��7KH�GLIIHUHQWLDO�HTXDWLRQ�JRYHUQLQJ�

D�VLQJOH�0D[ZHOO�HOHPHQW�IRU�D�VLPSOH�VKHDU�LV��
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ZKHUH�GJ�GW�LV�WKH�VWUDLQ�UDWH�RI�WKH�HOHPHQW�DQG�W�WKH�FXUUHQW�VKHDU�VWUHVV��8QGHU�WKH�

FRQGLWLRQ�RI�RVFLOODWRU\�VKHDU�WKH�VWUDLQ�UDWH�DQG�WKH�VKHDU�VWUHVV�FDQ�EH�ZULWWHQ�DV��

�WFRV�
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ZKHUH�Z�LV�DQJXODU�IUHTXHQF\��*¶�DQG�*¶¶�DUH�VWRUDJH�DQG�ORVV�PRGXOL��UHVSHFWLYHO\��

7KH�PRGXOL�LQ�D�VLQJOH�0D[ZHOO�HOHPHQW�FDQ�EH�ZULWWHQ��
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8VXDOO\� WKH� VLQJOH� 0D[ZHOO� HOHPHQW� LV� QRW� VXIILFLHQW� IRU� GHVFULELQJ� OLQHDU�

YLVFRHODVWLF� UHVSRQVH� RI� UHDO� OLTXLGV� XQGHU� RVFLOODWRU\� VKHDU� FRQGLWLRQV�� 0RUH� JHQHUDO�

UHVSRQVH�LV�REWDLQHG�E\�SXWWLQJ�DQ\�QXPEHU�RI�WKH�0D[ZHOO�HOHPHQWV�LQ�SDUDOOHO�VHULHV�
�
�

,Q�WKLV�FDVH�WKH�YDOXHV�RI�RYHUDOO�*¶�DQG�*¶¶�DW�DQ\�IUHTXHQF\�DUH�JLYHQ�E\�WKH�VXP�RI�L�

FRQWULEXWLRQV�IURP�L�
WK
�0D[ZHOO�HOHPHQWV��
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7KH� G\QDPLF� UHVSRQVH� RI� YLVFRHODVWLF� OLTXLG� RYHU� D� UDQJH� RI� IUHTXHQFLHV� FDQ� EH�

PRGHOHG�E\�FKRRVLQJ�D� UDQJH�RI�0D[ZHOO�HOHPHQWV�ZLWK�DSSURSULDWH�YDOXHV�RI�J�DQG�O�

FKRVHQ�WR�FRYHU�WKH�UDQJH�XVHG�LQ�H[SHULPHQW�IRU�ZKLFK�*¶�DQG�*¶¶�YDOXHV�DUH�DYDLODEOH���
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)UHTXHQF\� GHSHQGHQFH� RI� VWRUDJH� DQG� ORVV�PRGXOL� FDQ� EH� DOVR� GHVFULEHG�ZLWK� WKH�

PRGHO�� VXJJHVWHG� E\� )ULHGULFK� DQG� %UDXQ� ZKLFK� EHORQJ� WR� WKH� FODVV� RI� WKH� IUDFWLRQDO�

GHULYDWLYH�PRGHOV�
�
�7KH�PRGHO�LV�DEOH�WR�GHVFULEH�D�ZLGH�UDQJH�RI�YLVFRHODVWLF�UHVSRQVHV��

VWDUWLQJ�IURP�SXUH�YLVFRXV�OLTXLG�WR�HODVWLF�VROLG�E\�D� OLPLWHG�QXPEHU�RI�SDUDPHWHUV��,Q�

WKH�GLIIHUHQWLDO�IRUP�WKH�PRGHO�FDQ�EH�H[SUHVVHG�DV��

W W J J J�  �
f

�' * ' ' '
F F G

*> @ ^ > @ > @` > @� ' �� � ������������

7KH�HTXDWLRQ�FRUUHVSRQG� WR� µVROLG�PRGHO¶�ZKHQ�F� �G� ���DQG�IRU�*f !����2Q� WKH�

EDVLV�RI�IUDFWLRQDO�GHULYDWLYH�DQDO\VLV�WKH�PHFKDQLFDO�VSHFWUD�FDQ�EH�H[SUHVVHG�ZLWK�WKH�

IROORZLQJ�UHODWLRQV��

�
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�

�

� �
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�

�

3DUDPHWHU�*f�UHSUHVHQW�WKH�HTXLOLEULXP�PRGXOXV�ZKHQ�WKH�IUHTXHQF\�WHQGV�WR�]HUR��

7KH�PRGHO� GHVFULEHV� OLTXLG� OLNH� UHVSRQVH�� LI�*f�  � ��� 3DUDPHWHU�O)%� LV� D� FKDUDFWHULVWLF�

WLPH�RI�D�PDWHULDO��ZKLFK�GHWHUPLQH� WKH�UHODWLYH�FRQWULEXWLRQ�RI� WKH�HODVWLF�DQG�YLVFRXV�

FRPSRQHQWV� LQ� WKH� YLVFRHODVWLF� UHVSRQVH� DQG�� FRQVHTXHQWO\�� WKH� H[WHQVLRQ� RI� WKH�

IUHTXHQF\�UHJLRQ�ZKHUH�WKH�HODVWLF�RU�YLVFRXV�FRQWULEXWLRQ�SUHYDLO��:KHQ�F� �G� ���DQG�

*f�  � �� WKH� IUDFWLRQDO� GHULYDWLYH� PRGHO� FRLQFLGH� WKH� 0D[ZHOO� PRGHO� DQG��

FRUUHVSRQGLQJO\��O)%�EHFRPHV�UHOD[DWLRQ�WLPH�RI�WKH�IOXLG��+HQFH��O)%�FDQ�EH�QDPHG�DV�

IUDFWLRQDO� UHOD[DWLRQ� WLPH�� 7KH� PRGHOV� IRU� GHVFULELQJ� *¶�Z�� DQG� *¶¶�Z�� VXJJHVWHG� E\�

)ULHGULFK�DQG�%UDXQ�JHQHUDOL]H�WKH�UHODWLRQ�LQWURGXFHG�E\�7VFKRHJO�
�
�IRU�WKH�UHOD[DWLRQ�RI�

WKH�&ROH���&ROH�EHKDYLRXU�E\�LQWURGXFWLRQ�DQ�DGGLWLRQDO�SDUDPHWHU�G��WKH�H[SRQHQW���7KH�

H[SRQHQW�F�LQ�(TV������DQG�����RULJLQDOO\�FRPHV�IURP�&ROH���&ROH�IXQFWLRQV��:KHQ�G� ���

WKH� GHFUHDVH� RI� WKH� H[SRQHQW� F� �F� �� ��� LQIOXHQFHV� WKH� IXQFWLRQ� *¶�Z�� RYHU� WKH� ZKROH�

IUHTXHQF\� UDQJH��ZKHUHDV� WKH�PDWHULDO� IXQFWLRQ�*¶¶�Z�� LV� DSSUHFLDEO\�PRGLILHG�RQO\� DW�
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KLJKHU� IUHTXHQFLHV�� 7KLV� LV� GXH� WR� DSSHDUDQFH� RI� DV\PPHWU\� RI�*¶¶�Z��ZKLFK� LV� RIWHQ�

REVHUYHG�IRU�YDULRXV�UHDO�PDWHULDOV�DQG�LV�QRW�SRVVLEOH�WR�GHVFULEH�ZLWK�RULJLQDO�IRUP�RI�

&ROH���&ROH�EHKDYLRXU�
�
�

,Q�WKH�SUHVHQW�ZRUN�WKH�YLVFRHODVWLF�SURSHUWLHV�RI�K\GURSKLOLF�ELRSRO\PHUV�GLVSHUVHG�

LQ�ZDWHU�DW�ORZ�SRO\PHU�FRQFHQWUDWLRQV�ZHUH�VWXGLHG��7KH�DQDO\VLV�RI�YLVFRHODVWLF�GDWD�LQ�

OLQHDU�YLVFRHODVWLF�UHJLPH�ZDV�H[DPLQHG�LQ�RUGHU�WR�VWXG\�VRO�JHO�WUDQVLWLRQ�E\�FKDQJLQJ�

WKH� SRO\PHU� FRQFHQWUDWLRQ�� RU� E\� FKDQJLQJ� WKH� FRPSRVLWLRQ�RI�SRO\PHUV� LQ�ZDWHU��7KH�

DSSOLFDWLRQ�RI�WKH�GLVFXVVHG�YLVFRHODVWLF�PRGHOV�SURYHG�VDWLVIDFWRU\�ILWWLQJ�UHVXOWV�IRU�DOO�

VWXGLHG� V\VWHPV�� 7KH� WUDQVLWLRQ� IURP� SRO\PHU� VROXWLRQ� WR� ZHDN� JHO� EHKDYLRXU� IRU� WKH�

V\VWHPV�XQGHU�H[DPLQDWLRQ�ZDV�IROORZHG�E\�WKH�YDULDWLRQ�RI�WKH�PRGHO�SDUDPHWHUV��

�

([SHULPHQWDO��
�

0DWHULDOV���

:HODQ��.�&����±�.HOFR���&5(7(��LV�DQ�DFLGLF�PLFURELDO�SRO\VDFFKDULGH�SURGXFHG�

E\�$OFDOLJHQHV�VSS��$7&&��������&0&� LV�D�SXULILHG�VRGLXP�FDUER[\PHWK\O�FHOOXORVH�

�%/$126(� &HOOXORVH� JXP� �+)��� 7KH� SRZGHUHG� SRO\PHUV� ZHODQ� DQG� &0&� ZHUH�

GLVVROYHG�LQ�GLVWLOOHG�ZDWHU�E\�PHFKDQLFDO�VWLUULQJ�DW�DPELHQW�WHPSHUDWXUH��7KH�VDPSOHV�

RI�SXUH�SRO\PHUV�DQG�� WKRVH�RI�SRO\PHU�PL[WXUHV��:�&0&��ZHUH�SUHSDUHG��KDYLQJ�WKH�

VDPH�RYHUDOO�SRO\PHU�FRQFHQWUDWLRQ����ZW�������$OO�WKH�VDPSOHV�ZHUH�VWRUHG�IRU�WZR�GD\V�

WR�HQVXUH�D�FRPSOHWH�ZHWWLQJ�RI�WKH�SRO\PHU��EHIRUH�WKH�UKHRORJLFDO�WHVWV�ZDV�FDUULHG�RXW���

*HOODQ�JXP��.(/&2*(/��LV�D�PLFURELDO�SRO\VDFFKDULGH�SURGXFHG�E\�IHUPHQWDWLRQ�

RI� WKH� RUJDQLVP� 3VHXGRPRQDV� HORGHD�� 7KH� JHOODQ� LV� VROXEOH� LQ� ZDWHU� DW� WHPSHUDWXUH�

DERYH� ��� q&�� 7KH� DTXHRXV� JHOODQ� VROXWLRQV� XQGHUJR� WKHUPDOO\� LQGXFHG� VRO� ±� JHO�

WUDQVLWLRQ��$W�KLJKHU� WHPSHUDWXUHV� WKH\�H[KLELW�VRO�EHKDYLRXU�
�
�7KH�VDPSOHV�DW�GLIIHUHQW�

SRO\PHU�FRQFHQWUDWLRQV��IURP�����WR�����ZW����ZHUH�GLVVROYHG�DW����q&�LQ�GLVWLOOHG�ZDWHU�

E\� PHFKDQLFDO� VWLUULQJ�� :KHQ� WKH� VROXWLRQV� ZHUH� FRROHG� WKH� JHODWLRQ� DSSHDUHG� DW�

WHPSHUDWXUH�DERXW����q&���

7KH�UKHRORJLFDO�WHVWV�ZHUH�SHUIRUPHG�XQGHU�VWHDG\�DQG�RVFLOODWRU\�VKHDU�FRQGLWLRQV�

DW� ��� �&�� 7KH� FRQWUROOHG� VWUHVV� UKHRPHWHU� +DDNH�� 5KHR6WUHVV� 56� ���� ZDV� XVHG� DQG�

HTXLSSHG�ZLWK�D�FRQH�DQG�SODWH�VHQVRU�V\VWHP��&���q����7KH�IORZ�FXUYHV�ZHUH�REWDLQHG�
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E\� VWUHVV� VZHHS� WHVWV� XQGHU� GHVWUXFWLYH� VKHDU� FRQGLWLRQV�� 7KH� XSSHU� OLPLW� RI� OLQHDU�

YLVFRHODVWLF� UHVSRQVH� �/95�� XQGHU� RVFLOODWRU\� VKHDU� FRQGLWLRQV� ZHUH� GHWHUPLQHG� IURP�

VWUHVV� VZHHS� DW� IUHTXHQF\� RI� �+]�� 7KH�PHFKDQLFDO� VSHFWUD� LQ� /95�ZHUH�PHDVXUHG� DW�

FRQVWDQW�VWUDLQ�DPSOLWXGH�RI�������

�

5HVXOWV�DQG�GLVFXVVLRQ��
�

7KH� PDMRU� SDUW� RI� SUHVHQW� ZRUN� LV� FRQFHUQHG� ZLWK� WKH� YLVFRHODVWLF� SURSHUWLHV� RI�

DTXHRXV�VROXWLRQV�RI�ELRSRO\PHUV��7KHVH�V\VWHPV�DUH�FDSDEOH�WR�IRUP�FRPSOH[�VWUXFWXUHV�

DW�ORZ�SRO\PHU�FRQFHQWUDWLRQV��7ZR�W\SH�RI�V\VWHPV�ZHUH�SUHSDUHG�LQ�RUGHU�WR�VWXG\�VRO�

JHO� WUDQVLWLRQ��7KH�DTXHRXV�GLVSHUVLRQV�RI�&0&��ZHODQ�DQG�PL[WXUHV�RI�ERWK�SRO\PHUV�

&0&�ZHODQ� ZHUH� SUHSDUHG� DW� WKH� VDPH� SRO\PHU� FRQFHQWUDWLRQ� RI� �ZW�� ��� 7KH� RWKHU�

V\VWHPV�FRQWDLQHG�JHOODQ�DW�GLIIHUHQW�SRO\PHU�FRQFHQWUDWLRQV���

7KH�IORZ�FXUYHV�LQ�)LJXUHV���DQG���LOOXVWUDWH�RQO\�WKH�ILUVW�LPSUHVVLRQ�DERXW�GLIIHUHQW�

VWUXFWXUDO�FRQGLWLRQV�LQ�H[DPLQHG�DTXHRXV�ELRSRO\PHU�VROXWLRQV��7KH\�DOVR�GHPRQVWUDWH�

WKH� GLIIHUHQFHV� EHWZHHQ� WKH� IORZ� SURSHUWLHV� W\SLFDO� IRU� SRO\PHU� VROXWLRQ� DQG� WKRVH�

SHFXOLDU� WR�ZHDN�JHO�EHKDYLRXU��3RO\PHU�VROXWLRQV��OLNH�&0&�LQ�)LJXUH���DQG�JHOODQ�DW�

ORZ�SRO\PHU�FRQFHQWUDWLRQ��XS�WR�����ZW�����LQ�)LJXUH���H[KLELW�D�ILUVW�QHZWRQLDQ�SODWHDX�

DW� ORZ� VKHDU� VWUHVV� FRQGLWLRQV� IROORZHG� E\� VKHDU� WKLQQLQJ� EHKDYLRXU�� 7KH� SUHVHQFH� RI�

ZHODQ� LQ� WKH� FRPSRVLWLRQ� �)LJXUH� ��� RU� LQFUHDVH� RI� JHOODQ� FRQFHQWUDWLRQ� �)LJXUH� ��� LV�

UHIOHFWHG� LQ� PRUH� FRPSOH[� IORZ� SURSHUWLHV�� 7KHVH� V\VWHPV� H[KLELW� PRUH� SURQRXQFHG�

GHFUHDVH�RI�YLVFRVLW\�LQ�D�QDUURZ�VKHDU�VWUHVV�UDQJH�DQG�WLPH�GHSHQGHQW�HIIHFWV�RQ�IORZ�

SURSHUWLHV�� )XUWKHUPRUH�� )LJXUH� �� GHPRQVWUDWHV� D� VWURQJ� YDULDWLRQ� RI� YLVFRVLW\� ZLWK�

LQFUHDVLQJ�JHOODQ�FRQFHQWUDWLRQ�LQ�QDUURZ�UDQJH�IURP�����WR������ZW�����

0RUH� H[DFW� LQIRUPDWLRQ� DERXW� VWUXFWXUDO� FRQGLWLRQV� LQ� H[DPLQHG� V\VWHPV� FDQ� EH�

REWDLQHG�IURP�WKH�WHVWV�XQGHU�QRQ�GHVWUXFWLYH�FRQGLWLRQV�RI�RVFLOODWRU\�VKHDU��7KH�XSSHU�

OLPLW�RI�OLQHDU�YLVFRHODVWLF�UHVSRQVH��/95��LV�GHWHUPLQHG�IURP�VWUHVV�VZHHS�H[SHULPHQW�

DW�IUHTXHQF\�RI���+]��:KHQ�WKH�V\VWHP�SDVVHV�IURP�SRO\PHU�VROXWLRQ�WR�PRUH�FRPSOH[�

VWUXFWXUDO� FRQGLWLRQV�� WKH� FULWLFDO� VWUDLQ� DPSOLWXGH�ZKLFK� GHWHUPLQHV� WKH� XSSHU� OLPLW� RI�

OLQHDUY�YLVFRHODVWLF� UHVSRQVH�GHFUHDVHV� DSSUHFLDEO\�� ,Q� WKH�/95� WKH�G\QDPLF� IXQFWLRQV�

DUH�LQGHSHQGHQW�RQ�DSSOLHG�DPSOLWXGH�RI�VKHDU�VWUHVV��RU�VWUDLQ��DW�FRQVWDQW�IUHTXHQF\��$W�
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WKH�H[LW�RI�/95�WKH�G\QDPLF�PRGXOL�GHFUHDVH�DQG� WKH�SKDVH� ODJ� LQFUHDVHV�ZLWK� IXUWKHU�

LQFUHDVLQJ�VWUDLQ�DPSOLWXGH�DV�VKRZQ�LQ�)LJXUH���IRU�&0&�±�ZHODQ�V\VWHQV�DQG�LQ�)LJXUH�

��IRU�DTXHRXV�JHOODQ�V\VWHPV�DW�GLIIHUHQW�SRO\PHU�FRQFHQWUDWLRQV��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

)LJXUH����)ORZ FXUYHV RI &0&� &0&�: �UDWLR ���� DQG ZHODQ LQ � ZW� � RI SRO\PHU VROXWLRQ�

��

�

�

�

�

�

�

�
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�

�

)LJXUH��� )ORZ FXUYHV RI DTXHRXV JHOODQ V\VWHPV DW GLIIHUHQW SRO\PHU FRQFHQWUDWLRQV�
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�

�

�

�

�

�

�

�

�
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�

)LJXUH����3KDVH ODJ YV� VWUDLQ DPSOLWXGH DW �+] IURP VWUHVV VZHHS WHVWV RI &0&�ZHODQ V\VWHPV�

:�&0& UHSUHVHQWV WKH V\VWHP ZLWK ERWK SRO\PHUV DW UDWLR RI ����

��

�

�

�

�

�

�

�

�

�

�

)LJXUH� �� &RPSOH[ PRGXOXV YV� VWUDLQ DPSOLWXGH DW �+] REWDLQHG E\ VWUHVV VZHHS WHVWV RI

DTXHRXV JHOODQ V\VWHPV DW GLIIHUHQW SRO\PHU FRQFHQWUDWLRQV

�

)RU�D�FHUWDLQ�PDWHULDO�WKH�VDPH�FULWLFDO�VWUDLQ�DPSOLWXGH��JF���ZKLFK�GHILQH�WKH�XSSHU�

OLPLW�RI�/95��VKRXOG�EH�GHWHUPLQHG�IURP�WKH�GHSHQGHQFH�RI�FRPSOH[�PRGXOXV��FRPSOH[�

YLVFRVLW\� RU� SKDVH� ODJ� RQ� DSSOLHG� VWUDLQ� DPSOLWXGH�� ,Q� JHQHUDO� DOVR� FULWLFDO� VWUDLQ�

�

���

���

���

���

�

���

���

���

���� ��� � �� ��� ����J� ���

G �UDG�
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&0&

���
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DPSOLWXGH�GHSHQGV�RQ�DSSOLHG�IUHTXHQF\��EXW�LW�RIWHQ�GRHV�QRW�FKDQJH�DSSUHFLDEO\��2IWHQ�

VWUHVV�VZHHS�WHVWV�DUH�XVHG�LQ�RUGHU�WR�GHWHUPLQH�WKH�VWUDLQ�FRQGLWLRQV�RI�PDWHULDOV�XQGHU�

ZKLFK�/95�FDQ�EH�PHDVXUHG�ZKHQ� IUHTXHQF\� VZHHS� WHVWV� DUH�SHUIRUPHG��)RU�DTXHRXV�

V\VWHPV� XQGHU� H[DPLQDWLRQ� WKH� FULWLFDO� VWUDLQ� DPSOLWXGH� LQGLFDWHV� GLIIHUHQW� VWUXFWXUDO�

FRQGLWLRQV�� :KHQ� WKH� V\VWHPV� H[KLELW� WKH� UKHRORJLFDO� SURSHUWLHV�� W\SLFDO� WR� SRO\PHU�

VROXWLRQ�� JF� LV� KLJKHU� �DERXW� ������ DQG� SURJUHVVLYHO\� GHFUHDVHV�ZLWK� LQFUHDVLQJ� JHOODQ�

FRQFHQWUDWLRQ�RU��ZKHQ� WZR�SRO\PHUV� �&0&�DQG�ZHODQ��DUH�PL[HG�DW� WKH�VDPH�RYHUDOO�

SRO\PHU�FRQFHQWUDWLRQ�RI���ZW����DV�VKRZQ�LQ�)LJXUH����

��

�

�

�

�

�

�

�

�

�

�

�

)LJXUH����&ULWLFDO VWUDLQ DSWLWXGH YV� SRO\PHU FRQFHQWUDWLRQ IRU JHOODQ V\VWHPV� DQG YV� ZHODQ

FRQFHQWUDWLRQ IRU &0&� ZHODQ PL[WXUHV DW �ZW � RI RYHUDOO SRO\PHU FRQFHQWUDWLRQ��

�

7KH�PHFKDQLFDO�VSHFWUD�RI�DOO�H[DPLQHG�V\VWHPV��L�H��IUHTXHQF\�GHSHQGHQFH�RI�ORVV�

DQG�VWRUDJH�PRGXOL��DUH�PHDVXUHG�XQGHU�WKH�FRQGLWLRQV�RI�/95��6LQFH�WKH�VWUHVV�VZHHS�

WHVWV�DUH�SHUIRUPHG�RQO\�DW�IUHTXHQF\�RI��+]��WKH�IUHTXHQF\�VZHHS�WHVWV�DUH�FDUULHG�RXW�DW�

YHU\� ORZ�� FRQVWDQW�� VWUDLQ� DPSOLWXGH� RI� ���� 7KH� PHFKDQLFDO� VSHFWUD� RI� &0&±ZHODQ�

V\VWHPV�DUH�VKRZQ�LQ�)LJXUH����,Q�WKH�H[DPLQHG�IUHTXHQF\�UDQJH�WKH�YLVFRXV�FRQWULEXWLRQ�

WR�YLVFRHODVWLF�UHVSRQVH��ORVV�PRGXOXV��LV�SUHGRPLQDQW�IRU�&0&�DW��ZW�����7KH�HODVWLF�

FRQWULEXWLRQ��VWRUDJH�PRGXOXV��EHFRPHV�PRUH�LPSRUWDQW�RQO\�DW�KLJKHU�IUHTXHQFLHV��%RWK�

�

��

��

��

��

��

��

��

� ��� ��� ��� ��� �

FRQFHQWUDWLRQ �ZW��

JF ��� V\VWHPV &0& ZHODQ

V\VWHPV JHOODQ
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PRGXOL�DSSUHFLDEO\�LQFUHDVH�ZLWK�LQFUHDVLQJ�IUHTXHQF\��7KH�HODVWLF�FRQWULEXWLRQ�EHFRPHV�

SUHGRPLQDQW� LQ� WKH�ZKROH� IUHTXHQF\� UDQJH� H[DPLQHG�ZKHQ� WKH� V\VWHP� LV�FRPSRVHG�RI�

&0&�DQG�ZHODQ��������)RU�SXUH�DTXHRXV�ZHODQ�V\VWHP�DW���ZW���RI�SRO\PHU��WKH�HODVWLF�

FRQWULEXWLRQ� GRPLQDWHV� DQG� ERWK�PRGXOL� DUH� DOPRVW� LQGHSHQGHQW� RI� DSSOLHG� IUHTXHQF\�

ZKLFK�LV�XVXDOO\�IRXQG�IRU�ZHDN�JHO�EHKDYLRXU��

�

�

�

�

�

�

�

�

�

�

�

)LJXUH� ��� )UHTXHQF\ GHSHQGHQFH RI ORVV �*¶¶� DQG VWRUDJH �*¶� PRGXOL IRU &0&±ZHODQ

V\VWHPV� FXUYHV DUH FDOFXODWHG IURP WKH JHQHUDOLVHG 0D[ZHOO PRGHO�

�

�
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�

)LJXUH��� )UHTXHQF\ GHSHQGHQFH RI ORVV �*¶¶� DQG VWRUDJH �*¶� PRGXOL IRU JHOODQ DW GLIIHUHQW

FRQFHQWUDWLRQV� FXUYHV DUH FDOFXODWHG IURP WKH JHQHUDOLVHG 0D[ZHOO PRGHO�
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$FWD�&KLP��6ORY���������������������

$� =XSDQþLþ� 0� äXPHU� 9LVFRHODVWLF SURSHUWLHV RI K\GURSKLOLF SRO\PHUV LQ DTXHRXV GLVSHUVLRQV

����

6LPLODU�IUHTXHQF\�GHSHQGHQFLHV�RI�WKH�G\QDPLF�PRGXOL�FDQ�EH�IRXQG�DOVR�LQ�WKH�FDVH�

RI� JHOODQ� V\VWHPV� DW� LQFUHDVHG� SRO\PHU� FRQFHQWUDWLRQ�� DV� VKRZQ� LQ�)LJXUH� ���/DVW� WZR�

ILJXUHV� DOVR� VKRZ� WKDW� ZLWK� LQFUHDVLQJ� ZHODQ� FRQWHQW� �LQ� WKH� FRPSRVLWLRQ� RI� &0&�

ZHODQ���RU�ZLWK�LQFUHDVLQJ�JHOODQ�FRQFHQWUDWLRQ��!������ZW�����WKH�GHSHQGHQFLHV�RI�*¶�Z��

DQG�*¶¶�Z�� EHFRPH�SDUDOOHO� WR� HDFK�RWKHU� DQG�*¶� LV� E\�RQH�RUGHU�RI�PDJQLWXGH�KLJKHU�

WKDQ�*¶¶��6XFK�D�FRQGLWLRQ�FRUUHVSRQGV�WR�DQ�DSSDUHQW�VRO�JHO�WUDQVLWLRQ�DFFRUGLQJ�WR�WKH�

FULWHULRQ�VXJJHVWHG�E\�:LQWHU�DQG�&KDPERQ�
�
�)RU�WKH�DQDO\VLV�RI�YLVFRHODVWLF�EHKDYLRXU�

WKH� H[SHULPHQWDO� GDWD� DUH� FRUUHODWHG� DFFRUGLQJ� WR� WKH� JHQHUDOLVHG�0D[ZHOO�PRGHO�� 7R�

DYRLG� WKH�SUREOHPV�FRQFHUQLQJ� WKH�HYDOXDWLRQ�RI� ILWWLQJ�SDUDPHWHUV��L�DQG�JL� IURP�WKH�

H[SHULPHQWDO�GDWD��LW�LV�QHFHVVDU\�WR�IL[�D�PD[LPXP�QXPEHU�RI�HOHPHQWV�LQ�D�VHULHV�DQG�

WR� VHW� D� FRQVWUDLQW� ZKLFK� DOORZV� RQO\� SRVLWLYH� YDOXHV� RI� WKH� SDUDPHWHUV�� 7KH� FXUYHV�

SDVVLQJ�WKH�H[SHULPHQWDO�GDWD�LQ�)LJXUHV���DQG���DUH�HYDOXDWHG�E\�XVLQJ�WKH�(TV������DQG�

�����

$V� D� UHVXOW� RI� WKLV� PRGHOOLQJ� SURFHGXUH� D� UHOD[DWLRQ� VSHFWUD� RI� HDFK� VDPSOH� DUH�

HYDOXDWHG�� )RU�&0&� DQG� IRU� JHOODQ� V\VWHPV� DW� ORZ� SRO\PHU� FRQFHQWUDWLRQV� WKH� HODVWLF�

PRGXOXV��JL��FRQWLQXRXVO\�GHFUHDVHV�ZLWK� LQFUHDVLQJ�UHOD[DWLRQ� WLPH�OL��6XFK�HGJH�W\SH�

GLVWULEXWLRQ�RI�UHOD[DWLRQ�WLPHV�LV�W\SLFDO�IRU�SRO\PHU�VROXWLRQV�
�
�

� �

)LJXUH� ��� 7KH UHOD[DWLRQ VSHFWUD RI &0&�ZHODQ V\VWHPV DW FRQVWDQW RYHUDOO SRO\PHU

FRQFHQWUDWLRQ �D� DQG RI DTXHRXV JHOODQ V\VWHPV DW GLIIHUHQW FRQFHQWUDWLRQV �E��
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$FWD�&KLP��6ORY���������������������

$� =XSDQþLþ� 0� äXPHU� 9LVFRHODVWLF SURSHUWLHV RI K\GURSKLOLF SRO\PHUV LQ DTXHRXV GLVSHUVLRQV

����

:KHQ� WKH�VWUXFWXUH�RI�PDWHULDO�EHFRPHV�PRUH�FRPSOH[�� WKH�GHFUHDVH�JL� �OL�� LV� OHVV�

SURQRXQFHG�DQG�LV�VKLIWHG�WRZDUG�ORQJHU�UHOD[DWLRQ�WLPHV��7KH�LQFUHDVH�RI�ZHODQ�LQ�WKH�

&0&�ZHODQ�V\VWHP�DQG�LQFUHDVH�RI�JHOODQ�FRQFHQWUDWLRQ�LQ�)LJXUHV��D�DQG��E�OHDGV�WR�D�

JUDGXDO�VKLIWLQJ�RI�WKH�UHOD[DWLRQ�VSHFWUXP�WRZDUGV�KLJKHU�YDOXHV�ZLWK�WKH�DSSHDUDQFH�RI�

D�ER[�W\SH�GLVWULEXWLRQ�RI�UHOD[DWLRQ�WLPHV�ZKLFK�LV�FKDUDFWHULVWLF�IRU�VWUXFWXUHG�V\VWHPV�

OLNH�GHQVH�HQWDQJOHPHQW�SRO\PHULF�QHWZRUNV�
��� ��

,Q�RUGHU�WR�DQDO\VH�WKH�YLVFRHODVWLF�EHKDYLRXU�RI�VWXGLHG�V\VWHPV�DQG�WR�GHWHUPLQH�D�

VRO�±�JHO�WUDQVLWLRQ�RI�WKH�V\VWHPV��WKH�H[SHULPHQWDO�GDWD�DUH�H[DPLQHG�ZLWK�DQ�DQRWKHU�

DSSURDFK� VXJJHVWHG� E\� )ULHGULFK� DQG� %UDXQ�
�
� $� IUDFWLRQDO� GHULYDWLYH�PRGHO� XQGHU� WKH�

FRQGLWLRQ� RI� RVFLOODWRU\� VKHDU� OHDGV� WR� (TV�� ���� DQG� ����� 7KH� PRGHO� SDUDPHWHUV� DUH�

GHWHUPLQHG�E\�DSSO\LQJ�WKH�ILWWLQJ�SURFHGXUH�VLPXOWDQHRXVO\�IRU�ERWK�*¶�Z��DQG�*¶¶�Z���

LQ� WKH� VDPH�ZD\� DV� IROORZV�ZKHQ� WKH� (TV�� ���� DQG� ���� DUH� XVHG�� ,Q� ERWK� FDVHV�� DV� DQ�

REMHFWLYH� IXQFWLRQ� LQ� WKH�PLQLPLVDWLRQ�SURFHGXUH� WKH�PHDQ�VTXDUH� UHODWLYH�GHYLDWLRQ� LV�

XVHG�� )UHTXHQF\� GHSHQGHQFH� RI� ORVV� DQG� VWRUDJH� PRGXOXV� DW� GLIIHUHQW� SRO\PHU�

FRPSRVLWLRQ�RI�&0&�ZHODQ�V\VWHPV�WRJHWKHU�ZLWK�WKH�FXUYHV�WKRURXJK�WKH�H[SHULPHQWDO�

GDWD� FDOFXODWHG� E\� DSSO\LQJ� (TV�� ���� DQG� ���� DUH� VKRZQ� LQ� )LJXUHV� ��D� DQG� ��E��

UHVSHFWLYHO\�� (YLGHQWO\� WKH�PRGHO�ZLWK� ILYH� DGMXVWDEOH� SDUDPHWHUV� �*f��'*��O)%�� F�� G��

SURYLGHV�D�VDWLVIDFWRU\�ILWWLQJ��ZKLFK�LV�FRPSDUDEOH�ZLWK��RU�HYHQ�EHWWHU�WKDQ��WKH�UHVXOWV�

REWDLQHG�ZLWK�WKH�JHQHUDOLVHG�0D[ZHOO�PRGHO�ZLWK�ILYH�HOHPHQWV��6LPLODUO\�KLJK�ILWWLQJ�

TXDOLW\�LV�DWWDLQHG�DOVR�ZKHQ�WKH�PRGHO�ZDV�DSSOLHG�IRU�WKH�DQDO\VLV�RI�JHOODQ�V\VWHPV�DW�

GLIIHUHQW�SRO\PHU�FRQFHQWUDWLRQ��

$W�WKH�VDPH�SRO\PHU�FRQFHQWUDWLRQ�RI�&0&�ZHODQ�V\VWHPV�LQ�)LJXUHV���D�DQG���E��

WKH�YLVFRXV�FRQWULEXWLRQ� WR� WKH�YLVFRHODVWLF� UHVSRQVH� LQ� WKH�KLJK� IUHTXHQF\� UDQJH� WHQGV�

WRZDUG� WKH� VDPH� YDOXH�� ZKHUHDV� DW� ORZ� IUHTXHQFLHV� WKH� GLIIHUHQFHV� GXH� WR� GLIIHUHQW�

VWUXFWXUDO� FRQGLWLRQV� DUH�ZHOO� QRWLFHDEOH�� �7KH�HODVWLF�FRQWULEXWLRQ� �*¶�� LQFUHDVHV�PRUH�

PDUNHGO\� WKDQ� WKH� YLVFRXV� RQH� �*¶¶�� ZLWK� LQFUHDVLQJ� ZHODQ� FRQFHQWUDWLRQ� LQ� WKH�

FRPSRVLWLRQ�RI�WKH�V\VWHPV��7KLV�HIIHFW�LV�PRUH�SURQRXQFHG�LQ�ORZ�IUHTXHQF\�UHJLRQ��$OO�

WKHVH�JUDGXDO�FKDQJHV�DUH�ZHOO�GHVFULEHG�E\�WKH�FRUUHVSRQGLQJ�YDULDWLRQV�RI�WKH�)ULHGULFK�

DQG�%UDXQ�PRGHO�SDUDPHWHUV��DV�VKRZQ�LQ�)LJXUH�����

� �



$FWD�&KLP��6ORY���������������������

$� =XSDQþLþ� 0� äXPHU� 9LVFRHODVWLF SURSHUWLHV RI K\GURSKLOLF SRO\PHUV LQ DTXHRXV GLVSHUVLRQV

����

� �

)LJXUH� ����)UHTXHQF\ GHSHQGHQFH RI �D� ORVV �*¶¶� DQG �E� VWRUDJH PRGXOXV �*¶� IRU &0&�

ZHODQ V\VWHPV� 7KH FXUYHV WKURXJKRXW WKH H[SHULPHQWDO GDWD DUH FDOFXODWHG XVLQJ WKH

)ULHGULFK DQG %URZQ PRGHO�

$OWKRXJK� WKH� WUDQVLWLRQ� IURP� SRO\PHU� VROXWLRQ� WR� ZHDN�JHO� EHKDYLRXU� RI� JHOODQ�

V\VWHPV�ZLWK�LQFUHDVLQJ�SRO\PHU�FRQFHQWUDWLRQ�LV�QRW�H[DFWO\�WKH�VDPH�DV�LW�LV�REVHUYHG�

IRU�&0&�ZHODQ�V\VWHPV��WKH�YDULDWLRQ�RI�PRGHO�SDUDPHWHUV�H[KLELW�VLPLODU�WUHQGV��6LQFH�

WKH�PHFKDQLFDO�VSHFWUD�RI�JHOODQ�V\VWHPV�KDYH�EHHQ�DOUHDG\�VKRZQ�LQ�WKH�)LJXUH���RQO\�

YDULDWLRQV� RI� WKH�PRGHO� SDUDPHWHUV� �*f��'*��O)%�� F�� G�� DUH� UHSRUWHG� LQ�)LJXUH� ���� )RU�

ERWK�V\VWHPV� WKH�FKDUDFWHULVWLF� WLPH�RI� WKH�PDWHULDO���)%��ZKLFK�GHWHUPLQH� WKH� UROH�RI�

WKH� UHODWLYH� FRQWULEXWLRQ� RI� WKH� HODVWLF� DQG� YLVFRXV� FRPSRQHQWV� LQ� WKH� YLVFRHODVWLF�

UHVSRQVH� VWURQJO\� LQFUHDVHV� ZKHQ� PDWHULDO� SDVVHV� IURP� SRO\PHU� VROXWLRQ� WR� ZHDN� JHO�

EHKDYLRXU�� )RU� ERWK� V\VWHPV�'*� UHPDLQV� QHDUO\� FRQVWDQW�� HYHQ� LI� WKH� YLVFRVLW\� XQGHU�

GHVWUXFWLYH� VKHDU� FRQGLWLRQV� DQG� WKH� G\QDPLF� PRGXOL� XQGHU� QRQ�GHVWUXFWLYH� VKHDU�

FRQGLWLRQV�DSSUHFLDEO\� LQFUHDVH�ZLWK� LQFUHDVLQJ�ZHODQ�FRQWHQW��RU�JHOODQ�FRQFHQWUDWLRQ��

:KHQ� WKH� PDWHULDOV� SDVV� IURP� SRO\PHU� VROXWLRQ� WR� ZHDN� JHO� EHKDYLRXU� D� JUDGXDO�

GHFUHDVH� RI� IUDFWLRQDO� GHULYDWLYH� RUGHU� G� LV� REVHUYHG� LQ� ERWK� FDVHV�� ZKHUHDV� D� VKDUS�

PLQLPXP� RI� GHULYDWLRQ� RUGHU� F� DW� VRO�JHO� WUDQVLWLRQ� SRLQW� LV� IRXQG� RQO\� IRU� JHOODQ�

V\VWHPV���
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$� =XSDQþLþ� 0� äXPHU� 9LVFRHODVWLF SURSHUWLHV RI K\GURSKLOLF SRO\PHUV LQ DTXHRXV GLVSHUVLRQV

����

�

�

�

�
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�

�

�

�

)LJXUH�����3DUDPHWHUV RI WKH )ULHGULFK DQG %UDXQ PRGHO �(TV� �������� IRU &0&�ZHODQ V\VWHPV

�

�

�

�

�

�

�

�

�

�

�

�

)LJXUH� ���3DUDPHWHUV RI WKH )ULHGULFK DQG %UDXQ PRGHO �HTV� �������� IRU JHOODQ V\VWHPV DW

GLIIHUHQW SRO\PHU FRQFHQWUDWLRQV��

&RQFOXVLRQV�
�

+\GURSKLOLF� SRO\PHUV� LQ� DTXHRXV�PHGLD� DUH� FDSDEOH� WR� IRUP�D� FRPSOH[� VWUXFWXUHV�

ZKLFK�DUH�� DW� FHUWDLQ�FLUFXPVWDQFHV�DOUHDG\�DW� ORZ�SRO\PHU�FRQFHQWUDWLRQV�� UHVSRQVLEOH�

IRU�D�ZHDN�JHO�EHKDYLRXU���

���

�
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ZHODQ FRQFHQWUDWLRQ �ZW���
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$FWD�&KLP��6ORY���������������������

$� =XSDQþLþ� 0� äXPHU� 9LVFRHODVWLF SURSHUWLHV RI K\GURSKLOLF SRO\PHUV LQ DTXHRXV GLVSHUVLRQV

����

'XH� WR� JUHDW� LQWHUHVW� RI� WKLV�PDWHULDOV� D� QXPEHU� RI� GHWDLOHG� LQYHVWLJDWLRQV� FDQ� EH�

IRXQG� LQ� OLWHUDWXUH�� EXW� WKH\� DUH� RIWHQ� IRFXVHG� RQO\� RQ� D� VSHFLILF�PDWHULDO� DQG�ZLWK� D�

VSHFLILF� SXUSRVHV�� $� GHWDLOHG� UKHRORJLFDO� DQDO\VLV� LQ� WKLV� ILHOG� SURYH� XQLIRUP�

FKDUDFWHULVDWLRQ�RI�WKH�PDWHULDOV�DQG�LV�QRW�OLPLWHG�RQO\�WR�D�FHUWDLQ�FODVV�RI�PDWHULDOV��

3UHSDUHG� VDPSOHV� H[KLELWHG� GLIIHUHQW� W\SHV� RI� UKHRORJLFDO� EHKDYLRU�� $� JUDGXDO�

WUDQVLWLRQ� IURP� WKH� EHKDYLRU� FKDUDFWHULVWLFV� IRU� SRO\PHU� VROXWLRQ� WR� WKRVH� SHFXOLDU� IRU�

ZHDN� JHOV� ZDV� REVHUYHG� IRU� ERWK� FODVVHV� RI� LQYHVWLJDWHG� V\VWHPV�� 7KH� DQDO\VLV� RI�

YLVFRHODVWLF� GDWD� XQGHU� QRQ�GHVWUXFWLYH� VKHDU� FRQGLWLRQV� HQDEOH� WR� GLVWLQJXLVK� EHWZHHQ�

WKRVH� GLIIHUHQW� W\SHV� UKHRORJLFDO� SURSHUWLHV�� ZKLFK� DUH� D� FRQVHTXHQFH� RI� GLIIHUHQW�

VWUXFWXUDO� FRQGLWLRQV� LQ� WKH� VDPSOHV�� 0RUH� H[DFWO\�� IURP� H[SHULPHQWDO� GDWD� LQ� OLQHDU�

YLVFRHODVWLF� UHJLPH� D� ZLGH� UDQJH� RI� LQIRUPDWLRQ� DERXW� PDWHULDO� IXQFWLRQV� FDQ� EH�

HYDOXDWHG��$SSOLFDWLRQ�RI�GLIIHUHQW�VXLWDEOH�YLVFRHODVWLF�PRGHOV�WR�WKH�H[SHULPHQWDO�GDWD�

DOORZV�WR�IROORZ�WKH�VWUXFWXUDO�FKDQJHV�E\�FKDQJLQJ�WKH�FRPSRVLWLRQ��RU�FRQFHQWUDWLRQ��

RI� WKH� V\VWHPV� WKURXJK� WKH� SDUDPHWHU� DQDO\VLV�� 7KH�PRGHO� SDUDPHWHUV� LQ� WKLV� FDVH� DUH�

DFWXDOO\�SK\VLFDO�SURSHUWLHV�DQG��RU��D�GLVFUHWH�PDWHULDO�IXQFWLRQV��%RWK�PRGHOV�XVHG�LQ�

WKH� SUHVHQW� ZRUN�� WKH� JHQHUDOLVHG� � 0D[ZHOO� PRGHO� DQG� WKH� )UXHGULFK� %UDXQ� PRGHO�

FRUUHODWH� WKH�H[SHULPHQWDO�GDWD�YHU\�ZHOO��7KH\�KDYH�EHHQ�DOUHDG\�VXFFHVVIXOO\�DSSOLHG�

IRU�GHVFULELQJ�WKH�UKHRORJLFDO�EHKDYLRXU�RI�GLIIHUHQW�FRPSOH[�IOXLGV��IRU�H[DPSOH�
���������

��

$OVR� LQ� WKLV�VWXG\� WKH�VRO�JHO� WUDQVLWLRQ�ZDV�SRVVLEOH� WR�GHWHUPLQH�IURP�WKH�DQDO\VLV�RI�

WKH�SDUDPHWHUV��LQYROYHG�LQ�WKH�DSSOLHG�PRGHOV��

�

1RPHQFODWXUH�

F�� � IUDFWLRQDO�GHULYDWLYH�RUGHU�LQ�(TV������DQG���������

G�� � IUDFWLRQDO�GHULYDWLYH�RUGHU�LQ�(TV������DQG���������

*�� FRPSOH[�VKHDU�PRGXOXV��3D��

*¶�� VWRUDJH�PRGXOXV��3D��

*¶¶� ORVV�PRGXOXV��3D��

*f � HTXLOLEULXP�PRGXOXV�LQ�(TV������DQG�������3D��

'*� SDUDPHWHU�LQ�(TV������DQG������3D��

JL� � HODVWLF�PRGXOXV�RI�WKH�LWK�0D[ZHOO�HOHPHQW�

W�� � WLPH��VHF��

�

�



$FWD�&KLP��6ORY���������������������

$� =XSDQþLþ� 0� äXPHU� 9LVFRHODVWLF SURSHUWLHV RI K\GURSKLOLF SRO\PHUV LQ DTXHRXV GLVSHUVLRQV

����

*UHHN�OHWWHUV�

G� � SKDVH�ODJ��UDG��

J�� � VWUDLQ�DPSOLWXGH�����

JF� � FULWLFDO�VWUDLQ�DPSOLWXGH�����

OL� � WKH�UHOD[DWLRQ�WLPH�RI�WKH�L
WK
�0D[ZHOO�HOHPHQW��V��

O)%� WKH�UHOD[DWLRQ�WLPH�RI�WKH�)ULHGULFK�DQG�%UDXQ�PRGHO�LQ�(TV����DQG����V��

K� � YLVFRVLW\��3D�V��

W� � VKHDU�VWUHVV��3D��

Z� � IUHTXHQF\��UDG�V��

�

�

5HIHUHQFHV�DQG�1RWHV�
�� 5� /DSDVLQ� 6� 3ULFO� �5KHRORJ\ RI LQGXVWULDO SRO\VDFFKDULGHV� 7KHRU\ DQG $SSOLFDWLRQV�

&KDSPDQ	+DOO� %ODFNLH $FDGHPLF 	 3URIHVVLRQDO� /RQGRQ� ����� &KDSWHU� ��
�� $� =XSDQþLþ� $FWD &KLP� 6ORY� ����� ������ ���±����
�� $� =XSDQþLþ� 5�/DSDVLQ� 0� äXPHU� 3URJUHVV DQG WUHQGV LQ UKHRORJ\ 9� (G� ,� (PUL� 'U�'LHWULFK

6WHLQNRSII� 'DUPVWDGW� ����� SS ��� ±����
�� .� 1DNDPXUD� 0� 6DNXUDL <� 7DQDND� &DUERK\GUDWH 3RO\PHUV ����� ��� ��� ±����

�� (� 0L\RVKL� .� 1LVKLDUL� &ROORLG 3RO\PHU 6FL� ����� ���� ��������

�� 0� 0DFNOH\� 5� 0DUVKDOO� 7� -� 6PHXOGHUV� -�%�$�)� =KDR� )� '�� &KHP� (QJ� 6FL� ����� ������� ����±

�����

�� &KU� )ULHGULFK� +� %UDXQ�� 5KHRO� $FWD ����� ��� ���±����

�� :� 7VRHJHO� 7KH SKHQRPHQRORJLFDO 7KHRU\ RI /LQHDU YLVFRHODVWLF %HKDYLRU� (G� 6SULQJHU ����� SS

���±����
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3RY]HWHN��
3URXþHYDOL VPR UHRORãNH ODVWQRVWL YRGQLK GLVSHU]LM QDVOHGQMLK KLGURILOQLK ELRSRORPHURY�
ZHODQ� JHOODQ LQ NDUERNVL PHWLO FHOXOR]D SUL QL]NLK NRQFHQWUDFLMDK SROLPHUD� âH SRVHEHM VPR
VH RVUHGRWRþLOL QD DQDOL]R YLVNRHODVWLþQLK ODVWQRVWL� ,]ND]DOR VH MH� GD RPHQMHQL SROLPHUL SUL
HQDNL NRQFHQWUDFLML L]ND]XMHMR UD]OLþQH UHRORãNH ODVWQRVWL� RG WDNLK ]QDþLOQH ]D SROLPHUQH
UD]WRSLQH GR ODVWQRVWL ãLENLK JHOVNLK VWUXNWXU� = PHãQMHP YRGQLK GLVSHU]LM ELRSROLPHURY VPR
SULSUDYLOL UD]WRSLQH ] HQDNR FHORNXSQR NRQFHQWUDFLMR� NL VR L]ND]RYDOH UD]OLþQH UHRORãNH
ODVWQRVWL� 6SUHPLQMDQMH UHRORãNHJD REQDãDQMD VPR SURXþHYDOL WXGL Y SULPHUX VSUHPLQMDQMD
NRQFHQWUDFLMH JHOODQD Y YRGL� 1DPHQ QDãHJD GHOD MH ELO GROLþLWL SUHKRG L] SROLPHUQH
UD]WRSLQH Y ãLEHN JHO QD RVQRYL UHROLãNLK ODVWQRVWL� 3RVWRSQR VSUHPLQMDQMH UHRORãNLK ODVWQRVWL
] PHãDQMHP GYHK ELRSROLPHURY �ZHODQ�&0&� DOL V VSUHPLQMDQMHP NRQFHQWUDFLMH SROLPHUD Y
YRGL MH SRVOHGLFD UD]OLþQH VWUXNWXULUDQRVWL SURXþHYDQLK Y]RUFHY� =D DQDOL]R YLVNRHODVWLþQLK
ODVWQRVWL VPR XSRUDELOL VSORãHQ 0D[ZHOORY PRGHO LQ PRGHO )ULHGULFK %UDXQD� ,]ND]DOR VH MH�
GD RED PRGHOD ]HOR GREUR RSLãHWD HNVSHULPHQWDOQH SRGDWNH� $QDOL]D SDUDPHWURY PRGHORY SD
RPRJRþD NYDQWLWDWLYQR RSWUGHOLWL VSUHPHPEH Y VWUXNWXUL Y]RUFHY �JOHGH QD VHVWDYR DOL
NRQFHQWUDFLMR SROLPHUD Y YRGL�� WRUHM RSUHGHOLWL VRO�JHO SUHKRG� �


