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Abstract

The first Weyl algebra A; (k) over a field k is the k-algebra with two generators z, y
subject to [y, ] = 1 and was first introduced during the development of quantum mechan-
ics. In this article, we classify all valuations on the real Weyl algebra .4; (R) whose residue
field is R. We then use a noncommutative version of the Baer-Krull theorem to classify all
orderings on A; (R). As a byproduct of our studies, we settle two open problems in real
algebraic geometry. First, we show that not all orderings on .4; (R) extend to an ordering
on a larger ring R[y; 8], where R is the ring of Puiseux series, introduced by Marshall and
Zhang in 2000, and characterize the orderings that do have such an extension. Second,
we show that for valuations on noncommutative division rings, Kaplansky’s theorem that
extensions by limits of pseudo-Cauchy sequences are immediate fails in general.

Keywords: Weyl algebra, noncommutative valuations, skew polynomial rings, orderings, extensions
of valuations, extensions of orderings.

Math. Subj. Class. (2020): 16W60, 06F25, 13J30, 14A22, 1653

1 Introduction

Valuation theory was first developed for commutative fields in the context of number theory
and was first defined by Jozsef Kiirschak [12] in 1913. For modern treatments, we refer to
the books of Engler and Prestel [5] or Kuhlmann [10]. Oscar Schilling wrote the first major
work on valuations on (noncommutative) division rings in 1945 [21].

A valuation on a division ring D is amap v: D — T' U {co}, where I is an ordered
group written additively and oo ¢ I", oo > +y for each v € I, with the following properties:
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l.VxeD:v(z) =00 2 =0,
2. Vo,y € D :o(zy) = v(z) + v(y),
3. Vz,y € D :v(x +y) > min{v(x),v(y)}.

It follows that v is a homomorphism from D* to I'. The set O, := {& € D | v(z) > 0} is
called the valuation ring associated to v, and M,, := {z € M | v(x) > 0} is its maximal
ideal. The division ring D := O, /M., is called the associated residue division ring. Since
v is a group homomorphism, the subgroup O is normal in D*. Several alternative ap-
proaches to noncommutative valuations, where v does not define a group homomorphism,
were introduced and studied recently by Nicolai Ivanovich Dubrovin in [7] and [4] (see
also [1 7] for a more thorough treatment), and by Jean-Pierre Tignol and Adrien Wadsworth
in [23].

Suppose F is a field. Then all valuations on the field or rational functions F'(z) with
residue field F' are well-known, namely, the p-adic valuations for irreducible polynomials
p(x) € Fxz], and the vgeg valuation, defined by

vdeg(g) := deg(q) — deg(p).

The description of all valuations on the field of rational functions in several variables with
residue field equal to the base field is much more involved. There are many descriptions
of constructions of such valuations in the literature. Among famous examples of such
descriptions are the one given by Saunders MacLane in [13] and the one given by Franz-
Viktor Kuhlmann in [11].

As valuations on Ore extensions uniquely extend to their quotient division ring, the
description of all valuations on Ore division rings is equivalent to the description of all
valuations on corresponding quotient division rings. The description of all valuations on
noncommutative Ore extensions R[z; o, d] where R is a domain, 0: R — R is a ring
homomorphism and §: R — R a o-derivation is even more complex than in the commu-
tative case. Additional difficulties arise from the fact that [f, g] = 0 does not hold for all
fyg € Rz;0,6]. Granja, Martinez, and Rodriguez have shown in [6] that the set of all
real valuations extending to the skew polynomial ring has the structure of a parameterized
complete non-metric tree. Further recent progress on valuations on Ore extensions is given
by Onay in [18] and Rohwer in his PhD thesis [20].

1.1 Results

Our main goal is to classify all orderings and real valuations on the real Weyl algebra .A4; (R)
or, equivalently, its quotient division ring D1 (R). The Weyl algebra is the noncommutative
algebra generated by two elements z, y satisfying [y, 2] = 1. Hence its elements are all of
the form

ZOQ'J'(Eiyj7 Q; 5 € R.

i,
Because of this, our approach to constructing valuations on .4; (R) is inspired by classical
constructions of valuations on commutative rational functions in two unknowns mentioned
above. However, the relation [y, z] = 1 gives rise to additional constraints and far fewer
valuations than in the commutative case.
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As we will show, the valuations on A; (R) we are interested in all satisfy v[a, b] > v(ab)
for all nonzero a, b. We call such valuations strongly abelian. They have an abelian value
group and commutative residue field. In Section 2 we give some properties of strongly
abelian valuations. We show that if a valuation v on a division ring D satisfies D = Z(D)
and the value group is of rational rank one, then v is strongly abelian. Under additional
constraints on the residue field and the value group we extend this statement to valuations
of higher rational rank.

In Section 3 we give a characterization of all valuations v on the real Weyl algebra
A1 (R) with residue field R in the spirit of MacLane [13]. The construction is inspired
by the outline given by Shtipelman in [22] for valuations on the complex Weyl algebra
A1 (C). We also explicitly describe the associated value groups and show that they are all
isomorphic to subgroups of Q or Q x Z.

In their attempt to describe all orderings on .4; (R) in [16], Murray Marshall and Yufei
Zhang introduced the Ore extensions R[y; 6] and R[y; 8], with

R;:{Z akm_% | ar € R,m € Z,n € N},

k>m

R:= {Z aqr” 1| A C Qis well-ordered }
qeA

and d(p(x)) = p'(z). As is often done in real algebraic geometry, all orderings are de-
scribed by classifying all real valuations via the Baer-Krull theorem. Marshall and Zhang
described almost all valuations v on R[y; ] with residue field R; in one case, they did not
prove that v is a valuation. In Section 4, we complete their characterization. Marshall
and Zhang also conjectured that all valuations on .A; (R) with residue field R extend to a
valuation on R[y; 0] with the same residue field. We refute their conjecture in Section 4.
Further, we combine our classification of valuations on .4; (R) with Marshall and Zhang’s
description of valuations on R[y; d] to characterize the valuations on 4, (R) with residue
field R that extend to a valuation R[y, §] with the same residue field. All such extensions
are again strongly abelian.

In Section 5, we show that all valuations on R[y; §] with residue field R uniquely extend
to a strongly abelian valuation on R[y, d] with the same residue field. We also show that
the value group of such an extension is not of rational rank one.

As a byproduct of our investigations, we show that Kaplansky’s theorem that all ex-
tensions by limits of pseudo-Cauchy sequences are immediate (in particular, they do not
change the rational rank of the value group) fails for noncommutative division rings.

As Marshall and Zhang observe in [15], all strongly abelian valuations v on a division
ring D with a formally real residue field are compatible with an order on D. In Section 6,
we describe all v-compatible orders on .A; (R) for every valuation v on 4; (R) constructed
in Section 3 using a noncommutative version of the Baer-Krull theorem as given in [2]
(see also [1, 3, 24] and [9] for modern treatments and extensions). We also characterize
the v-compatible orders on .4, (R) that extend to an order on R[y; §] compatible with v’s
extension to R[y; 0].

2 Strongly abelian valuations

We present some properties of valuations on noncommutative division rings which we will
use later to describe order-compatible valuations on the real Weyl algebra .4; (R) and some
of its ring extensions. First, we define a property of valuations on division rings.
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Definition 2.1. Suppose v is a valuation on a division ring D. We say v is strongly abelian
if v]a, b] > v(ab) holds for all nonzero a,b € D.

Any valuation on a field is strongly abelian. In this section, we describe a sufficient
condition for a valuation v to be strongly abelian. This property will be important for us
for two reasons. Firstly, it is obvious that if a valuation v on a division ring D is strongly
abelian, then the associated value group and residue division ring are commutative. Sec-
ondly, we are particularly interested in order-compatible valuations on .4;(R); minimal
such have residue field R, as it was shown in [16]. It follows from Theorem 2.5 of [15]
that a strongly abelian valuation v on a division ring D with a formally real residue field is
compatible with an order on D by the noncommutative version of the Baer-Krull theorem
as given in [24].

Proposition 2.2. Let v be a valuation on a division ring D such that D = Z(D). Let
a,b € D* be such that v(a) and v(b) are rationally dependent. Then v|a,b] > v(ab).

Proof. Since v(a) and v(b) are rationally dependent, v(ab) = v(ba) < v[a,b]. Suppose
v[a, b] = v(ab). In particular, a and b do not commute. Let 3 := aba—1b—1 € D. We have

B =aba=1b~! = ([a,b] + ba)a=1b~! = [a,bla=tb~1 4+ 1 # 1.

Let v(b) = —£v(a) for £,k € Z, £ and k coprime. It follows that v[a, b] = *£v(a).
Define 7 := (ba)* (ba)ka’=* € D. Let #',+ € Z(D) be such that v(8') = v(y') = 0,3’ = 3
and 4/ = ~. Then on one hand,

v(a(ba)t —+/a" 1) = v(a((ba)*a’F = 5)ab ) > (k = £+ 1)o(a),

and on the other,

lafba)f —+/a"=) = v(ab)*a —7/at=1) = v(((ab) a7k
=(k—£¢+1)v(a)

since

(ab)ka’—F —~' = (aba=1b—1ba)kal=F — v = B¥(ba)ka’—F — ~v £ 0.

In the last equation, we used that (aba=b=1ba)kat=F = (f'ba)kat=F = B'*(ba)kal=—F =
B*(ba)*at=* since D = Z(D) as presumed. This holds if 3% # 1. If ¥ = 1, we repeat
our calculations with roles of a and b interchanged. The new 3 will now be the inverse value

of the former and since gcd(¢, k) = 1, 3~ # 1. In either case, we get a contradiction from
which we deduce v[a, b] > v(ab). O

Remark 2.3. The condition D = Z(D) is fulfilled by every valuation on an algebra over
a field that is isomorphic to the residue field. In particular, this holds for minimal order-
compatible valuations on R-algebras.

Corollary 2.4. Let v be a valuation on a division ring D such that D = Z ( ). If the value
group has rational rank one, then v is strongly abelian.
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Lemma 2.5. Let v be a valuation on a division ring D such that the value group is abelian
and D = Z(D). Then for all z,y € D\ {0}:

(1) Ifvlz,y] > v(xy), then v[z™,y] > v(z™y) for all m € Z.

(2) Suppose v[z,y] = v(xy). Then viz~',y] = v(z~ly) and for each m € N,
v[z™,y] > v(z™y) holds if and only if o = y~ o~ lyx satisfies 1 + @ + -+ +

a1l =0inD.
Proof. To prove (1), first observe

-1 1

7yl =2y —yr " =2 (yz — zy)z",

so if v[x, y] > v(z,y), then

-1

o[zt y] = v[z,y] — 20(z) > v(zy) — 20(z) = v(zy).

Suppose m € N. Then

and since the value group is commutative, v(z™ ‘[z, y]z¢~1) = (m — 1)v(z) + v[z,y] >
v(z™y) foreach 1 < £ < m. Item (1) is thus proved.

To prove (2), suppose v[z,y] = v(zy). Then v[x ™!, y] = v(z~1y) is proved as for the
first case. Since the value group is abelian, v[z™, y] > v(z™y) holds, so we can observe

m m
T g =yl S e, gt = 3 g T g,
(=1 (=1

Foreachl < ¢ <m,

y Tz, gl = {aw )Ty T [z, ylat ]

= ol Ty~ 1z, ylat1 =y~ Tz~ 1z, ylal— L.

We can change the order of  and 2! by Proposition 2.2 since v(«:) = 0. The last equation

follows from v(y 'z~ *[z,y]) = 0 and Proposition 2.2. So now we have

m—1

y~re eyl =yl a,y] Y of,
/=

which proves the equivalence in (2). O

Proposition 2.6. Let v be a valuation on a division ring D such that the value group is
abelian and D = Z(D). Suppose the residue field is formally real and suppose v|x,y] =
v(zy) for some x,y € D. Then v[z™,y] = v(z™y) for all odd m > 2. Ifv[z™,y] >
v(x™y) for some even m, then v[z?,y] > v(x?y) and there is no a € D such that v(a®) =

v(x).
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Proof. Suppose v[z,y] = v(zy). If m is odd, 27:61 @’ = 0 does not have a solution in
the residue field. By Lemma 2.5, it follows that v[z™, y] = v(2™y). Now consider the case
for even m. If v[z™,y] > v(z™y), then @ = —1 by Lemma 2.5 and v[2?,y] > v(2?%y).
Suppose a € D satisfies v(a?) = v(z). We will first show that v[a?, y] = v(a?y). Assume
that v[a?, y] > v(a?y). Then on one hand,

a2x =a2zy~ly =y~ la2zy,

since v(a~2x) = 0. On the other hand,

a 2x =y lya2z = y~la2yx,

where the last equation follows from v[a?,y] > v(a?y), or, by Lemma 2.5 equivalently,
v[a=2,y] > v(a=2y). From z—la~2(zy — yz) = 0 we conclude v[z,y] > v(zy), which
is a contradiction. So v[a?,y] = v(a?y) and v]a,y] = v(ay) follows from Lemma 2.5.
Now we show v[a*,y] > v(ay). On one hand, we can write

a 422 =y lg g2y =y lg dyz?

since v[z?,y] > v(x?y). On the other hand,

a 422 =y lyqg—1g2,

4

so we conclude v[a*,y] > wv(a'y). But by Lemma 2.5, v[a*, 2] > v(a*x) gives us

rax~—la~! = —1. But then, again by Lemma 2.5, v[a?, ] > v(a?z). The proposition
is thus proved. U
Proposition 2.7. Let v be a valuation on a division ring D such that such that D = Z(D),

the value group is abelian and 2-divisible and the residue field is formally real. Suppose
the value group of v is of rational rank 2 and suppose there are x,y € D* such that v(x)
and v(y) are rationally independent with v|x,y] > v(zy). Then v is strongly abelian.

Proof. Suppose a,b € D. Since the value group is abelian, v[a,b] > wv(ab). Suppose
v[a, b] = v(ab). Then v(a*') = v(x~™y~ ") and v(b¥?) = v(x~™2y~"2) for some
ki,mi,n; € Z, i = 1,2. We conclude from Lemma 2.5 that v[a*,b*2] = v(aF1bF2).
This is immediate if k; and ko are both odd. If k; or ks is even, v[a*t, b*2] = v(a*1bF2)
follows from the 2-divisibility of the value group and Proposition 2.6. Let ¢ := x™y™
and d := x™2y"2. Then on the one hand,

ak1cbk2d = cak1dbk2 = deakrbk2

since v(a**) and v(c) are rationally dependent, v(b*2) and v(d) are rationally dependent
and v(b*2d) = v(a*1c) = 0. On the other hand,

akiebk2d = bk2dakie = dbk2cakt = edbr2a*t = debk2akr.

Here, the last equality follows from v[z,y] > v(zy) and Lemma 2.5. Thus we have
v(dc(ak1b*2 — bF2a*1)) > 0, so we get v[a**, b*2] > v(a¥*b*2) which contradicts our
assumption v[a, b] = v(a, b). We conclude v]a, b] > v(ab). O

The proof of the following proposition is the same as the proof of Proposition 2.7.
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Proposition 2.8. Let v be a valuation on a division ring D such that D = Z(D), the
value group is abelian and the residue field is formally real. Suppose the value group
of v is of rational rank 2 and suppose there are x,y € D* such that for every z € D,
v(zF) = v(z=™my™") holds for some k,m,n € Z where k is odd. Then v is strongly
abelian.

We will later use this result to show that all valuations v on A; (R) with residue field R
are strongly abelian. Propositions 2.7 and 2.8 can be easily generalized to higher rational
ranks of the value group. The proofs are analogous.

Corollary 2.9. Let v be a valuation on a division ring D such that D = Z(D). Suppose the
value group is abelian and 2-divisible of rational rank n and that there are x4, ...,x, € D
such that v(z1), ..., v(xy) are rationally independent with v|x;, x;] > v(z,x;) forall i, j.
Then v is strongly abelian.

Corollary 2.10. Let v be a valuation on division ring D such that D = Z(D). Suppose
the value group is abelian and of rational rank n and that there are x1,...,x, € D such
that for every z € D, v(zF) = v(z[" --- 2™ for some k,my, ..., m, € Z with k odd.
Then v is strongly abelian.

3 Valuations on A, (R)

We now describe the construction of all valuations on .4; (R) with residue field R that was
sketched in [22] over the ground field of C. Since every f € A;(R) can be written as
Zm, >0 Xm,nT™y", the construction will be similar to the construction of all valuations
on the field of rational functions R(z, y) with residue field R (examples of constructions of
such valuations can be found in [1 1] or [13]), but with some additional constraints arising
from the fact that the generators z,y € A;(R) satisfy [y,2] = 1. We first note that
it follows from Theorem 5.3 of [16] that the value group of any valuation on A;(R) is
commutative. Also, since every valuation v on .4;(R) can be uniquely extended to its
quotient division ring D; (R), our construction will take place in the quotient ring as we
will use inverses.

To construct a valuation v trivial on R with residue field R, we compare v(z) and v(y).
It is easy to show, as it was done in [10], that v(zy) = v(yx) < 0, so v(x) or v(y) will be
less than zero. Without loss of generality, we can set v(z) = —1 € Q and compare it to

v(y). Ifv(y) & Q, then we get

o( 3 o™y = minfmo(z) + no(y))
m,n>0 ’

for all elements of A; (R). Otherwise, v(y) = 7 € Q. It follows that 21y™ = §; € R,
sov(z™y™ — B1) > 0. Set

wy = a™y"™ — By

and as before compare v(w) to v(z) in terms of rational dependence. If v(w1) = 72 € Q,

then 2w]? = B, for some B2 € R. Hence

wy = Wi — By
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also has value greater than zero. We continue this procedure. If we additionally define
w_1 =z and wy = y, we thus get a sequence

(Wi)iz—1,w; € Ai(R)

which ends with w, for some n € N if v(w,,) € Q or is infinite otherwise.

By the end of this section, we will prove a necessary and sufficient condition for the
possibility to extend v from (w;);>_1 to a valuation on A; (R) with residue field R. Every
such extension from (w;);>—_1 to A; (R) will be uniquely determined. We will also show
that every valuation on 4; (R) with residue field R is strongly abelian.

3.1 Properties of the sequence (w;);>_1 associated to a valuation on .A; (R)

Thorough this subsection let v be a valuation on A; (R).

Lemma 3.1. Suppose (w;);>—1 C A1 (R) is a sequence as described above, withw_1 = ,
wo =y, w; = &™w; " — B foralli > 0. Then |w;, ] equals

N, MNi—1
m; n;—4; mi_1 ni—1—4i—1
z E :W¢71 <x E , with
4 4

i=1 i—1=1

na
(. .. (xmz Z wiwfznlmmlyn]—lw?)wés) .. .)wfil
£o=1
foreachi > 1.
Proof. We prove the lemma by induction on i. If i = 1,
ni
, ny—¢ £—1 : -1
[whx] _ [l‘mlynl _ 51’1,] — g Z ynl 1[y733]y 1 — nlmmlym .
=1

Now suppose that the equality holds for [w;, 2]. Then we have

MNi41

_ i Mi41 _ i
[wigr, @] = [#™ 1w = By, @] = 2™ w2
Ni41
o my ﬂ:+1—€'+1 [+1_1
= gt g w;” Hws, Tlw,”
liy1=1
We can then proceed by the induction hypothesis. O

Before proving the next lemma, we define an equivalence relation between nonzero
elements of A4, (R) that have the same v-value, but their difference does not. For any
a,b € A1 (R)\ {0}, we write a ~ bif v(a) = v(b) < v(a — b). This is also a congurence
relation, as ac ~ be and ca ~ ¢b holds for all a, b, c € A1 (R) \ {0} with a ~ b.

Lemma 3.2. Suppose v is a valuation on A (R) with residue field R and suppose (w;)i>_1
is a sequence such that w_1 = x, wo =y, w; = 2™w""; — B, v(z) = —1 and v(w;) =
ZL—LI forall i > 0 up to either some n > 0 in which case v(w,) & Q, or up to infinity.
Then viwj,w;] > v(w;w;) for all i, < k if and only if v(II§__ wy) < 0, where k < n in
case v(wy,) € Q for some n > 0.
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If any and hence both sides of the equivalence hold, then
V[wj, wi] = —v(TYws -+ wWim1Wig1 - Wi—1)
foralli < j <k.

Proof. Suppose v is a valuation on .4 (R) and (w;);>—1 is a sequence as described in the
lemma. So v(w;) € Q either for all ¢ > 0 or for all 0 < ¢ < n for some n > 0 and
v(wn) € Q. It follows from Proposition 2.2 that v[w;, w;] > v(w;w;) for all , j < n since
v(w;) and v(w; ) are rationally dependent. We shall use this fact to evaluate v|w;, w;] for all
i,j < k < n. It follows from Lemma 3.1 that [wy, z] is a sum of products P, all equal to

yr g T pme L e up to the order of factors. Since v{w;, w;] > v(wiw;)
foralli,j <k -1,

- -1 -1
P o~ oym T lgmagpaTigme e g

holds for every product P of the sum. Since

k
- - 1
o(y™ T lemwt T ™ T ™) o (ywy - wg—1) g v(z™w,) =0,
i=1

we can conclude v]wy, ] = v(y™ ~laMw2 T ™ W T e ) = —o(yw - wr—1).
It follows that v[x, wy] > v(zwy) if and only if v(zyw; - - - wg) < 0.
We will now prove that v[w;, w;] = —v(Tywy -+ - Wi—1W;41 * - - Wit+k—1) by induction

onk,1 <k <n— i Itwil then follow that vw;,w;] > v(w;w;) for all 4,5 < n if and
only if v(ITj}__,w,) < 0. If k = 1, then

Wit1,wi] = 2™ 1w = Bigr,wi] = [T wilw
Mi41
_ ( Z l‘mi*’l_e[.ﬂ?, wi]xé_l)w?i“,
=1

. . _ 1 1 )
and since [z, w;] is a sum of products all equal to y™ ~tz™1 w2 ™2 w1 2™ up to

the order of factors, we can, using v[w;, w;] > v(w;w;) for j < 7, deduce that v|w, 1, w;| =
—v(xyws - - -w;—1) just like we did when evaluating v[w;, z]. For k > 1, we have

[wi+k7wi] = [xmlJrkwiJ;Jlrck 1 Bi+ka wi} = [xmiJrka wl] zJerk 1 +x itk [wzjrzk 1 wl}
Mtk
= (3 e wile Tl +
Ni+k

h Ni4k— Z i . l
e E:ka 1 Witk—1,wilwiy 1)

i 1 7 i i 1
~ M pa™ TN [ 0] 4 nagaa ™ Wl (w1, wil
and using both Lemma 3.1 and induction on k, we see that the first sum has v-value equal
to —v(zyws - - - w;—1) and the second has v-value equal to —v(zyws - - - wi4k—1). Since the
latter is smaller, it is equal to v[w;t,w;]. This proves the lemma. O
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It follows that if v can be extended from (w;);>_; to a valuation on 4;(R),
Zf>71 v(w;) must be strictly less than 0 for all k¥ < n in case v(w,) ¢ Q for some n,
and for all £ > 0 if v(w;) € Q for all i € N. We will now describe a necessary condition
for the residue field to be R and then proceed to show that if both conditions are fulfilled,
v can be extended from (w;);>_1 to a valuation on A; (R) with residue field R.

To ensure that the residue field is R, it is obviously necessary that wfjlwfil € R holds
for all k;, k; € Z with k; 3+ + k; 7+ = 0. For given , j > 0, all solutions (k;, k;) € Z* to
the diophantine equation ’

are integer multiples of the pair (K; j, — K ;) with

m;n;
— 7"
Kij = )
d;
2y
m;n;
Kji=——",
2]

where d; ; = ged{m;n;, m;n;}.

So for all k;, k; € Z with kﬂs— + kj% = 0, we can write

ki k; nK;; —-nK;; Ki;j —Kji\n
Wi—1W;ly = Wiy "W = (w; Wi_q )

for some n € Z, where we used Proposition 2.2 in the second equality So for every

ki, k; € 7 satisfying 3.1, w!* 1wf | is uniquely determined by w; Tw; %34 For each

i, — K

K;
zy>0 we define o j = w,;_{ w,

j—1""- We immediately see that o ; = a; and hence
4= 1forallz,j > 0. As

dij Kjjdij min; —Min; __ oMj n—my;
Q; 7 = Wi g Wg— =Wy Wi =678,

forall 7,5 > 0, a; ; is one of the possible d;_ ;-th roots for ﬁ;n" B;m"'. If v is a valuation on
D1 (R) with residue field R, «; ; must be real for all ¢, j > 0. For every ¢, j > 0 with even
d; j, this means that ﬁim B J_ ™ > (0 must hold. In the next lemma, we present a necessary
condition on the sequence (5;);>1 so that ;. 7 € R can be chosen for all 4, j. We also prove
that if n; is odd, «;_ ; is uniquely determined for all j > 0.

Lemma 3.3. Let v be a valuation on D1 (R) as in Lemma 3.2. Then the following holds:
(1) If n; is odd, there is a unique possible choice for o; ; € R forall j > 0.

(2) Only if sgn(p;) is constant on the set of all i > 0 for which n; is even can we choose
;5 € Rforalli,j > 0.

Proof. Suppose n; is odd. Then for any j > 0, let d; _;j be the highest odd number dividing

d; ;. Since n; is odd, ¢; := dldzf_” € Z. If nj is odd as well, l5 := d’ LM < 7 holds too.

If n; is even, m; is odd, so d; ; = d; ; as d; ; divides m;n;. In both cases, £y € Z holds.
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d: imims
Then for £ := {ym; = loym; = =L we can evaluate
1,7
dij _ Kijdiy —Kjadiy _ g o tin, —fany 7 ng Ny (o, 9 V€
Q7 =W 7 TWi g =TT W Wy = (2w )b (2 “%'71) 2
_ plp—L2
— BB,

and since Jl jisodd, a; ; € Ris uniquely determined. The first point of the lemma is thus
proven.

To prove the second point of the lemma, suppose 4, j > 0 are such that n; and n; are
both even. As a consequence, both m; and m; are odd while d; ; is even. So, provided
a;; € R, we compute

dij m; o—m;\ __
L =sgn(a; ") =sgn(B; 7 B; ™) = sgn(BiB;),
which proves the second part of the lemma. O

For even d; ; we have seemingly two choices for o;; ; € R — a positive and a nega-
tive one. We will show that in most cases, we cannot choose sgn(a; ;) for all 4,5 > 0
independently of each other.

Before that, we observe that for any 4, j > 0, at most one of K; ; and K ; is even. In
fact, if at most one of n; and n; is odd, K; ; is odd if and only if n; is divisible by the
greatest power of two that divides n;. For each i > 1, let 2" be the biggest power of two
that divides n;. Define also mg = 1 and ng = —1.

Proposition 3.4. Let v be a valuation on D1 (R) associated to a sequence (w;);>_1 with
v(w-1) = v(z) = =1, v(wi—1) = =L with ged(m;,n;) = 1 and x™iw | = B; € R

for each i > 1. Suppose sgn(f;) is constant on the set of all i > 0 for which n; is
even. Suppose o ; € R is determined for all i,j > 0. Then TIi_,wr | € R is uniquely
determined for each set of integers ko, k1, ..., k. € Zwithy ._.k; i = 0ifand only if

foreach a,b,c > 0, ag ptg,con,c > 0 whenever h, = hy < h. holds.

Proof. To prove the necessity of the condition, suppose a,b,c > 0 are such that h, =
hy < hc holds. Suppose K, ; and K . are both odd. Choose kg, ky, k. € Z \ {0} such
that k, 72 + kb% + ko< = 0 and that k, and k;, are odd while k. is even. Then on one
hand,

kw  ky Ko . ke Ky ke @
sgn (W, jwy? 1 Wes 1) = sgn(Wa® 1wy 1 We )

— Kabv—
ka | k ke P —kaKba kaKpa
= sgn(w, W wety wyly o Wt )
ko 0p Lo
= Sgn(aa,bwbilwc—l)
with
by = kKo p + kaKpq,
le=kcKqp.
As v(wit jwhe)) = 0, (by,l.) = UKy, —K,.p) for some ¢ € Z with —(K,, =
le = k.K,p. So we can conclude

ke, Ky ke ka
Sgn(wa—lwbilwc—l) = Sgn(aa,ball;,c)'
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On the other hand, we see by analogous computations that

_ -k
Fa R0 Fe ) R T
SgN (W, Wy 1 Wes 1) = SE0(We" Wy 1 We e
- @K —
_ ka ky ke ¢ —kaKea, kaKea
- Sgn(wa—lwalwc—l wc—l wc—l )

14 . o X
= sgn(agrwy, ' we ) = sgn(agsas, o)

for some ¢;, 0., ¢’ € Z with

é;; = kaa,c = éle,Ca
U =kKge+t kaKeq

We have chosen k,, k; odd and k. even. In this case, the greatest power of two that divides
k. is 2he—hat1 On the other hand, the greatest power of two that divides K. , and K is
2he—ha We can thus conclude from lKep = —keKqpand 'Ky, . = ky K, . that £ is even
while ¢ is odd since K, 3, K, . and K}, . are all odd. So we see that

. ko kb ke N _ _

SgN (W, 1wy 1 wWet 1) = sgn(Qap) = SEN(g,c.c),
which proves the necessity of the condition.

Now suppose sgn(ag ptq,c0pc) = 1 for all a,b,¢c > 0 with hy = hy < he. Let

K = (ko,...,k;) € Z""! be such that Z: okt = 0. Letsupp K := {i | k; # 0}

and n := |supp K|. We prove that IT" sz 1 € R is uniquely determined by induction on
n > 2. We first suppose 0 ¢ supp K. We will deal with the case 0 € supp K at the end of
our proof.

If n = 2, then IIj_ 0% 1= wlk 1w 7, for some 4, j > 0, and its value in the residue

field is a power of a; ;.
Now suppose n > 2. Take two distinct a,b € supp K. As at least one of K, ; and
Ky, q 1s 0odd, so suppose K, ; is odd. Then

K, K.,
IT;_ Wk - =1I7_ wh bw wp =1I7_ w ologka
=1"i— 1 =1"i—1 b— 1 b—1 =1""i— l a,b

with Ea 1 =0, éb 1=k Ka b+ kaba and éi,l = kiKa,b for ¢ 7é a,b. Since ‘{Z | 61,1 7é
0} is strictly smaller than n, IT7_ wa 1 € R is uniquely determined by the induction
71(&’ J—
hypothesis. So we have determined II;_ wa 1 € R. As K3 is odd, IT}_ OwL 1 €ERis
determined as well.
We now need to show that in this way, IT7_,w¥? | is uniquely determined, that is, if we

choose another a’, b’ € supp K instead of a, b, we get the same value for IT7_,w!* | € R,
We will show this by choosing ¢ € supp K \ {a, b} and proving that the evaluated value of
I _ 1wfi , 1s the same whether we factor a power of «, 3 as above, or . Or oy, . instead.
By transitivity of the equality relation, this will imply that the obtained value of IT}_ 1% 1

is independent of the choice of a,b € supp K. Suppose without loss of generality that
hq < hy < heand that K, 3, K, . and K3, . are odd. Above, we have evaluated

——Kar
T % T
Im;_ w;? =1I; 1% laa Y
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with 051 = 0,01 = ko Kop + ko Kpq and ;1 = k; K, for i # a,b. We proceed by
evaluating, in the same way as before,

Li Ko.e Di,1 Lb1
T T, T 7,
I w;ty =1II; —1W; 1% ¢

withp, 1 =pp1 =0, pe1 = le1Kp e + 1Koy and p; 1 = 41Ky o fori # a, b, c. So

———Kau Kb S—
kg o vTe Pi1, kaKp e Ll
T — ™ ) ’ ’
Im_ w,™ =10 w0, oy (3.2)

with £; 1 and p; ; for all 0 < ¢ < r as above. In particular, we see that for i # a,b,c,
pi1 = i1 Ky = ki Ko pKp o Similarly, we can compute

K. K _ -
kq aetroe ko \K P2 kaKp,c [b 2
s i T b, J— s
7wty = (IIZ 104 ) e =TI wi ] cale Q¢ (3.3

with

1. b2 =0,lco=koKqc+kcKeqlin =kiKq,fori#a,c, and

2. pa2=0b2=0,pc0="Ly2Kcp+ oKy, Di2=kilKoc Ky, fori#a,b,c
Let N := K, , K4 Ky . On one hand, we see from 3.2 that

N Ko e
5 N o iiKee oKy oKae ly1Kae
I qwity =1 wy Qg p Qp ) (3.4)

and on the other hand, we see from 3.3 that

Kap ofaKocKap lo2Kap

N _
r ki 1 Di,2
w2y =1 w ™y oale (3.5)

b,c

We need to show that in both equations, we get the same value. We first see that for all
i # ¢, pinKa,e =pi2Kap. So, given that

szl szZ

we can see p..1 K4, = pe,2Kq,p holds as well, and thus we conclude

- K — Kuu
r Pi,1 *° _ r Di2 @
Iy w; 2y =1L w;
It then follows that
kaKa,cKpe ly1Kae ka,Kb.cKa.bO/b,zKa,b
a,b b,c - =a,c b,c ’

. . . Nke—pe1Ka,c .
since both sides of the equation are equal to w(]lv kl wév kfw Pet and the signs of

Qg b, Qg and oy, . were chosen so that the signs of both 51des of the equality match. We
— N
conclude that the value of IT]_ w’ﬁl is the same in both 3.4 and 3.5. As NV is odd (since

Ko, Kq,c and Ky, . are all odd), we conclude that H’_lwk 1 1s the same whether we factor

a power of oy, ; or o .. If we factored a power of oy, ., we would, as similar computations

as above would show, get the same value for TT7_ w’ .
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We have now shown that if the condition of the proposition is fulfilled, TI7_,w!* | is
uniquely determined for all k1,...,k,. € Zwith >\, k; 7:, =0.

Now we consider the case 0 € supp K. Let K = (ko,...,k.) € Z"*! be such that
ko # 0and >7_o k%t = 0. Let N := ged{n; | i € supp K'}. If N is odd, i.e., if n; is

odd for every ¢ € supp K, then II. OwL 1 is uniquely determined. This is because

—N -
M_gw®, = (M_x kot y_gwf® )N = Moy (amiwpd hies = T, B¢

where ¢; = ﬂ for each 7 < ¢ < r. We thus conclude II}_ wa"' 1 € Ris the uniquely
determined N the real root of IT}_; ﬁk ¢ Now suppose 7; is even for some j € supp K.
Then m; must be odd since gcd(m],n]) = 1. Let k} := k; — kon; and k; := k; for all
i € supp K \ {0,7}. Then >-7_, k;%* = 0 and

r M —ms g ko (T ki \m, ko (117 ki \m,
IT; sz = @) (I w )™ = B (11 1% )"

k

K! ) . .
We evaluate (II]_,w,” ;)™ as above k‘o = 0 and conclude that IT}_,w,”; € R is the

unique m j-th real root of ﬁko (I1;_ 1w1 1)mf.
This concludes the proof of our proposition. O

In Lemma 3.6, we suppose that v is a valuation on D, (R) extended from (w;);>—_1 to
D1 (R) and compute the value of certain elements of D1 (R) in this case.

Lemma 3.5. Let D be a division ring endowed with a valuation v with an abelian value
group and a commutative residue field with characteristic zero. Let a,b € D be such that
a ~ b, v(a) = v(b) = 0 and v(ab) < v[a,b]. Then v(a™ — b") = v(a — b) for all
n € Z\ {0}. If there exist c,d € D such that c* = a,d" = b, ¢ = d for some n € N, then
v(c™ —d™) =v(a—0) forallm € Z.

Proof. Forn € N, write a™ — b" = (a — b) Y1, ' a"~1=ipi 4 terms with higher v-value.
Since a”~1~%b? is the same for all 0 < ¢ < n — 1, the v-value of the sum is equal to
zero, proving the statement for positive integers n. For negative n € Z, the statement

follows from a™ — b™ = —a™(a™™ — b~ ")b™. The last statement of the lemma follows
froma — b~ (¢ —d) Y1 O
Lemma 3.6. Suppose v is a valuation on A1(R) and suppose i1,is,...,i, € N and

ko € Z, kij,kiy,-.., ki, € Z \ {0} are such that v(x’“owffl_l---wf:il) =0 I

min; <j<,{v(ws,)} is achieved at exactly one j, then

ko kil kir k k?7,1 kir _ . . .
v(xw; Ly w Ty —akow Tty wp ) = minfu(wi;) [ 1< <}
Proof. Letn be the least common multiple of n;,, ..., n;, and ¢;; = = for each i;. Since
)
(ko ki L ki =117 kJT( kiy R )
LW, —q Wy q)7 = 4T Wip—1 Wy 1

n; ki.c;.

— r m; . i Ykisci, _ 17 3T
=M, (2™ w; 7y)" ™ =115 15% )
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by Proposition 2.2, we can compute

iy kijci;

ki,«
(xkow“,l"'wiﬁl) — lﬁzj

2 ms, , i1 \ki,ci mi. o, i1 ki L ci._
~ (gj llwilfl) 1 "1.-.(3: i—1(. 1) j—17"j—1.

1j—1—
PN ki.ci, ki.c;. ki.cqi.

((xmzjwiji ) i;Cij 761']-] J)ﬁijil J ”,6“1 i

For each j such that k'z-]. >0,
ki.ci.—1
. N k. cs ki.c;. I " nij \k; Sci )
(‘(I;mljwi]‘il) i Cij _Bij] J ~ wi, Z (il' /ljwijil) i) ZJ
i=0

which gives us v((z™% wz_il)klﬂ' i — @j’c 7) = v(w,). Incase k;; < 0, we see that

, g ki ci.

(-qujw,:,’il)h Cij _Bij@](‘J _
) i e Skici; ) PN —k . cs —ki,ci;
_ (xmw'wz_il)kljclj ﬂijfc I ((xmijwz_il) kijei; B;, 395,

which again implies v((z"™% wZil)kU G — Bij’cj) = wv(w;,). We conclude, using
Lemma 3.5,

v(zFow 't - -wfjll —ahow; - -wfr‘il)

k kiT % ki
=v((z 0%11—1 cwp )" (f”kow Liewmy)")
= min{v(w;;) |1 <j <7} O
. . ks .
With the help of Lemma 3.6, we will evaluate v(xk"wi PR 'wf:T_1 —

ks ks ks ks . .
xhow:™ o wm ) when v(zFow; ™ | - -w; ") = 01in general. As in Lemma 3.6, we
i1—1 ip—1 i1—1 —1

assume ko € Z, k;; € Z\ {0} for all 1 S j < r. This will be helpful when we will
later construct a valuation v associated to a sequence (w;);>—_1. Let us assume for now that
11 < ig < --- < 1,; at the end of the calculation we will see that the order of ¢; does not
affect the v-value.

To start, we introduce some abbreviations to make the written equations easier to read.
Letn and ¢, for all j be as in the proof of Lemma 3.6,

_ ko, kiy ki,

Ag:=u Wi tyw
BO = AO
(n) nko 7'1 nk’tr

Ay T w“_l cw;
( ). No) kij i

A 1617
Since By is in R, we can write
n—1 n—1

Ao — By = (A3 — B)(O_ Ay BT~ (AT - BEY(O A3 BT (3.6)
=0 =0
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Since v(31 -, AT TIBE) = w(A§Ti1BE) = 0 for all 4, which holds due to A7 "' B}

= By~ for all i,v(Ag — Bo) = v(Aé " _ Bé")). To evaluate the right-hand side of (3.6),
we first proceed as we have done in the proof of Lemma 3.6, so

T
(n) (n) J=1/ m;,, Mg \ki,c; mg, i kg 3 Cij kijcij
Ay =By~ E A e ) e (€ dw; 1y)tat = B )
ki i Cij
Hl ]+15u
If k;. > 0, we proceed b
J
kijei;—1
m. i ke kijei mi; G kijei;—p—1
(z ]Wij—1) K J_ﬁij ~ Wi, E (z sz‘j—l) zJ
p=0
For ¢; > O,kij < 0, we can on the other hand write
mg. Tij ke kijei; mq; Vg \kije Cij
(z ”%'j—l) it =B ~ —w;, (x YW, )" ”ﬁ
_k’j%_l
2 : m; . T ki.ci.—p—1
(.17 7 7,171) 1
p=0
We now define, if k; > 0,
ki.ci.—1
3 e A ) ki
R j—1 i Mig \Nki,ci, | (oM, VY i;Ci; —P— ip u
Cj = E: ooy (2™ew; 2y ) ete - (2w, 7)™ % 52‘ 1B,
p=0
and, if k; <0,
—k; =y
X ki.c; .
o m. Vi Nkioci ol § mg, Mg \ki,ci, .
CJ — —(x Jwij_l) J '761',- H ( ewzj—l) igCip
my. Tij \—ki.ci.—p—1p ki, ci,
(z Jwijq) 7 51‘_7»' —it1bs,

for each 1 < j < r. Further, we define

ALj = wijC’j
T T
A~ B > wi G =Y Ay
j=1 j=1

for each 1 < j < r. Thus we can conclude that v(A; ;) = v(w;,), since the image of

c; ka Ci;
Cj in the residue field is equal k; ¢;; - szlﬁi;l ¢ #0ifki; > 0and —f;
nglﬂf;ec” # 0if k;; <0, making v(Cj) = 0. We can now write

AP~ B = ZAMA- > At XY Ay

v(A1,;) is minimal v(A1,;) is not minimal

Cz‘j|'
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Here we note that the second of both finite sums on the right-hand side of this equation
includes A, which denotes the sum of all terms obtained by changing the order of factors
of the form w;, (which was not explicitly written above). The fact that the v-value of these
terms is higher than the v-value of the terms of the first sum (the ones with minimal v-value)
follows from Lemma 3.2.

If min;<j<,{v(w;,)} is achieved at more than one j, we take the sum of all w;,C;
that have the minimal v-value, i.e., > A, ;, then factor w;,, so the sum now
looks like

—_ . -1 . =1 .
E Arj = wiy E wy, A = wiy E : w;, wi, Cj

v(Aj1,;) is minimal v(Ajq,;) is minimal v(Aj1,;) is minimal

v( Ay, ;) is minimal

and, since v(wi_1 1wij Cj) = 0, for each j, we can evaluate the sum of their images in the
residue field. If this sum is not equal to zero, then v(Ay — By) = minj<;j<,{v(41;)}.
Otherwise write

_1 — . _1 . ¢ — _1 . .
Wiy g w;, wi; Cj = g w“(wil wi; Cj — wy, w”CJ).
J J

For every j, we write w;, 1w1-_7. C; — Wy, 1wij C; as an R-linear sum of terms of the form
ngZ‘_l (in the same way we did with Ay — By). We sum all of the newly obtained terms,
as well as the terms in ZU(AL]_) Ay j, and relabel them as A, ; where j goes
from 1 to the number of all terms.

As Ay — By can be written in the form

Ap— By = ( Z A i+ Z Ay ;)D,

v(Az,;) is minimal v(Az,;) is not minimal

is not minimal

where we use D as the label of the product of all terms of the form (>, A*~*B%)~! where

7

_ k! r LJ . . 12 12
A = ahlll_jw, 7, for some iy, ... i, € N, ko, ki,

...k} € Zand B = A, that we

factor out when we evaluate w;_ 'w;, C; — w;, 'w;, C; for each j. All terms (3, A¥="B%)~1
have v-value equal to zero and their image in the residue field, which is of the form
(mB™ 1)~ € R for some m € N, is easy to determine.

We repeat the described procedure, writing Ag — Bo = (3_; Ak,;)D for increasing k.
We stop when for some &, 3, Ay.;) is minimal Ak.j 18 either composed of one single term
or, after factoring out one of the terms, the image of the sum in the residue field is not zero.
In this case, we conclude that v(Ay — By) is equal to v(Ay ;) for any term of the sum
Zj,v(Ak,j) is minimal Akvj‘

We must show that the process ends at some point even if the number of terms whose v-
value we evaluate at each step is growing. We see that whenever we write 2*° szlwff_l —
xko szlwfgﬂl as a sum of terms with strictly positive v-value, the value of each of these
terms is v(w;,) for some ¢ = 1,...,r. It follows that v(Ag — Ap) is a sum of v(wy) for
some ¢ > 1.

If v(wy) is irrational for some N > 0, the process either stops beforehand or, after
k> N — i, steps we get a unique term Ay, ; that has v-value equal to v(w;, w;, +1 - - WN ).
This is the term we get when we take the last term of A" — B{™, written as a sum of
terms A ; with higher v-value and in each of the following steps whenever the v-value of
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this term is minimal, take the last term when Ay, ; is written as a sum of terms with higher
v-value.

If on the other hand, v(wy) € @ for an infinite sequence (wy)r>—1, then
limg_ o v(wg) = 0 since by Lemma 3.2, Z§>—1 v(wg) < 0forall k > —1 and v(w;) > 0
for ¢ > 1. Then for some N > 1, v(wy) < v(w;) for all 1 < ¢ < N. The evaluation of
v(Ap — By) again either stops beforehand or we get a unique term Ay, ; that has v-value
equal to v(w;, w;, +1 - - -wn ). As in the first case, this term is the one we get when we take
the last term of A(()n) - B((J”), written as a sum of terms A; ; with higher v-value and in
each of the following steps whenever the v-value of this term is minimal, take the last term
when Ay, ; is written as a sum of terms with higher v-value.

In both cases, the value of this term, v(w; w;, +1 - wy) is strictly smaller than the
value of all additional terms we get when we change the order of the factors in a product.
It follows that given the v-values of (w;);>—_1, v(Ag — By) is the same as it would be if
all elements of the sequence (w;);>—1 commuted. This follows from the fact that when we
change the order of factors w; and w; in some Ay, ;,, the term we obtain has v-value greater
by vjw;, w;] — v(wiw;) = —v(zywr - w;) for =1 < i < j < N while v(Agy15,) —
v(Ay,j,) is for any ji1, j2 equal to v(w;,+1) for some ¢, such that Ay ;, contains a power
of w;,. Since, as we have shown in the proof of Lemma 3.2, Zi]iq v(w;) < 0, it follows
that the terms we obtain by changing the order of the factors have v-value greater than
v(Ap — Bp). And since v(mkowffl_l . wf:r_l - xkowfl”_l - ~wf:11) is higher than the
v-value of any terms we get when we change the order of factors, the order of w;,, ..., w;,
does not matter.

3.2 Extending v from the sequence (w;);>_1 to A; (R)

We can now prove that every v associated to either a finite or an infinite sequence (w;);>—_1
can be extended to a valuation on Dy (R).

Lemma 3.7. For every r > 0, there exists a finite number M of elements of the form
ki,—1, kio, ki k77‘1

a; = w_{ wywy e w, for some ki 1,...,kir_1 € Z such that v(a;) = 0 for
all 1 <i < M and every w_f - -wa_ 1 € D1(R) with v-value zero is ~-equivalent to a
product of positive integer powers of a1, . .., apr.

Proof. Since v(w_1) = —1 and v(w;) = m’“ € Qforj > 0, the problem translates to
finding general classes of solutions to the dlophantlne equation zgag + - - - xpar, = 0 with
ag = —H?Zlni and a; = 7 Hleni forall0 <i < k. O

Theorem 3.8. Let v and (w;);>_1 be as described in the beginning of the section, i.e.,

w1 =T, wg = Y, v (w_l) = —1, U(wi) — "Tz:—rll e qQ Mt w; Mit1 _ Bz—i—l e R

Wiy1 = MW" — By fori,0 < i < N — 1 and v(wy) & Q for some N > 0 or

v(w;) € Qfor infinitely many i, that Z?:—l v(w;) < Oforall k > —1. Suposse that sgn 3;
is constant on the set of all i for which n; is even. Then v can be extended to a valuation
on D1 (R) with residue field R. The valuation is unique for every choice of {c; ;}i j>0

_ K Ky _ myng _ mm;
where o j = w;_ 1wJ LK = o K= =g with d; j = ged{m;n;, m;n;}.

The associated value group is group-isomorphic to a subgroup of Q x Z generated by

{o(wi)}biz-1.
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Proof. The following construction of the valuation v associated to the sequence (w;)i>_1
was first sketched in [22]. Here we present it in full detail.

Before we begin with the construction of the v-value for an arbitrary element of D; (R),
we define it for some specific elements of Dy (R).

1. Since we have defined v(w;) forall —1 <4 < N, (Y. wk) = Ef\iq kiv(w;)
must hold forall k_1,...,ky € Z.

2. Since we supposed Zf:_l v(w;) < 0 forall & > —1, it follows from Lemma 3.2
that

v[wi, wj] = —v(Ww_1wo -+ Wi—1Wig1 - Wi—1),
which must be strictly greater than v(w;w;) for all § < j.

3. We also see that if v(w", - --w"” ) = 0 for some ko, . . . , k, € Z, then w* - wFr |
is uniquely determined by {c; ; }; j>o as in shown in Proposition 3.4. In this case,
v(wf“l e wff:l —w’iol e wfjl) must be equal to the value determined in Lemma 3.6
and the discussion following it.

In all three cases, the chosen values were the only possible extensions of v from (w;);>_1
if we want v to be a valuation.

To determine v(F') for any ' € A;(R), we first note that F' can be written as a finite
sum

F = Zagx”y-”, ag € R.
‘

Let Fy be the sum of all terms ayxy’¢ such that ipv(x) + jev(y) is equal to u =
ming{ipv(z) + jev(y)}-

If F; consists of only one such term, then we define v(F') = u; this is obviously always
the case whenever v(y) ¢ Q. Otherwise, we factor out z°1y7* with the smallest power of
and get

Fy ~ xhyjl Z Ozg.%‘ie_ilyje_jl.
£, igv(x)+jev(y)=u
Since
(ie —i1)v(x) + (Je — J1)v(y) =0,

for each £ in the sum, ﬁ = K/;Z—ll for some K, € 7Z. We can write

Fi~ oty flamy™)

where f(t) is a polynomial in R[¢]. Since we know v(w;) > 0 and v(a) = 0 fora € R*, v
is uniquely determined on Rw;]. From this, it follows that v(f(2™!y™*)) = 0 if and only
if f(1) # 0since 2™ y™ = wy + F.

In this case, v(F7) = w and since all terms in F' — F; have v-value strictly greater than
u, v(F) = w must hold. Since v(u) is a sum of integer powers of v(z) and v(y), v(F) is in
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the abelian group, generated by {v(w;)};>_1.Ifu =0, F = ¥ f(8;) € R. If on the other
hand f(B3;) = 0, write f(t) = g1 (t)(t — B1)* with g1(31) # 0 and we have
F~ i yjl g1 (:Eml y™ )wlfl .

We set v(Fy) = u + kjv(wr) and add all terms we get from exchanging the order of
factors, whose v-value can be lower than the newly set v(F} ), although still strictly higher
than u due to v[z,y] > v(xy), to F — Fy. It is immediate that v(F}) is in the subgroup
of I, generated by v(z),v(y) and v(w;) and that if v(Fy) = 0, F; € R. It is important
to note that in both cases, we consider F; as a single term. It follows that during our
transformation, the number of terms (if we ignore the ones we got when we changed the
order of factors in a product) is strictly smaller than before (unless, of course, F; was just
a single term in the beginning and we get v(F') = v(F})).

We now consider the values of the terms in F' — F}. If all of them have v-value strictly
greater than that of Fj, we conclude v(F') = v(F}). Otherwise, we take all terms of

0, igv(x)+iev(y)>u

for which igv(x) + jov(y) = v := ming{ipv(z) + jrv(y)} and then as before define

F, = T2 ng E Oég/l‘i@/ *izyjzf —J2
v igo(@)+ipo(y)=v

As above, we write Iy ~ 2272 g (™1™ ) (2 — B1)*2, ko > 0, go(B1) # 0 and add all
the terms we get when we change the order of factors to /' — Fy — F5. Their v-value is
strictly greater than u’ due to v[z, y] > v(xy).

We continue this process, defining F}, Fs, ..., Fj, until all terms in £' — F; — -+ — F},
have v-value strictly greater than min{F1, ..., F} }. Note that it is possible that F}, consists
of only one term from F' — F} — --- — Fj_;.

Afterwards, we sum together all those F; for 1 < i < k for which v(F;) = u; :=
min{v(F}),...,v(Fk)}. If the minimum is achieved at exactly one such F;, we set v(F') =
v(F;). This is always the case whenever v(w;) ¢ Q. Otherwise we can relabel the terms so
the minimum is achieved at I, . .., F}. for some r < k. As we have shown, each F;; can be
written as F; = x'iydig;(z1y™ )wl’. We sum the terms together, factor out 1371w,
the term that has, written as a polynomial in x and y, the lowest power of x, and label the
new sum Fi ;.

To evaluate v(F} 1), we follow a procedure similar to the one evaluating v(F}). After

factoring 271 y71 W', we are left with

A ’ i Ao ko—k
Fl,l ~ lethll(gl(l{m]yn1) +g2($m1yn1)x12 zlng jlwlz 1 N

+ g, (.’Eml y™ )xi'r—il yj'r'_jlwiﬁ‘_kl )

R
~ a:“yjlwlfl ZaJx“yj"wf", withay € R,iy, 55, k; € Z,R > 1.
J=1

Each term in the sum has v-value zero. Let aq,as,--- ,ay be the terms such that each
product of the form x'yw}, i, j,k € 7Z that fulfills the condition v(z'y/w}f) = 0 is a
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product of positive integer powers of some of a; up to the order of factors x, y and w;. The
existence of ay, ..., ay is assured by Lemma 3.7. We can then write

R
Fiq~ :L‘ilyjlwlfl Z,y]a;nl“]a;ﬂz,,] . aznlf,J
J=1
Nx“yjlwllg(ala'” 7a2)7g€R[t17"' 7t4] (37)

withy; € R,my ;€ Zforalll < I </fand1 < J < R. As before, we add all terms
we get when we change the order of multiplication of x, y or w; in a product to ' — F ;
since the value of its terms is strictly greater than u;. Since, as we have determined in the
beginning, each term in the sum (3.7) has v-value equal to zero and we know what @; € R
isforeach1 <1i < ¢, v(g(ay,...,ar)) will have to be greater than or equal to zero, we can
define g(aq,...,a¢) = g(ag,...,a).

If g(at,...,az) # 0, then we set v(g(as,...,ar)) = 0 and v(F) = v(Fi1) =
i1v(x) + j1v(y) + k1v(wy). Otherwise write

L
g<t17~ .. >t€) = h(tl —a1,...,1p _aié) = Znﬁzl(t]‘ —CTj)mi’jhi(tl, - ,tg)
=1

with b, hy, ..., hy € Rlt1,...,t,] and h;(@7,...,a7) # 0 for all i. We factor out the
I1;(t; —@;)™ for those i for which _; v(a; —@;)™" is minimal. Then

g(tl, Ce 7t[) = Hj(tj —Tj)mi'jg(tl, Ce 7tk)7 Wlthg € R[tl, Ce ,td.

If g(a1, ..., ax) # 0, we set

v(Fy1) = v(zyit) + Zmi’jv(aj —aj).
J

If on the other hand, §(at,...,ax) = 0, we do the same thing as we did with g. The
process cannot go on indefinitely since g is a polynomial and hence of finite degree. All
terms we get when we exchange the order of x,y and w; are added to ' — F ;. Their
v-value must be strictly greater than ;. It follows from the construction that v(F 171) must
be in the group generated by {v(w;)};>—1 since this holds for v(a; — @;) for all ¢ and that
if’U(Fl,l) =0, ﬁ’l e R.

Since v(a; — @;) is, as we have shown in Lemma 3.6 and the discussion following it, a

sum of v(w;) and thus v(Il;w; " (a; — @;)) = 0, we can write I} 1 as one term of the form

Hg":_lwfig(al, as,...,ay) withn € Nand g € R[ty, ..., and g(a7,az,...,as) # 0.

After v(F1 1) is set, we compare it to both v(F;) for all F; that are not part of F ;
and the terms of F' — Fy — --- — F}, — Fy 1. If all of these terms have v-value strictly
greater than v(F} 1), then we can set v(F') = v(F} 1). Otherwise, we collect all terms with
minimal v-value in a sum which we label F} 5. We determine v(F} 2) in the same way we
determined F ; and then sum all of the remaining terms that have v-value less or equal to
min{v(Fy 1),v(F1,2)} to a sum labeled F; 3.

We repeat the process until for some k, min{v(Fi 1), -+ ,v(Fi )} is strictly smaller
than the v-value of any of the remaining terms.
If min{v(F11), - ,v(F1)} is achieved at exactly one i, we set v(F) = v(Fy ;).

Otherwise we sum all the terms with the minimal v-value and label the sum F5 ;. We
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evaluate v(F> 1) in the same way we evaluated v(F} 1). We repeat the process, defining
F; ; and determining its v-value in the same way as above. We point out that after v(F; ;)
is defined, we regard F; ; as one single term in future evaluations.

Now we must show that at one point, the process ends, i.e., that for some 1, j, v(FL j) is
strictly smaller than the v-value of all other terms. This holds because each time we define
F; ; for some ¢, j, we sum a number of different terms into one single term and because
whenever we change the order of factors in a term, the degree of = and y in the difference
is strictly smaller. This means that we eventually run out of terms. We have thus defined v
for an arbitrary polynomial F' € A;(R). What we essentially did was that we wrote

F=F+F

where F' is written as a single term, v(ﬁ) is computed as if x and y commuted and the
v-value of each term of F7 is strictly greater than v(F'). For another G € A;(R), we can
write

FG =FG+ (FG),

and since we evaluate v(F) and v(G) as if 2 and y commuted, v(FG) = v(F) + v(G).
We use the same reasoning to show v(F + G) > min{v(F'), v(G)}.

It follows from the construction that for each ¢, j, v(F; ;) is a linear combination of
{v(wi)}i>—1 and that in case v(F; ;) = 0, F; ; € R. O

Theorem 3.9. Let v be a valuation on A;(R) trivial on R with residue field R. Then v is
strongly abelian.

Proof. If v’s value group is Q, then the theorem follows from Corollary 2.4. Otherwise,
v(wy) € Q for some N by our construction. But as we have shown in Lemma 3.2,

vjwn,z] = —v(ywy - -wn-1). Ifv(wnz) = v[wn, ], it follows that v(wy) € Q, a
contradiction. Since the value group is generated by {v(w;)}i>_1, it follows from Propo-
sition 2.7 that v is strongly abelian. O

4 Valuations on R[y; 6]

In this section, we explain a construction of valuations on the ring R[y; 6] with

R::{Z ak;z;*% | ax € R,m € Z,n € N}

k>m

and §(p(z)) = p'(z). This construction, which was first introduced in [16], will, as we
will see in this section, give us all valuations on R][y;d] with residue field R. Then, we
will prove exactly which valuations on .4 (R) with residue field R extend to a valuation on
Rly; 0] with the same residue field, answering the question posed by Marshall and Zhang
in [16]. We will see the extensions of valuations on R]y; d] are strongly abelian.

Every valuation on R][y; 6] can be uniquely extended to its quotient ring, which we label
as D, because R[y; d] is an Ore domain. Since [y, z] = 1 as before, v(zy) < 0 must hold.
We set v(x) = —1, 2z := y and consider v(y). If v(y) & Q, then

0<i<n

o> pile)y’) = min {w(pi(@)) +iv(y)}
1=0
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for any > i pi(z)y® € R[y;d]. Otherwise v(y) = r1 € Q and hence v(y — y127 ™) >
v(y) for some v; € R. If v(z1) = ro € Q for z; := y — 127", we proceed to find
29 = 21 — Y2x "2 such that v(z9) is greater than 5. We repeat this process to construct a
sequence (2;)i>0.

If v(zx) ¢ Q for some k € N, then we can write every f € R[y; 0] as Y ., pi(2)z},
and deduce

o(f) = min {v(pi(z)) +iv(z)}.

0<i<n

The value group is then group-isomorphic to Qx Z. Since v[x, zx] = v[z,y] = 0 > v(zzy),
v is strongly abelian by Proposition 2.7. Otherwise, the sequence (z;);>0, v(2;) = i1 €
Q is infinite. We take note of the fact that v(z;4+1) > v(2;) and since [z;, z] = [y, 2] = 1
for all 4, v(z;) < 1 for all i. We define 7 := lim; o, r; < 1.

41 Caser <1

If » < 1, it has been shown in [16] that v can be extended to a valuation on R[y; ] with
residue field R. We first extend v from R to

R= {Z aqgz™ 1| ag € R, A C Qis well-ordered }
qgeA
in a natural way, i.e., by defining
v(z agr~?) =min A
qeA

foreach ) 4 aqz™9 € Rly; 8. Then for every f(t) € R[t], define v(f(y)) = v(f(2))

with z := Y23 a;x " and f(y) = > i, piy" for f(¢) = D1, pst'. This gives rise to a
valuation on R[y; §].
However if r = 1, we cannot define a valuation in this way. Let & € N be such that

2ry > 1+ 71, whichexists since r = 1, and ap, =y — 2 = Zle Yz~ Let
ft) = (t —ax)(t — az) = t? — 2tay, + a3 € RJt].

On one hand,
v

—~

f@) = v(f(2)) = 20(z — ar) = 2re41.

On the other,
21 = v((y—ar)(y—ar)) = v(y* —2yar+ai+[y, ax]) = min{2rp 1, 14ri} = 14,

contradicting the assumption that v is a valuation, as shown in [16].

Of course, even in case r < 1, there may also exist a k such that 2r; > 1 + r;. But the
important difference between the two cases is that if » < 1, there is always an £ € N such
that 1 + r, > 2ry, for all £ € N, which does not hold in case » = 1. Then, since

f: Rly; 0] = Rly; 6], f(y) = z, f(a) =afora € R

is a real algebra automorphism of R[y; ], we can translate the sequence by replacing y
with z,.

We see that since the associated value group is QQ, v is a strongly abelian valuation by
Corollary 2.4.
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42 Caser =1

The question whether in case 7 = 1, v can be extended from a sequence (z;);>o to a
valuation on R[y; d] was left open in [16]. In this subsection, we show that it can be done
using model theory (for reference, see for example [19]). We also show that the valuation
we get in this way is uniquely determined.

Suppose we have infinite sequences (z;);>0 € R[y;d], (r;)i>1 € Q and (y;);>1 C R
and v: (2;)i>0 = Q with 29 = y, 241 = 2z; — Yis12~ "+ and v(2;) = 141 € Q with
(r;)i>1 astrictly increasing sequence with » = lim;_,, ; = 1. Then for each n > 0, there
is a valuation v,, on R][y; 0] such that v,,(z;) = ;41 forall0 < i < n—1and v,(z,) € Q.

We now present the first-order theory that the valuation associated to the infinite se-
quence we wish to prove exists is a model of. The theory will be a union of the theory of
D, the quotient division ring of R[y; d] and the theory of valuations. We will see that each
finite subset of this theory has a model. By compactness, so does the whole theory.

The language of our theory will be

FU{+,—7"0,<) Ufes, |2 1)

where F' is the set of all constants ¢, for each a € D, +, - and < are binary function
symbols, — and ~! are unary function symbols, O is an unary relation symbol and c., is a
constant for all ¢ > 0. Let .4 be the theory of the quotient division ring of the ring R|[y; d].
By B we will denote the set of axioms for valuation rings O on division rings:

1. O(0) AO(1)

2. Va:O(a)VO(a™?)

3. Va,b: O(a) A O(b) — O(a + b) A O(ab) A O(ba)

We add all sentences C that will give proper meaning to the constants c,, forall ¢ > —1:
4. ¢y = ¢y

5. ¢y =Coy — Copppra i1

6. O(meﬂzi) A O(C(mf'ri+1zi)—1)

Our theory is then the union of all the above axioms from 4 to C. Since all finite
subsets of the theory have a model, namely, the valuation v,, described in the beginning of
this subsection, so does, by compactness, the whole theory. Since the theory contains F/,
the set of all constants ¢, for each a € D, the models are valued division rings which all
contain D. We pick a model of the theory, a pair (D1, v), where D; is a division ring with
valuation v.

We now show that the v-value is uniquely determined for every f € Rly;d]. It will
then follow that v is uniquely determined on the whole quotient ring D. Every f € R[y; ¢]
can be written as

f= Zpgo)(x)yi, with pl(»o) (x) € Rforeach0 < i <mn.
=0
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For the time being, we ignore the terms we get when we change the order of multipli-
cation. At the end of this subsection, we will see that they do not influence v( f). For each

k > 1, we define
k
ap =y -z =) yr "
i=1

and write
F=3 0@y = ZP§O) (x)(ay, + 21,)"
i=0 i
~ Zp 03 (D)eirtsd - pr
j=0 J
with

n

k i\ (o i—j
w3 ()i @i
i=5
foreach 0 < j < nand k > 1. Foreach 0 < j < n, g;(t) := Z" ( )pgo)( )t is a
polynomial in R[t]. The quotient field of

C;:{Z agr " | ar € C,m € Z,n € N}

k>m

is the algebraic closure of the quotient field of R, as shown in for example [14]. Since
Yoo iz~ " is not in the quotient field of C, it is not a root of g;(t) for any 0 < j < n.
We conclude that for some K € N, v(p (k)( ) = v(pEK)( )) for all £ > K and all

0 < j < n. We can then write

=3 @y = y () " ()
IAETES WAEEES >

with U(pgk)(x)) = v(pEK)(x)) forall k > K.

We now show that from some K’ > K, v(pék)) < v(pl(-k)z,i) forall 1 < ¢ < n and all
k> K'. Forall k > K,

Py ZP )k — ax)’ ZP ) (Vo1 TR

with v(p; (k )( ) =v(p (K)( ))- Since (7;);>1 is an increasing sequence with lim;_, o 7; =
1, there exists K’ > K such that

_min {o(p" (@) +ira} = min {o(pi™ (@) +irgoa)

is achieved at exactly one 0 < 7 < n. We conclude v(péK +1))

1<i<n,

(K))

= v(py ). Then for each

v(pF (@)2) = v (@) Firg = v (@) Firga > vE (@) ir > o).
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To show that v(f) is equal to v(péK)(x)) € Q, we must show that the v-value of all
the terms we get when we change the order of multiplication must be strictly greater than

v(péK) (z)). Forall k > 1, we write

k n ki
» (@ pr) me) D)) =30 > pt (@aia
j=1

i=0 j=1

with ¢; € Qforall 1 < j < k;and 1 < i < n. Since forall 0 < i < n, p{” (z) € R and

1
(r;)i>1 1s an increasing sequence with lim,_,, r; = 1, there exists some & > 1 such that

the term of the sum with v-value

i {o(p” (@) + (= Dry+ i}

ey

is the only term in the sum with its v-value. We conclude

v (@) = v (2)) < vP (2)) + (i — L)ry + 1 @.1)

for all 1 < ¢ < n. On the other hand, we can write

f= Zp(o) ' =30 (@) (ar + 2"
=0

For all 0 < i < n, all terms of (aj + zk)i when expaned are of the form af;l ziz . .ail ! f;
with ¢1,...,¢; > 0and ¢, + --- + ¢; = 4. Since v(ay) = r1, v(2k) = Tk41 and

k
%Zk—vZ% Ly - Z% T =0() e y]) = 14,
i=1

it follows that the v-value of each term we get when we change the order of multiplication
is at least v(pgo)( )+ (i — 1)r + 1 foreach 1 < ¢ < n, which is, as is immediate from
(4.1), strictly greater than v(péK) (x)). We thus conclude v(f) = v(p(()K)(a;)) € Q It
also follows that v(f) = vi(f) for all & > K’ with vy, as defined in the beginning of this
section. As every element of D, the quotient ring for R[y; d], can be written as fg—* with
fsg € R|y; 0], it follows that v is uniquely determined on D. We see that the value group
for v is equal to Q. We conclude from Corollary 2.4 that v is strongly abelian.

It remains to show that the residue field for v is equal to R. Suppose v(f) = 0 for some
f € D. Then vi(f) = 0 forall k > K for some K € N. We can write

(K i (K _
=0 p"z Zq] V23!
i=0
Wlthp( ), %) ¢ R and
U(ZPEK)Z% (K) ) =v( Zq(K)z%( ) =v( q(()K )=q€qQ.

Tt follows that (2 37, p\™) 2 ) = v(a >0 qj(K)zK) —Oanda := 29 3" pt) 2
a:qpéK) € R=R, 38 := a4 Z] OqJ(K)zK = xqqéK) € R = R. We conclude
= af~! € R. So the residue field for v is indeed equal to R.

| ||
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4.3 Extensions of valuations from A, (R) to R[x; d]

In this section, we characterize the valuations on A; (R) with residue field R that have an
extension to R[y; §] with the same residue field.

Since 2™ € Rly; ], it follows that any valuation v’ that extends v to a valuation on

Rly; 8] with residue field R must satisfy v’(xT: wi—1) = 0and 7; := 27 w;_1 € R. In
the next proposition, we show the necessary condition for a valuation v on A; (R) to have
an extension v’ to R[y; §] with the same residue field.

Proposition 4.1. Let v be a valuation on A; (R) with residue field R associated to a se-
quence (w;);>—1 with v(w;_1) = %ﬁ‘fori > land x™iw | = f; € R Let a;; € R
be as in Section 3. Let 2" be the greatest power of two dividing n; for all i > 0. Then
v can be extended to a valuation on R|y; 0] with the same residue field only if it fulfils the
following conditions:

(1) For each i such that n; is even, 3; > 0 must hold, and
(2) foreachi,j, £ with hy < hj < hy, a; jo ¢ > 0 must hold.

Proof. Since

T = (@7 wi )™ = awl ) = B
due to Proposition 2.2, it is obvious that +; must be equal to an n;-th root of 5;. If n; is
odd, ¥; € R is uniquely determined regardless of sgn(f;), while if n; is even, 7; € R only
if 8; > 0. It is thus obvious that 8; > 0 must hold for all 7 where n; is even if v can be
extended from a valuation on A; (R) to a valuation on R[y; §] with the same residue field.
This proves the necessity of the first condition.

To prove the necessity of the second condition, we first observe that
Ki; —Kji  ~Ki:~—K;;

o = wp w0 = gy
holds for all 4,5 > 0. If h; < h;, K; ; is odd while K ; is even, so sgn(vy;) = sgn(o ;)
must hold. We can therefore see that

~ Ki i+ Kie s,

—Kji5 —Kei
Qi 0G0 =i v

forall 4,5, > 0. If h; < h; < hy, both K; ; and K; ; are odd while K ; and K, ; are
even. It follows that if v can be extended to a valuation on R[y;d] with residue field R,
o ja ¢ > 0 must hold for all 4, j, £ > 0 with h; < h; < hy. O

In this section, we show that the conditions (1) and (2) of Proposition 4.1 are also
sufficient for v to have an extension to R[y; ] with residue field R. Let v be any valuation
on A; (R) satisfying the conditions described in Proposition 4.1. We will first determine
v; € Rfor all ¢ > 0. If n; is odd, there is a unique choice of §; € R. Suppose then n;
is even and 3; > 0 for some ¢ > 0. If h; < h; for some j, then sgn(7¥;) = sgn(a ;) =
sgn(; 5174, %5%) since K ; is even while K ; is odd.

We can conclude that if for every power of two 2" there is an i > 0 (or, equivalently,
if the v-value group is 2-divisible), 7; € R is uniquely determined for all # > 0. If on the
other hand, the value group is non-2-divisible, there is an ¢ > 0 such that 2hi is maximal
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for all ¢ > 0. We then have two choices for ; - a positive or a negative one. The sign of +;
is then uniquely determined for all j > 0 since

a; ;= §i i,
where K; ; is even and K; ; is odd. We will now take an arbitrary valuation v on A, (R)
satisfying the conditions of Proposition 4.1, constructed by a sequence of (w;);>_1 as
shown in Section 3. We also pick y; € R for all ¢. Then we will describe v’s extension to
Rly; 6] with a sequence of (z;);>0 like in the beginning of Section 4.

Suppose the valuation v on A;(R) is given by a sequence (w;);>—1 with w_; =
z,wo = y and w; = ™ w, — B;, Bi € R and ged(m;,n;) = 1 for all <. Suppose
also that v satisfies conditions (1) and (2) of Proposition 4.1. We will show that there is
exactly one extension of v from 4 (R) to R[y; d] for each appropriate choice of (7;);>1.

Lemma 4.2. For each k > { > 0, wy, can be written in the following form:

k m;
o TR B — 527 )55 B,
wk'—( i=01T L)wé( i=0+1 Z) Z( j=i+1l )71( J=t ])
=041
k m;
+ Z (I y 7™ ) A (I 1 By,
i=0+1
with
n;—1 s . s .
A= Z (2w e [ i Jw]
Jj=1
n;
’Vni _1
B’L — (x ni W, l)nL ]py]
j=1

foreach 1 <i <k.

Proof. We prove the lemma by induction on k& > ¢. For k = ¢, it is trivially true since we
get wy = wg.
Suppose now the equation holds for some k > ¢. Then

mEgg1

W1 = 2™ — By = (7 wg — Y1) Br1 + Akt
mp i 5 my & k b T R k
= x "+ (I 27 Jwe (g g1 Bi) — Z (52 )i, By)
=041
k -
+ > (e ) AT Bi)Bryt — k1Bt + Arit
=041
» 1 "
k1 T k1 k T o kel
= (Hiig_o.lx i )Wé(Hi:H.lBi) - Z (Hjii1+1x ’ )%‘(Hjii B;)
i=t+1
k+1

k ’:Li k
+ Z (Hji.l_Hx J )Ai(Hjii1+1Bi)a
i=0+1
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where we used the induction hypothesis, which is

k
Wk = (Hf:eJrle)wg(Hf:HlBi) - Z (Hf er19’j " )’YZ(Hk Bj)
i=0+1
+ Z ] =i+1% J)Ai(H§:i+1Bi)
=041
in the second equation. 0

’7’; and x%wz;l =9, v(B;) = 0 and B; = n;¥;

7~ must hold for

Since v(w;—1) =
all7 > 1. From

n;—1

[™, wi—1] E i e wig o m j),

we can see that v(A;) = v[xﬁ,wi,l} = v[z, w;—1] o= —v(zyws .. .w;—1). Since
Z?Z—l v(w;) < 0 for every k by Lemma 3.2,
k -
o 3 (Mymina ™ ) AT By)) > v(wy)
i=C+1

will hold for every k, which is why we can ignore the terms containing A; during our
evaluations of v(z;) where for each i, z; € R]y; 4] is as in the beginning of this section.

Lemma 4.3. Suppose v is a valuation on A;(R) constructed from a sequence (w;);>—_1
that extends to a valuation on Rly; 0| and thus D, its quotient division ring. For a given
i > 1, define a sequence (S; ;);>1 by:

@ Sip = (z™ wis1 — ;)" (Bi — By,
() S jp1 = (7 wiiy —Fi) "M (Sij — Sij) forj > 1.
Then for each j > 1:

Sviy) Nej, and
2 ’U(S’L»]) =0, ?,] = Nl’j+1f%n%_j—1
Joralll <j<n;—1

Proof. We prove the first statement of the lemma by induction on 5 > 1. To show the basis
of induction, we evaluate

g .
B —B; = (x7 w1 — 7)) ((@™ w1
k=1
(@7 wimg)™ F 2 4 TR
nifl

= (z™ wi_1 — i) Z fe(xm wi—g)™ R gk
k=1
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We can thus see S; 1 = Z:El k(xﬁwi,l)”i*k’lf?ik_ and since z ¢ Wi—1 = i, We
see that the lemma holds in case 7 = 1. Now we suppose that the statement is true for

. : i—J - i—j—ko k—1 <.
some j > 1,41.§:., Sii = Yopiy) Nij(zmiwj_q)™id k3, and v(S; ;) = 0, S;; =
Ni 417777 . We then write

n;—J
° J my

Sij—=Sig =Y Nij(@mwi1)

ik k—1 - ni—j—1
IR — Nyt

n;—j . n;—j
e n;— k~k 1 ng 1
= E N (™ w )™ E Ny 5™ 77~
k=1
& ot i—j—k i—j—1\c k—1
— wi_g) IR il g,

> Nl
k=1

n;—j—1
my

Ny (&7 wi )71k e grumd oy gkt

my

= (2™ wio1 — %)

‘ Eod
m Il m
—_

n;
my

= (2™ wi-1 — i) (Nk,j + Nit1,5+ 4 Nny—j—1,5)
1

b
Il

m;

(x7 wy_q)mi IRyt

n;—j—1
= ~ e i ko k—1
= (z™ wi—1 — %) Z Ni,ja1 (@™ wi_q)" 70,
k=1
proving the first statement of the lemma. The second statement immediately follows from

my

the first since x i w;_1 = -; and thus

n;—j

n;—j .
my

Z Ny j(x™iw;_q)i—i— kgl *Nl,]—kl’)/z -1 O
Lemma 4.4. Supose v is as in Lemma 4.3. For a given i > 1, define a sequence (D; ;) j>1
by:
(@) Di1 =B1By---B; — B1By--- B,
(b) Dj i1 =a*Pui)D; ; — m
Then for each j > 1:
1. D ; is a R-linear sum of terms which are products of elements from the set
{witi U{B:}i U{B; '} U {Sii}is, 4.2)

where parts of the product are conjugated by a rational power of x.
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2. v(D; ;) is a sum of v(wy) for finitely many wy.
3. x”(Dw‘)Di,j is sum of products of Vi for various k.

Proof. Since

BiBy---B; — B1Bs - - B_ZBl \(B; - B;)Bjs1 - B;

= ZBl e Bj_leB;15j71m7

and
mit1 1 -
T i1 Bl"'Bj—leBj Sj,lBi+1"'Bi

migq migq miyq

— (J? njt1 B1 e Bj_11'7 iyl )CC Vi1 w]B S] 1BL+1 . Bi7

for each 1 < j < k, the first two statements of the lemma follow from:

my

i ~ -1
1. xm Wi—1 —Yi = wiBi

my

2. Bi—Bi=(z7 wis1 —7)Si1 = wiB; ' Sia,

- ~ -1
3. S5y~ Sig = (@™ wimt — 841 = wiB S 11,

4. Brl _E_l = _Bi_l(Bi - E)E_l = _B _1w7, lsz lB 1a
where we ignore the terms we get when we change the order of multiplication. We can do
that that since these terms are procucts of A; as defined in Lemma 4.2 and terms with zero
v-value. As we have already mentioned, these terms will not influence the construction
of the extension of a valuation on .4; (R) to R[y; ¢]. Indeed - we can see by induction on
7 > 1 that each term of the sum is a product of factors equal to, modulo conjugation by a
rational power of x, one of the elements of the set (4.2); that is,

1. either equal to w;, or
2. equal to a power of B; or S ; for some 1, j.

Since the latter have v-value equal to zero and since both B; — B, and Sij — Tj are
products of w;, a power of B; ' and S; ; for some i, j, v(D; ;) is a sum of v(w;) for some
i. The last statement of the lemma follows from the fact that for all 4, j, B; and S;,; are of
the form N7; for N € N. O

If v is a valuation on R[y; d] with residue field R, then, as we have presented in Sec-
tion 4, v can be constructed from a sequence (z;);>0 C R[y; 6]. In the next proposition, we
make the first comparison between this construction and the construction of a valuation on
A; (R) from a sequence (w;);>—1 described in Section 3.
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Lemma 4.5. Suppose v is as in Lemma 4.3. Suppose that for some k, ¢ > 0, we can write
wp = gz )ze(TE, By) + C,
where C'is a R-linear sum of elements of the form D; ; for some i,j > 0. Then:
1. Ifv(wg) > v(Hlex%ZZ) € Q, then

Wi = (Hlexﬁ)zéJrl(Hf:lBi) + C1.

2. Ifv(wg) = v(Hlex%zz) € Q, then

Wk+1 = (Hi@f%ﬁ)«zHl(HfillBi) + Cs.

3. Ifv(wg) < v(Hlex%ZZ), then, if v(wy) € Q,

Wk+1 = (Hk+11xﬁ)zé(nfi113i) + Cs.

1=

Here, Cy, Cy and Cs5 are other R-linear sums of elements of the form D; ; as in Lemma 4.5
for some i,5 > 0.

Proof. Suppose first v(wy) > U(Hlem%z[) =v(C). Since v(C) = rpy 1 — Zk i ¢

=1 n;
Q, then rp41 := v(z¢) € Q as well. So, for zp41 = zp — x~"+17p41, We can write

wi = (T 270 ) 2041 (T By) + o (T i )~ (I, B;) + C
= (27 )21 (M, Bi) + 27D (o4 (T, By) + 29 0)

Since v(zg41) > v(2¢), we see that v(y,y 115 B; + 2°(€)C) > 0. It follows that v, =
—11%_,B; 'z-"(©)C, hence

Cl = 'ngHf:lBi + CL’i’U(C)C = ’Y£+1H§:131‘ + 1’7U(C)C - in(C)C + l’iv(c)c
= e (M, B — I By) + (2790 — 27(O)C)

We see that since C' is an R-linear sum of D; ; for various ¢, j, so is, by Lemma 4.4,
V() C — x=(O)C. Hence, C} is an R-linear sum of D; ;.

Now consider the case v(wg) = U(Hlex%zy) < v(C). Since v(wy) = ZL:—E € Q,

we can evaluate

Me4+1 m, MmE41
~ " k+1,_. 5+ ™
Ve+1 = T "L W = (Hiil w7 )zo(T_ B;) 4+ a1 C

ME+1

= el Bi + 2™+ C,
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and then deduce

—_—
"t Wy — Yig1) Braa

Wk+1 = (
(Hk+1lx i )ZZ(HfillBi) + »T%CBkH — Yep1Br11
= (I e o )2Z+1(Hf:+113i) + e (I Bi) + x%03k+1 — Yet+1Br+1
= (e ) 2 (U By) + yes (T, By — T By) B +
M1 R

(x "k+1 C' — x "*+1 C)By4q

(Hk+13} i )2:4.,.1(1_[z 1 !B, ) + Cy

where C is, again, an R-linear sum of D; i1 for some i, j.

Lastly, we consider the case v(II¥_,z ™ z) > v(wy) = v(C) € Q. In this case,
T T
Vi1 = @ "1 wy = x "k+1 C, so we can write

ME41
W1 = (@ "1 W — Yi41) Brga

MEk41 ME+1

= (I 2™ )2 (T By) + (27t € — 2741 C) By

and the statement again follows. O

Theorem 4.6. Suppose v is a valuation on A;(R), constructed from an either finite or
infinite sequence (w;);>_1 with v(w;) = % Suppose also that v satisfies the following
conditions:

1. For each i such that n; is even, 3; > 0 must hold, and
2. foreachi,j,{ > 0with h; < h;j < hy, o 50 ¢ > 0 must hold.

Then v has a unique extension to a valuation on R[y; ] with residue field R for each choice
of (Fi)i>1-

Proof. As we know from the beginning of Section 4, each valuation on R[y;d] and D
with residue field R can be constructed by either a finite or an infinite sequence (z;);>0.
For every sequence (w;);>_1, we will use the lemmas proved in this section to find the
unique sequence (z;);>¢ which, as we have shown in the beginning of this section, uniquely
determines a valuation on R[y; ¢]. Our calculations will then show that the valuation on D
defined by the sequence (z;);>¢ is the extension of the valuation on 4, (R) associated to
the sequence (w;);>—1.

We determine the finite or infinite sequence (z;);>o associated to v’s extension to
Rly;d]. In the first step, we consider v(y). If v(y) € Q, then v’s extension to R[y; ]
is clearly uniquely determined, namely the one defined by

v(zpi(w)y" = min {v(pi(z)) + iv(y)}

0<i<n

for every 31" pi(2)y’ € Rly; ).
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So suppose v(y) = ’:—11 € Q. Then, in the second step of our evaluation, we write

my mq

wp =a™y" — = ( & y—TN)Bi=zm(y—a m)B

and since v(wy) > 0, v(y — x_%'ﬁ) > 2 = o(y). We deduce z1 =y — 17_%71 with
Y1 = 1. Obviously, v(21) = v(w1) + 7+ € Qif and only if v(w1) € Q. If either and
hence both values are irrational, we get a unique extension of v to R[y; §]. Otherwise, if
v(wi) = 72 € Q and hence 1y = v(z2) = 71 + 2, we continue with the third step of
our evaluation by writing

mo mo Mg

Wy = ($T2W1 — ’}72)_82 = (wTQﬁﬁlel - ’}72)32'

. m2 mi . —=—1
Since v(wz) > 0, we conclude that v2 = ™2 2 ™1 z; must be equal to 72 B; . To evaluate
the v-value of 29 = 21 — Y92~ "2, we write

Wy = (ngngzzBl +72B1 —72)By = s am 298 By + (72B1 — V2)Bs.

We note that wy is here written as a sum of 117,z w ,221_[z 1Bi + C where C is as in
Lemma 4.5. To determine v(22), we compare v(wg) and v(~2B; — 72), the latter being
equal to v(wy) since ¥2 By — Y2 = y2(B1 — By). There are three possible cases:

1. If v(w2) < v(wy), then v(x%x%@) must be equal to v(ws), so r3 = v(z2) is
determined by v(22) = v(w2) — 7+ — 22, I v(w) = 72 € Q, then v(22) =
r3 € Q and v3 = v3(B1B2) ! must hold. It follows that v(23) € Q if and only
if v(w2) € Q. In this case, the v-value of z3 = 2o — y32~"® will be determined in

the subsequent steps, i.e., by considering (v(w;));>3 and (¥;);>3. By Lemma 4.5,
wy =1I5_z 3 23113_, B; + C1, C; being an R-linear sum of D; e

2. If v(wa) = v(w1), then v(22) depends on 73:

(a) If v5 = a (v2B1 — ¥2)Ba, then v(m%x%@) must be greater than v(w1)
since in this case, wy ~ (72B1 — 2)Bs and will be determined in the sub-
sequent steps, i.e., by considering (v(w;))i>3 and (¥;);>3. By Lemma 4.5,
wsy =1_,z 2 2I13_, B; + Cs, C5 being an R-linear sum of D; ;.

my my
(b) Otherwise, v(xz ™ x ™ 29) = v(ws). In this case, we get

mo

Y3 =73 — 272 (y2B1 — 72) Ba.

By Lemma 4.5, wg = H3 1:L‘ i ZgH,L 1Bi + Cs, with C'5 an R-linear sum of
D;

2

my

3. If v(w2) > v(wy), then v(x 17’12 T z9) = v(wi) and y3 = —x w5 (yaB1 — 92) Bt
By Lemma 4.5, wy = H 1T " 231'[Z 1Bi 4+ C4, with C4 an R-linear sum of D; ;.
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The general step of the evaluation is similar to the first three. Suppose that in the
previous steps, we have evaluated v(z1) = 72, ...,v(2¢—1) = r¢ € Q. In the last step, we
have, by considering (w;)¥__, for some k, begun to evaluate v(z;) and we are, with

wg = (Hlefﬁ)zlJrl(Hf:lBi) +C,

where C is as in Lemma 4.5, in one of the five situations:
-1

k ; =
L If v(wg) < 0(C), then v(ze) = v(wk) — Y5y k B
In case rp11 = v(z¢) € Q, our next step is to evaluate the v-value of 211 =
zp — 1y, 1 by writing

w1 = (™) 2, (T4 By) 4 €.

2. If v(wg) > v(C), then v(z;) = v(C) and vp41 = 61_[?:1?,;_1. In case rp41 =
v(z¢) € Q, our next step is to evaluate the v-value of zp1 1 = 2, — 71y, by
writing

wi, = (I 2™ ) 2041 (T, B;) + Cs.

3. 1f v(wy) = v(C) & Q. then v(z) = v(wy — C) — Yp; 2
v(wr — C) > v(wg), C ~ wi must hold, but since, given that C # wy, and that C'
is a sum of D; ;, v(wy — C) must be in Q. This terminates our evaluation of the
sequence (z;);>o associated to v’s extension to R[y; d].

MEg+1 MEg+1

4. If v(wy) = v(0) = 2L € Q and ™ +1 wy, = x "+ C, v((TTF_ z = )Zg) >

NE+4+1
v(wy ). We continue with our evaluation by writing

Wk+1 = (Hi'cifmTJ)ZZ(HfJfBi) + Cs.

M1 mE 1]

5. Ifv(wg) = v(C) = 2 € Q and z "++1 wy, # o "k+1 C, then U((H?le%)Zg) =

NE+1

’V?'Lk+1 77Lk+1 7_1
v(wg) and Yo = (T "+ wy — T R C) Y B, . We write

Wet1 = (Hkﬂx " )zep1 (XL By) + Cu.

For each 1 <i < 4, (; is, as is C, an R-linear sum of D; ; for various ¢, j. This is assured
by Lemma 4.5.

We point out that for each ¢, v(zy) is determined in a finite number of steps. In case v is
determined by a finite sequence (wi)f\;_l for some N > 0, this is immediate. In the infinite
case, it follows from Lemma 3.2 that limy, o, v(wi) = 0, so, given that by Lemma 4.4,
v(C) is a sum of v(w; ), v(wy) < v(C) must hold for some k. And since, in the step where

v(z) is determined, we get v(IIF_ 2™ z) = v(z) — Zf 1 v(wi—1) < v(wy) for each
>0, we get v(zg) < Zfzov(wi) < 1 by Lemma 3.2. Since for each ¢ > 0, zp41 =
zg — x4 1, we did indeed find a unique sequence (z;);>0 that uniquely determines a
valuation v on R[y; d]. This valuation is v’s extension from .4, (R) to R[y; d]. O

The construction introduced in the proof of Theorem 4.6 can be reversed. Given a val-
uation v on R[y; 8], we could use the reverse construction to find the sequence (w;);>—1 C
Aj (R) associated to v’s restriction to A; (R).



36 Ars Math. Contemp. 24 (2024) #P2.04

5 Valuations on R|[y; 4]

The ring R[y; 6] is an extension of Ry, ] where R is defined as R((z2)), the generalized

power ring of sums geq Q™7 with well-ordered support. We first show that every

valuation on R[y; 8] can be easily extended to R[y; d].

Lemma 5.1. Every valuation on Rly; 0] with residue field R can be extended to a valuation
on Rly; 8] with the same residue field.

Proof. Suppose first v is defined on R[y; ] by a finite sequence (z)F, with v(2x) € Q.
Then, as we can write every f € R[y;d] as Y., pi(z)z} with p;(z) € R, we define
v(f) = miny<;<n{v(pi(z)) + iv(2x)}. This gives us a well-defined valuation on R[y; d]
which clearly extends the one we defined on R[y; d] in the previous section.

Now suppose v is defined by an infinite sequence (2;);>0 with 7 = lim;_,oc v(2;) < 1.
Define z := y—> oo, a;z" " € RJy; 9]. In the same way as before, write every f € R|[y; ]
as 37 pi(z)2" with p;(z) € R and define v(f) = minj<i<,{v(pi(z))y +i(r — p)}
where 1 is a positive infinitesimal. Thus we once more get v’s extension to R[y; d]. O

In case » = 1, this is the only possible extension up to isomorphism of the value group,
for v(z) must be 1 — . This is because on the one hand, since v(z) > v(zx) = k41
for all k > 0, v(z) is greater than any rational number ¢ < 1. On the other hand, since
v[y — z,x] = v[y, z] = 0 and the value group is commutative, v(z) < 1. Thus if v(z) € R,
v(z) = 1. But if we restricted v to the quotient ring of the R-algebra, generated by x and
z, we would get a valuation on a division ring, isomorphic to D; (R), with a rational value
group, residue field R and v[z, 2] = v(zz), which contradicts Corollary 2.4.

Proposition 5.2. Let v be a valuation on R[y, 0] with residue field R. Then the value group
is not of rational rank one.

Proof. The only case in the proof of Lemma 5.1 where it does not immediately follow
that the value group is not Q is when v’s restriction to R[y; d] is constructed by an infinite
sequence (z;);>0 with r := lim; , o v(y — #;) < 1. In this case, we can set v(z) =r € R
and if r € Q, define y(!) := z and restart the construction of v. We may get another
infinite sequence (zfl))izo with 7(1) = limiqoov(zgl)) < 1. If r®M € Q, we start
over with 4 := 2(1). Though we may have to repeat the process infinitely many times,
the set {z\)} ;51 430 is countable and A := {v(z)},;51.450 is a well-ordered set of
rational numbers smaller than one. At one point, v(z) will have to be irrational for some
z =) ,ca0qr~ 7 since we would otherwise get z € R such that v(z) = 1 which, as we

have shown, contradicts the fact that the value group is rational. O

Recall that a pseudo-Cauchy sequence in a division ring D with a valuation v is a
sequence (ax)yea C D, where A is an ordinal such that there exists A\ € A for which
v(as —a,) <v(a, —a,)forallo,p,7 € Awith A < o < p < 7. Let D' be an extension
of D and v’ and extension of v to D’. Then a € D’ is a limit of the pseudo-Cauchy
sequence (ay)xea if v'(a — ay) = v'(ag4+1 — a,) forall o € A, A < o. Recall also the
definition of a immediate extension of a valuation.
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Definition 5.3. Let v be a valuation on a division ring D, the division ring D’ an extension
of D and v’ a valuation on D’ that extends v. Let I and D and I'” and D’ be the value
groups and residue division rnigs associated to v and v’. Then we say v’ is an immediate

extension of v if [V : T') = 1 and [D’ : D).

As a byproduct of our investigations, we show that not every extension of a valued
division ring by limits of pseudo-Cauchy sequences is immediate. This differs from the
commutative case since, as Kaplansky proved in [8], every extension of a valued field by
limits of pseudo-Cauchy sequences is immediate.

Corollary 5.4. There exist division rings D C D' and a valuation v on D which extends
to a valuation v' on D’ such that D' is an extension of D by limits of pseudo-Cauchy
sequences in D whereas v' is not an immediate extension of v.

Proof. Let v be a valuation on R[y; §] with residue field R and value group Q as described
in Section 4. Then v(z) = —1 and R[y; ] is an extension of R[y; 8] by limits of pseudo-
Cauchy sequences. This holds because every Zie@ a;z~" € R is a limit of the pseudo-
Cauchy sequence (Zle a;x~ %) g>1 in R[y; d].

As we have shown in this section, v can be uniquely extended to ]:B[y; d]. By Proposi-
tion 5.2, this extension is not immediate. Let D be the quotient division ring of R[y, ], to
which v uniquely extends, and D’ the quotient division ring of R[y; ], to which v’ uniquely
extends, since both rings are Ore domains. D’ is not an immediate extension of the ring
D with valuation v, even though D’ is an extension of D by limits of pseudo-Cauchy
sequences. O

6 Compatibility with orderings on .4, (R) and R[y; §]

In Section 3, we mentioned that every strongly abelian valuation on a division ring with
an ordered residue field is compatible with an ordering on the valued division ring. In
this section, we will use a noncommutative version of the Baer-Krull theorem to determine
all orderings on .4; (R) compatible with one of the valuations v we have described in the
previous sections. We will then show which of these orderings on .4; (R) can be extended
to an ordering on R][y; d] compatible with a v’s extension to R[y; d].

Recall that an order P on a division ring D is compatible with a valuation v on D if for
every a,b € D* such that v(a) = v(b) < v(a —b), ab € P holds.

Let v be a strongly abelian valuation on a division ring D with a formally real residue
field D. Let I be its value group. Let s: I' — D* be a semisection of v, i.e., a map for
which

1. s(0) =1,
2. v(s(g)) =gforallg €T,
3. s5(g1 + g2) = s(g1)s(g2)u? for some u € D* forall g1, go € T

Let x: I'/2I' — {—1,1} be a group homomorphism called a character and let P be an
ordering of D. Then, as it was shown in [24],

P,={aeD|a-s(v(a))*x(v(a)+2T) € P}
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is an order of D compatible with v. Moreover, if X denotes all orders of the residue field,
X, denotes all v-compatible orders on D and (T'/2T")* denotes the set of all characters on
T'/2T, then by Proposition 3 of [24], the map

f: X x (0/2I)* = X,
f((?, X)) = PX

is a bijection. The choice of a semisection s on I' does not matter. Using f, we will now
describe all orders on .A; (R) that are compatible with a valuation described in Section 3.

Suppose v is a valuation on A, (R) associated to an infinite sequence (w;);>_1 with R
as aresidue field. There is only one possible order of R, so the orders of .4; (R) compatible
with v will only depend on the characters x: I'/2I" — {—1,1}. Then there are three
different options for the value group I' C Q@ x Z.

1. T is a 2-divisible subgroup of Q,
2. T"is a non-2-divisible subgroup of Q,
3. T'is a direct sum of a non-2-divisible subgroup of Q with Z.

Since in each case the value group I is generated by {v(w;)};>_1, the characters and thus
the v-compatible orders will be determined by the signs of the w;.
In the first two cases, v is determined by an infinite sequence (w;);>—1 With v(w;) =

% € Qforeachi > —1. In the third case, v is determined by a finite sequence (w;)Y _;
with v(w;) = 2+ € Qforeach —1 < i < N — 1 and v(wy) € Q.

MNi41
If the value group is a 2-divisible subgroup of Q, then for each w;, there is a j # 4 such

that K; ; € Z is odd while K ; € Z is even. Since wiK_'if ij_j‘f = o j, it follows that
w;—1 > 01if and only if o ; > 0.

Conversely, if the value group is a non-2-divisible subgroup of QQ, we choose one @
such that n; is divisible by the greatest power of two that divides n; for any j > 0. After
choosing either w; < 0 or w; > 0, the order on .4; (R) is defined.

In the last case, where the value group is a direct sum of a non-2-divisible subgroup of
Q and Z, the order is determined by choosing either w; < 0 or w; > 0 and, independently,
either wy > 0 or wy < 0 where 4 is as in the second case and v(wy) ¢ Q. All four
combinations define an ordering on A; (R).

We have thus proven the following proposition.

Proposition 6.1. Suppose v is a valuation on Ay (R) with residue field R and value group
T'. Then:

1. If T is a 2-divisible subgroup of Q, there is a unique v-compatible ordering on

A1 (R).

2. If T is a non-2-divisible subgroup of Q, there are two v-compatible orderings on

A1 (R).

3. If T is a direct sum of a non-2-divisible subgroup of Q with Z, there are four possible
v-compatible orderings on A1 (R).
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6.1 Extensions of orderings on A; (R) to orders on R[y; 6]

In this section, we show which orders on A; (R) are extendable to an order on R[y;d],
thereby answering the question posed by Marshall and Zhang in [15].

Every order on .4 (R) is compatible with a unique finest valuation v on the same ring
with residue field R, as proved in [15]. Suppose v is a valuation on 4; (R) associated to
an infinite sequence (w;);>_1 with v(w;—1) = 2 and w; = 2™ w;""; — B;. In Section 4,
we showed that provided both conditions of Theorem 4.6 are fulfilled, v can be uniquely
extended to a valuation v’ on R|[y; d] with residue field R if the value group is 2-divisible
and that it has two extensions to R[y; J] with the same residue field if the value group is
non-2-divisible. Here we show all v-compatible orders on A;(R) we have described in
the first part of this section can be extended to a v’-compatible order on R]y;d] for some
extension v’ of v from A (R) to R[y; d].

Theorem 6.2. Let P be an ordering on A, (R) and v be the unique finest valuation on
A1 (R) compatible with P. Then:

1. The order P can be extended to an ordering on R|y; 0] if and only if v can be extended
to a valuation on Rly; 6] with residue field R.

2. If the v-value group T is a 2-divisible subgroup of Q, then the extension of P is
unique. If on the other hand, T is a subgroup of I'1 X Z, where 'y is a non-2-
divisible subgroup of Q, i.e., when U is not a 2-divisible subgroup of Q, there are
two extensions of P to R[y; ). Each of the two extensions of v to a valuation v’ on
Rly; 6] with residue field R uniquely determines one of the two of P’s extensions to
Rly; d].

Proof. The first statement of the theorem follows from the fact that every ordering on
Rly; 4] is compatible with a valuation on the same ring with residue field R.

To prove the second statement, suppose that v is the unique P-compatible valuation on
A; (R) with residue field R that extends to a valuation on R[y; §] with the same residue
field.

If the value group I" of v on A, (R) is either a 2-divisible or non-2-divisible subgroup
of Q, then the value group I" of v’s extension to R[y; ¢] is Q. In this case, there is exactly
one v’'-compatible order of R[y; d] for each of v’s extensions v’ to R[y; d].

Suppose T is a 2-divisible subgroup of Q. Then there is a unique extension v’ of v to
Rly; d]. It follows that in case T" is a 2-divisible subgroup of Q, the only v-compatible order
on A; (R) extends to an order of R[y; d] that is compatible with v’.

If, on the other hand, I" is a non-2-divisible subgroup of Q, there are two extensions v’
of v to R[y; 6]. We will now show that for each of the v-compatible orderings on .4; (R),
there is a unique extension v’ of v to R[y;d] such that the ordering on A;(R) can be
extended to the unique v’-compatible ordering on R[y; d].

In this case, a v-compatible ordering on A; (R) is, as we have shown in the beginning
of this section, uniquely determined by the sign of w;_; where ¢ > 1 is such that n; is
divisible by the greatest power of two that divides n; for any j > 1. Furthermore, v, the
extension of v to R[y; ], is uniquely determined by choosing the sign of -; for this i.

We first choose an extension v’ of v to R[y; §]. We observe that 2% > 0 must hold for

every * € (Q since all rational powers of x are in R[y; d]. Since x%wi,l = 4, for each
1 > 1, ;w;—1 > 0 must hold for all ¢ > 0 for the order to be extendable to a v-compatible
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order on Rly; 0]. This holds for exactly one of the two v-compatible orders on A; (R). It is
clear from the construction that for each ordering on 4, (R), there is exactly one extension
v" of v to Rly; 8] such that this ordering is extendable to the unique v’-compatible ordering
on R[y; d].

In case T is a subgroup of Q x Z of rational rank two, I = Q X Z holds. In this case,
there are two v’-compatible orderings on R]y; 6] for every extension v” of v to R[y; §]. We
will now show that for each of the four v-compatible orders on A (R), there is a unique
extension v’ of v to R[y; ¢] and a unique v’'-compatible ordering P’ on R][y; ] such that P’
is an extension of P. The ordering P compatible to a valuation v on A; (R) is determined
by the signs of w; 1 and wy where ¢ > 1 is such that n; is divisible by the greatest power of
two that divides n; for any 7 > 1, and v(wn) & Q. The extension v’ of v to R[y; 6] and the
v'-compatible ordering on R[y; d] that extends P are the valuation v’ for which w;_;; > 0
and the v’-compatible ordering that agrees with the signs of w;_1 and wy in P.

We have thus proved the second statement of the theorem. O
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