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Abstract

Based on the earlier work of Li from 1997 and Dobson from 2008, in this paper we
complete the classification of cyclic m-DCI-groups and m-CI-groups. For a positive inte-
ger m such that m ≥ 3, we show that the group Zn is an m-DCI-group if and only if n is
not divisible by 8 nor by p2 for any odd prime p < m. Furthermore, if m ≥ 6, then we
show that Zn is an m-CI-group if and only if either n ∈ {8, 9, 18}, or n /∈ {8, 9, 18} and n
is not divisible by 8 nor by p2 for any odd prime p < m−1

2 .
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1 Introduction
Let G be a finite group and S ⊂ G be a subset not containing the identity element of
G. The Cayley digraph Cay(G,S) is defined to have vertex set G and arcs in the form
(g, sg), where g ∈ G and s ∈ S. In the case when S is also inverse-closed, i.e., for
every x ∈ S, x−1 ∈ S, the pair of arcs (g, sg) and (sg, g) can be identified with the
undirected edge {g, sg}, in which case Cay(G,S) is regarded as an undirected graph and
referred to as a Cayley graph. Every automorphism σ ∈ Aut(G) induces an isomor-
phism between the (di)graphs Cay(G,S) and Cay(G,Sα), in which case σ is called a
Cayley isomorphism. The converse is not true in general, examples of Cayley (di)graphs
are known which are isomorphic but there exists no Cayley isomorphism mapping one onto
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the other. A (di)graph Cay(G,S) is called a CI-(di)graph if for any Cay(G,T ), whenever
Cay(G,S) ∼= Cay(G,T ), we have Sσ = T for some σ ∈ Aut(G). For a positive inte-
ger m, the group G has the m-DCI-property (m-CI-property, resp.) if all Cayley digraphs
(Cayley graphs, resp.) on G of valency m are CI-digraphs (CI-graphs, resp.) (see [11,
Definition 1.1]). By the valency of a Cayley digraph Cay(G,S) we mean its in-valency,
which is equal to the cardinality |S| and coincides with its out-valency. Furthermore, G is
called an m-(D)CI-group if it has the i-(D)CI property for every i ≤ m and a D(CI)-group
when it has the i-(D)CI property for every positive integer i.

The study of finite groups with the m-(D)CI property was initiated by Li et al. [11].
Both properties attracted considerable attention in the late 90’s, in particular, it was shown
that the finite m-DCI-groups belong to a relatively restricted list of groups, and a similar
list was also derived containing the finite m-CI-groups. For the results from this period, we
refer to the survey paper [10].

In this paper, we aim to complete the classification of cyclic m-DCI- and m-CI-groups.
We review next the known results. In 1967, Ádám [1] made a conjecture stating that every
cyclic group is a DCI-group. This conjecture was shown to be false soon after it has been
published and remarkably, the question as to which cyclic groups are DCI-groups was
answered only 30 years later by Muzychuk [12].

Theorem 1.1 ([12]).

(1) The group Zn is a DCI-group if and only if n = k or 2k, where k is square-free.

(2) The group Zn is a CI-group if and only if either n ∈ {8, 9, 18}, or n = k or 2k,
where k is square-free.

A few papers were devoted to cyclic m-(D)CI-groups for small m (see [3, 4, 7, 8, 14,
15, 16]), in particular, Sun [14] showed that every cyclic group is a 2-DCI-group and Li [8]
showed that every cyclic group is a 5-CI-group. At this point we would like to emphasize
the difference between the m-DCI- and the m-CI-property for cyclic groups, which lies in
the fact that by the former property one concerns digraphs, whereas by the latter property
one concerns only undirected graphs. For example, it is known that Cay(Z8, {1, 2, 5}) is
not a CI-digraph [6], showing that Z8 does not have the 3-DCI-property. On the other hand,
as Zn is a 5-CI-group for every n, Z8 has the 3-CI-property (this can be easily checked by
simply looking at the possible Cayley graphs on Z8 of valency 3).

In [9], Li determined the positive integers m for which Zp2 has the m-DCI-property.
The following result was also shown, we present it here as it is stated in [10, Theorem 7.2].

Theorem 1.2 ([10]). Let G be a cyclic group, and let Gp be the Sylow p-subgroup of G.
Suppose that G has the m-DCI-property. If |G| is not a prime-square and p + 1 ≤ m ≤
(|G| − 1)/2, then Gp

∼= Zp or Z4.

The above theorem provides necessary conditions for a cyclic group to be an m-DCI-
group, but it does not yield the complete classification of cyclic m-DCI-groups. In his
survey, Li wrote (see [10, page 319]):

‘A natural question is, for a positive integer m, which cyclic groups are m-
DCI-groups, and which cyclic groups are m-CI-groups?’

Motivated by Theorem 1.2, he also proposed a conjecture, which contains sufficient con-
ditions for a cyclic group to be an m-DCI- and m-CI-group, respectively (see [10, Conjec-
ture 7.3]). This conjecture was proved later by Dobson [5] and it reads as follows.
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Theorem 1.3 ([5]). Let n = n1n2 ∈ N such that gcd(n1, n2) = 1 and n1 divides 4k,
where k is odd and square-free.

(1) If p > m for every prime divisor p of n2, then Zn is an m-DCI-group.

(2) If p > 2m for every prime divisor p of n2, then Zn is a 2m-CI-group.

However, it turns out that in order to classify the cyclic m-DCI- and m-CI-groups,
the sufficient conditions in Theorem 1.3 need to be strengthened. Our main result is the
following generalization.

Theorem 1.4. Let n = n1n2 ∈ N such that gcd(n1, n2) = 1 and n1 divides 4k, where k
is odd and square-free.

(1) If p ≥ m for every prime divisor p of n2, then Zn is an m-DCI-group.

(2) If 2p+ 1 ≥ m for every prime divisor p of n2, then Zn is an m-CI-group.

Combining these stronger sufficient conditions with the known necessary conditions,
we complete the classification of cyclic m-DCI- and m-CI-groups.

Theorem 1.5.

(1) If m ∈ N and m ≥ 3, then the group Zn is an m-DCI-group if and only if n is not
divisible by 8 nor by p2 for any odd prime p < m.

(2) If m ∈ N and m ≥ 6, then the group Zn is an m-CI-group if and only if either
n ∈ {8, 9, 18}, or n /∈ {8, 9, 18} and it is not divisible by 8 nor by p2 for any odd
prime p < m−1

2 .

Remark 1.6. The necessity part of Theorem 1.5 follows directly from known constructions
of non-CI-digraphs and graphs discovered in [2, 6, 11]. All these examples will appear in
the course of the proof of Theorem 1.5.

Remark 1.7. Comparing Theorem 1.5 with the classification of cyclic DCI- and CI-groups
given in Theorem 1.1, we obtain that the group Zn is an m-DCI-group for m ≥ 3 but not
a DCI-group if there exist a prime p such that p ≥ m and p2 | n; and also that Zn is an
m-CI-group for m ≥ 6 but not a CI-group if n /∈ {8, 9, 18}, and there exists a prime p such
that p ≥ (m− 1)/2 and p2 | n.

Dobson [5] obtained Theorem 1.3 using permutation group theoretical techniques. Our
proof of Theorem 1.4 is independent, it relies on a necessary and sufficient criterion for
two circulant digraphs to be isomorphic due to Muzychuk [13]. In the next section we give
a short overview of Muzychuk’s criterion, Theorems 1.4 and 1.5 will then be derived in
Section 3.

2 Isomorphic circulant digraphs
2.1 Key spaces

For n ∈ N, we use the symbol [n] to denote the set {1, . . . , n}. Let n = pt11 · · · ptll be
the prime decomposition of n. In what follows, Zn will be identified with the direct sum
Z
p
t1
1

⊕ · · · ⊕ Z
p
tl
l

. Therefore, an element x ∈ Zn will also be represented as the l-tuple
x = (x1, . . . , xl), where xi ∈ Z

p
ti
i

for every i ∈ [l].
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Definition 2.1. The key space Kn is the direct product

Kn := K
p
t1
1
× · · · ×K

p
tl
l
,

where for a prime power pt, t ≥ 1, Kpt consists of the t-tuples (k1, . . . , kt) ∈ Nt
0 such

that,

• ∀i ∈ [t], 0 ≤ ki < i,

• ∀i ∈ [t− 1], ki ≤ ki+1.

The elements of Kn are called keys. Thus a key k ∈ Kn is a two-dimensional integer
array, which will be written as

k = (k1, . . . ,kl) = (kij)i∈[l],j∈[ti],

where ki = (ki1, . . . , kiti) ∈ K
p
ti
i

.
The zero key z in Kn is defined as z = (zij)i∈[l],j∈[ti] with zij = 0 for every i ∈ [l], j ∈

[ti]. If n ≡ 4 (mod 8), then the almost zero key z∗ in Kn is defined as z∗ = (zij)i∈[l],j∈[ti]

with

zij =

{
1 if ptii = 4 and j = 2,

0 otherwise.

For two keys k,m ∈ Kn, we write k ≤ m if kij ≤ mij , for every i ∈ [l] and j ∈ [ti].
The relation ≤ is a partial order on Kn. The poset (Kn,≤) is a lattice with meet ∧ and
join ∨ operations defined as

∀i ∈ [l], ∀j ∈ [ti], (k ∧m)ij = min(kij ,mij) and (k ∨m)ij = max(kij ,mij).

2.2 Key partitions

The set of all partitions of Zn will be denoted by Part(Zn). For two partitions Σ,∆ ∈
Part(Zn), ∆ is said to be a refinement of Σ, denoted by Σ ⊑ ∆, if every class of Σ is union
of classes of ∆. The relation ⊑ is a partial order on Part(Zn). The poset (Part(Zn),⊑) is
a lattice. We write Σ ∧∆ for the meet and Σ ∨∆ for the join of the partitions Σ and ∆.

Definition 2.2. Let n = pt for a prime p and let k = (k1, . . . , kt) ∈ Kpt . The key partition
Σ(k) is the partition of Zpt defined as

Σ(k) =
{
{0}

}
∪
{
Pkα(x)

+ x | x ∈ Zpt \ {0}
}
,

where for x ∈ Zpt \ {0}, α(x) is the number in [t] defined by the property that pα(x) is
the order of x as an element in the group (Zpt ,+); and for j ∈ {0, 1, . . . , t}, Pj is the
subgroup of Zpt of order pj .

Definition 2.3. Let n ∈ N be a number greater than 1 with prime decomposition n =
pt11 · · · ptll and let k = (k1, . . . ,kl) ∈ Kn. Then the key partition Σ(k) is the partition of
Zn defined as

Σ(k) =
{
(S1, . . . , Sl) | Si ∈ Σ(ki), i ∈ [l]

}
.

Proposition 2.4 ([13, Proposition 2.2]). Let n ∈ N and k,m ∈ Kn. If k ≤ m then
Σ(m) ⊑ Σ(k).
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Definition 2.5. Let n ∈ N and let Π ∈ Part(Zn) be an arbitrary partition of Zn. The key
partition of Π is the coarsest key partition Σ(m) that refines Π; or more formally,

• Π ⊑ Σ(m).

• If Π ⊑ Σ(k) for some k ∈ Kn, then Σ(m) ⊑ Σ(k).

The above key m is referred to as the key of Π.

Definition 2.6. Let n ∈ N and S be a nonempty subset of Zn. The key of S, denoted by
k(S), is the key of the partition {S,Zn \ S}.

2.3 Generalized multipliers

We consider first the generalized multipliers of cyclic groups of prime power order.

Definition 2.7. Let p ∈ N be a prime and t ∈ N. A generalized multiplier of Zpt is a
t-tuple m⃗ = (m1, . . . ,mt) ∈ Nt such that gcd(mi, p) = 1 for every i ∈ [t].

The set of all generalized multipliers of Zpt is denoted by Z∗∗
pt . We associate next a

permutation of Zpt with any generalized multiplier in Z∗∗
pt .

Definition 2.8. Let p ∈ N be a prime and t ∈ N. For m⃗ = (m1, . . . ,mt) ∈ Z∗∗
pt , the

generalized multiplier function fm⃗ is the permutation of Zpt , defined as

∀x ∈ Zpt , xfm⃗ =

t−1∑
i=0

mt−ixip
i (mod pt),

where
∑t−1

i=0 xip
i is the p-adic decomposition of x, i.e., xi ∈ {0, . . . , p − 1} for every

i ∈ {0, . . . , t− 1}.

It follows from the above definition that, if m⃗ = (m1, . . . ,mt) and m⃗′ = (m′
1, . . . ,m

′
t)

are two generalized multipliers of Zpt such that

∀i ∈ [t], mi ≡ m′
i (mod pi),

then fm⃗ = fm⃗′ . Thus, to have all generalized multiplier functions, it is sufficient to con-
sider only those generalized multipliers m⃗ = (m1, . . . ,mt), which satisfy mi ∈ [pi − 1]
for every i ∈ [t].

Fix a key k ∈ Kpt . We define a subset Z∗∗
pt (k) ⊆ Z∗∗

pt as follows. If t > 1, then let

Z∗∗
pt (k) =

{
(m1, . . . ,mt) ∈ Z∗∗

pt | ∀i ∈ [t− 1], mi+1 ≡ mi (mod pi−ki+1)
}
;

and if t = 1, then let Z∗∗
p (k) = Z∗∗

p .
A Σ(k)-class different from {0} is in the form Pki

+ x, where Pki
is the subgroup of

Zpt of order pki , and x is a non-zero element of order pi in (Zpt ,+). It is easy to see that
for every m⃗ = (m1, . . . ,mt) ∈ Z∗∗

pt (k), xfm⃗ has order pi, and

(Pki
+ x)fm⃗ = Pki

+ xfm⃗ .



6 Art Discrete Appl. Math. 8 (2025) #P1.10

These show that fm⃗ induces a permutation of Σ(k). Furthermore, one can show that, if
m⃗′ = (m′

1, . . . ,m
′
t) is another generalized multiplier from Z∗∗

pt (k) such that m′
i ≡ mi

(mod pi−ki), then (Pki
+ x)fm⃗ = (Pki

+ x)fm⃗′ . In view of this, to have all permutations
of Σ(k) induced by the generalized multipliers in Z∗∗

pt (k), it suffices to consider only those
generalized multipliers m⃗ = (m1, . . . ,mt) ∈ Z∗∗

pt (k), which satisfy mi ∈ [pi−ki − 1] for
every i ∈ [t]. We refer to the latter generalized multipliers as genuine and denote their set
by Z∗∗

pt (k)◦. More formally,

Z∗∗
pt (k)◦ =

{
(m1, . . . ,mt) ∈ Z∗∗

pt (k) | ∀i ∈ [t], mi ∈ [pi−ki − 1]
}
.

Let n ∈ N be an arbitrary number with prime decomposition n = pt11 · · · ptll , and let
k = (k1, . . . ,kl) ∈ Kn be an arbitrary key. The above concepts are generalized to Zn as
follows:

Z∗∗
n = Z∗∗

p
t1
1

× · · · × Z∗∗
p
tl
l

,

Z∗∗
n (k) = Z∗∗

p
t1
1

(k1)× · · · × Z∗∗
p
tl
l

(kl),

Z∗∗
n (k)◦ = Z∗∗

p
t1
1

(k1)
◦ × · · · × Z∗∗

p
tl
l

(kl)
◦.

For m⃗ = (m⃗1, . . . , m⃗t) ∈ Z∗∗
n , the generalized multiplier function fm⃗ is the permuta-

tion of Zn acting as

∀(x1, . . . , xl) ∈ Zn, (x1, . . . , xl)
fm⃗ =

(
x
fm⃗1
1 , . . . , x

fm⃗l

l

)
.

Definition 2.9. Let n ∈ N and let k ∈ Kn. The solving set P (k) is the following set of
permutations of Zn:

P (k) = {fm⃗ | m⃗ ∈ Z∗∗
n (k)◦}.

The example below is meant to illustrate all the concepts introduced in this section.

Example 2.10. We determine below the solving sets P (k), where k ∈ Kp2 and p is a fixed
prime.

Due to Definition 2.1, Kp2 consists of two keys: (0, 0) and (0, 1). Let m⃗ = (m1,m2) ∈
Z∗∗
p2 ((0, i))◦, where i ∈ {0, 1}. Then

m1 ∈ [p− 1], m2 ∈ [p2−i − 1], gcd(m2, p) = 1 and m2 ≡ m1 (mod p1−i).

Due to Definition 2.8, (x0 + x1p)
fm⃗ = m2x0 + m1x1p. Note that, if i = 0, then m1

is uniquely determined by m2. Moreover, m1p ≡ m2p (mod p2), and hence we have
(x0 + x1p)

fm⃗ = m2(x0 + x1p). We conclude that

P ((0, 0)) =
{
x 7→ mx | m ∈ [p2 − 1], gcd(m, p) = 1

}
= Aut(Zp2),

P ((0, 1)) =
{
x0 + x1p 7→ m2x0 +m1x1p | m1,m2 ∈ [p− 1]

}
. (2.1)

□

In the next lemma we generalize the above example to solving sets P (z), where z is
the zero key in Kpt , i.e., z = (0, . . . , 0).

Lemma 2.11. Let p be a prime and t ∈ N. For the zero key z ∈ Kpt , P (z) = Aut(Zpt).
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Proof. Let fm⃗ ∈ P (z), where m⃗ = (m1, . . . ,mt) ∈ Z∗∗
pt (z)◦. Note that, for every i ∈

[t],mi ∈ [pi − 1] and gcd(mi, p) = 1. We are going to show that xfm⃗ ≡ mtx (mod pt)
holds for every x ∈ Zpt .

Fix an arbitrary x ∈ Zpt and let x =
∑t−1

i=0 xip
i be its p-adic decomposition. Due to

Definition 2.8,
xfm⃗ = mtx0 +mt−1x1p+ · · ·+m1xt−1p

t−1. (2.2)

On the other hand, it follows from the definition of Z∗∗
pt (z)◦ that,

∀i ∈ [t− 1], mi+1 ≡ mi (mod pi).

This yields
∀i ∈ [t], mt ≡ mi (mod pi).

Thus, mtp
t−i ≡ mip

t−i (mod pt) for every i ∈ [t], and then substituting this in (2.2), we
obtain that xfm⃗ ≡ mtx (mod pt), as required.

2.4 Muzychuk’s criterion

Now we are prepared to present Muzychuk’s criterion for two circulant digraphs to be
isomorphic.

Theorem 2.12 ([13]). Let n ∈ N such that n > 1 and let Cay(Zn, S) and Cay(Zn, T ) be
two circulant digraphs. Then we have the following.

(1) If k(S) ̸= k(T ), then Cay(Zn, S) ≇ Cay(Zn, T ).

(2) If k(S) = k(T ) = k, then the following statements are equivalent.

(i) Cay(Zn, S) ∼= Cay(Zn, T ).
(ii) There exists a permutation fm⃗ ∈ P (k) such that

Cay(Zn, S)
fm⃗ = Cay(Zn, T ).

(iii) There exists a permutation fm⃗ ∈ P (k) such that Sfm⃗ = T .

Using the above theorem, we obtain the following sufficient condition for a circulant
digraph to be CI.

Lemma 2.13. Let n ∈ N such that n > 1 and S ⊆ Zn \ {0} be a subset such that
k(S) = z or z∗ (i.e., the zero key or the almost zero key, resp. in Zn). Then Cay(Zn, S) is
a CI-digraph.

Proof. Suppose that Cay(Zn, S) ∼= Cay(Zn, T ) for some subset T ⊂ Zn. We have to
show that Sσ = T for some σ ∈ Aut(Zn).

By Theorem 2.12, k(T ) = k(S) and there exists fm⃗ ∈ P (k), such that Sfm⃗ = T . Let
n have prime decomposition n = pt11 · · · ptll . Then k = (k1, . . . ,kl) ∈ K

p
t1
1
× · · · ×K

p
tl
l

,
and the action of fm⃗ on Zn can be described as

(x1, . . . , xl)
fm⃗ =

(
x
fm⃗1
1 , . . . , x

fm⃗l

l

)
,

where for every i ∈ [l], fm⃗i
∈ P (ki). If ki is the zero key in K

p
ti
i

, then fm⃗i
∈ Aut(Z

p
ti
i
)

by Lemma 2.11. On the other hand, as k = z or k = z∗, we conclude that ki is the zero
key, unless, ptii = 4 and ki = (0, 1). In the later case, we see in (2.1) that fm⃗i

is the
identity permutation of Z4. We conclude that fm⃗ ∈ Aut(Zn).
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3 Proof of the main results
Lemma 3.1 ([11, Lemma 2.1]). Let G be a finite group, and let S, T ⊆ G \ {1G}. Then
Cay(G,S) ∼= Cay(G,T ) if and only if Cay(⟨S⟩, S) ∼= Cay(⟨T ⟩, T ).

Lemma 3.2. For every subset S ⊆ Zn \ {0}, Cay(Zn, S) is a CI-digraph if and only if
Cay(⟨S⟩, S) is a CI-digraph.

Proof. (=⇒) Suppose that Cay(Zn, S) is a CI-digraph and Cay(⟨S⟩, S) ∼= Cay(⟨S⟩, T )
for some subset T ⊂ ⟨S⟩. Since Cay(⟨S⟩, S) is connected, it follows that Cay(⟨S⟩, T )
is also connected and thus ⟨T ⟩ = ⟨S⟩. By Lemma 3.1, Cay(Zn, S) ∼= Cay(Zn, T ). As
Cay(Zn, S) is a CI-digraph, there exists a Cayley isomorphism σ ∈ Aut(Zn) between
Cay(Zn, S) and Cay(Zn, T ). The automorphism σ maps ⟨S⟩ to itself, hence its restric-
tion to ⟨S⟩ induces a Cayley isomorphism between Cay(⟨S⟩, S) and Cay(⟨S⟩, T ), and so
Cay(⟨S⟩, S) is indeed a CI-digraph.

(⇐=) Suppose that Cay(⟨S⟩, S) is a CI-digraph and Cay(Zn, S) ∼= Cay(Zn, T ) for
some subset T ⊂ Zn. By Lemma 3.1, Cay(⟨S⟩, S) ∼= Cay(⟨T ⟩, T ). Since Zn is a cyclic
group, ⟨S⟩ = ⟨T ⟩. As Cay(⟨S⟩, S) is a CI-digraph, there exists a Cayley isomorphism
σ ∈ Aut(⟨S⟩) between Cay(⟨S⟩, S) and Cay(⟨S⟩, T ). It is not hard to show that σ can
be extended to an automorphism of Zn, or in other words, there exists an automorphism
σ′ ∈ Aut(Zn) such that its restriction to ⟨S⟩ is equal to σ. We obtain that σ′ is a Cayley
isomorphism between Cay(Zn, S) and Cay(Zn, T ), so Cay(Zn, S) is a CI-digraph.

The following lemma follows from [5, Lemma 25].

Lemma 3.3. Let H ≤ Zn be a subgroup and let s ∈ Zn be any element outside H . Then
Cay(Zn, H + s) is a CI-digraph and Cay(Zn, (H + s) ∪ (H − s)) is a CI-graph.

Lemma 3.4. Let n ∈ N be an even number and let p be an odd prime such that p2 | n.
Suppose that S = (P + s) ∪ (P − s) ∪ {n

2 }, where P ≤ Zn is the subgroup of order p,
P + s ̸= P − s and ⟨S⟩ = Zn. Then Cay(Zn, S) is a CI-graph.

Proof. For the sake of simplicity we set Γ = Cay(Zn, S). If n = 18, then Γ is a CI-graph
by Theorem 1.1, hence in the rest of the proof we assume that n > 18. Call an edge {x, y}
of Γ a half edge if y − x = n

2 .

Claim. An edge of Γ is contained in a subgraph isomorphic to Kp,p if and only if it is not
a half edge.

Let e be a half edge of Γ, i.e., e = (x, x+ n
2 ) for some x ∈ Zn. Assume for the moment

that e is contained in a subgraph isomorphic to Kp,p. Then the latter subgraph contains a
4-cycle in the form (x, x + n

2 , y1, y2) with no half edge besides e. This means that there
are elements z, z1, z2 ∈ P satisfying one of the following equalities:

x+ z ± s = y2 = y1 + z2 ± s = x+
n

2
+ z1 ± s+ z2 ± s.

This shows that s+ n
2 ∈ P or 3s+ n

2 ∈ P , and hence 2s ∈ P or 6s ∈ P . If 2s ∈ P , then
the order of s is a divisor of 2p, and as Zn = ⟨S⟩, we get n = 2p. This contradicts that
p2 | n. If 6s ∈ P , then the order of s is a divisor of 6p. Using also that p2 | n, we find that
p = 3 and n = 18. This, however, is excluded.
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Suppose second that e = {x, y} is not a half edge, i.e., y = x + z + εs, where z ∈ P
and ε ∈ {1,−1}. It is straightforward to check that the subgraph of Γ induced by the set
(P + x)∪ (P + y) contains e and it is isomorphic to Kp,p. This completes the proof of the
claim.

The above argument also shows that the biparts of the subgraphs of Γ isomorphic
to Kp,p partition the vertex set Zn into the P -cosets, which therefore, form an Aut(Γ)-
invariant partition.

Now suppose that Cay(Zn, S) ∼= Cay(Zn, T ) for some subset T ⊂ Zn. It follows
in turn that, the partition of Zn into the P -cosets is also Aut(Cay(Zn, T ))-invariant, T \
{n
2 } = (P + t) ∪ (P − t) for a suitable element t ∈ Zn, and

Cay(Zn, (P + s) ∪ (P − s)) ∼= Cay(Zn, (P + t) ∪ (P − t)).

By Lemma 3.3, T \ {n
2 } = (S \ {n

2 })
σ for some automorphism σ of Zn, and hence

T = Sσ .

We are ready to derive our main theorems. Given a positive integer k, in the proofs
below we denote by π(k) the set of all prime divisors of k. For a prime p, the p-part of k
is the largest power of p dividing k.

Proof of Theorem 1.4. If n2 = 1, then Theorem 1.4 follows from Theorem 1.1. Thus for
the rest of the proof we assume that n2 > 1. Let S ⊂ Zn such that 0 /∈ S and |S| ≤ m. By
Lemma 3.2, it suffices to show that Cay(⟨S⟩, S) is a CI-(di)graph. We derive this in three
steps. Write ⟨S⟩ = Zn′ .

Step 1. Cay(Zn′ , S) is a CI-(di)graph, unless n2 is odd.

Assume that n2 is even. Then |S| ≤ 2 if Cay(Zn′ , S) is a digraph and |S| ≤ 5 if it is
a graph. Thus the claim in Step 1 follows from the known facts that every cyclic group is
2-DCI-group [14] and also a 5-CI-group [8].

For the rest of the proof we assume that n2 is odd. Let p be the smallest prime divisor
of n2 and P be the subgroup of Zn of order p.

Step 2. Cay(Zn′ , S) is a CI-(di)graph, unless p2 | n′ and one of the following holds:

(i) S = P + s, for some s ∈ Zn′ ,

(ii) S = (P + s) ∪ (P − s), for some s ∈ Zn′ such that P + s ̸= P − s,

(iii) n′ is even and S = (P+s)∪(P−s)∪{n′

2 }, for some s ∈ Zn′ such that P+s ̸= P−s.

Assume that S is none of the sets described in the cases (i) – (iii) above. We show
below that Cay(Zn′ , S) is a CI-(di)graph.

Let n′ have prime decomposition n′ = pt11 · · · ptll . Let k = (k1, . . . ,kl) = k(S) be
the key of the set S. Suppose that ki ̸= z, the zero key in K

p
ti
i

. Then ti > 1. Assume

for the moment that pi > 2. Since p2i | n′, it follows that pi ∈ π(n2). As ⟨S⟩ = Zn′ ,
there is an element s ∈ S such that the order of s in the group Zn′ has pi-part ptii . Let
m = (m1, . . . ,ml) be the key of Zn′ defined as for every j ∈ [l],

mj =

{
(0, . . . , 0) if j ̸= i,

(0, . . . , 0, 1) if j = i.
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The cell of Σ(m) containing s is equal to Pi + s, where Pi ≤ Zn′ and |Pi| = pi. Also,
m ≤ k, hence by Proposition 2.4, Σ(k) ⊑ Σ(m). Let C be the cell of Σ(k) containing s.
It follows from the definition of k = k(S) that

Pi + s ⊆ C ⊆ S =⇒ pi ≤ |S|.

Suppose first that Cay(Zn′ , S) is a digraph. Since pi ∈ π(n2), it follows that |S| ≤ pi
also holds, and we conclude that S = Pi + s. If pj ∈ π(n2) and pj ̸= pi, then pi = |S| ≤
pj . Thus pi = p, the smallest prime divisor of n2, and so S is a set described in case (i) ,
which is impossible.

Suppose now that Cay(Zn′ , S) is a graph. Then S = −S, and so

(Pi + s) ∪ (Pi − s) ⊆ C ⊆ S =⇒ 2pi ≤ |S|.

For the last implication observe that Pi+ s ̸= Pi− s, for otherwise, 2s ∈ Pi, contradicting
that the order of s has pi-part ptii > pi. As pi ∈ π(n2), |S| ≤ 2pi + 1 also holds, so we
conclude that S = (Pi + s) ∪ (Pi − s) or n′ is even and S = (Pi + s) ∪ (Pi − s) ∪ {n′

2 }.
If pj ∈ π(n2) and pj ̸= pi, then 2pi ≤ |S| ≤ 2pj + 1. It follows that pi = p and S is a set
in the form given in either case (ii) or case (iii) , which is again impossible. We obtain that
pi = 2. But as n2 is odd, 2 must be a divisor of n1, and so ti = 2.

We conclude that k = z, the zero key of Zn′ , or the 2-part of n′ is 4 and k = z∗, the
almost zero key in Kn′ . By Lemma 2.13, Cay(Zn′ , S) is a CI-(di)graph.

Step 3. Cay(Zn′ , S) is a CI-(di)graph.

In view of Step 2, we may assume that p2 |n′. If Cay(Zn′ , S) is a digraph, then S is
a set described in case (i) of Step 2, and the statement follows from Lemma 3.3. Suppose
that Cay(Zn′ , S) is a graph. If S is a set described in case (ii) of Step 2, then the statement
follows again from Lemma 3.3; while if it is a set described in case (iii) , then the statement
follows from Lemma 3.4.

Proof of case (1) in Theorem 1.5. (=⇒) This is equivalent to the following implication: If
8 | n or p2 | n for some odd prime p < m, then Zn is not an m-DCI-group.

Suppose first that 8 | n. Then there is a subset S ⊂ Zn such that ⟨S⟩ ∼= Z8 and

Cay(⟨S⟩, S) ∼= Cay(Z8, {1, 2, 5}),

the non-CI-digraph discussed in [6]. By Lemma 3.2, Cay(Zn, S) is a non-CI-digraph, and
so Zn is not an m-DCI-group (recall that m ≥ 3).

Now suppose that p2 | n for some odd prime p < m. Then there is a subset S ⊂ Zn

such that ⟨S⟩ ∼= Zp2 and

Cay(⟨S⟩, S) ∼= Cay(Zp2 , (⟨p⟩+ 1) ∪ {p}),

the non-CI-digraph discussed in [11] (see the proof of [11, Theorem 1.4]). By Lemma 3.2,
Cay(Zn, S) is a non-CI-digraph, and so Zn is not an m-DCI-group.

(⇐=) Define n2 to be 1 if there is no odd prime p ∈ π(n) such that p2 divides n, and let
n2 =

∏
p∈π(n)
2<p<np

np otherwise, where np denotes the p-part of n. Let n1 = n
n2

. It follows

that gcd(n1, n2) = 1 and n1 | 4k, where k is odd and square-free. Note that, for every
p ∈ π(n2), p2 | n, implying that p ≥ m. Thus Theorem 1.4 can be applied to Zn and this
gives that Zn is an m-DCI-group.
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Proof of case (2) in Theorem 1.5. (=⇒) This is equivalent to the following implication: If
n /∈ {8, 9, 18} and 8 | n or p2 | n for some odd prime p < m−1

2 , then Zn is not an
m-CI-group.

If 8 | n, then the graph

Cay
(
Zn,

{
1, n− 1, 2, n− 2,

n

2
− 1,

n

2
+ 1

})
is a non-CI-graph as shown in [2, Example 1.22]. Thus Zn is not an m-CI-group (recall
that m ≥ 6).

Now suppose that p2 | n for some odd prime p < m−1
2 . Let p = 3 (so m ≥ 8). The

graph

Cay
(
Zn,

{
1, n− 1, 3, n− 3,

n

3
+ 1,

n

3
− 1,

2n

3
+ 1,

2n

3
− 1,

})
is a non-CI-graph as shown in [2, Example 1.23], and hence Zn is not an m-CI-group.

Let p ≥ 5 (so m ≥ 2p+ 2). In this case, there is a subset S ⊂ Zn such that ⟨S⟩ ∼= Zp2

and
Cay(⟨S⟩, S) ∼= Cay

(
Zp2 , (⟨p⟩+ 1) ∪ (⟨p⟩ − 1) ∪ {p,−p}

)
,

the non-CI-graph discussed in [11] (see the proof of [11, Theorem 1.5]). By Lemma 3.2,
Cay(Zn, S) is a non-CI-graph, and so Zn is not an m-CI-group.

(⇐=) If n ∈ {8, 9, 18}, then Zn is a CI-group, so the statement holds. Assume that
n /∈ {8, 9, 18}. Define n2 to be 1 if there is no odd prime p ∈ π(n) such that p2 divides n,
and let n2 =

∏
p∈π(n)
2<p<np

np otherwise, where np denotes the p-part of n. Let n1 = n
n2

. It

follows that gcd(n1, n2) = 1 and n1 | 4k, where k is odd and square-free. Note that, for
every p ∈ π(n2), p2 | n, implying that 2p + 1 ≥ m. Thus Theorem 1.4 can be applied to
Zn and this gives that Zn is an m-CI-group.
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