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ABSTRACT : In the paper formal methods for semantics definltion and 

reasons for thelr appearance are brlefly descrlbed. Denotatlonal 
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1. INTRODUCTION 

A programmlng language is a notatlon for 

describlng computatlons and is defined with 

syntax, semantics and pragmatlcs. The structure 

of statements is given by syntax. The area of 

syntax has been intenslvely studled and Backus -

Naur form { BNF ) Is uldely used for deflning 

syntax, because there exists a close 

correspondence betveen the BNF deflnltlon and 

parser. The meanlng of statements Is given by 

semantics and language Implementatlon on speclfic 

Computer is described by pragmatlcs. In this 

paper we briefly descrlbe semantics deflnltlon 

methods. Unfortunately, the semantlc area is not 

as well developed as the syntax area, because 

semantlc features are much more difflcult to 

deflne and descrlbe. Semantics of early developed 

programmming languages were described in natural 

languages. Thls descrlptlon has the advantage 

that semantics was easiiy understood but also 

many disadvantages such as: amblgulty, 

lnaccuracy, mlsunderstanding, ste. So we need 

formal semantics deflnltlons vhich, ensures us :-

predse standards for a computer 

Implementatlon, uhlch guarantes that the language 

Implementatlon is exactly the same on a H 

machines ; 

- usefull user documentatlon ; 

- a tool for design and analysls ; 

Input to compller generator, uhlch maps 

functional 

semantlc deflnltlons to a guaranted correct 

Implementatlon of the language. 

The effort, on formal methods for semantics 

deflnltlon,. done In 7Q-tles have brought us three 

dlstlnct and complementary descrlptlon methods : 

operatlonal, denotatlonal and axiomatic 

semantics [3,4,6,8]. 

The operatlonal semantics method ušes an 

Interpreter to deflne a language. The meanlng of 

a program Is the evaluatlon hlstory that the 

interpreter produces when it interprets the 

program. 

The denotatlonal approach to semantics makes 

use of mappings, uhlch are called semantlo 

valuatlon functions. These map syntax constructs 

into thelr abstract mathematlcal counter part -, 

thus numerals are mapped Into numbers, procedures 

are mapped into mathematlcal functions, and so 

on. The depotational deflnltlons are more 

abstract then operatlonal. 

Uith the axlomatlc semantics method, the neaning 

of program is not expllcltly given at a H . 

Instead, propertles about language constructs are 

defined. These propertles are expressed uith 

axloms and Inference rules. Axloraatic deflnltlons 

are more i abstract then denotatlonal and 

operatlonal. 

Ali three methods together provide a set of 

tools for language development. Deslgners might 

first deflne propertles that they ulsh the system 
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to have, so axlomatlc deflnltlon Is constructed 

flrst. Next, a denotatlonal semantics Is deflned 

to give the meanlng of the language. Flnally, the 

denotatlonal deflnltlon Is Implemented uslng an 

operatlonal deflnltlon. These compleraentary 

semantic deflnltlons of a language support 

systematlc design, development and 

Implementatlon. In the paper we descrlbe. 

denotatlonal approach and one of Its posslble 

Implementatlon uslng functlonal programmlng 

language LISP. 

2. DENOTATIONAL SEMANTICS 

Denotatlonal semantics (1.2.31 Is a methodology 

for giving raathematlcal meanlng to programmlng 

languages. To make thlngs more underslandable an 

example of denotatlonal semantics for a slraple 

language of blnary numbers Is glven flrst. Its 

5yntax Is deflned wlth : 

v ::'= v S \ S 

S ::= O I 1 

The language of blnary numbers Is composed by 

sequence of dlglts O and 1. To deflne the meanlng 

of statement a valuatlon semantic functlon V 

which maps 'sequence of dlglts Into thelr meanlng 

Is constructed. We say that the domaln of V Is a 

sequence of dlglts and the codomaln are Integers 

whlch represents meanlngs of dlglts. MathemaLical 

notatlon for the functlon V Is ; 

V : Bln -> Integer 

We must deflne an Instructlon, . whlch maps the 

domaln Into the codomaln for each BNF rule : 

V[0] = O 

Vtl] = J 

vivs] = 2 • vii/1 • v:a) 

The next exaraple, shows the semantic valuatlon 

functlon V on work : 

V[10011 = 2 • VdOOl + Vil] 

= 2 • 2 • VtlOl* V[0) + 1 

" 2 • 2 * Z * Vtn + V[01 * O * 1 

= 2 * 2 * 2 * 1 * 0 * 0 *'l 

= 9 

Therefore the denotatlonal approach to 

languages deflnltlon must make clear several sets 

of quantltles : 

- the syntax rules, 

- the deflnltlon of the varlous semantic 

functlons, 

- the syntax domalns, 

- the semantic doraalns. 

For descrlblng syntax Tules the abstract syntax 

Is used. It speclfles the relatlons between 

loglcal parts of the language and can be slmpler 

than concrete syntax, and may not contaln enough 

Information to parse the language unamblguously. 

On contrary, concrete syntax contalns sufflclent 

Information to parse a language. 

A-nolatlons Is used for descrlblng semantic 

functlons. To show the advantage of a X-notatlon 

foUoulng deflnltlons must be stated flrst. 

Functlon f(x) = y is equivalently descrlbed in 

A-notation wlth f = Xx.y . In this notatlon ali 

functlons usually have only one argument or one 

parameter. Conslder a functlon f wlth two 

variables x and y. A functlon g wlth the property 

g(x)Cy) = f(x,y) can be deflned and Is In some 

sense equivalent to f. The-functlon g Is called 

the currled verslon of f. Functlon which produced 

another functlon on Its output Is called the hlgh 

order functlon. X-notatlon has follovilng 

advantages : 

- a hlgh order functlon Is easler to descrlbe ; 

exaraple : 

add : N -> IN -> « 

standard notatlon : 

add(n) = f , vhere f(m) = n+m 

A-notatlon : 

add *= An. Am. n+m 

- a functlon can be deflned vilthout glvlng It a 

name. Such functlon is called the anonymous 

functlon. 

Several addltlonal notatlons nay be used in 

expresslpns of semantic equatlons, such as 

"update" expresslons of the form (a H-» blf, whlch 

denotes a functlon f vhlch Is the same as the 

functlon f except. that it maps the argument a 

into the value b. Condltlonal expresslons are 

written In the form " t -> e D e " uhere the 

value of the expresslon e Is evaluated if and 

only if the boolean expresslon t Is true and the 

value e Is evaluated othervise. 
2 

5yntax domalns of Imperative languages are 

usually Identlflers, expresslon, commands and 

deflnltlons. Semantic domalns are most 

conventlonalIy descrlbed wlth an envlronment and 

a store. The envlronment Is a fini te set of 

assoclatlons of Identlflers wlth values they 

denote ( denotable values ) and the store is a 
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flnlte set of locatlons wlth values they contaln 

( storable values ). The store wlll be sufficlenl 

for slmple languages where equal Identlfler can 

not be used for different objects. 

And now, let us deflne Ihe raeaning of 

identlflers. Identlflers may stands for locatlon. 

label, procedure and thelrs nieaning are lepresent 

by seraantic domaln environment whlch Is a 

function from Identlflers to denotable values. If 

Identlfler stands for locatlon , a second 

semantlc domaln Is used to get value they 

contaln. The store Is therefore a function from 

locatlons to storable values. 

The meanlng of comraands Is to change the store, 

the meanlng of a deflnltlon is to change the 

environment and the meanlng of an expression is 

to produce a value (expressible value). 

3. IMPLEHENTING DENOTATIONAL SEMANTICS 

USINC LISP 

A great advantage of the denotationai approach 

Is that can be mechanlzed and Interpreled on a 

Computer (1,2,7). In this chapter a sna11 and a 

slmple example Is descrlbed with the denotationai 

semantlcs flrst and then Implemented uslng 

functlonal language LISP. LISP Is selected 

because hlgh order functlons are relatively 

slmple to express uslng It. 

The abstract syntax for a slmple Imperative 

language Is glven flrst : 

P e Program 

B € Block 

D e. Declaratlon 

C e Command 

E e Expresslon 

I 6 Identlfler 

N e Numeral 

P ::= B. 

B : :'• begln D & C end 

D : : = D & D I var I 

1 2 
C ::>= C & C^ I I:=E I 

if E then C else C I B 

E ::= E + E I I I N 
1 2 

Program is a block of statements and each block 

conslsts of a declaratlon part and a command 

part. Commands are : assignment statenent, if 

stateraent and block of statements. Expressions 

are : identlflers, numerals and coiiposed 

expressions. Delimiter symbol betveen statements 

is a character &. 

Semantlcs are descrlbed as follous : 

Domalns and operations on it are : 

I. Natural nunbers n 6 M 

II. Identlflers 1 € Id 

III. Locatlon 1 e Loc 

reserve_loc : Loc 

reserve_loc » random 1000 

IV. Denotable values d 6 D_values = Loc 

V. Environment e e Env = Id -> D_values 

enptyenv : Env 

eraptyenv » Ai.O 

accessenv : Id -> Env -> D_values 

accessenv = Xl.Xe.e(i) 

updateenv ; Id -> Value -> Env -> Env 

updateenv = Ai.\d.Xe. (1 (-» vle 

VI. Storable values v 6 S_value = N 

VII. Store s 6 Store = Loc -> S_value 

emptystore : Store 

emptystore = XI.O 

access : Loc -> Store -> S_value 

access = Al.As. s(l) 

update : Loc -> S_value -> 

Store -> Store 

update = Ai.Av.As. (1 t-* v|s 

VIII. Expressible values x e Exp_vaules = N 

Semantlc valuation functlons Is glven next : 

P: Program -> Store 

PtBI = BIB) emptyenv emptystore 

The meanlng of a program is deflned wlth a store, 

uhich is the output ftom function B. The function 

B needs environment and store on the Input. The 

function B Is applled on Inltialized environment 

and store flrst. 

B: Block -> Env -> Store -> Store 

BCbegin D & C endl = Ae.Xs.C[Cl (D[D1 e) s 

The meanlng of a block is the meanlng of 

commands, vihich is evaluated on environment and 

store. The environment Is changed by function D 

flrst. 

D: Declaratlons -> Env -> Env 

D[D^ & D̂ J = Xe.DtD^] (DlD^l e) 

Divar I) = Xe.updateenv lil reserve_loc e 

The meanlng of a declaratlon is to change the 

environment. When an identlfler declaratlon is 

evaluated, neu locatlon Is produced flrst and 

then new updated environment is returned. Thls 

updated environment has a property that it maps 

an Identlfler to a new locatlon. 
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C: Command -> Env -> Store -> Store 

CIB] = Xe. As.BtBl e s 

C[C & C ] = ^e.As.CtC ] e (CIC ) e s) 
1 2 2 1 

CII:=E1 = Xe.Xs.update (accessenv (II e) 

(ElE) e s) s 

C[lf E Ihen C else C ) = Ae.As.ElEls = O -> 
CtC le s o 

1 

C[C le s 
2 

The meanlng of a command is to change the store. 

The meanlng of an If statement Is to evaluate the 

expresslon E flrst and then approprlate command 

Is selected and evaluated. The meanlng of an 

assignment statement is : 

- a locatlon for an Identlfler Is evaluated 

( accessenv [I] e ) . 

- an expresslon E is evaluated ( EIEl e s ) . 

- a location Is updated ulth value produced by 

the functlon E 

(update (accessenv [1] e) (E[E]e s).s) . 

E: Expresslon -> Env -> Store -> Exp_value 

E(E +E ] = Ae.Xs.E[E le s + E[E le s 

Etll = Ae.As.access (accessenv 111 e) s 

E[N] = N(N] 

The meanlng of an expresslon Is to produce a new 

value. Semantlc valuatlon functlon N is slmllar 

to functlon V , which Is Introduced In chapter 2. 

Now, we can apply syntax semantlc valuatlon 

functlons to syntax construct to gel thelr 

meanlng. 

C[begln var 1; 1:=20 end; 1:=1+11 (U llemptyenv 

(1 1- 101emptystore = 

let e = ( l̂  1|emptyenv 

let s = (1 ^ 101emptystore 

C[l:=i + ll e (Clbegln var 1; 1:=20 endl ê  ŝ  ) = 

C[l:=l+ll e (Blbegln var 1; i:=20 endl 6^3^)= 

C[l:=H-ll e (C(l:=201 (D Ivar 11 e^) ŝ ) = 

C[i:=l*ll ê  (C(i:=201 

(updateenv [il reserve_loc e ) s ) = 

CIl:=l+ll ê  (C(l:=20] (1 i- 2]e^ ŝ  ) = 

Cll:=l+Il e (update (accessenv [11 (1 H Zle ) 

(E(201 ŝ ) Sj ) = 

Ctl:=l+ll e (update 2 20 s ) = 

Cli: =1 + 1] ê  12 I- 201Sj = 

let e = ( 1K 21emptyenv 
2 

let s = 11 
2 

10. 2 H 201emptystore 

update { accesseiiv [1] e ) {E[l + ll ê  ŝ ) ŝ  => 

update 1 ((acess (accessenv [il e )s ) + 1) s = 

update 1 (access 1 s )+l s = 

update 1 10+1 s. = 

upda te 1 11 s = 

11 h U, 2 I- 20)emptystore 

The meanlng of the above program Is the store, 

which map locatlon 1 to value 11 and location 2 

to value 20. 

Iraplementation of semantlc valuatlon functlons 

is shown In appendix . Now, ue can analyze any 

semantlc valuatlon functlon. 

Examples : 

Example : 

P[begln var 1; 1:=10; begln var 1; i:=20 end; 

1:=1+1 endl = 

B[begln var 1; 1:=10; begln var 1; 1:=20 end; 

1:=1+1 endl emptyenv emptystore = 

C[l:=10; begln var 1; i:=20end; l:=i + ll 

(D[var llemptyenv) emptystore = 

C[l:=10; begln var 1; 1;=20 end; ,l:=i + ll 

(updateenv (Il reserve_loc emptyenv) 

emptystore = 

C[l:=10;. begln var Ij 1:=20 end; 1:=1+11 

(i I- llemptyenv emptystore = 

Clbegin var i; 1:=20 end; l:=i + l] 

lih llemptyenv (C{1:=101 (i i- llemptyenv 

eraptystore) = 

C[begln var 1; 1:=20 end; 1:=1+11 

[Ih llemptyenv (update (accessenv [1] 

[1 I- 1) emptyenv) (£[10] [in llemptyenv 

emptystore) emptystore) = 

C[begin var 1; 1:=20 end; i:=1+1] 

lih l]emptyenv (update 1 10 emptystorel = 

(setq new_env 

(funcall (D '(var i & var J & var k)) emptyenv)) 

=> ( Is evaluated to ) 

( (1 599) (J 41) (k 855) ) 

Functlon D changed the envlronment. The neu 

envlronment maps Identlfler 1 to locatlon 599, 

Identlfler J to locatlon 41 and Identlfler k to 

location 855. 

(D) 8. 

(2)) «. 

{(1) + (J))) 

(funcall (funcall (C '( ( 1 

( J 
( k 

) 

) neu_env ) emptystore) 

=> ( Is evaluated to ) 

( (599 1) (41 2) (855 3) ) 
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Function C changed the store. The new store maps 

locatlon 599 to value 1, locatlon 41 to value 2 

and locatlon 855 to value 3. 

(setq prog ' (begln (var 1 & var J 8. var k) & 

( (1 := (D) 8. 

(J := (d) + (1))) fi 

( begln (var 1 & var 1 & var m) & 

( (1 

(m 

(1 

) 

end ) S. 

(k := (d) + 

(20)} & 

(d) • (1))) & 

((J) * (1))) 

(2))] 

) 
end )) 

( P prog ) 

=> C is evaluated to ) 

( (599 1) (41 2) (784 20) (503 21) (981 3) 

(855 3) ) 

We can understand the store only with 

the environment. The environment for tliat example 

is : 

(d 599) (J 41) (le 855) d 784) (1 981) (m 503)) 
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APPENDIX : SEHANTIC VALUATION FUNCTIONS IN U S P 

Env = Id -> D_value 

Environment is modeled with association list 

( (id loc ) ... (id loc ) ) 
1 1 n n 

4. CONCLUSION 

The inplem^ntation of semantlc valuatlon 

functions has many advantages d,Z,S,71 : 

each semantlc valuatlon function can be 

5eparately tested and analyzed, 

a rapld prototyped Interpreter lor the 

language is produced 

- ali advantages of prototyped systems such as : 

- greater user partlclpation. 

- early detection of errors. 

- better user - developer commui icatlons, 

- early dellvered executable systems to the 

users, 

- help by suppressing uncertalntleš In 

user requirements d'11 kno« what I want. 

when I see it ! ). 

;; accessenv: Id -> Env -> D_values 

(defun accessenv () 

tt'(lambda (1) «'daobda (e) (cadr (assoc 1 e))}) 

;; updateenv: Id -> D_value -> Env -> Env 

(defun updateenv () 

«' dambda (1) 

U' (lambda(d) 

lt'(lambda (e) (putassoc e 1 d))))) 

Store = Loc -> S_value 

Store is modeled w.ith association list 

( (loc value ) ... (loc value ) ) 
1 1 n n 

; access : Loc -> Store -> S_value 

(defun access () 

r dambda d ) 

«• dambda (s) (assocl 1 s)))) 
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; update : Loc -> S_value -> Store -> Store 

( defun update O 

II' dambda (1) 

It" dambda (v) 

It'(lambda (s) (putassoc s 1 v))))) 
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,; reserve_loc Is modeled wlth random numbers 

(defun reserve_loc () ( random 1000 )) 

; envlronment Initlallzation 

(defun emptyenv () nll ) 

; store Initlallzation . 

(defun emptystore O nll ) 

; P: Program -> Store 

( defun P (Program) 

(funcall (funcall (B Program) (eraptyenv)) 

(emptystore))) 

; B: Block -> Env -> Store -> Store 

( defun B (Block) 

tt' ( lambda ( e ) 

«'(lambda ( s ) (funcall (funcall (C (cadddr 

Block)) (funcall (D (cadr Block)) e)) s)))) 

;; E: Exp -> Env -> Store -> Exp_value 

(defun E (Expj 

tt'(lambda (e) 

tt'(lambda (s) 

;; number 

(cond ((numberp (car Exp)) (car Exp)) 

;; Exp + Exp 

((equal (cadr Exp) +) 

(+ (funcall (funcall (E (car Exp)) e) s) 

(funcall (funcall (E (caddr Exp)l 

e) s))) 

;1 Identlfler 

(t (funcall (funcall (access) 

(funcall (funcall (accessenv ) 

(car Exp)) e)) s)))))) 

;; D: Dec -> Env -> Env 

(defun D (Dec) 

tt'(lambda (e) 

(cond ((equal (caddr Dec) '&) 

;; composed declaratlon 

(funcall (D (cdddr Dec)) (funcall' 

(D (list (car Dec) (cadr Dec))) e))) 

;; Identlfler declaratlon 

(t (funcall (funcall (funcall 

(updateenv) (cadr Dec)) (reserve_lo(r)) e ))))) 

; C: Comm .-> Env -> Store -> Store 

(defun C (Comm) 

tt'(lambda (e) 

tt'(lambda (s) 

(cond ((not (equal (cdr Comm) nll)) 

;; composed commands 

(funcall (funcall (C (cddr Comm)) e) 

(funcall (funcall (C (list (car Comm))) 

e) s))) 

;; If statements 

'((equal (caar Comm) 'IF) 

(cond ((equal (funcall (funcall 

, (E (cadar Comm)) e) s) O) 

(funcall (funcall (C (Ust 

(cadddr (car Comm)))) e) s)) 

(t (funcall (funcall (C (list 

(cadddddr (car Comm)))) e) s)))) 

;; block statements 

((equal (caar Comn) 'BEGIN) 

(funcall (funcall (B (car Comm)) e) s)) 

;; asslgnment statenent 

(t (funcall (funcall (funcall. 

(update) (funcall (funcall 

(accessenv) (caar Comm)) e)) 

(funcall (funcall (E 

(caddar Comm)) e ) s)) s)))))) 


