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Abstract

The first and second Zagreb indices were first introduced by I. Gutman and N. Trinajstic in 1972. It is reported that the-
se indices are useful in the study of anti-inflammatory activities of certain chemical instances, and in elsewhere. Re-
cently, the first and second multiple Zagreb indices of a graph G were introduced by Ghorbani and Azimi in 2012. In
this paper, we calculate the Zagreb indices and the multiplicative versions of the Zagreb indices of an infinite class of

titania nanotubes 7i0,[m,n].
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1. Introduction

Mathematical chemistry is a branch of theoretical
chemistry in which we discuss and predict the chemical
structure by using mathematical tools. Chemical graph
theory is a branch of mathematical chemistry in which we
apply tools from graph theory to model the chemical phe-
nomenon mathematically. This theory plays a prominent
role in the fields of chemical sciences.

A molecular graph is a simple graph in which the ver-
tices denote atoms and the edges represent chemical bonds
between these atoms. The hydrogen atoms are often omit-
ted in a molecular graph. Let G be a molecular graph with
vertex set V(G) = {v,, v,, ..., v, } and edge set E(G). We de-
note the order and size of G by |V|(G)| and |E(G)|, respecti-
vely. An edge in E(G) with end vertices u# and v is denoted
by uv. Two vertices u and v are said to be adjacent if there is
an edge between them. The set of all vertices adjacent to a
vertex u is said to be the neighbourhood of u, denoted as
N(u). The number of vertices in N(u) is said to be the degree
of u, denoted by d(x). The maximum and minimum vertex
degrees in a graph G, respectively denoted by A(G) and
6(G), are defined as max {d(u)lue V(G)} and min {d(u)|
ue V(G)}, respectively. A (v,, v,) -path on n vertices is de-
noted by P, and is defined as a graph with vertex set {v,:1<
i <n} and edge set vy, , for 1 <i < n-1. The length of a
path P is the number of edges in it, that is, n—1.

A topological index is a molecular graph invariant
which correlates the physico-chemical properties of a

molecular graph with a number."! The first topological
index was introduced by a chemist Harold Wiener in
1947 to calculate the boiling points of paraffins.? This
numerical representation of a molecular graph has
shown to be very useful quantity to use in the quantitati-
ve structure-property relationship.® It also has many ap-
plications in communication, facility location, crypto-
graphy, etc., that are effectively modeled by a connected
graph G with some restrictions.* This index was origi-
nally defined for trees to correlate certain physico-che-
mical properties of alkanes, alcohols, amines and their
compounds. Hosoya® defined the notion of Wiener in-
dex for any graph G as

w(G)= Y. duv). (1)

fuwlcViG)

A pair of molecular descriptors known as the first
Zagreb index M,(G) and the second Zagreb index M,(G)
were first appeared in the topological formula for total
m-energy of conjugated molecules that was derived in
1972 by Gutman and Trinajstic.® Afterwards, these indices
have been used as branching indices’. Later on, the Za-
greb indices found applications in QSPR and QSAR stu-
dies.®® Many topological indices have been studied in the
literature for different chemical structures.'®"?

The first Zagreb index M,(G) and the second Zagreb
index M,(G) of a molecular graph G are respectively defi-
ned as
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M(G)= D d)’= ) (du)+d() )

vel(G) weE(G)

M,(G)= ), d()d(v). 3)

weE(G)

The new multiplicative versions of M (G) and
M,(G) indices, denoted by PM,(G) and PM,(G) (respecti-
vely), were first defined by Ghorbani and Azimi.'* These
indices are defined as follows.

PM(G)= [] (d,+d,), (4)

we E(G)

PM,(G)= [] d@)d(). ®)

weE(G)

In this paper, we study the Zagreb and multiplicative
versions of Zagreb indices of titania 7i0, nanotubes. As a
well-known semiconductor with numerous technological
applications, Titania nanotubes are comprehensively stu-
died in materials science. Titania nanotubes were systema-
tically synthesized during the last 10-15 years using diffe-
rent methods and carefully studied as prospective techno-
logical materials. Since the growth mechanism for 7iO,
nanotubes is still not well defined, their comprehensive
theoretical studies attract enhanced attention. The 7iO,
sheets with a thickness of a few atomic layers were found
to be remarkably stable.'?

Recently, the multiple Zagreb indices of circumcoro-
nene homologous series of benzenoids were studied by Fa-
rahani.'® The Zagreb indices of some other nanotubes and
benzenoid graphs can also be found in the literature.'”'8

2. Main Results

The graph of the titania nanotube TiO, [m,n] is pre-
sented in Figure 1, where m denotes the number of octa-

Top image

Across image

Figure 1: The graph of TiO, [m,n] -nanotubes, for m = 4 and m = 6.

gons in a column and n denotes the number of octagons in
a row of the Titania nanotube.

In the following, we perform some necessary calcu-
lations for computing the Zagreb indices and multiplicati-
ve versions of Zagreb indices defined in the previous sec-
tion.

Let us define the partitions for the vertex set and ed-
ge set of the titania nanotube TiO,, for 8(G) <k < AG),
28(G) < i < 2A(G), and 8(G)* <j < A (G)?, then we have

V,={veV(G)|d(v)=k}, (6)
E ={e=uve E(G)|du)+d(v)=i}, (7
E; =f{e=uve E(G)|du)d(v)= j}. (®)

In the molecular graph of 7i0, nanotubes, we can
see that 2 < d(v) < 5. So, we have the vertex partitions as
follows.

V,={ueV(G)|d(u)=2}, ©)
Vi={ueV(G)|du)=3}, (10)
Vi={ueV(G)|du) =4}, (11)
Vi={ueV(G)|d(u)=>5j. (12)

Similarly, the edge partitions of the graph of TiO,
nanotubes are as follows.

E,=E, ={e=uve E(G)|d(u)= (13)

E?=El°0u£l°3={e=weE(G)|d(zr): (14)
=2&d(v)=5}

Ule=uve E(G)|du)=3&d(v)=4}, (15)

n="1 n=2 n=23 n=4 n5 n=6
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E,=E.={e=uve E(G)|du)= (16)
=3&d(v)=5}.

Since for every vertex ve V(G), d(v) belongs to ex-
actly one class V, for 2 < k <5 and for every edge uve -
E(G), d(u) + d(v) (resp. d(u)d(v)) belongs to exactly one
class E, (resp. Ej*) for 28(G) < i <2A (G), and §(G)*< i <
A(G)*. So, the vertex partitions V, and the edge partitions
E; and E]* are collectively exhaustive, that is

AG) 2ALG)

Uv=v©e), | E=EG),
k=8(G) i=28(G)

A7)

_\21(;l
U £ =E@.

el -
J=ET(G)

When m = 1, the number of vertices of degree 2 in
TiO,[1,n] are 2n + n + 1 x (2n) + n. Thus for 7iO,[m,n],
we have |V)| = 2n + n + m(2n) + n = 2mn + 4n. Similarly,
the cardinalities of all the vertex and edge partitions can
be obtained, which are presented in Table 1.

Table 1: The vertex and edge partitions of the 7i0, nanotubes
along with their cardinalities.

Vertex partition Cardinality
v, 2mn + 4n
v, 2mn
v, 2n
s 2mn
E,=E, 6n
; 4dmn + 4n
Eg =E15* 6mn —2n
E 10* 2mn + 2n
E 12* 2n

Theorem 2.1 The first Zagreb index of the TiO, na-
notube is given by

M (TiO,) = T6mn+48n. (18)

Proof. From equation 2, we have M (TiO,) = 6x |E| +
7x |E, | + 8% |Eg|. Using cardinalities of the edge partitions
from Table 1, we get M,(TiO,) = T6mn + 48n, as required.

Theorem 2.2 The second Zagreb index of the TiO,
nanotube is given by

M,(TiO,) =130mn+62n. (19)

Proof. Using equation 3, we get M,(Ti0,) = 8x |Eq|
+10x |[Ey| + 12 |E || + 15x |E 4| By cardinalities of the
edge partitions from Table 1, we get M,(7i0,) = 130mn +
62n, as required.

Theorem 2.3 The first multiple Zagreb index of the
TiO, nanotube is given by

PM,(TiO,)=677376m"n"* +112896mn" — -0
~112896n". (20)

Proof. From equation 4, we have PM (TiO,) = 6x
|Eq| X7x |E,| x8x |E,|. Using cardinalities of the edge par-
titions given in Table 1, we get PM (TiO,) = 677376m’n’
+ 112896mn* — 112896n*, as required.

Theorem 2.4 The second multiple Zagreb index of
the (TiO,) nanotube is given by

PM,(TiO,) = 4147200m°n"* +691200mn"* —

21
—-6912001". )
Proof. Using equation 5, we have M,(Ti0,) = 8x |E,
| x10x |E|, | x12x |E, | x15x |E|5|. By using cardinalities
of the edge partitions from Table 1, we get PM,(TiO,) =
4147200m°n* + 691200mn* — 691200n*, as required.

3. Conclusion

The Zagreb indices were first appeared in the topolo-
gical formula for the total t-energy of conjugated molecules
that has been derived in 1972 by Gutman and Trinajstic’.
These indices have also been used as branching indices and
have found applications in QSPR and QSAR studies. In this
paper, we studied the Zagreb indices and the newly defined
multiplicative versions of the Zagreb indices of an infinite
class of Titania nanotubes 7i0,[m,n]. Closed form formulas
have been derived for the above mentioned indices.
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Prvi in drugi zagrebski indeks sta vpeljala I. Gutman in N. Trinajstic leta 1972. Izkazalo se je, da sta ta dva indeksa upo-
rabna pri napovedih protivnetnih lastnosti nekaterih kemijskih spojin in drugih raziskavah. Ghorbani in Azimi sta prvi
in drugi zagrebski indkes leta 2012 uporabila v grafu G. V tem delu smo zagrebska indeksa in njune veckratnike

izraCunali za nanocevke TiO,[m,n].
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