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Abstract
The area where a progress curve exhibitsmaximum curvature contains the most information about kinetic parameters. 
To determine these parameters more accurately from progress curves, we propose an iterative approach that calculates 
the area of maximum curvature based on an estimate of kinetic parameters and then recalculates the parameters based 
on time-concentration data points within this area. Based on this algorithm, we developed a computer script called iFIT 
as a free web application at http://www.i-fit.si. The benefits of working with iFIT are that it decreases the importance of 
initial substrate concentration and the impact of certain side reactions on the final calculated kinetic parameters.
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1. Introduction
The classical way to determine enzyme-kinetic pa-

rameters, such as the Michaelis constant Km and limiting 
rate Vmax, was via initial-velocity-based approaches, such 
as the Michaelis-Menten (MM) diagram and its linearized 
derivations, e.g., the Lineweaver-Burk diagram. In recent 
decades, analyzing entire progress curves has mostly su-
perseded the former approach as a simple way of deter-
mining kinetic parameters with greater accuracy and pre-
cision and using fewer measurements.1 While a common 
problem of analyzing initial velocities is a shortage of ex-
perimental data points, progress curves often have too 
many data points, which may counterintuitively decrease 
the quality of the fitted parameters.

It is well understood that information about kinetic 
parameters is not equally encoded in all parts of a progress 
curve. Once the curve reaches its plateau, recording addi-
tional time-concentration points does not provide any fur-
ther information about Km or kcat. Fitting a model function 
onto a curve with a long plateau might result in a model 
curve that fits perfectly onto the measured plateau, but at 
the expense of the area of maximum curvature (see Figure 
1). Similarly, for progress curves at high substrate concen-
tration relative to Km, the initial part of the progress curve 
will be almost linear (zero-order), and similar consider-

ations apply to it as to the plateau. The most information 
about kinetic parameters can be extracted from the prog-
ress curve’s area of maximum curvature.2

To ensure that the model function fits well onto the 
area of maximum curvature, different weights can be as-
signed to different areas of the progress curve, or parts of 
the curve (e.g., the plateau) can be manually removed. 
However, to avoid accusations of tampering with raw data, 
any such method for optimizing progress curves must be 
clearly defined, universally applicable, and based on sound 
mathematical principles. We here propose such a method, 
based on the theoretical work of Stroberg and Schnell2. 
They published an equation that calculates the area of 
maximum curvature of a progress curve from already 
known kinetic parameters. Based on this, we developed an 
iterative approach for calculating the area without known 
kinetic parameters. Furthermore, we developed a comput-
er script to automatically perform the iterative process.

2. Experimental
2. 1. Study Design

Our study was designed only for the development of 
simple and quick methodology for determination of se-
rum paraoxonase 1 (PON1) kinetic characteristics. We 

http://www.i-fit.si
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utilized a leftover routine blood sample of a healthy 
blood-donor. Since the biological material used in this re-
port has been obtained from a leftover specimen, and the 
sample was not used for any other particular study, in-
formed consent from volunteers and ethical approval was 
unnecessary because the sample was no longer traceable.

2. 2. Methods
The blood sample was collected in a heparin tube, 

immediately centrifuged at 2200 g, 4 °C for 10 min, and 
the plasma was removed and stored at –80 °C until mea-
surement. Enzyme activity measurements were performed 
as in Goličnik and Bavec.3 Briefly, the measurements were 
conducted at room temperature, in a buffer consisting of 
50 mM Tris and 1 mM CaCl2, pH = 8. The substrate was 
dihydrocoumarin, prepared as a 25 mM stock solution in 
methanol. Each reaction had a total volume of 2 mL and 
was performed in a 1 cm cuvette.

For each measurement, 20 uL of substrate stock solu-
tion (final concentration: 250 uM) and 10 uL of plasma 
were added to 1970 uL of buffer. Substrate was added last, 
after which we started the measurement. Absorbance at 
270 nm was measured every second until after the prog-
ress curve had clearly reached its plateau. Afterwards, the 
progress curve was analyzed using iFIT, which is explained 
in detail in the main text of the present article.

2. 3. Data Analysis
Stroberg and Schnell introduce the concept of tQ, i.e., 

the length of time during which the progress curve is at its 
maximum curvature. tQ depends on Km, Vmax, and initial 
substrate concentration (S0), according to Equation 1:

						       (1)

When an entire progress curve has been measured, 
and the extinction coefficient for the product is known, S0 
can be easily calculated. However, calculating Km and Vmax 
from a progress curve is not trivial, even if we are only in-
terested in an estimate. Hence, using tQ for an improved 
way to calculate Km results in a chicken-and-egg problem, 
which can be solved with an iterated approach. We start by 
applying the integrated MM equation (Equation 2) to the 
entire progress curve to acquire estimates for Km and Vmax. 
We then use these estimates to calculate tQ and subse-
quently analyze only the tQ-bound region of the progress 
curve again with the model function to acquire more pre-
cise estimates of Km and Vmax. We continue this process 
until the calculated tQ interval, i.e., the number of experi-
mental time-concentration data points selected by the al-
gorithm, is the same in two successive iterations.

Several approaches for calculating kinetic parame-
ters directly from progress curves have been proposed. 

Briefly, it is possible to (1) model the enzymatic reaction 
with a system of differential equations (an example of such 
a program is Dynafit);4 (2) treat each derivative of the 
progress curve with respect to time as an initial velocity 
and plot these “initial velocities” onto the standard MM 
diagram;5 or (3) use an integrated version of the MM equa-
tion. We decided to use the latter: a numerical approxima-
tion by Goličnik (Equations 2 and 3):6

						       (2)

						    

where

						       (3)

Goličnik’s approximation is based on an integrated 
MM equation (based on the Lambert Omega function) that 
was published by Schnell and Mendoza (Equation 4).7	

						       (4)

3. Results and Discussion
Performing the entire iterative procedure manually 

would be extremely time-consuming. Therefore, we devel-
oped a computer script in Python, provisionally referred 
to as iFIT. The script takes a progress curve as its input, 
asks the user for an initial selection of an area of the curve 
(not necessary) and an extinction coefficient, and auto-
matically calculates estimates for substrate concentration, 
baseline, and Vmax. The user then inputs an estimate for 
Km, which is required by the integrated MM equation to 
start the fitting procedure. iFIT begins the iterative process 
of calculating tQ from kinetic parameters and then recal-
culating kinetic parameters from the part of the curve de-
scribed by tQ. The area of the curve that is being fitted can 
expand, contract, or move left or right on the x-axis be-
tween successive iterations.

When two successive iterations produce the same se-
lection of time-concentration data points as the result, it is 
output by the script as the final result, including calculated 
values for Km, Vmax, [S]0, and the baseline. If iFIT does not 
converge to a tQ value after 100 iterations (usually this oc-
curs when the script oscillates between two values of tQ), 
the procedure is terminated without a final result. Addi-
tionally, iFIT always draws all the intermediate graphs as 
well as the final graph, with both the data points and mod-
el curve displayed, so that the user can visually check 
whether the final fit is indeed sensible. An example of an 
initial and final graph is displayed in Figure 1. More de-
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tailed information on how to use the iFIT web application 
is available in the Supplementary material.

iFIT has two main requirements. 1) The progress 
curve must be smooth, without a substantial amount of 
noise. Even if each part of the curve can be fitted well with 
the integrated MM equation, noise may cause iFIT to os-
cillate between two or more different values of tQ (and, 
consequently, two or more different output values of Km). 
2) The initial substrate concentration must not be sub-
stantially below Km. In such cases, iFIT will conclude that 
the area of maximum curvature lies before the beginning 
of the progress curve, i.e., at a “negative” time interval. 
Since such intervals do not contain time-concentration 
data points, iFIT will be unable to continue the calcula-
tion. The same thing will happen if we try to input an 
exponential progress curve, e.g., from a first-order reac-
tion.

Conversely, it is not a problem for iFIT if the initial 
substrate concentration is significantly above Km, which is 
advised against in conventional enzyme-kinetic guidelines. 
As long as there are enough time-concentration data points 
in the high-curvature region of the progress curve, it does 
not matter how many other points lie outside of this region. 
It also does not matter if the progress curve’s plateau is very 
long, noisy, or deviates from a straight line; iFIT will simply 
not consider these points in the final result.

A related advantage of iFIT is that it can decrease the 
influence of certain side reactions on the final calculated 
value of Km. During a MM reaction with a low Km and an 
[S]0 sufficiently above Km, the rate of the reaction will 
slowly decrease as substrate is being consumed. If we per-
form the same reaction with a lower-affinity enzyme, the 
reaction rate will decrease more quickly as substrate is be-
ing consumed. The example of this is a first-order reaction, 

Figure 1: The fit of kinetic progress curve data by iFIT for human PON1. a) The entire curve (blue) before fitting with a model function, with the 
area of maximum curvature shown in the shaded window. b) The area of maximum curvature (blue) of the progress curve in a) and the best-fit curve 
calculated with Equation 2 (red) after the final iteration of iFIT. The calculated value of Km is 6.70 μM. c) The entire progress curve from a) (blue) 
fitted with the model function (red) after the first iteration of iFIT; the area of maximum curvature is shown in the shaded window and is the same 
as in a). The calculated value of Km is 17.33 μM. d) The area of maximum curvature zoomed in after the entire curve (blue) was fitted with the mod-
el function (red). It is apparent from the comparison between b) and d) that iFIT can produce model functions which fit much more closely to the 
area of maximum curvature.

a) b)

c) d)
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such as spontaneous substrate hydrolysis, where the reac-
tion rate will decrease even more rapidly with respect to 
substrate concentration. This means that the side reactions 
of either an impure sample, containing an unwanted en-
zyme that catalyzes the same substrate (but with a higher 
Km), or a substrate that undergoes first-order spontaneous 
hydrolysis, will have the smallest impact on the total reac-
tion just before the plateau of the progress curve, i.e., in the 
area of highest curvature. In such cases, fitting a model 
function on the entire progress curve produces a poorer fit 
and less accurate output kinetic parameters than fitting the 
same model function on only the high-curvature region 
using iFIT (see Figure 1).

Many methodological articles on enzyme kinetics 
conclude with recommendations regarding proper experi-
mental design. The value of iFIT, however, is that it renders 
precise experimental design less important. Using prog-
ress curves instead of initial velocities minimizes the im-
portance of ensuring precise initial substrate concentra-
tion or immediately starting the measurement, as long as 
the product’s extinction coefficient is known. An addition-
al advantage of using iFIT is that we do not need to worry 
about substrate concentration at all. The script will trim 
any progress curves with excessive substrate concentration 
down to size, and iFIT can immediately notify that the 
substrate concentration is too small by calculating a tQ in-
terval that falls outside of the measured progress curve. 
When measuring progress curves, we must only ensure 
that the total absorbance of the solution does not exceed 
the functional range of the instrumentation being utilized.

Apart from reducing noise, it is also helpful to record 
as many time-concentration data points per unit of time as 
possible when measuring progress curves for iFIT. Espe-
cially when Km is low and Vmax is high, tQ will be short as 
well, i.e., only a small part of the progress curve will end up 
being fitted by the model function. If this part of the curve 
contains only a few data points, the resulting fit might be 
less accurate.

For enzymatic reactions where the integrated MM 
equation cannot be applied to progress curves, iFIT cannot 
be applied as well. This includes equilibrium reactions (i.e 
reaction that are not irreversible), reactions which involve 
cosubstrates that are not present sufficiently in excess, re-
actions with enzymes that degrade substantially over the 
course of the reaction, and reactions with strong product 
inhibition. If progress curves cannot be measured at all be-
cause substrates and products have the same spectral 
properties, then iFIT obviously cannot help us either.

Obviously, we cannot know whether a previously 
unstudied enzyme-substrate pair exhibits any of the above 
properties and whether it follows Michaelis-Menten kinet-
ics at all. iFIT is primarily valuable not as a tool for study-
ing novel enzymes or analysing one-time measurements, 
but as an accessory for routine kinetic parameter determi-
nation. Researchers often wish to determine Km for a 
known enzyme-substrate pair on a number of samples, e.g. 

medical samples from different patients. In such cases, a 
simple and routine tool for progress curve analysis like 
iFIT is vastly preferable to initial-velocity calculations. 
However, for poorly understood enzymes, we recommend 
first comparing several approaches for kinetic parameter 
determination (including initial velocities) and making 
sure that we are indeed dealing with simple MM kinetics 
before settling for iFIT for routine work.

4. Conclusions
Utilizing Stroberg & Schnell’s equation to improve 

the determination of kinetic parameters does not require a 
scripted approach or the integrated MM equation as part 
of the iterative algorithm. However, the script that we have 
developed is quick and easy to use. As it is based on the 
integrated MM equation, complex differential-equa-
tion-based models, such as those behind Dynafit or ENZO, 
are unnecessary.4,8 At the same time, on a set of data with 
a purified recombinant enzyme, iFIT has been shown to 
compare favorably with Dynafit, the initial velocities ap-
proach, and the integrated MM equation without data 
point removal.9 Using iFIT at http://www.i-fit.si (last ac-
cessed 16. February 2022), any research group that deter-
mines MM kinetic parameters from progress curves can 
solve the problem of unwanted data points at the begin-
ning or end of progress curves.
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Povzetek
Območje, kjer je krivulja časovnega poteka nastajanja produkta encimske reakcije najbolj ukrivljena, vsebuje največ 
informacij o kinetičnih parametrih. Za natančnejšo določitev teh parametrov iz krivulj časovnega poteka nastajanja pro-
dukta predlagamo iterativni pristop, ki izračuna območje največje ukrivljenosti na podlagi ocene kinetičnih parametrov 
in nato ponovno izračuna parametre na podlagi območja največje ukrivljenosti. Na podlagi tega algoritma smo razvili 
računalniški program iFIT kot brezplačno spletno aplikacijo na naslovu http://www.i-fit.si. Prednosti dela z iFIT so, da 
se zmanjša pomen začetne koncentracije substrata in vpliv nekaterih stranskih reakcij na končne izračunane kinetične 
parametre.
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