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Abstract

We study a subalgebra V' of the Monster algebra, V4, generated by three Majorana axes
az, ay and a, indexed by the 2A-involutions z, y and z of M, the Monster simple group.
We use the notation V' = ((az, ay,a.)). We assume that zy is another 2A-involution and
that each of zz, yz and xyz has order 5. Thus a subgroup G of M generated by {x, y, z}is
a non-trivial quotient of the group G(>>% = (x, y, z | 22, 32, (zy)?, 2%, (x2)°, (y2)°,
(xyz)®). It is known that G(®>5) is isomorphic to the projective special linear group
Ly(11) which is simple, so that G is isomorphic to Lo(11). It was proved by S. Norton
that (up to conjugacy) G is the unique 2A-generated Lo(11)-subgroup of M and that K =
Cwi(@G) is isomorphic to the Mathieu group M;5. For any pair {¢, s} of 2A-involutions, the
pair of Majorana axes {a¢, as} generates the dihedral subalgebra ((a;, as)) of Viy, whose
structure has been described in [16]. In particular, the subalgebra ((at, as)) contains the
Majorana axis a;s; by the conjugacy property of dihedral subalgebras. Hence from the
structure of its dihedral subalgebras, V' coincides with the subalgebra of V3 generated by
the set of Majorana axes {a; | t € T'}, indexed by the 55 elements of the unique conjugacy
class T' of involutions of G = L(11). We prove that V is 101-dimensional, linearly
spanned by the set { a; - as | s, t € T }, and with Cy;, (K) = V @ uym, where ¢y is the
identity of Viy. Lastly we present a recent result of A. Seress proving that V is equal to the
algebra of the unique Majorana representation of Lo(11).
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1 Main result

We let (VM, -, )) be the Monster algebra, a commutative non-associative algebra of
dimension 196, 884 over R, as described in [2]. As an RM-module, Viy = Vj; & Ln,
where 1} is the minimal faithful irreducible RM-module of dimension 196, 883 and Ly
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is the trivial RM-module which is the R-span of the identity ¢y of the algebra V3. The
automorphism group of (VM, - (G, )) is M the Monster simple group ( [2], [7]). By
2A we denote the conjugacy class of involutions in M with the largest centraliser as in
the Atlas [3]. For each 2A involution ¢ of M, the centraliser Cy(t) = 2.BM stabilises
a 2-subspace W of Vj which has two non-trivial idempotents a; and ¢y — a¢. In [2], J.
Conway constructed an M-invariant bijection ¢ sending each 2A involution ¢ to the non-
trivial idempotent a; of W with eigenvalue 1 and multiplicity 1 . We denote by a; := ¥(t)
the image of ¢. In [8] A. A. Ivanov axiomatises some of the properties of the idempotents
a4 into the definition of a Majorana axis.

A Majorana axis a of a real commutative non-associative algebra (V, - (, )) , where
- associates with (, ) in the sense that (u - v, w) = (u, v - w) for all u, v, w € V, is
an idempotent of length 1, whose adjoint operator ad,, is semi-simple on V' with spectrum
{1,0, 2%, 2%} The eigenspaces of ad, are denoted by V#(a), with p an eigenvalue, and
satisfy the following conditions. The 1-eigenvectors of ad, are exactly the scalar multiples
of a. There exists a linear transformation 7(a) of V, called a Majorana involution, negating

the %-eigenvectors, fixing the other eigenvectors and preserving both the algebra and inner
products. Lastly there exists a linear transformation o(a) of Vfl) = Vfa) @ Vo(a) @ Viz)
negating the %-eigenvectors, fixing the 0- and 1-eigenvectors, and preserving both préd-
ucts on Via). From [8], this definition is equivalent to the *Fusion Rules’. For two eigen-

vectors u € V/\(a) and v € Véa) of a fixed Majorana axis a, the Fusion Rules specify in
which part of the spectrum of ad, the product w - v lies.

1 1

1
1 1 0 & X

1 1
o] 0o o X %
1 1 1 1
2 | = 3 1,0 %
1 1 1 1 1
» | ¥ L0,

Table 1: Fusion rules

Definition 1.1. We denote by ((A)) the subalgebra of Vi generated by a set A of Majorana
axes.

The classification of subalgebras {({(at, as)) of Wiy, where {as, a;} is a pair of Majorana
axes, was started in [2] and completed in [16]. We call them dihedral subalgebras as the
corresponding pair of 2A-involutions {¢, s} generates a dihedral subgroup of M. We say
the dihedral subalgebra has type C'if the product of involutions ¢s belongs to the conjugacy
class C of M.
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Some subalgebras of Vj; generated by triples of Majorana axes are described by A. A.
Ivanov et al in [11], [12], [13], [10], and [9].

In this paper, we investigate a subalgebra V' = ((as, ay, a.)) of Vir such that the di-
hedral subalgebra ({a,, a,)) has type 24 and each of the dihedral subalgebras ({a,, a,)),
((ay,az)), and ({azy, a,)) has type 5A. The vector a,,, is the Majorana axis 1(xy) (since
a dihedral subalgebra ((as, a;)) of type 2A contains the axis a;).

Keeping in mind the bijection ¥ we might ask whether there exists a subgroup of M gen-
erated by a triple of 24 involutions {x, y, z} satisfying the relations:

2= 2= 22— (ay)? = (22)° = (y2)° = (ey2)° = L.

A group affording the presentation

(z,y, 2| 2% y%, (xy)?, 22, (22)°, (y2)°, (2y2)®)

defines the Coxeter group G(%%5) and from [4] it is isomorphic to the projective special
linear group Lo(11). From classical results on L,,(p*), [5], L2(11) is a simple group of
order 660 = 22-3-5-11 and it has a single conjugacy class of involutions which we denote
by T', and whose size is 55.

Proposition 1.2. There exists a monomorphism v : Lo(11) < M such that «(T') C 2A and
L is unique up to conjugacy in M.

Proof. In Table 5 of [17] S. Norton gives the list of simple subgroups of M having their
elements of order 5 in the M-conjugacy class 5A. For ¢(T) it is a requirement since if a
product of two 2 A involutions has order 5 it belongs to the conjugacy class 5A of M [2]. By
Norton’s list there is only one conjugacy class of groups isomorphic to Ly (11) containing
5A elements and their involutions belong to class 2A. O

Throughout the paper ¢ denotes the monomorphism as in Proposition 1.2, G = Ly(11)
denotes the image of ¢, and 7" denotes the conjugacy class of involutions in G.

By the conjugacy property of dihedral subalgebras!, the axis a;; is contained in ({(a;, a)).
Hence from the dihedral subalgebras of V, we can restate our aim to be the study of the
subalgebra V' of Vi generated by the set of 55 Majorana axes {a; | ¢t € T'}. We determine
the dimension of V' and find a spanning set for V. In the next section we prove the following
theorem.

Theorem. Let V' be the subalgebra of Vi generated by the set of 55 Majorana axes
{at | t € T}, where T is the class of involutions of the unique 2A-generated Ly(11)-
subgroup G of M. Then

() dim(V) = 101,

(2) V is linearly spanned by the set {a; - a5 | t, s € T}.

(3) If K = Cu(G) then Cyy (K) =V & uu.

ILet t and s be two 24 involutions, then tst is an involution conjugate to s. Hence tst is a 2A involution with
corresponding Majorana axis a¢st := ¥ (tst).
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In the last section we give some evidence towards the uniqueness of the map v :

t — a;, where ¢t € T, within the class of Majorana representations of Lo(11) satisfying
conditions (24) and (3A) (the terminology is explained in the last section)?. Lastly we state
a recent result of A. Seress proving that V' is equal to the algebra of the unique Majorana
representation of Lo(11).

2 Some properties of L2(11)

We present some of the standard properties of G =2 Lo(11) used when calculating inner
product values for V.

The group G is the automorphism group of the (11, 5, 2)-biplane, which we denote B
(see [19]).
B is a 2-symmetric design with 11 points, {p1,...,p11}, and 11 lines, {l1,...,l11}, such
that each line contains 5 points, each point lies on 5 lines, two lines intersect in exactly 2
points, and two points share exactly 2 lines. We call the incidence relation p; € [; a flag,
which we denote «; ;, and the relation p; ¢ [, an anti-flag, which we denote by w; ;.

From [14], the lines of B can be obtained by finding a difference set I; of size 5, with
elements from Z11, such that every integer modulo 11 appears exactly twice as a difference
i—j mod 11 for i and j in l;. We have that [y = {1, 3,4, 5,9}, which is the set of non-zero
perfect squares in Z1, and all other lines [;, can be defined by [}, = {1 +k, 3+k, 4+
k, 5+k, 94 k}, where k € Z3, and addition is modulo 11.

The incidence matrix A of B is given below with the rows indexed by the points of 3, the
columns indexed by the lines, and each flag is represented by a ‘1’ and each anti-flag by a
0.

[«IR S N Heol Nenl Nen) i Renl Nen) i)
e Bl B K==1 E==] Hes) BTt Nen) Newl BEY Nean)
e el K=l =] =] N2 Ne] Neol B Nes)
el k=]l Rl Nl Neol B Res ) N T
OO O OO RO ==
OO OO~ O
(=) N el Rl ol Ren ) ol B Bl Nl Nan)
el k=) Kl e Rl R e B Nen ) Nen) Rean)
oo~ OoO|lrrrlolol ol
Ol O R~lololol~lo
Il K==l N B Bl Hen) Nl Henl Bl Nenl Nen)

We can represent GG as a permutation group on 11 letters, so that G C Sym/(11), by letting
G act on the indices of the points or lines such that the incidence structure of B is preserved.

The stabiliser G(a; ;) of a flag ; ; is isomorphic to Ay, the stabiliser G(wy,;) of an anti-
flag wy, ; is isomorphic to D, and the stabiliser of a line (or a point) is isomorphic to As.
We can associate to a flag a; ; a unique subgroup S(cy; ;) = Co x C; and to an anti-flag wy,
a unique subgroup S(wy,;) = Cs such that N (S(c ;) = G(a;,;) and N (S(wk,)) =

~

G(wg,1)- Itis easy to see that each involution ¢ stabilises 3 flags and to deduce that C (1) =

2When the first draft of this article was written, the author has learned that Akos Seress has written a GAP
program, [6], capable of checking this uniqueness conjecture.
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Dy5. Similarly for (h) a subgroup of order 3 we can deduce N¢({h)) = D13. There are
only one class of involutions and one class of elements of order 3 in GG, so we can let d
be the G-invariant bijection between subgroups of order 2 and 3 sending each involution
t to the unique subgroup of order 3 commuting with ¢. Furthermore, by [14], G contains
one class of subgroups isomorphic to the Frobenius group of order 55, which we denote
Fj55. These are the four conjugacy classes of maximal subgroups of G; two non-conjugate
classes of subgroups isomorphic to A5 each of size 11 and each stabilising a point or a line,
one class of subgroups isomorphic to D;5, and one class of subgroups isomorphic to the
Frobenius group F3s5.

3 The algebra V

We start this section by finding an upper bound for dim (V") based on the work of S. Norton
([15], [16], and [17]). We then calculate the Gram matrix of a particular subset of V' which
provides a lower bound for dim/(V').

3.1 S. Norton’s observations

The upper bound on dim (V') stems from the following inclusion.
Lemma 3.1. V C Cy,, (Cu(G))

Proof. By the definition of a Majorana axis, a, is fixed by Cy(t) = 2.BM. Therefore
Cu(G) = Cu((z,y,2)) = m Cm(t) fixes V = ({(az, ay, a,)) by M-invariance of the

t=x,y,z

algebra Vjy. O

We denote by K the group Cy(G). The dimension of the fixed space of K in Vj; can
be obtained by calculating the fusion of the character table of K in that of M (since the
character of Vyj is known [3]). It is equal to the inner product of characters (xv;, i
, 1x)rK, where 1g is the trivial character of K, and xv;, Jx is the character of Viy
restricted to K. We thus need to determine the isomorphism type of K and the inclusions
of the conjugacy classes of GG and K into those of M.

We call an As-subgroup H of M an Aj of type (24,3A,5A) if the elements of order
2, 3 and 5 of H are in the M-conjugacy classes 24, 3A and 5A respectively. Clearly all
Ajs-subgroups of G are of type (24,3A,54).
Proposition 3.2. (i) For K as above, K = M.

(il) All As-subgroups H as above are conjugate in Ml and Cy(H) = Ajs.

(iii) The conjugacy classes of G fuse into those M as follows:

ClassinG | la 2a=T 3a 5a 5b 6a 1la  11b
ClassinM [ 1A 24 34 H5A 5A 64 11A 114

Proof. The result from part (i) can be read from the entry 31 of Table 3 of [15]. Part (ii) is
proved in Lemma 4 of [15]. To prove (iii) we carry on from the proof of Proposition 1.1.
From Table 5 of [17] we deduce the inclusion 3a C 3A. In the character table of M, given
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in [3], the information on p-powers® of elements g € 6A gives g?> € 34 and g3 € 24,
and 6A is the unique conjugacy class of elements of order 6 with those p-powers, hence to
avoid a contradiction we must have 6a C 6A. Since M has a unique class 11 A of elements
of order 11 the classes 11a and 11b are subsets of 11 A. O

Proposition 3.3. For the algebra Cy,,(K) we have dim(Cy,,(K)) = 102.

Within the proof of Proposition 3.3 we determine the fusion of the conjugacy classes of K
into those of M. We follow the Atlas’s notation, [3], by writing the conjugacy of elements
of order N in M: NA, NB,...(etc) in increasing order of the size of the class. Similarly
for K we use the notation NAy, NBg,--- (etc). The character tables used are those of
the Atlas [3].

Proof. By part (i) of the previous proposition we have the inclusion of groups H C G,
where H = Aj is of type (24,3A4,5A), which implies K C Cy(H) = Ajp. In Ajpo,
the elements with cycle decompositions 2218 2414 and 26 have 8, 4, and no fixed points
respectively in the natural action of A;5 on 12 points, and so by Lemma 6 in [15] they
are mapped to the M-conjugacy classes 24, 2B and 2A respectively. There is a doubly
transitive action of Mio on 12 points with character x1 + 11, Where x; is the trivial
character of M7o and X114 is the first irreducible character of degree 11 (as in the Atlas,
[3]). This character takes the value O for the elements in the class 2A4,y,,, and the value 4
for the elements in the class 2Byy,,, hence 24,;,, C 24 and 2By, C 2B.

The structure class constants* for any pair of 24 involutions in M give the number of
elements in each conjugacy class of M expressible as a product of two 2 A involutions. The
constants can be calculated directly from the character table. For M the product of two 24
involutions lies in either of the Ml classes : 14, 2A, 2B, 3A, 3C, 4A, 4B, 5A or 6 A (see
[2] or [15]). Similarly for K = M5 we obtain that the product of two 2A g involutions lies
in either of the K classes 1Ax, 2Ak, 2Bk, 3Bk, 4Ak, 4Bk, bAk or 6Ak. To avoid
a contradiction on the monomorphism ¢ we have 5Ax C 5A, and 64, C 6A4 and 3Af is
a subset of either 34 or 3C. The class 6 Ak has p-powers 3B, 2Ak in K, and the class
6A has p-powers 34, 2A in M. Hence 3Bx C 3A. From lemma 6 of [15] no elements of
order 3 in Cy(H) = Ay, belongs to class 3C of M, hence 3Ax belongs to either 3A or
3B. If 3Ax C 3A then 6Bx C 6C and if 3B C 3B then 6Bx is in either 68 or 6F
according to the relevant p-powers in K and M. We determine the fusion in M of 3Ax and
6By at the end of the proof. The classes 44k, 4Bk contain products of 24 involutions
and their squares lie in class 2Bx C 2B hence 4Ax, 4B C 4A as 4A is the unique
class of elements of order 4 squaring to 2B. The classes 8 A, 8 Bk have their squares in
classes 4 A, 4By respectively, and in M the unique conjugacy class of elements of order
8 squaring to 4A is 8 B. Hence 8 Ax, 8 Bx C 8A. The class 104k in M5 has p-powers
5A C bA and 2Ax C 2A and in M the class 104 is the unique class of elements of

3For a finite group L, the p-power line in the character table of L records for each conjugacy class C' of L, and
for each prime p dividing the order of the elements of C, to which conjugacy class the pt"-power of the elements
of C' belongs to.

4For a finite group L, the structure class constants give the number of solutions s1 23 to equations in the
group of the type x1.x2 = x3, where each x; belongs to a conjugacy class C; of L. From the table of complex
characters of L:

|L]| x(z1)x(x2)x(x3)
|CL(z1)] - [CL(z2)| velmL) x(1)

$1,2,3 =
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order 10 with such p-powers so that 10Ax C 10A. There is a unique class of elements of
order 11inMso 11Ak, 11Bg C 11A. If 3Ax C 3A then 6Bk C 6C and the completed
fusion of conjugacy classes of K in those of M gives a value of (xv, Jx, 1x)rx Which
is not integral, a contradiction. Hence 3Ax C 3B and 6 B is in 6B or 6 F. To determine
which, we look at the fusion of the conjugacy classes of A := Cy(H) = Ajp in M.
Apart from the conjugacy classes 6G 4, 944, 9B4 and 9C4, the fusion of the classes of
A in M is straightforward using the information on p-powers and the fusion of the classes
of K in M already obtained. From a calculation of S. Shpectorov in [12] we know that
(Xviy 44, 14)ra = 26. This can only happen if 6G4 C 6B and 944, 9B4, 9C4 C 9A.
In particular elements of order 6 in A5 cannot be subsets of 6F, hence neither can the
elements of order 6 in K. Hence 6 B C 68. We have obtained the fusion of K in M

Class in K IAK 2AK ZBK 3AK 3BK 4AK 4BK
p-powers A A A A A B B
ClassinM | 14 2A 2B 3B 3A 4A 4A

5Ax 6Ax 6Bx 8Ax 8Bx 10Ax 11Agk
A BA AB A B AA A
5A 68 6A 8B 8B 10A 114

and we can now compute the inner product of real characters of K

(xviy 455 1 )R = 102.
O

The following useful observation was made by S. Norton (in a more general context).
Lemma 3.4. The identity vy of Vi cannot be contained in V.

Proof. The groups G and K centralise each other in M and G x K is a subgroup of M.
The unique conjugacy class of involutions 7" of GG is in class 2A of M, and we have proved
that the classes 2A x and 2By are in 24 and 2B respectively.

Claim : there exist elements s € T and ¢ € 2A such that the element ¢s of G x K is
in class 2B of M.

From Proposition 3.2, part (iii), the element s can be taken from a As-subgroup X of G of
type (24, 3A4, 5A). From the proof of Proposition 3.2, the elements of 24 x act fixed-point
freely on 12 points, and the centraliser in M of an As-subgroup of type (24,3A4,5A) is
isomorphic to A;5. By Table 4, line 7 of [17], there exists a subgroup Y C Ao, Y & A,
that acts transitively on 12 points. Let ¢ € Y. Then, by Table 3, line 8 of [17], the
involutions in the diagonal subgroups of X x Y are in 2B. In particular ¢ts € 2B and the
claim is proved.

Since ts € 2B, the axes a; and a, generate a dihedral algebra of type 2B and a; - as = 0
(see [2] or [11]). For all z € T there is an element g € G such that z = s9, so by invariance
of the algebra product (a; - as)? = 0 = a; - a, since G normalises K. Now, V' is generated
by the 55 Majorana axes a for z € T" and the O-eigenspace of a, is closed under the algebra
product, so if the identiy ¢y were in V' we would get the contradiction a; - ¢y = 0. O
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The identity of a commutative algebra being unique and therefore stable under the auto-
morphism group we have ty € Cy;, (K). And since vy is not in V' we obtain the main
result of this subsection.

Proposition 3.5. For the algebra V' we have dim(V') < 101. O

3.2 Inner product values for V'

In this subsection we calculate all inner products on a well-chosen subset of V' and compute
the rank of the corresponding Gram matrix to bound below the dimension of V. We do so
using the information on some subalgebras of V' which have already been classified.

3.2.1 Dihedral subalgebras of V'

The algebra V' contains the dihedral subalgebras of types 24, 34, 5A, and 6 A (obtained by
calculating the relevant structure class constants in the character table of G). From [16], for
each type of dihedral algebra, we know the dimension of the algebra, and a basis for which
all algebra and inner products are known. We follow the exposition given in [8] which is
now accepted as standard in the Majorana Theory and where a different scaling to [16] is
used. Table 2 is taken from [8], which notation we explain below.

Each dihedral subalgebra corresponds to a dihedral subgroup D of M generated by two 24
involutions ¢ and s, whose product we denote by p := ts. We denote by ag, a; and a; the
Majorana axes a;, as and a;,: in Table 2.

In the subalgebra of type 24, we have a, = 1(p) which is also a Majorana axis, and in
the types 3A and 5A the vectors u, and w, are introduced to close the algebra product.
They correspond to elements of order 3 or 5 in D respectively. From [2], the 1-dimensional
subspace linearly spanned by the vector u, or w,, is invariant under the normaliser Nyt ({p))
which is isomorphic to 3. Fyy or (D19 X F5).2 respectively. Also, in the type 3A the vector
itself is stable under Ny ((p)), so that u, = u,-1, and in the type 5A the vector is stabilised
up to negation w, = —wpy2 = —Wy3 = Wpd.

Any element of order 3 or 5 in GG can be expressed as a product of two involutions, and any
two involutions correspond to a dihedral subalgebra of V. Hence to study the algebra V'
we can consider the span of the vectors corresponding to the cyclic subgroups of order 2, 3
and 5 of G.

We let G() be a set of non-trivial representatives of each cyclic subgroup of order 4 for
i = 2,3,5, of size 55, 55 and 66 respectively, where for ¢ = 5 the representatives are
taken from the same conjugacy class of G. We use the notation A := {a; | t € G},
U:={up | he GO}, and W := {w; | f € GO}, and welet S := AUU U W.

3.2.2 Aj subalgebras of V'

The algebra V also contains 22 As-subalgebras of type (24,3A,5A) as G contains two
conjugacy classes of As-subgroups of type (24,3A4,5A), of size 11 each. The structure
of a subalgebra Vi generated by the Majorana axes indexed by the involutions of an As-
subgroup H of type (24,34, 5A) follows from [12]. We reformulate it so as to present Vi
as a subalgebra of 1V} generated by a triple of Majorana axes.
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Type Basis

Products and angles

2A ap, ai, a,

3A a-1, 00,01,
Up

SA a—2,0a-1,ao,
ay, az, Wy

6A a—2,0-1, 00,
ai, az, as
Ap3, Up2

ap- a1 = 2%(ao+a1—ap), ag - a, = 2% ap+a, —ap)
(ap,a1) = (ao,a,) = (a1, a,) = 2%
ap-ay = 2%(2(10 +2a+aq)— 3%5%)
ap - up, = 3%(2% —a1 —a_1)+ 55U,
Up - Up = Uy
23

(ao,a1) = 33, (a0, up) = 35, (up,u,) = %
ag-a; = 2%(3&0 +3a1 —ax —a_1 —a_2) +w,
ag - ay = 2%(3&0 +3a2 —a; —a_1 —a_2) —w,

ap Wy = gz (a1 +a_1 —as —a_2) + 5w,

2
Wy - Wy = 521'97(a_2 +a_1+ag+ay+ as)
2 (ag,w,) =0, (w w):53'7
; 0, Wp P ps Wp 919

(ap,a1) = 57

ap a1 = g5(ag+ a1 —a_g —a_1 —az —az + ay) + f%upz
ag - ag = 2%(2(10 +2a2 +a_3) — %upz

ag - Up2 = 3%(2(10 —ay —a_2) + 55Uy

ag - a3 = 2%,(a0 +az —aps), a, - upe =0, (am,uy2) =0
(ap,a1) = 2% (ap,az) = é*g (ap,a3) = zis

Table 2: Dihedral subalgebras
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Proposition 3.6. Let Vg = ((as, ay, a.)) be a subalgebra of Viq where the dihedral sub-
algebra ((a,ay)) has type 2A and where the dihedral subalgebras ({a,a.)), ((ay,a.)),
and ((azy, a.)) have types 5A, 5A and 3A respectively. Then Vi has dimension 26 and it
is linearly spanned by the products of all pairs of Majorana axes indexed by the involutions
of H. O

For explicit formulas for the algebra product in Vy; or a list of all inner product values, we
refer the reader to [12]. In the rest of the paper we will simply refer to an As-subgroup H
to mean an Aj-subgroup of type (24,3A4,5A4).

For an As-subgroup H, we denote by H?), H(3) and H®) the sets of non-trivial conjugate
representatives of cyclic subgroups of order 2, 3 and 5 and in the corresponding algebra
Vi we denote by Ay, Uy and Wy the sets of vectors {a; |t € H®}, {uy, | h € H®)},
and {w; | f € H®}. Let wy be the sum of all vectors in Wy. By [12], the set Sy :=
A UUg UWp is a spanning set of size 31 for Vyy, and Vj is 26-dimensional with a basis
Ag UUg U{wg}. The five independent linear relations on .S, which can be found in
[12] or [16], are called the Norton Relations.

Proposition 3.7. The Norton Relations
In the algebra Vi corresponding to an As-subgroup H of type (2A,3A,5A), all vectors
wy € Wy satisfy:

wf:%wH—l—2—17 Z ay — Z ag —|—sz5 Z Up — Z Up,

teHP (f) teHSD (f) heH® heH®)
o([h,f])=3 o([h,f])=5
where
HP(f):={t € H? |o(tf) =5},
HP(f):={te H? |o(tf) = 3}.

O

We denote by H1 = {H1,..., Hi1} and Ho = {Hj,..., Hj;} the two classes of Ajs-
subgroups in G. One class corresponds to the rows of A/ and the other to the columns,
so the intersection between Aj’s taken from different classes can be read directly from the
entries of \V.

For a given As-subgroup H; in G let W be the sum of all vectors in Wy,. For a vector
wy € Wpy, we rewrite the Norton relation for w; as

1
= W XA + Ui 3.1
where the meaning of A\, u, A;(f) and U;(f) is clear from Proposition 3.7.

Corollary 3.8. Let w be the sum of all vectors wy in W C V. Then S" := AUU U{w} is
a spanning set of size 111 for S.
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Proof. Consider an As-subgroup Hy € H;. From N/, any subgroup H;: € H, intersect
Hyina Dygoran Ay. If HiNH; = D there exists a representative f of H1(5) in HiNH;
for which the Norton relations give

TWL N A(f) + p Ui(f)
wr = /
TN A () + U (f)

and so W isin Sp(A U U U {W'}), the R-linear span of AU U U {IW'}.

If H; N H; = A4 then the situation can be visualized as the following submatrix of A/,
where each anti-flag has been replaced by the unique element of G'®) stabilising it, and the
rows and columns are indexed with the copy of As stabilising the corresponding line or
point of B.

H, H,

H (1 w,

HJI wf Wk
From the Norton relations for g € H; N Hy, k € H; N Hy and f € Hy N Hy, we also
get Wi e Sp(A uUu {Wl}) From N, for any subgroup H; € H; there are 3 elements

of H, intersecting both H; and H; in a Dy, with say H;s being one of them:
H, H,;
Hl/ ( wy wy )

so the Norton relations for f and [ give W' € Sp(A U U U {W'}). Hence there exists
v € Sp(AUU) such that

22 Wl = ZHiG?'[l Wl + ZHiIGHz WL + v,

and from N every element of G(®) is contained in exactly one element of #; and one of
Ho so that

v

EHiG’Hl Wl + ZHi/GHQ Wl = 2 w,
where w is the sum of all vectors w; in W, and hence

Wt = Lw+v forsomev € Sp(AUU).

4 Inner product values

Definition 4.1. For each pair (G, G)) with i, j € {2,3,5} we call the inner product
values on G(*) x G'Y) inner products of type (i, ).

If we let E() be the equivalence class of elements of order i in G belonging to the
same cyclic subgroup, then the orbits of G acting by conjugation on E(*) x E() form a
subpartition of the distinct inner products values of type (4, j) (these orbits were calculated
using [1]).

We will only explain the inner products values (ug, v;) for which the subgroup (k, 1)
is isomorphic to F5 or to the whole of G. They arise as the solutions of equations of
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intersecting subalgebras inside V, or equivalently as particular configurations of subgroups
inside G, which can be read from the incidence matrix A/ or found using a code written in

[1].
4.1 Inner products of type (2, 2)

From the dihedral subalgebras of V' we know all possible inner product values of any two
Majorana axes in V, see [11].

Case | o(ts) ((at,as)) (t,s) (at,as)
1 1 14 1 1
2 2 24 Dy 5%
3 3 34 Dg 3
4 5 5A Dy =
5 6 6A D1y =

Table 3: Inner Products of type (2,2), with ¢, s € G(?)

4.2 Inner products of type (2, 3)

The value for case 5) of the inner product of type (2, 3) was computed using the following
lemma.

Lemmad4.2. Fort € G® and h € G such that (t, h) = Lo(11) we have

(ar,un) = 335

Proof. We fix an element h € G and we let t € G® such that (t,h) = G. Since
Ne((h)) =2 Dys then (h) is contained in exactly two distinct dihedral groups of order 6.
Let S}, be one of the two sets of 3 involutions, S;, := {s, sh, sh?}, such that (S, h) = Ds,
and up to permutation of the set S;, we have

<t5 S> g DG,
<t, Sh> = Dlg,
<t, Sh2> = D10~
In the 3 A-dihedral subalgebra ({as,up)) we have the equality
Up = _% |:as cQsh — 2%(2as + 2ash - ashz):| )
so taking the inner product with a; gives

11
(ar, up) = — &% [(at , Qs - asy) — 35(as , 2as + 2a, — aw)},
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Case | o(ht)  (t,h)  (as,up)

1 2 D¢ o
2 3 Ay 2
3 5 As 2.132
4 6 Cs 0

5 11 Lo(11) 1=

Table 4: Inner Products of type (2,3), with t € G®) and h € G

Case | o(tf)=o(tf~") o(lt.f]) (t.f) (a,wy)
1 2 5 Dy 0
2 3 5 As I
3 5 3 As v,
4 5 5 Ly(11)  —5m
5 6 6 Ly(11) —353%
6 11 5 Ly(11) 42

Table 5: Inner Products of type (2,5), witht € G®) and f € G®)

and by associativity of the algebra product with the inner product

(a¢, ag - agp) = (as, at - agp).

Since (t, sh) = Djs, the element p = tsh has order 6 so the algebra product a; - agp, is
contained in the dihedral algebra ({a;, asy)) of type 6A, and so

_ 1 3%.5
(a37 a 'ash) = QT(asa At + Qsh — Qip2 — Gp3 — Qppt — Gpps + ap3) + 5 (asa upQ),

where (s, p?) = Ay, so the value of (as , u,z) is known to be § from [11]. Since all the
required inner products are now known, one can compute (a¢, up) = ﬁ
O
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4.3 Inner products of type (2, 5)

The next lemma justifies the values found in cases 4), 5) and 6). We omit its proof which
is similar to the proof of Lemma 4.2.

Lemma 4.3. Lett € G and f € G® such that (t, f) = Ly(11). Then exactly one of
the following holds.

(i) There exists s € G®) commuting with t and inverting f, and
(ar,wy) = —2% + 2%]) - Q%q, where
P =T(as, asp) + (ay, a5p2) and q = (a5, as5).

(ii) There exists s € G2 inverting f and generating with t a dihedral group of order 6,
and

32 1 33.r
(at,wy) = 51z + 97p — S0 q, where

P = (a¢, Sasy + asp2 + agps + agpa) and q = (s, agy).

(iii) There exists s € G®) inverting f and generating with t a dihedral group of order
12, and

325
ST, Wwhere

(ar,wp) = —5% + 5P+ 574 —

P = (asf, aps —2ap — Qyp2 — Qyps — Qs — Qyps ), q = (ag, Qsp2 + agps + agpa)
and r = (up2,asy5),

for p :=tsoforder6in (t, s) = Dis.

4.4 Inner products of type (3, 3)

In the next lemma part (i) addresses cases 4) and 6) and part (ii) addresses case 5). The
lemma assumes all products of type (2, 3) are known.

Lemma 4.4. Let h, k € G with (h, k) = Lo(11). Then exactly one of the following
holds.

(1) There exists an involution t inverting both h and k, and
(up,ug) = %(5 —23.32p + 25¢), where

p= (uh7atk2) = (uk’v a’thQ) and
q = (ath, ag2) + (e, atr) + (@n2, ak) + (aen2, G2 ).

(ii) There exists an involution t inverting h and generating with k an alternating group
Ay, and

(Uh,’l,bk;) = 3%%(% —pP— 2(] — 7”), where

b= (atlu Bugr, — 4ug — 4Utk2), q= (ath%uk) and 1 = (atiuuk)-
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Case | {o(hk),o(hk=1)}  (h,k)  (un,us)
1 {1,3} Cs z
2 2,3} A Y
3 {5,5} As 2
4 {5,6} L(11) &,
5 {5,11} Ly(11) 2%
6 {6,6} Ly(11) 2

Table 6: Inner Products of type (3, 3), with h, k € G®)

4.5 Inner products of type (3, 5)

Part (i) of the next lemma addresses case 3), and part (ii) addresses cases 5) and 6).

Lemma4.5. Let h € G® and f € G©®) such that (h, f) = Lo(11). Then exactly one of
the following holds.

(1) There exists an involution t inverting f and h, and

11
(un,wy) = —2=(p— 55q), where

p= 2%(atf + Qe — appr — agps, ) + %(wf,ath) and
q = (2a¢ + 2a¢p, + a2, wy).

(ii) There exists an involution t inverting f and generating with h a subgroup isomorphic
to As, and

(up,wy) = %p%— Q%q — 2%17", where

P = (asf + asps, up), q= (asp2 +asps, up) and v = (asf, Ush + Usp2).
O

The inner product value for case 4) of the inner product of type (3, 5) can be found using
the Norton relations inside some As-subalgebras of V, see equation (1). The proof of the
following lemma uses similar arguments to the proof of Corollary 3.8. We use the notation
of (1).

Lemma 4.6. Let f € GO and h € G®). If there exists an element g € G such that
Ay = (f,g) and Ay := (h, g) are two non-conjugate As-subgroups of G, then

(un,wy) = %(uh ,Wz) + %(uh ,la) + %(uh,lu), where
la = Ai(g9) + Ai1(f) — Aa(g) and 1, = Ui(g) + Ui (f) — Ua(g).
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Case | o(hf) o(hf™') (h,f)  (upn,wy)
1 2 5 As S
2 3 5 As S
3| 3 6 L(1l) s
4 5 5 Ly(11)  gsgps
5 6 11 Ly(11) ot
6 11 11 Ly(11)  g5rs

Table 7: Inner Products of type (3,5), with h € G and f € G

4.6 Inner products of type (5, 5)

In the next lemma, part (i) justifies the values of the inner product of type (5,5) for the
cases 2), 3) and 4), and part (ii) justifies case 6). The proof is similar to that of Corollary
3.8 and the notation is the same as the one used in the previous lemma.

Lemma 4.7. Let f, g € G®) not contained in a common As-subgroup, with f and g
belonging to the pairs {H;, Hy} and {Hj, Hj } respectively, of distinct non-conjugate
As-subgroups of G. Then exactly one of the following holds.

() H;NHj = Dyg, or Hy N Hy =2 Dy, with k an element of order 5 in H; N Hj, say,
then

3.5 ; 1

1 o 1 .
(wy,wy) = 6—2(WJ,WJ)+E(ZQ,WJ)+ﬁ(Zu, Wa)+ﬁ(za,Aj(g))

325 325 3452
+ QTg(la 5 U](g)) + 2T9(lu 7A](g)) + W(lu 7Uj(g))7
where 1, = AJ(]{)> — Azl(k') + All(f) and 1, = Uj(k‘) - Ull(k?) + Ulf(f)

(i) H; N Hy = H; N Hy =2 Ay, and there exist two elements k # | € G®) such that k
belongs to H; and H,,» and [ belongs to H; and H,,, so that

1 ) . 1 = 3.5 . 1
(wy,wy) = @(WJ’WJ) + ﬁ(la ,WJ) + ﬁ(lu ,WJ) + ﬁ(la ,Aj(g))
325 325 34 52

+ Srg (e Uj(9)) + 55 (> 45(9)) + =55 (b U (9)),

where 1, = A;(1) — A (1) — Ai (k) + Ap (k) + Ai(f),
and 1, = Uj(l) = Up (1) — Ui(k) + Uy (k) + Us(f).
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Case | {o(fg).o(fg~")} o([f.g]) (f.9)  (un,wy)
1 {1,5} 1 Cs s
2 {3,5} 5 As %
3 {5,11} 11 Fss S
4 {3,6} 5 Lo(11) 3451
5 {2,6} 5 Ly(11) o
6 {5,11} 2 Lo(11) b
7 {5,5} 3 Ly(11) =33t

Table 8: Inner Products of type (5,5), with f,g € G©®

Corollary 4.8. The inner product values between the vector w, and the vectors a; € A,
up, € U, wy € W and w itself are as follows

M) (ar,w) = &

(i) (up,w) = %
(i) (wy,w) = 5347,
(iv) (w,w) = 3%, 52.1171.17

4.7 Dependence relations in the algebra

We let Vs: be the R-vector space having the subset S’ = AU U U {w} of V as a basis.
We turn Vs into a G-module by the natural action of G on S/, and we let 7 be the natural
projection

m: Vg — V.

Using [1] we find the rank of the Gram matrix of the set S’ and give a description of the
kernel of 7.

We recall the bijection d introduced at the beginning of section 2 between subgroups of
order 2 and 3 in G:

d:G? - Gg®
(&) = ()

since Vt € G® 31 h € G® where [t, h] = 1. For a fixed involution t € G® its
normaliser N (t) = D2 has the following orbits on G®) (the action is conjugation):
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Ola Oév 052’)’ 06137 06237 Og, Oé, 012 and O%Q’

where the subscript indicates the size of the orbit. If we write Ng(t) = (p) x (s) then
P> =t,500; = {p*}, O = {s, sp?, sp*} and O3 = {sp, sp>, sp°} wlog. Further we
can describe the orbits as follows:

03U 03 ={s € GP|(s, t) = 2%}

O U0 ={s € GP|(s, t) = D15}

O:UOL ={s € GP|(s, t) = Dg}
01U O3, ={s € GP|(s, t) = Dy}

For (t1, t2) in O} x O or O3 x O} the subgroup (t1, t2) in G is isomorphic to either 22
or Dyg. For (t1, t2) in O x Of or O3 x O} the subgroup (t1, t2) is isomorphic to either
DG or D12.

Proposition 4.9. (i) The rank of the Gram matrix for the set S’ is 101.

(i) The kernel of w is 10-dimensional and consists of 10 linearly independent relations,
between the vectors of A U U, taken from a set of 55 G-invariant relations R(t)
indexed by the involutions of G.

For a fixed involution t in G®), R(t) defines the following Ng (t)-invariant relation:

R(t)::Zaeraerg;—f( Z up, — Z uk):O,

reTh s€Ts hed(Ty) ked(Tz)

where Ty and Ty can taken to be O3 U O} and O3 U O? respectively (or vice versa).
O

From the rank of the Gram matrix of the set S’ we obtain the following proposition.
Proposition 4.10. For the algebra V' we have dim (V') > 101. O

The above, together with Proposition 3.5, proves that dim (V) = 101. Hence the set S’
spans V, so that {a; - a5 | t, s € T} also spans V. From Lemma 3.4, the identity ¢y of
Vi is not in V. The space Cy;, (K) is 102-dimensional, containing ¢y and having V as a
subspace. Hence Cy;, (K) decomposes as V' @ vy, and we have proved our main theorem.

5 A Majorana representation of L5(11)

The dihedral and As-subalgebras of V' can be characterised under the axioms of Majorana
theory; they are equal to the algebra of the Majorana representations of the dihedral groups
Dy of type 2A, Dg of type 3A, Dy of type 54, and D15 of type 6 A, and of the alternating
group As of type (24,3A4,5A).

Majorana theory was introduced by A. A. Ivanov in [8] to axiomatise some of the properties
of Vi and its Majorana axes. We refer the reader to [8] and [11] for a full description.

Definition 5.1. A Majorana representation of a finite group G is a tuple
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R:(Ga Tv Xv (a)’ ERZ 1/))9

where T is a union of conjugacy classes of involutions generating (G, and X is a commu-
tative non-associative R-algebra endowed with an inner product ( , ) associating with its
algebra product - in the sense that (u-v, w) = (u, v-w) forall u, v, w € X and satisfying
the Norton Inequality

(w-u, v-v) > (u-v, u-v),forallu,v € X.

The image of the homomorphism ¢ : G < GL(X) is an automorphism of (X, -, (, )),
and the map 1) is an injection sending each involution ¢ of 7" to a Majorana axis a; of X, as
defined in the second paragraph of section 1 (the properties of the spectrum of ad, and the
Fusion Rules are assumed to hold ), such that ¢ and ) commute in the sense that :

ag-1ty = (ay)?9) forevery g € G.

We require that the algebra X be generated by the set of Majorana axes 1(7") and that it
must satisfy conditions (2A4) and (3A) below.

Conditions (2A) and (3A) ensure that when constructing X in the above definition we get
the right number of 34 vectors uj, from the Majorana axes.

(2A) Lettp,t; € T and p := tptq such that

(a) if p € T and the vectors ay,, a, generate a dihedral subalgebra of type 24 then
ap = ¢(p)’

(b) if p* € T for p of order 4 or 6 and the vectors a;, and a;, generate a subalgebra
of type 4B or 6A, then 1(p?) coincides with the axis api s

(3BA) Lettg,t1,ts,t3 € T with <t0,t1> = <t2,t3> = Dg. We let p1 := tot1 and po := tots
both of order 3.
If the following two conditions are satisfied:
(i) pr = pa or p; ', and
(ii) the dihedral subalgebras generated by {ay,, at, } and {as,, at, } have type 3A,

then the corresponding 3A-axial vectors u,, and u,, in the above subalgebras are
equal in X.

We call dim(X) the dimension of R, and we say that R is based on an embedding of G
into M if there exists a monomorphism ¢ : G — M with «(T") C 2A and such that R is
isomorphic to the subalgebra of Vj; generated by the Majorana axes corresponding to ¢(7').

Definition 5.2. The shape of a Majorana representation R of G specifies the types of
dihedral subalgebras associated with all pairs of involutions on 7.

Theorem 5.3. A Majorana representation of G = Lo(11) must have shape (2A,3A,5A,
6A).
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Proof. Let R be a Majorana representation of G with associated algebra X. The group
L5(11) has a single conjugacy class of involutions, 2a, and a single class 3a of elements
of order 3. From the structure class constants the product of any 2a involutions is in either
of the Ly(11) classes la, 2a, 3a, 5a, 5b or 6a. Hence X contains dihedral subalgebras
of type 5A and 6A since they are the only dihedral subalgebras associated with dihedral
groups of order 10 and 12. By the inclusion of the dihedral subalgebras 34 — 6A and
2A — 6A the classes 3a and 2a are mapped to 3A and 2A under v. Hence X also
contains dihedral subalgebras of type 3A and 24 and we have accounted for all possible
dihedral subalgebras in X. O

Let R be a Majorana representation of G with associated algebra X. From the above
theorem, R has the same shape as the subalgebra V' of 1V} and the same inner product
values for the sets S’ and S. Moreover the dihedral and As-subalgebras of X are equal to
their Majorana representations from [11] and [12].

Proposition 5.4. (i) The dihedral subalgebras of type 2A, 3A, 5A and 6 A are equal to
the unique Majorana representations of Dy, Dg, D¢, and D15 of shape 2A, 3A, 5A
and 6 A respectively.

(il) The As-subalgebra of type (2A,3A,5A4) is equal to the unique Majorana representa-
tion of shape (2A,3A,5A) of a group As of type (2A,3A,5A), which has dimension
26. O

We would like to show that the shape of R uniquely determines the algebra product in X
so that X = V. In particular it is necessary to find the closure of the algebra generated
by S. This can be inspected computationally. We let 5? := {u-v | u, v € S} and
53 :={(u-v) - w, u-(v-w)|u, v, €S} and forany positive integer n the set S™ is
defined in a similar way. Already for the set of vectors S U S? the Majorana axioms yield a
very large number of eigenvectors for each Majorana axis and the first computational step
is to check whether or not the linear span of S U.S? over R is contained in the closure of X
In fact during the reviewing stage of this paper, the author has learned that A. Seress has
proved in [18] that the system of linear equations in S U S2, obtained from the eigenvectors
of the axes {a, | t € T}, has a unique solution and that dimg(X) = 101. The result was
obtained computationally with an algorithm written with [6].

Theorem 5.5. The Lo(11)-subalgebra of the Monster algebra Vi is equal to X, the alge-
bra corresponding to the unique Majorana representation of La(11). O
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