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Abstract

A nut graph is a simple graph for which the adjacency matrix has a single zero eigen-
value such that all non-trivial kernel eigenvectors have no zero entry. It is known that
infinitely many d-regular nut graphs exist for 3 < d < 12 and for d > 4 such thatd = 0
(mod 4). Here it is shown that infinitely many d-regular nut graphs exist for each degree
d > 3. Likewise, it is known that infinitely many d-regular Cayley nut graphs exist for
d > 4 such that d = 0 (mod 4). Here we prove that there are infinitely many d-regular

*Corresponding author. Supported in part by the Slovenian Research Agency (Research Program P1-0294 and
Research Project J5-4596) and in part by the Republic of Slovenia and the European Union — NextGenerationEU
as part of the Recovery and Resilience Plan: Development of basic computer science and information technology
content and skills in kindergartens and primary schools (B-RIN), NRP code: 3350-23-3505.

A substantial portion of the research presented in this article was conducted while N. B. was affiliated with the
University of Primorska, Slovenia.

Supported by the Ministry of Science, Technological Development and Innovation of the Republic of Serbia,
grant number 451-03-137/2025-03/200102, and the Science Fund of the Republic of Serbia, grant #6767, Lazy
walk counts and spectral radius of threshold graphs — LZWK.

*Patrick Fowler thanks the Leverhulme Trust for an Emeritus Fellowship on ‘Modelling molecular currents,
conduction and aromaticity’ and the Francqui Foundation for award of an International Francqui Professorship.

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/


https://orcid.org/0000-0002-6555-8668
https://orcid.org/0000-0001-7329-1759
https://orcid.org/0000-0003-2106-1104

2 Ars Math. Contemp. 26 (2026) #P4.10

Cayley nut graphs for each even d > 4. This implies that we have identified all feasible
degrees d for which a d-regular Cayley nut graph exists.

Keywords: Nut graph, regular graph, Cayley graph, circulant graph, nullity, graph spectra.
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1 Introduction

Nut graphs are graphs that have a one-dimensional nullspace (i.e. 7(G) = 1), where the
non-trivial kernel eigenvector x = [z1 --- 2,]T € ker A(G) is full (i.e. it has no zero
entries). Early work established that non-trivial nut graphs are connected, non-bipartite
and have no leaves, and showed that the smallest non-trivial nut graphs have seven or more
vertices [34].

If G is a non-trivial d-regular nut graph, then the degree d > 3. Regular nut graphs
with d = 2 do not exist, as the nullity of a cycle is either 0 or 2. The case d = 3 is of
special interest in applications in chemistry and physics, where the simplest models for
the electronic structure and properties of unsaturated carbon and hydrocarbon frameworks
are essentially graph-theoretical [30]. In this context, the chemical graphs are connected
subcubic graphs, with v, vy and v3 vertices of degree 1, 2 and 3, respectively. Nut graphs
have v; = 0. The pairs (v, v3) for the chemical nut graphs have been characterised [23].
Cubic nut graphs are relevant in applications to, for example, the polyhedral carbon cages
known as fullerenes [22]. The Frucht graph [24, 25] is a small example of a cubic polyhe-
dral nut graph that would serve as a model of reactivity and conduction of a hypothetical
Cy2 cluster [32, 33].

From the mathematical perspective, there has been interest in the question of the possi-
ble degrees and orders of regular nut graphs of degree higher than three. The main results
of this paper are Theorems 1.2 and 1.6 presented below where they are set in the context
of the order—degree existence problem. These deal with, respectively, regular nut graphs in
general and Cayley nut graphs.

1.1 Regular nut graphs

The order—degree existence problem for regular nut graphs was initiated by Gauci, Pisanski
and Sciriha [27]. Let 91 denote the set of all the orders attainable by a d-regular nut
graph. In these terms, Problem 12 of [27] is to determine the set 91};® for each degree d.

Theorem 1.1 ([27, Theorems 2 and 3], [21, Theorem 7], and [4, Theorem 1.3]). The
following statements hold.:

(1) N5 = {12} U{n € N: niseven and n > 18},
(i) OUE = {8,10,12} U {n € N: n > 14},
(iii) 9 = {n € N: nis even and n > 10};

(iv) Ng® ={n e N:n>12};

E-mail addresses: nino.basic @fmf.uni-1j.si (Nino Basi¢), ivan.damnjanovic @ famnit.upr.si (Ivan
Damnjanovic¢), p.w.fowler@sheffield.ac.uk (Patrick W. Fowler)
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(v) 9% = {n € N: nisevenandn > 12};
(vi) 95 = {12} U {n € N: n > 14},
(vii) Mg® = {n € N: nis even and n > 16},
(viii) M|F = {n € N: n > 15};
(ix) M ={n e N: nisevenandn > 16};
(x) M3 ={neN:n>16}.

The proof of this theorem relied on finding examples of smallest order and using a con-
struction to extend them to all higher orders. In the initial paper [27] the sets 913 and
N, were determined. These results were then extended up to degree d = 11 [21]. The set
N5 was determined in [4], where consideration of circulant graphs furnished examples
of such nut graphs of all even orders, while odd orders were resolved by a combination of
computer search and construction.

Although the sets 91, for d > 12 will not be completely determined here, by providing
families of regular nut graphs of high degree, we will show that 91 is infinite for every
d > 12. Again, circulant graphs play an essential role, as the families are defined by
cartesian products, where one factor is a ‘small’ regular nut graph and the other a circulant
graph with carefully chosen parameters. Our first main result is:

Theorem 1.2. For each d > 3, there exist infinitely many d-regular nut graphs.

1.2 Cayley nut graphs

In parallel with the treatment of d-regular nut graphs in general, progress has been made on
the order—degree existence problem for nut graphs of high symmetry, in particular, those
that belong to the classes of vertex-transitive and Cayley graphs.

Vertex-transitive graphs are graphs whose automorphism group acts transitively on the
vertex set. Given a group I with identity e and a subset C' C I"\ {e} closed under inversion,
by Cay(T", C') we denote the graph with vertex set I such that any two vertices v and v are
adjacent if and only if vu~! € C. The set C'is called the connection set. A Cayley graph is
any graph that is isomorphic to Cay (T, C') for some finite group I' and some connection set
C. Every Cayley graph is vertex-transitive, while there exist vertex-transitive graphs that
are not Cayley, perhaps the most famous example being the Petersen graph. A circulant
graph is a Cayley graph where I' = Z,, for some n € N, i.e. the group I is a cyclic
group. For more details on algebraic graph theoretic terminology, the reader is referred
to [5, 19, 28]. For more results on highly symmetric nut graphs, see [2, 3, | 7] and references
therein.

Let ‘JT}I/T (resp. ‘ﬁgay, MT¢) be the set comprising the orders attainable by a d-regular
vertex-transitive (resp. Cayley, circulant) nut graph. Trivially,

i Cay VT reg
MG TN TNy~ SN
The study of vertex-transitive nut graphs was initiated in [2 1] with the next result.

Theorem 1.3 ([21, Theorem 10]). Let G be a non-trivial vertex-transitive nut graph on
n vertices, of degree d. Then n and d satisfy the following conditions. Either d = 0
(mod 4), and n = 0 (mod 2) and n > d+4; ord = 2 (mod 4), and n = 0 (mod 4)
andn > d + 6.



4 Ars Math. Contemp. 26 (2026) #P4.10

Circulant nut graphs have been extensively studied [13, 15, 16, 18]. The paper [13] deter-
mined all the order—degree pairs for which circulant nut graphs exist.

Theorem 1.4 ([13, Theorem 1.8]). For each d € N, the set 913“‘3 is given by

o, ifd %0 (mod 4),
gpeire _ {n € N: nisevenandn > d + 4}, ifd =4 (mod 8),
¢ T ) {14} Uu{neN: nisevenandn > 18}, ifd =38,
{n € N: nisevenandn > d+ 6}, ifd=0 (mod 8) and d > 16.

The order—degree existence problems for vertex-transitive and Cayley nut graphs were
solved for degrees divisible by four.

Theorem 1.5 ([14, Corollaries 8 and 9]). For each d € N such that d = 0 (mod 4), the
sets YT and deay are given by

NYT =M™ = {n € N: nisevenandn > d + 4}.
Here, we give a counterpart to Theorem 1.2, tailored to the class of Cayley nut graphs.

Theorem 1.6. For each even d > 4, there exist infinitely many d-regular Cayley nut graphs.

Note that Cayley nut graphs of odd degrees d are already ruled out by Theorem 1.3. Earlier
results of that kind relied on an algorithm by Filaseta and Schinzel [20] for finding a cyclo-
tomic factor in a polynomial with integer coefficients. In contrast, the proof of Theorem 1.6
makes extensive use of trigonometric identities.

2 Useful facts about graph spectra

The spectrum of a graph, denoted by o(G), is the spectrum of its adjacency matrix A(G).
For an in-depth treatment of graph spectra, see standard references [7, 8, 11, 12]. The
following lemma determines the spectrum (in closed form) of any circulant matrix.

Lemma 2.1. For any n € N, the eigenvalues of a circulant matrix

ao ai Az - Qp-1

Ap—1 ao ay 0 QAp-2

A= |%-2 Gp-1 G0 - Gp-3
al a2 as ... ao

are P4 ((), where
Pa(z) = ap + a1z + aga® + -+ 4+ ap_12" "
and ¢ € C ranges over the n-th roots of unity. Moreover, for each n-th root of unity (,

[1 < 4-2 gnfl]T

is an eigenvector of A for the eigenvalue P4 (().
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A proof of the above lemma can be found, e.g., in [29, Section 3.1]. Note that the
vertices of a circulant graph can be arranged so that the corresponding adjacency matrix
is circulant. Therefore, Lemma 2.1 can be used to determine ¢(G) when G is a circulant
graph. By Circ(n, S), where S C {1,2,...,[ 5|}, we will denote the graph on the vertex
set V(G) = Z,, where vertices u,v € V(G) are adjacent if and only if u — v € S or
v —u € S (where addition is done in Z,,). Note that the adjacency matrix of Circ(n,.S)
is a circulant matrix with a; = 1if i € S or —i € S, and a; = 0 otherwise. Thus, graph
Circ(n, S) is a circulant graph on n vertices with connection set S U —S, i.e. Circ(n, S) =
Cay(Z,,S U -S).

The cartesian product of graphs G and H will be denoted by G H. The vertex set
of GOH is V(G) x V(H); vertices (g, h) and (¢’, h’) are adjacent if either ¢ = ¢’ and
hh' € E(H),or h = h' and g¢’ € E(G). For a comprehensive treatment of product
graphs, see [31], and for a survey on their spectra, see [1].

Lemma 2.2 ([7, Section 1.4.6]). For any two graphs G and H, the spectrum of the carte-
sian product GO H is given by

o(GOH)={A+u: A€o(G),pco(H)}.

Moreover, if u € RV(S) is an eigenvector of G for the eigenvalue X and v € RV is an
eigenvector of H for the eigenvalue p, then the vector w € RV (G5 H) defined as

Wign) =ugvn (9 €VI(G), he V(H))
is an eigenvector of G H for the eigenvalue A + .

The following proposition is a direct consequence of Lemma 2.2.

Proposition 2.3. Let G1 and G2 be nut graphs. Then G1 U G4 is a nut graph if and only
if there does not exist A # 0 such that A\ € 0(G1) and —\ € 0(G2).

For any b € N, the cyclotomic polynomial ®,(x) is given by

q)b(‘r) = H(l’ - C)a

¢

where ( ranges over the primitive b-th roots of unity. It is well known that for each b € N,
the polynomial ®,(x) has integer coefficients and is irreducible in Q[z] (see, e.g., [26,
Chapter 33]). Therefore, any P(z) € Q[z] has a root that is a primitive b-th root of unity if
and only if ®;(z) | P(x). Moreover, deg ®;(x) = ¢(b) for each b € N, where ¢ denotes
Euler’s totient function. We end the section with the following number-theoretic result.

Lemma 2.4. Foranyn € N, p(n) > /n/2.

Proof. Letn = p{'ps? - -- p* be the prime factorisation of n, where py, pa, . . ., py, are the
distinct prime factors of n. Since p(n) = p*~ 1p;‘2 L. PRk Y= (pe—1) - (pr—

1), it follows that

k

H a]/2 1

HE»

k
121 b —
j=1
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Observe that ¢ — 1 > Va for any prime g > 3, hence

k

=1 2—-1
Ilp] >min{1,}:
i=1 VPj ﬂ

which implies (n)//n > 1/1/2. O

Sl

3 Degrees of regular nut graphs

In this section we will prove Theorem 1.2. The following lemma will be useful.

Lemma 3.1. For some d > 3, let G be a d-regular nut graph, and for some t € N, let S be
a set consisting of t odd and t even positive integers. If d < 4t, then there exists { € N such
that for every prime number p > (£, we have that G O Circ(2p, S) is a (d + 4t)-regular nut
graph.

Proof. Let S = {s1, 52,...,592:} and suppose that n € N is even. For every n € N, n >
2max S + 2, let H,, = Circ(n, S). By Lemmas 2.1 and 2.2, the eigenvalues of GO H,
are v(\, (), where
2t
v(z,x) =z + Z (2% +27%),

Jj=1

and )\ ranges over o(G), while ¢ ranges over the n-th roots of unity. Furthermore, we have
v(M1)=A+4t and v(\, —1)=A\

From the Perron-Frobenius theorem (see, e.g., [7, Section 2.2]) it follows that |A| < d for
A € 0(@G), hence v(A, 1) > 0. As the graph G is a nut graph, it follows that v(\, —1) = 0
is satisfied only for the simple eigenvalue A = 0 of GG. Since Lemmas 2.1 and 2.2 guarantee
that the corresponding eigenvector is full, it follows that G [0 H,, is a nut graph if and only if
v(A, ¢) # 0 for every A € o(G) and every non-real n-th root of unity ¢ € C, ¢ ¢ {1, —1}.

Now, let @ = max S. For each A € o(G), we see that v(\, () = 0 holds if and only if
¢ is a root of the Z[x]-polynomial

2t
Py(z) = Az + Z (a°+s5 4 zo=%9)

j=1

Furthermore, there are finitely many roots of unity that represent a root of Py (x) for some
A € o(G), and so we may take 5 € N to be the greatest of all of their orders. Note that 5
is well-defined, as —1 certainly is a root of Py(z). If we let £ = 1 4+ max(«, [3), then for
each prime number p > /, every 2p-th root of unity apart from 1 and —1 has an order of
either p or 2p, which means that it cannot be a root of any polynomial Py(x), A € o(G).
Therefore, G'J H>), is a nut graph for any p > ¢, and it is clear that the given graph is
(d + 4t)-regular. O

To illustrate the steps in the above proof, we provide an example.
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Example 3.2. We show how to find examples of 17-regular nut graphs using Lemma 3.1.
The values d = 5 and ¢t = 3 fulfil the requirements of the lemma and will lead us to nut
graphs of the desired degree. We require a 5-regular nut graph. There are nine such graphs
of order 10 and four of order 12 (see, e.g., [0, 9, 10, 21, 27]) and we could choose any one
of them. For example, let G be the graph in Figure 1. In the House of Graphs [0, 9], graph
G is listed last of the 5-regular nut graphs on 10 vertices.

Q o)

(@ O

Figure 1: The graph G used in Example 3.2. Note that we obtain a square antiprism on
deleting the two black vertices.

The spectrum of G is o(G) = {5, (V17 — 1)/2,v/2,v/2,0, -2, /2, -2, -2,
—(v/17 + 1)/2}. Now we must choose a suitable set .S. Any choice for which S contains
3 odd and 3 even integers is valid. Let us take, for example, S = {1,2,3,6,7,10}. The
corresponding value of the parameter « defined in the proof is aw = 10, and the polynomial
Py (z) is then

220 4 1T 16 4 013 L 212 L 1 10 L 0 L 08y T oy o3
Let w, = e2™/™ be a primitive n-th root of unity. By using a computer algebra system
such as SageMath [35], we can verify that roots of unity appear as roots of the polynomial
Py (z) for certain values of A € o(G). For A\ = /2, such roots are wi and wg, both of

order 8; for A = —v/2, they are wg and wg , also both of order 8. Finally, for A = 0, the
roots of unity that are roots of the polynomial Py (x) are

— 2 5 5 7 11 5 7 11 13 17
wy = —1, ws, w3, W, Wg, Wiz, Wia, Wig, Wiz, Wis, Wig, Wis, Wigs Wig and wig.

The orders of the roots in this list are all between 2 and 18, leading to 5 = 18. Hence,
¢ = 1+ max(10,18) = 19. For every prime number p > 19, the graph G O Circ(2p,
{1,2,3,6,7,10}) is a 17-regular nut graph. In particular, G O Circ(38, {1, 2, 3,6, 7, 10})
is a 17-regular nut graph of order 380. O

Note that we have extensive freedom in choosing suitable (d,t) pairs, choosing the
graph G and choosing the set S. In fact, in our example, as we were looking for a 17-regular
nut graph, the only possible choice for (d, t) was (5, 3). However, if we had been seeking,
say, a 37-regular nut graph, then we could have picked any (d,t) € {(5,8),(9,7), (13,6),
(17,5)}. There are always infinitely many choices for the graph G. For the example, we
chose the graph with the highest symmetry among those of the smallest order. Finally,
there are infinitely many feasible candidates for the set S. Needless to say, the value of ¢
depends on all of these choices.
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Note also that Lemma 3.1 gives us an infinite family of (d+4t)-regular nut graphs since
we may pick any prime number p > ¢£. However, it would be sufficient to provide only one
such graph, since a construction described in [27], which replaces a vertex of degree d of a
nut graph by a gadget of 2d 4 1 vertices of degree d while retaining the nut property, could
have been used iteratively to produce an infinite family.

With the aid of Lemma 3.1, we can now prove Theorem 1.2.

Proof of Theorem 1.2. Theorems 1.1 and 1.4 show that there exist infinitely many d-regular
nut graphs for each d > 3 such that d < 12 or d = 0 (mod 4). Thus, it is sufficient to
show the existence of infinitely many d-regular nut graphs for every d > 13 such thatd # 0
(mod 4).

Let G3, G5, and G be arbitrary 3-regular, 5-regular, and 6-regular nut graphs, respec-
tively. Such graphs exist in abundance (see, e.g., [21]). Let S be any set consisting of ¢ odd
and ¢ even positive integers, t > 2. Furthermore, for every n > 2max S + 2, let H,, =
Circ(n, S). From Lemma 3.1, we obtain immediately that each of Gs O H,,, G5 0 H,,,
and G¢ O H,, is a nut graph for infinitely many values of n € N. Therefore, there exist
infinitely many (4t + 3)-regular, (4t + 5)-regular and (4¢ + 6)-regular nut graphs, for any
t>2. O

4 Degrees of Cayley nut graphs

In the present section we prove Theorem 1.6. We begin with the following lemma.

Lemma 4.1. Ler o) € C be a root of unity of order b such that b > 3 and b # 0 (mod 4).
Then 1 is not a root of either of the polynomials

Pi(z) = optttd 4 28 _ 2t 905 g Py(z) = opittd _ 248 | 2t 95
foranyt e N.

Proof. To obtain a contradiction, suppose that ¢ is a root of Pi(x) or P»(x) for some
t € N. In this case, we have ®,(z) | P1(z) or ®y(z) | Po(x), hence w = e>™*/? is a root
of Py(x) or Py(z). Therefore,

2w — 2=t — =t Wt or 2wl — 2w (D) =t “4.1)

By applying the identity e® ’26_ ’ —sinfto (4.1), we obtain

9sin 22T i 8T o 9gin 22T _ gy 87
b b b b
Since sin 8T = 2sin 4 cos 2Z, it follows that
. 2(2t—1
sin % = }sm ‘ |cos 4”‘ ) 4.2)

It is easy to verify, e.g., by using SageMath, that (4.2) does not hold for any
b € {3,4,...,8} regardless of the value of (2t — 1) mod b Therefore, b > 9 With
this in mind, we have 0 < 47” < T, which implies 0 < sin 4™ < 1 and 0 < cos 2% < 1.
Hence, (4.2) gives

. 2(2t—1
sin 2@t-Lm - )m

< |sin 27| (4.3)
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We proceed by splitting the argument into two cases depending on the parity of b.

Case 1: b is even.
Observe that if

(2t —1)modbe {3,5,....,5 -2} or (2t—1)modbe {&+22L+4,...,b-3},

then |sin w 4—”| which contradicts (4.3). Also, if (2¢t — 1) mod b = £, then
sin 2(%;1) = 0, which is impossible because 0 < sin 457 < land 0 < cos 4; < 1.

Therefore, (2t — 1) mod b € {1,b — 1}. With this in mind, (4.2) becomes

2 47 47 : 4am
sin §F = sin 5F cos 55, i.e. 2 cos 2 b cos 5F = 1.

If b = 10, then
47
sin =&
2 cos 2 & 0054;—2c05rc0525”= 5 =
2sin 3

)

=

while for b > 14, we get
2 cos 2 & cos4“>2c057c05 > 1,

yielding a contradiction either way.

Case 2: bis odd.
Similarly, we observe that if

(2t —1)mod b € {2,3,4,...,%5%} or (2t—1)modbe {&2 271 . b—2}

. 2(2t—1)w
sin ==

then 47” , which contradicts (4.3). Furthermore, if (2¢ — 1) mod

> |sin

b = 0, then sin 2@2t-lr _ 0, which is not possible. Therefore, (2t — 1) mod b €
{1,058 0L bEL 048 b 1} If (2t — 1) mod b € {1,b — 1}, then the proof can be

=

K ) ) 7

completed analogously to Case 1.
Now, suppose that (2t — 1) mod b € {5, “£1}. In this case, (4.2) transforms to

sin 7 = sin 4; cos 4;’ “4.4)

By applying the identity sin 46 = 4 sin 6 cos 6 cos 26 to (4.4), we get

4 cos T cos Qgr cos 4b“ =1.
If b =9, then
8w
sin &&
4cos T cos 2E cos 2= = 4 cos T cos 2E cos AF = 9 -1
3 b b 9 9 9 2sin T 2>

9

while for b > 11, we have

2m 4W 2
4cos ¥ 5 cos 5t cos - > 4 cos & 11 cos 5T (:osl—1 >1,

which yields a contradiction either way.
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Finally, suppose that (2t — 1) mod b € {¥53, 53} In this case, (4.2) becomes

sin 357 = sin 4; cos 4b” 4.5)

By plugging the identities sin 30 = sinf (2cos260 4 1) and sin46 = 4sin 6 cos 6 cos 26
into (4.5), we get

L 27 _ 27 47 : 47 _
2cos 2F +1 =4cos § cos 2L cos 4T, ie. 2cos 2T (2cos Feos 4T — 1) =1.
It is easy to verify, e.g., by using SageMath, that

2cos 2 = (2(:osbcos4;T )<1

holds when b < 17. Since 2 cos 75 cos 5 > 1, this means that for any b > 19, we have

5
2cos 2= (2cosbcos47”— )>2cos (20051—9005%— )>1,
yielding a contradiction. O

We are now in a position to complete the proof of Theorem 1.6 by relying on the next
lemma.

Lemma 4.2. Let G be the graph
Circ(m, {1,2,...,t —1}U{=2 MY yfm _(t —1),..., 2 -2 2 1} U{Z}).

Foranyt € Nand m > 4t + 6 such that m = 2 (mod 4), the graph GO K> is a
(4t + 2)-regular Cayley nut graph of order 2m.

Proof. Note thatt —1 < 2 and ™6 < 7 — (¢ — 1), hence G and GO K are (4t + 1)-
and (4t + 2)-regular, respectively. We also observe that G 0 K is a Cayley graph for the
group Z,, X Zo. By Lemmas 2.1 and 2.2, the spectrum of G [J K5 comprises the values
v(A, ¢), where

VGG = A (4 ) () g
+§(<j+47j) 723 (¢ +¢77),

j=1 J=2—t+1

and A € {1, —1}, while ¢ ranges over the m-th roots of unity. A straightforward computa-
tion gives

v(1,1) =4t +2, v(-1,1)=4t, v(1,-1)=0 and v(-1,-1)=—2.

Furthermore, Lemma 2.2 implies that the eigenvector for the eigenvalue v(1,—1) = 0 is
full. Therefore, GO K5 is a nut graph if and only if v()\, () # 0 for any A € {1,—1} and
m-th root of unity ¢ ¢ {1, —1}. Observe that

v(A€) = (7"‘*+G+Cm32+<%+<*”12+¢"‘ZG)
" (0 4B B (4.6)
Y (T HCET 7).

j=1
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We now split the argument into two cases depending on the value of (% .

Casel: (%2 = —1.
In this case we have (7 ™7 = —( 7 and (=% = —(7, hence (4.6) simplifies to

m m m m+6

VO = A 14T T T

If A =1, then

T = (P R (1)
(¢ =G+ =T DECH

m+6 m
4

v(1,¢) = " 4+ ¢ ¢

:4'7 1

m+2
4

which implies (1, () # 0 provided ¢ ¢ {1, —1}. To obtain a contradiction, suppose that
v(—1,¢) = 0 holds for some ¢ ¢ {1, —1}. Since

m m-+2 m m+6 m-+6

Y(=1,0) = =2+ ¢+ ¢ T 4 = 2 T (- D)+

we obtain
m+6

(C-D2(C 1) = (~2%) = act = gt

Therefore, ( is a root of the polynomial

(x— 1%z +1)* +42® =25 + 225 —2? — 2% + 22+ 1. 4.7)

We obtain a contradiction by showing that (4.7) is not divisible by ®,(x) for any b € N.
If b > 72, then Lemma 2.4 gives deg ®y(z) = ¢(b) > 1/b/2 > 6, hence ®;(x) does not
divide (4.7). For each b € {1,2,...,72}, the required non-divisibility can be verified
using, e.g., SageMath.

Case2: (% =1.
In this case, (Z 7 = (7 and (=2 = (7, hence (4.6) transforms to

t—1
VALQ) = A+ 1+ T 4T T T 42) (T HCT). @)
j=1

As shown in [ 15, Theorem 4], the graph
Gy = Circ(m,{1,2,...,t —1ju{m2 m {2 —(t—1),...,2 -2,2 —1})

is a nut graph. By Lemma 2.1, the spectrum of Gy comprises the values «((), where

t—1 F-1
A(Q) = (CF 4 ) (CF )R () Y (@),
j=1 J=m 41

and ( ranges over the m-th roots of unity. Since the nullspace of G; is one-dimensional,
and k(¢) = k((), it follows that k() # O for any m-th root of unity ¢ ¢ {1,—1}. A
straightforward computation gives v/(—1,¢) = x(¢) provided (2 = 1, which implies that

v(—1,¢) # 0 for any -th root of unity ¢ ¢ {1, —1}.
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To obtain a contradiction, suppose that v(1,¢) = 0 holds for some ¢ ¢ {1,—1}, and
note that (4.8) becomes

t—1
(1,0 = T T T 2 Y ¢

j=—t+1

A routine computation gives

m+6 m—2

¢THC- (A, =T -

Let ¢ € C be such that 12 = ¢, so that (4.9) becomes

m+2 m+10

+ ¢ ST ¢ttt -2, 4.9)

Ct_l(C _ 1) V(l, C) _ 2¢4t—2 4 w2t+3+% _ ,(/)Zt—l—&-% + th—l—% _ w?t—5—% _9
— o2 2B 25— o

Since m = 2 (mod 4), we observe that ¢ is an m-th root of unity whose order b satisfies
b>3andb # 0 (mod 4). Depending on whether 1) = 1 orv¢* = —1, we have

2w4t—2 + w2t+3 _ th—5 9= 0 or 2,(/)415—2 _ ,(/)2t+3 + ¢2t—5 —_92 = 0
In both cases, a contradiction follows from Lemma 4.1. O

The cases d = 0 (mod 4) and d = 2 (mod 4) of Theorem 1.6 follow directly from
Theorem 1.5 and Lemma 4.2, respectively.

Remark 4.3. Note that Lemma 4.2 also shows that
NYT O NG D {2d + 8,2d + 16,2d + 24,2d + 32, ...}

for any d > 6 such that d = 2 (mod 4). Therefore, for any even d > 4, the sets O“CXT and
‘ﬁgay are not only infinite, but they also have a natural density of at least 1/8.

S5 Concluding remarks

We have shown that d-regular nut graphs exist for all d > 3 (Theorem 1.2). Whend = 0
(mod 2), nut graphs exist even within the class of d-regular Cayley graphs (Theorem 1.6).
In this sense, Theorem 1.6 is a stronger version of Theorem 1.2, but only for even degree.

The proof of Theorem 1.6 relies on the nut graphs constructed in Theorem 1.5 and
Lemma 4.2, all of which are explicitly determined. However, the present proof of Theo-
rem 1.2 is non-constructive in nature. That is to say, the proof does not give an explicit
algorithmic construction of the nut graphs in question, as the intermediate quantity 5 (and
hence ¢) is not easy to determine. For even degree d, we could replace this branch of the
proof by simple invocation of Theorem 1.6, but for the odd case this route is not available.
In the present section, we suggest a strategy that would lead to such a construction, based
on a conjecture supported by numerical computation.

Recall that existence of d-regular nut graphs is guaranteed for 3 < d < 12 (by Theo-
rem 1.1). Recall also the following theorem from previous work.
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Theorem 5.1 ([ 15, Theorem 4]). Foreacht € Nandn > 4t+6 such thatn = 2 (mod 4),
the circulant graph

D(n,t) == Circ(n, {1,2,...,t =1} U{(n+2)/4,(n+6)/4} U
{n/2—(t-1),...,n/2—-2,n/2 —1})

is a 4t-regular nut graph of order n.

We can obtain nut graphs with odd degrees d > 13 using Proposition 2.3 by taking
cartesian products of members of the above family of circulant graphs with certain 3- and
5-regular nut graphs. For example, let F3 be the Frucht graph, and let F5 be the graph
whose complement is shown in Figure 2. Their characteristic polynomials are:

O(F,z) = 2(x —3) (v — 2)(z + 1)(z +2)(2® + 2> — 22 — 1)

(x* + 23 — 622 — 5z + 4),

O(Fs,x) = z(x — 5)(x + 1) (2 + & — 1)(2° + 32* — 62% — 212% — 2 + 16).

(a) The Frucht graph F3. (b) Complement of the graph Fs.

Figure 2: The regular nut graphs used in Conjecture 5.2 (drawn as the graph or its comple-
ment).

‘We now propose the following conjecture.
Conjecture 5.2. The following statements hold:
(i) D(4t + 6,t) O Fy is a nut graph of degree 4t + 5 for every t > 1;
(il) D(4t+6,t) O F5 is a nut graph of degree 4t + 3 fort > 1 such thatt Z 0 (mod 3);
(iii) D(4t+10,t) O F3 is a nut graph of degree 4t+3 for t > 1 such thatt = 0 (mod 3).

Statement (i) resolves the case d = 1 (mod 4). Statements (ii) and (iii) taken together
resolve the case d = 3 (mod 4). Note that the graph D(4¢ + 6, ) has an eigenvalue —3
when ¢t =0 (mod 3).

Computations show that the conjecture is true for all values of ¢ such that the degree
of the obtained product graph is less than 1000. This implies that we have constructed a
d-regular nut graph for each odd 3 < d < 1000. Proof of Conjecture 5.2 would furnish a
fully constructive proof of Theorem 1.2.
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