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Abstract

The Pancake graph is well known because of the open Pancake problem. It has the
structure that any [—cycle, 6 < I < n!, can be embedded in the Pancake graph P,,,n > 3.
Recently it was shown that there are exactly %‘ independent 6—cycles and n!(n — 3) distinct
7—cycles in the graph. In this paper we characterize all distinct 8—cycles by giving their

canonical forms as products of generating elements. It is shown that there are exactly

n!(n®+12n%—103n4176)
16

cycles contains %! of these.

distinct 8—cycles in P,,,n > 4. A maximal set of independent 8—
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1 Introduction

The Pancake graph P, = (Sym,, PR),n > 2, is the Cayley graph on the symmetric
group Sym,, of permutations m = [m175 . .. 7,], where m; = (i) for any 1 < @ < n, with
the generating set PR = {r; € Sym,, : 2 < i < n} of all prefix—reversals r; reversing the
order of any substring [1,7],2 < ¢ < n, of a permutation 7 when multiplied on the right, i.e.
[T1 .. g1 -« - T = [Ty ... T1Tig1 - . . ™). Itis a connected vertex—transitive (n—1)-
regular graph of order n!. This graph is well known because of the combinatorial Pancake
problem which was posed in [4] as the problem of finding its diameter. The problem is still
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open. Some upper and lower bounds [5, 6] as well as exact values for 2 < n < 19 [1, 2]
are known. One of the main difficulties in solving this problem is the complicated cycle
structure of the Pancake graph. This graph is hamiltonian [11] and the following result is
also known.

Theorem 1.1. [7, 10] All cycles of length I, where 6 < | < nl, can be embedded in the
Pancake graph P,,,n > 3, but there are no cycles of length 3,4 or 5.

An explicit description of cycles is gradually being developed. The first results concern-

ing cycle characterization in the Pancake graph were obtained in [8] where the following
cycle representation via a product of generating elements was used. A sequence of prefix—
reversals Cy =74, ...7r;_,, where 2 < i; < n,and i; # 4,41 forany 0 < j <! — 1, such
that wry, ...r;,_, = m, where m € Sym,, is called a form of a cycle Cj of length l. A cycle
C; of length [ is also called an /—cycle, and a vertex of P, is identified with the permuta-
tion which corresponds to this vertex. It is evident that any [—cycle can be presented by
2l forms (not necessarily different) with respect to a vertex and a direction. The canonical
form Cy of an l-cycle is called a form with a lexicographically maximal sequence of in-
dices 7 . ..%;—1. By using this description, the results characterizing 6— and 7—cycles were
obtained in [8].
Theorem 1.2. [8] The Pancake graph P,,n > 3, has %’ independent 6—cycles of the
canonical form Cg = r3rorsrarsry and nl(n — 3) distinct T—cycles of the canonical form
C7 = rEre_1TpTp_17k—_oTkT2, where 4 < k < n. Each of the vertices of P, belongs to
exactly one 6—cycle and 7(n — 3) distinct T—cycles.

The main result of this paper is the following theorem.

Theorem 1.3. Each of vertices of P,,n > 4, belongs to N = n’+12n* _2103"+176 distinct
8—cycles of the following canonical forms:

Cgl:TijTiTkaTk—j+i7’i7“k—j+i7 2<i<jyj<k-1,4<k<n, (1.1
C§ = ThTho1T2Tho1 Tk T2 T3 T2, A<k<n, (12
C8 = T i Pl 1 T3 Th The—i The1 T 2<i<k—-2,4<k<n, (13)
C§=Tkrk—7:+1Tkrﬂkrk—irk—l?”i—h 3<i<k=2,5<k<n, (1.4)
ngrkrkq Ti—1Tk Tk—it1 Th—i Tk Ti, 3<i<k—-25<ks<n, (1.5)
OF = T Tkt Th Th—i Th—ie1 Tk T Tit 15 2<i<k=3,5<k<n, (L6
O = 1 Pl 1 TR T4 T The 1 TR T 2<i<j<k—-1,4<k<n, (17
088 =T4T3T4T3T4T3T4TS. (1.8)

There are two corollaries of Theorem 1.3, which will be proven in the final section of
this paper.

n!(n®+12n%—103n4176)

Corollary 1.4. There are 5 distinct 8—cycles in P,,n > 4.

Corollary 1.5. A maximal set of independent 8—cycles in P,,,n > 4, contains % of these.

The proof of Theorem 1.3 is based on the hierarchical (recursive) structure of the Pan-
cake graph which can be presented as follows. The graph P,,n > 3, is constructed
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from n copies of P,,_1(i),1 < ¢ < n, such that each P,_1(¢) has the vertex set V; =
{[my ... mn—14], where m, € {1,...,n}\{i} : 1 <k <n-—1}|Vi| = (n — 1)), and the
edge set By = {{[m1 ... mn_1d), [m1 .. Tp1d] 75} 0 2< 5 <n—1},|E| = ==
Any two copies P,_1(i), P,—1(j),% # j, are connected by (n — 2)! edges presented as
{[iﬂ'g e 7Tn,1j], [j’]’(’n,1 .. .ng}}, where [iﬂ—Q .. .7Tn,1j]7’n = [jﬂ'n,1 N 7T2’i]. Prefix—
reversals r;,2 < j < n — 1, define internal edges in all n copies P,_1(i),1 < i < n,
and the prefix-reversal r,, defines external edges between copies. Copies P,,_1(i), or just
P,,_1 when it is not important to specify the last element of permutations belonging to the
copy, are also called (n — 1)—copies.

Since P; = Cj and due to the hierarchical structure, P4 has four copies of Ps, each of
which obviously cannot contain 8—cycles. However, P, has 8—cycles consisting of paths
within copies of P5 together with external edges between these copies. In general, any
8—cycle of P,,n > 4, must consist of paths within subgraphs that are isomorphic to Py_1
for some 4 < k < n, joined by external edges between these subgraphs. Hence, all
8—cycles of P,,,n > 4, could be found recursively by considering 8—cycles within each
Py, 4 < k < n, consisting of vertices from some copies of Py_;. This approach is used
in the proof of Theorem 1.3. To get the main result, we also need some technical lemmas
concerning paths of length three between vertices of a given form. So, in the next section
we introduce additional notations and prove two small lemmas. In Section 3 we prove
Theorem 1.3 and its corollaries.

2 Technical lemmas

A segment [rr; ... ;] of a permutation ™ = [y ...7; ... 7; ... m,] consists of all elements
that lie between 7; and 7; inclusive. Any permutation can be written as a sequence of
singleton and multiple segments. We use characters from {p, ¢, s, ¢} to denote singletons
and characters from {«, 3,7, A, B, C} to denote multiple segments. If 7 = [«a/3], where
a = [mmy...m] and B = [miq1...7,], then 71| = [@B], where | is the number of
elements in a segment «, and @ is the inversion of a segment «. It is obvious that @ = a.
Note that we allow empty segments where this does not contradict the initial definitions.

An independent set D of vertices in a graph is called an efficient dominating set if each
vertex not in D is adjacent to exactly one vertex in D [3]. It is known [9] that D, =
{lprg...mp] sy € {1,...,n}\{p},2 < j < nh|Dpl = (-1, 1< p< n,are
efficient dominating sets in P,,,n > 3. Let us note that external edges of P, are incident to
vertices from different efficient dominating sets of P,,. The distance d = d(m, T) between
two vertices 7, 7 in P, is defined as the least number of prefix—reversals transforming
into 7, i.e. T, iy .. Ty =T

The next lemma gives a full list of paths of length three between two vertices of the
same efficient dominating set.

Lemma 2.1. Two permutations m,7 € D,,1 < p < n, are at distance three from each
other in P,,n > 3, if and only if:

1) either T = rjrirj, 2 < i < j < n, where 7 = [AB~|, 7 = [AB~);

2)or T =mriTiri—jy1, 2 < j < i< n, where m = [pAB~], T = [pBA®].

Proof. We consider 7 € D,, such that 7 = [pagfk|,m; = g. Let us find other vertices
from D,, being at the distance three from 7. Let 7' = 7r; = [gappk], where 7} = p,2 <

j < n. An application of a prefix-reversal r;,2 < i < n,i # j, to the permutation 7!
gives us two cases: either ¢ < j ors > j.
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1)Ifi < j then 72 = 7lr; = [aqarpBk], where 72 =p,a=aiazand || =i —1,
andthen 7 = 7%r; = [pas gazBk]. Hence 7 = T and we get T = [AB7], T = [ABY]
by setting A = pa, B = aaq, v = Bk. Note, that using r; is the only way to restore p to
the first position and thus to end at an element of D), after reaching 2.

2) If i > j then 2 = 7lr; = [BipagBek], where 2 41 = P B = PPz and
|31| =i — j,and then 7 = 7r;_;+1 = [pBragBak]. Hence 7 = mrjrir;i—j11 and we get
m = [pAB~7], T = [pBA~y] by setting A = aq, B = (1, 7 = (2k. Note, that using 7;_ ;1
is the only way to restore p to the first position and thus to end at an element of D,, after
reaching 72. O

The next lemma gives a description of paths of length three defined on internal edges
of the graph between vertices of given forms.

Lemma 2.2. Let permutations w and T be presented as:

1) = [y1AB| and T = [y1 AB~s), where |y1| = 1, |A| > 2. Then:
a) there exists a unique path of length three:
T = Tl |+ AT AT |+ Al 2.1)

provided that either |y1| > 2 and |A| > 2, or |11| = 1 and |A| >
b) there are two paths of length three:

T = Trarara, T = Trarars, (22)

provided that |y, = 1 and |A| = 2;

2) 7w = [y1AB~s) and T = [y1 BA~s), where |y1| = 0, |A| > > 1. Then:
a) there is a unique path of length three:
T = 7T7“‘,Y1|+2’r‘27'|71‘+2, (23)
provided that |y1| > 2, and |A| = |B| = 1;
b) there is a unique path of length three:
T = TT|n |+ Al | [+ A+ BI Tl |+ B> 2.4
provided that || = 1, and |A| # 1 or |B| # 1;
c) there are two paths of length three:
T = MTraTr3Ty = MIr3rars, 2.5)
provided that |v1| = |A| = |B| = 1;
d) there is a unique path of length three:
T :WT\A\T|A|+\B\T\BM (2.6)

provided that |v1| = 0 and |A| > 2, |B| > 2
There are no other paths of length three between m and T of these types.




E. Konstantinova and A. Medvedev: Small cycles in the Pancake graph 241

Proof. 1)If = [y ABvs] and 7 = [y; AB~3), then (2.1) is checked by a direct verifica-

TlviltlAl

tion: [y AByo] S [AF1Bya] B [AF1Brs] S [y, ABAs). Suppose that there
is one more path of length three. Then these two paths should form a 6—cycle. In part (a),
either |y1| > 2 and |A] > 2, or |y1| = 1 and |A] > 3, 50 7, |4|4] = 7sm for some m > 4,
but by Theorem 1.2, no 6—cycle includes r,, with m > 4 in its form. Therefore, the given
path is the only one in this case. In part (b), |y1] = 1 and |A| = 2, so m = 3 and the
condition of Theorem 1.2 holds, hence we obtain two distinct paths of stated forms (2.2).

2)Ifm = [y1ABys]) and T = [y1 BAvs), and |y1| > 2, |4| > 1, |B| > 1, then there is
the following path of length four between these vertices:

Tlvil+1Al

T =[nABy] 5 [AF1Bys) T l+I4141B] (Bry1 Avs) Tl

[71BA~] "yl [11BA7vs] = 7. 2.7

Suppose there is also a path of length three between m and 7. By Theorem 1.1, there
are no cycles of length 3 or 5, and hence no paths of lengths 3 and 4 exist between two
fixed vertices unless the paths are disjoint. This means that these two paths should form
a T—cycle, including the sequence 7, 4aTm-tatb"m+b7m, Where |[y1| = m, |A| = a and
|B| = b. By Theorem 1.2, this is possible only in the case when m = k — 2,k > 4, and
a = b = 1, which implies that a unique path of length three has the form r.,, o727, 2 that
corresponds to (2.3).

Putting |y1| = 1in (2.7), a path T = 77, |1 A|"|y1 |+ | A|+|B| |7 | +| B|» corresponding
to (2.4), is obtained. Taking |y1| = m, |A| = a and |B| = b, the obtained path is presented
as "mtaTm+at+bTm+b. Suppose that there is one more path of length three between 7 and
7. Then these two paths should form a 6—cycle. By Theorem 1.2, this is possible only in
the case when m = a = b = 1, which gives us the paths 7 = 7rorgre and 7 = 7ryrars,
corresponding to (2.5).

Putting |y1| = 0 in (2.7), a path 7 = 77| 4|7 4|+ |B|7|B|> corresponding to (2.6) with
|A| > 2, |B| > 2, is obtained. Suppose there is one more path of length three between
m and 7. Then these two paths should form a 6-cycle. By the conditions of Lemma,
|A| 4 |B| > 4, hence 7| 4|4|p| = Tm for some m > 4, but by Theorem 1.2, no 6—cycle
includes r,,, with m > 4 in its form. Therefore, the given path is the only one in this case.
If |A| = 1 or |B| = 1, then the path above is transformed into a 2—path or an edge. This
completes the proof of the lemma. O

3 Proof of Theorem 1.3

To find all 8—cycles passing through the same vertex in P,,n > 4, we use its hierarchical
structure by considering recursively 8—cycles within each copy Py, 4 < k < n, consisting
of vertices from copies of Pj_;. It is assumed that any copy of Pj_; has at least two
vertices, since each vertex has a unique external edge. We obtain canonical forms of 8-
cycles and count their numbers.

Case 1: an 8—cycle within P, has vertices from two copies of P,

Suppose that an 8—cycle is formed on vertices from copies P;_1(p) and Pi_1(s), 1 <
p # s < k. It was shown in [8] that if two vertices 7 and 7, belonging the same (k — 1)-
copy, are at the distance at most two, then their external neighbours 7 and 7 should belong
to distinct (k—1)—copies. Hence, an 8—cycle cannot occur in situations when its two (three)
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Pi_1(p) Pi_1(p)

P3

P2 P2

= [sBqap] [sBazqaip] |= = [sBqap] [sB2q0B1p] /

T1l= [pagpBs] [pa1qoz Bs) = m° T1l= [pagpBs] [pBrogBas)l=

Ti Ti

Tj

, < Ti Tiej+1
w52 = [qapfs] [aaqaip

T = [&EP‘BS] [BipagBas] = w5

Bs] = w53
P}Cfl(S)

case 1 case 2

Figure 1: (4 + 4)-situation.

vertices belong to one copy and six (five) vertices belong to another one. Therefore, such
an 8—cycle must have four vertices in each of the two copies.

(4 + 4)-situation. Suppose that four vertices of such an 8-cycle belong to a copy
Py._1(s), and other four vertices belong to a copy Pi_1(p). Herewith, four vertices of
Py._1(s) should form a path of length three whose endpoints should be adjacent to vertices
from Pj_1(p), which means both vertices should belong to the efficient dominating set
D,,. So, one vertex of P,_1(s) that is adjacent to a vertex of P;_1(p) must have the form
[pagBs]. By Lemma 2.1, it is not hard to see that this gives rise to two possible forms for
the remaining vertices of P_1(s). These are given in Figure 1, where || = j — 2 and so
|B] = k — j — 1. In the first case we also have & = aj s and |az| = ¢ — 1 > 1, while in
the second case we also have 81| =i —j > land |B2| =k —i — 1.

Denote y; = s83, A = qaz, B = a1, v2 = p, where |y1| = |B]| +1 > 1, |A| > 2,
|B| > 0, then in the first case 7P, 7Pt have the forms [y; AB7s] and [y; AB72]. By
Lemma 2.2 (case 1a), there is a unique path of length three between these permutations if
Il =18l+1=k—j>1land |[A] = |az] +1 =i >3, ork—j >2andi > 2,
and by Lemma 2.2 (case 1b), there are two distinct paths if k. — j = 1 and ¢+ = 2. Hence,
such an 8—cycle has the form C§ = ry_j 7Tk jrirkrTiriTE, With2 < i < j < k — 1,
4 < k < n, the canonical form of which corresponds to (1.1). The case of k — j = 1 and
1 = 2 by symmetry gives one additional form C’g = TE_1ToTp_1TET2T3T27, the canonical
form of which corresponds to (1.2).

Denote v, = 8032, A = 1, B = qa, 7o = p, where |y1| = |82 +1 > 1, |A| = 1] =
1,|B| = |a| +1 > 1, then in the second case we have P! = [y; ABs], 7P* = [y1 BAY2].
By Lemma 2.2 (case 2a), there is a unique path of length three between 7' and 7P4 if
lm|l=k—i>2,|Al=|f1|=i—j=1land |B|=|a|+1=j—1=1. Hence, j=2,
1 =3, and for k > 5 an 8—cycle has the form r_ 797,17, 7273727, cOrresponding again
to the canonical form (1.2).

By Lemma 2.2 (case 2b), there also exists a unique path of length three between 7P*
and 7P if |y | =k —i =1, |Al = |f1|=i—j =2 1,|B|=|a|+1=45—12> 1. This
means that ¢ = k— 1, and such an 8—cycle has the form Cg‘ = TRTk—jTh—1TTETk—jTk—1T7>
2 < j < k — 2, the canonical form of which corresponds to (1.3), if we set 7 = 4. So, there
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Py 1(q)
T4 = [sBpaq]

[pavsBq) A mis

Tk

[sBgap] = 7

Py_1(p)

Figure 2: (2 + 2 + 4)-situation.

is a unique path of length three under the conditions listed, unless |A| = |B| = 1 when by

Lemma 2.2 (case 2c) this path is not unique. So, k = 4,j = 2,7 = 3 and 8—cycles take

forms rorsreryrsrorsry and ryrorsryrsrarsry, corresponding to forms (1.2) and (1.1).
Thus, all 8—cycles occurring in the case of two copies are found.

Case 2: an 8—cycle within P, has vertices from three copies of Py _

Suppose an 8-cycle is formed on vertices from copies Py—1(p), Pr-1(q), Pr—1(s),
where 1 < p # q # s < k. There are following possible situations in this case.

(2 4+ 2 + 4)-situation. The distribution of vertices among the copies is presented by
Figure 2. Let m°* = [pagfs] where 7' = ¢ with |a| =i — 2, |8] = k —i — 1. Then
w2, Pt P2 9t and w9 are straightforward to define. Vertices 79 and 794 differ in the
order of segments s/ and pa, hence they have the forms [y; AB~2] and [y; BA~»], where
v1 is empty, A = s8, B = pa, o = gand |[A| = |8/ +1 > 1, |B| = |a| +1 > 1.
By Lemma 2.2 (case 2d), between 79' and 7% there exists a unique path of length three
provided that |A| = k — 4 > 2, |B| = i — 1 > 2, and no path of this length if |A| = 1
or |B| = 1. Thus, an 8—cycle has the form Cg = 747y _; 17kTi_17k_17k_iTkTi>» Where
3 <1< k—2,k > 5, the canonical form of which corresponds to (1.4).

(2 + 3 + 3)-situation. The distribution of vertices among the copies is presented by
Figure 3. Let 7°* = [pagfs], where |a| = ¢ — 2 and |3| = k — ¢ — 1. Then 72, 7P1
and 77 are straightforward to define. Since 773 and 79 are joined by an external edge,
7l® = q. Moreover, 7P! and 7P* should be joined by a path of length two that can be
obtained by two ways:

[BosBrqap] — qf1sBacip) = mP3,  where |Ba] # 0.
[azgBsaip] — [qaafsarp] = 775, where |as| # 0.

7Pt = [sBqap] — {

From the other side, 7% and 773 are joined by an external edge, hence 7{* = p, and there
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Pr1(p) Pia(q)

Figure 3: (2 + 3 + 3)-situation.

should be a path of length two between 79 and 79 such that:

[B25B1paq] — [pBrsBacg] = 79, where |G| # 0.
[@ipBsasq] = [pay fsasq] = 7Tq§7 where || # 0.

<t

Analysis of non—empty segments in these permutations shows that external edges occur
between: 75 and 79, if |as| = 0, || = 0; 775 and 7%, if [ay| = 0, |81] = 0; 7¥5 and
7% if |B] = 0. There is no external edge between 775 and 7% since they have the same
order of elements in the segment s/3s.

Since || = i — 2, |8| = k — i — 1, then using the edge between 775 and 79, where
laa| = 0, |81] = 0, we have |a] > 1, |f| > 1, and such an 8-cycle has the form
Cg = TRTk—iTk—it1TkTi—1Tk—17kTi, With 3 < ¢ < k — 2,5 < k < n, the canoni-

cal form of which corresponds to (1.5). Using the external edge between 75 and 7rq§,
where |a1| = 0, |B1] = 0, we have |a| > 1, |8| > 1, and such an 8-cycle has the form
TETk—1Ti—1TkTk—i+1Tk—iTkTi» Where 3 < ¢ < k — 2, the canonical form of which also
corresponds to the form (1.5). Finally, using the external edge between 773 and 79, where
|8l = 0,wehavei =k — 1, |a1| = j = 1, |aa| = kK — 3 — j > 1, so there is one more
8—cycle of the form C’g = TRTk—j—1Tk—j—2TkTj+1Tj4+2TkTk—1, Where 1 < j < k — 4,
5 < k < n, the canonical form of which corresponds to (1.6), if we put j = ¢ — 1.
Thus, all 8—cycles occurring in the case of three copies are found.

Case 3: an 8—cycle within P, has vertices from four copies of P;,_;

The distribution of vertices among the copies is presented by Figure 4. Let 77* =
[satBpyq], where || > 0, |B] = 0, || = 0. There are two cases.

1) Suppose that 7% is adjacent to 7%, and 792 is adjacent to 7**. Since there is only one
cycle edge within each copy, hence this edge is uniquely defined and all vertices’ labels are
straightforward to obtain (see Figure 4, case 1). Thus, we end up with 7?* = [satSB¢7yp],
P2 = [tasBqyp). If an 8—cycle does exist, then 7P, P2 should be incident to the same
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Pia(q)

= [satBpa)  (rsBpygly me [satBpyal  [pBrasyq= x

Tlal+]8+3 . Pi_1(p)

Figure 4: (2 + 2 + 2 + 2)-situation.

internal edge, and hence, there should exist a prefix—reversal transforming 7”* into 772,
namely, 7q|42. f we set || =i—2, || = j—i—1,|y| =k—j—1,where2 <i < j <k,
then such an 8—cycle is presented by the form 087 = TRTk—j 1Tk Tk k—j4+1TkTi, Where
2<i1<j<k—1,4 <k < n,the canonical form of which corresponds to (1.7).

2) Suppose that 77 is adjacent to 7°', and 7% is adjacent to 7P (see Figure 4, case
2), then we end up with 7%t = [sagyppBt], 72 = [pBgysat]. In this case, an internal edge
between vertices 7't and 7*2 does exist only if || = |3] = |y| = 0, which means that
k = 4 and such an 8—cycle takes the form (1.8).

Therefore, all canonical forms for 8—cycles in P,,n > 4, are obtained.

Now we count the total number N = Z?Zl N, ci of distinct 8—cycles passing through
a given vertex, where Ncé corresponds to the number of distinct 8—cycles described by the
canonical form C’g, 1 <7 < 8. Let us note that any canonical form of an [-cycle describes
l cycles (not necessarily distinct) for a given vertex. Among all canonical forms (1.1)—
(1.8), there is the only one, namely the form (1.5), which describes eight distinct 8—
cycles. In other cases, identical forms occur. For example, from the canonical form C§ =
r4T3T4T37T4T37T47T3 ONE Can get two forms, namely, r4r3Tar3rarsrars and 3141347374737 4
which are identical because they describe the same 8—cycle. Thus, the canonical form C§
gives the only 8-cycle, hence, Ncz = 1. In other cases, it can be shown in the same
manner (by taking into account identical forms) that the numbers N¢;, 1 < @ < 7, are

given as follows: Ngi = % Nez = 4(n = 3), Neg = (n —2)(n - 3),
Nes = Nes = 2(n—3)(n—4), Nog = 4(n — 3)(n— 4), Nz = =202y,

the total number is given by

N n® +12n% — 103n 4 176
= 5 7

which completes the proof of the theorem. O

3 2
The total number of distinct 8—cycles in P,,, n > 4, is given by ™ +12n 1g103n+176)

since there are n! vertices in the graph each of which belongs to N distinct 8—cycles. This
proves Corollary 1.4.
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A maximal set of independent 8—cycles in P,,n > 4, contains %I of these, since P,
has three independent 8—cycles, and there are ;’—i copies of P, each of which consists of
exactly three independent 8—cycles. This proves Corollary 1.5.
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