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Abstract

A graph X is said to be strongly distance—balanced whenever for any edge uv of X
and any positive integer ¢, the number of vertices at distance ¢ from v and at distance ¢ + 1
from v is equal to the number of vertices at distance ¢ 4+ 1 from u and at distance ¢ from
v. It is proven that for any integers k > 2 and n > k? + 4k + 1, the generalized Petersen
graph GP(n, k) is not strongly distance—balanced.
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1 Introduction

Let X be a graph with diameter d, and let V(X) and E(X) denote the vertex set and the
edge set of X, respectively. For u,v € V(X), we let d(u, v) denote the minimal path-
length distance between u and v. We say that X is distance—balanced whenever for an
arbitrary pair of adjacent vertices u and v of X

Hz e V(X) | d(z,u) <d(z,v)}| = {z € V(X) | d(z,v) < d(z,u)}]

holds. These graphs were, at least implicitly, first studied by Handa [1] who considered
distance—balanced partial cubes. The term itself, however, is due to Jerebic, Klavzar and
Rall [3] who studied distance—balanced graphs in the framework of various kinds of graph
products.
Let uv be an arbitrary edge of X. For any two nonnegative integers ¢, j, we let
Di(u,v) ={zr € V(X) | d(u,z) =i and d(v,z)=j}.

The triangle inequality implies that only the sets D!~ *(u,v), Di(u,v) and D}_, (u,v)
(1 <4 < d) can be nonempty. One can easily see that X is distance—balanced if and only
if for every edge uwv € E(X)

d d

S OIDE (u,0) =Y DI (u,0)] (1.1)
i=1 i=1

holds.

Obviously, if |D_, (u,v)| = |D:*(u,v)| holds for 1 < i < d and for every edge
uv € FE(X), then X is distance-balanced. The converse, however, is not necessarily
true. For instance, in the generalized Petersen graphs GP(24, 4), GP(35, 8) and GP(35, 13)
(see Section 2 for the definition of generalized Petersen graphs), we can find two adjacent
vertices u, v and an integer i, such that | D}_, (u,v)| # | D!~ (u,v)|. But it is easy to see
that these graphs are distance—balanced.

We therefore say that X is strongly distance-balanced, if |D:_, (u,v)| = |D:™*(u, v)|
for every positive integer ¢ and every edge uv € E(X). Let us remark that graphs with
this property are also called distance—degree regular. Distance—degree regular graphs were
studied in [2].

For a graph X, a vertex u of X and an integer 7, let S;(u) = {z € V(X)) | d(x,u) =i}
denote the set of vertices of X which are at distance ¢ from u. The following result was
proven in [4].

Proposition 1.1. [4, Proposition 2.1] Let X be a graph with diameter d. Then X is strongly
distance-balanced if and only if |S;(u)| = |Si(v)| holds for every edge uv € E(X) and
everyi € {0,...,d}.

In [3], the following conjecture was stated.

Conjecture 1.2. [3, Conjecture 2.5] For any integer k > 2 there exists a positive integer
ng such that the generalized Petersen graph GP(n, k) is not distance—balanced for every
integer n. > ny.

In this short note we prove the following slightly weaker result.
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Theorem 1.3. For any integers k > 2 and n > k2 + 4k + 1, the generalized Petersen
graph GP(n, k) is not strongly distance—balanced.

We will prove Theorem 1.3 in two steps. In the first step we prove that the graph
GP(k? + 4k + 1,k) is not strongly distance-balanced. In the second step we use the
result from the first step to prove that GP(n, k) is not strongly distance-balanced if n >
k? + 4k + 1.

2 Proof of Theorem 1.3

Let n > 3 be a positive integer, and let & € {1,...,n — 1} \ {n/2}. The generalized
Petersen graph GP(n, k) is defined to have the following vertex set and edge set:

V(GP(n, k) ={w; | i € Z,} U{v; | i € Z,},

E(GP(n, k)) = {Uiui+1 ‘ xS Zn} @] {UiviJrk | xS Zn} U {UZ"UZ' | xS Zn} 2.1
Note that GP(n, k) is cubic, and that it is bipartite precisely when n is even and k is odd.
It is easy to see that GP(n, k) = GP(n,n — k). Furthermore, if the multiplicative inverse

k=t of k exists in Z,, then the mapping f : V(GP(n,k)) — V(GP(n, k1)) defined by
the rule

Jug) = vy, f(vi) = up—; (2.2)

gives rise to an isomorphism of graphs GP(n, k) and GP(n, k1), where the use of the
same symbols for vertices in GP(n, k) and GP(n, k') should cause no confusion.
We first investigate the sets S;(ug) and S;(vo) of the graph GP(k? + 4k + 1, k).

Lemma 2.1. Let k > 9 be an integer, let n = k? +4k+1 and let ug € V(GP(n, k)). Then
the following statements hold:

(i) Si(uo) = {u+1,v0}, Sa(uo) = {uta, v1,v1r},
S3(u0) = {U3, Uk, V2, Vot (g 1)5 Vot (1) V2K |5
(ii) ifi € {4,...,k/2] + 1}, then
Si(uo) = {uti, Ut (i—2)r } U {0+(-1), V(i—1)k } U
{Uas (thii—2) Ut (th—iti42) | 1 ST <0 =3} U
{Vthgizt-1), Veh—itipn) | 1 ST <0 =2}
(iii) if k is odd, then
S(k+3)/2(U0) = {Ut(kt-3)/25 Ut (k—1)k /2, U (3k—3) /2 } U
{0t (U (k=1) j2—1)5 Ut (k= (k—1) j240) | 2 ST < (k= 3)/2} U
{Vs (k1) /25 V- (et 1)k /25 V£ (30—1) /2 U
(Vs (k- (k1) /2-1)s Vb (k= (k1) 240y | 2 S U< (k= 1)/2};
(iv) if k is even, then
S(ktay/2(w0) = {utr2/2, Ut (3k—2)/2} U
{Uat (ke y2-1)> Uk =i j24) | 2 < T < (B =2)/2} U
{vtsr/2, Ve (kg2)h/2 ) U
{Vt s 2—1)> V(i 240 | 1 < TS (B —2)/2})
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Proof. Using the fact that by assumption k& > 9, a careful inspection of the neighbors’ sets
of vertices u; and v;, we see that (i) holds.

We now prove part (ii) by induction. Similarly as above we see that (ii) holds for
i€ {4,5}.

Let us now assume that (ii) holds for ¢ — 1 and ¢, where ¢ € {5, ..., |k/2]}. Hence we
have

Si—1(u0) = {Ut(i—1), Ut (i—3)k } U {Ut (thtim1-3)> U (th—iti+3) | 1 ST <d—4FU
{vs(i—2), Va(i—2)k } U Vs hgrizi—2), Vi (th—itig2) | 1 ST <0 — 3}
and
Si(uo) = {uti, Ut (i—2)k } U {Ut (thtimi—2)» Ut (th—iti+2) | 1 ST <=3} U
(V4 (i—1), V(= 1)k} U0t htrim1=1) Vi (th—ipign) | 1 ST <0 — 2}
Now we compute the neighbors of the vertices belonging to the set S;(ug). Since

S1(u—y) = {u_g,v—q | ug,vq € S1(u,)} and
S1(v—r) = {u—g,v—q | ug, vy € S1(vr)},

we will only list the following sets:

- S1(ui) = {wig1, ui—1,vi}s

[95)

1(U(i—2)k) = {U(G—2) ket (i4+1)— (1—2) = 2> U(i—2)k— (i+1)+(i—2)+2> V(i—2)k } »

)

1\ Ulk4i—1— 2)—{Ulk+ (i4+1)—1—2> Ulk4(i—1)—1—2> Vik+(i—1)—1— 1}

U O

1(Vim1) = {1, Vg (i+1) =25 V— (k= (i41)+2) >

»

1(V—1)k) = {UG—1)k> Vik> V(i—2)k }»

n

(

(

(
V(Uik—it112) = {Uik—(i—1) 41425 Wk—(i41)+14+2> Vlk—(i—1)+1+1 }»

(

(
1(Vikgi—1-1) = LUkt (i41)—1=2> VA1) b (i4+1) = (141) =15 V(=) k(i—1)— (I=1) =1 }»
- S1(Vik—it141) = {Uih—(i41)+14+2> V41 k= (i41) 41+ 1)+1> V(1) k—(i—1)+(— 1)+1}

Obviously, S;+1(ug) consists of all the neighbors of vertices in .S;(ug), which are not in
Sl;l(’u,o) or Sz (UO) Thus

Sit1(uo) = {us(ig1)s Us(i—1)k ) U
{Us (bt (ir1)—1-2)s Ut h—(ig1)4142) | 1 ST <= 23U
{vti, vain ) UV hg (i41)—1-1) Vi (th—(i+ D) +141) | 1 ST <=1}
and the result follows.

Let us now prove (iii). Assume first k is odd, and abbreviate b = (k + 1)/2. By (ii),

Sp—1(uo) = {usp—1), Uxp—3)k } U LU thrb—1-3)> Ut (th—bri43) | 1 <1< b—4}U
{vs—2), Ve —2)8} U {V+(tkrb—1-2), Vi (th—btiq2) | 1 <1< b~ 3}
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and
Sp(uo) = {utp, Ut p—2)k } U Ui thtp—i—2), Ut (th—bti1+2) | 1 ST <b—=3}U
{0t -1) V2-1)k ) U VL Uhtb—1-1), Vi (th—bri41) | 1 ST <D= 2}

Let us now compute the neighbors of the vertices in Sy (ug). Since St (u—r) = {u_q,v_q |
Ug, Vg € S1(uy)} and Sy(v_y) = {u_g,v_y | ug, vy € S1(v-)}, we will only list the
following sets:

- S1(up) = {ups1, up—1,vp},

- (U(b 2)k )*{U(b 2)k+(b+1)—(b—2)—2> U(b—2)k— (b+1)+(b—2)+2av(b—2)k}v
- S1(uikyv—1-2) = {Wikrb—1—1, Wikt b—1-3, Viktb—1-2}>»

- S1(uik—byi42) = {Uik 4143, Wik—bri+15 Vik—bt142 )

- S1(vp—1) = {Up—1, Vktb—1, V—(k—bpt1) } = {Ub—1, Vkyb—1,Vb ),

- Sl(v(b 1)k) = {Ub 1)k> Ubk, U(b— 2)k}

- S1(Vikpb—1-1) = {UWktb—1-1, V141 ktb—I—1> V(= 1) kb—I—1 }»

- S1(Vik—bri+1) = {Uk—br1415 V(141 k—bi+15 V(1= 1) k—bt1+1] -

Observe that uy (y_py2) = u4(p41)- Therefore, sorting out those neigbors of the vertices
in Sp(ug) which are either in Sp_1 (ug) or Sp(ug), we obtain that

Spr1(u0) = {Ust (p41)s Uk (b—1)k» Uk (htb—2) } U
{0t (thtp—i—1)s U th—bti41) |2 <1< D=2} U
{vt0, Vs V- (htv—1) } U {04 1kt b—1)5 V- (th—bpy | 2 ST <0 — 1}

and hence the result follows.
The proof of (iv) is done in a similar way to that of (iii) above and is omitted. O

We have the following immediate corollary of Lemma 2.1.

Corollary 2.2. Let k > 9 be an integer; let n = k* + 4k + 1 and let ug € V(GP(n, k)).
Then the following statements hold:
(i) [S1(uo)| = 3, [S2(uo)| = (uo)| = 12;
(ii) |Si(uo)| = 8i — 12 fori € {4,...,[k/2] + 1};
(iti) if k is odd, then |Sj,43)/2(uo)| = 4k — 4;
(iv) if k is even, then |S(j4.4)/2(uo)| = 4k — 4.

The proofs of the next lemma and corollary are omitted as they can be carried out using
the same arguments as in the proof of Lemma 2.1. (Note that —(k +4) is the multiplicative
inverse of k in Zy2 4 441.)

Lemma 2.3. Let k > 9 be an integer, let n = k? + 4k + 1, and let ug € V(GP(n, k +4)).
Then the following statements hold:

(i) Si(uo) = {u+1,vo}, S2(uo) = {u+2, V41, Vi (hya) >

Ss(uo) = {ui?n Ut (k+4)) V£25 Ut (k45)s V£ (k+3)) VE2(k+4) };
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(ii) ifi € {4,...,|k/2] + 1}, then
Si(uo) = {Uts, Ut (i—2) (kt4) } U {V(i=1) Vi (5=1) (o) } U
{utnrivai—2)y, Utr—ivsire) | 1 <1 <i—3}U
{vtrpisi—1)s Vear—itsirn) | 1 <1 <i—2}
(iii) if k is odd, then
Sit3)/2(10) = {Ust (k13) /2> Unk (h—1) (h+4) /2 } U
{8t (Ut (k1) J2430)» Ut (1h— (k—1) /2450 | 1 < T < (k—3)/2} U
(V4 (k1) /25 V£ (k1) (k44) /2> V- (k243K —6) /2 U
{Vt ke br1) /2480 VEh— (k1) 2450 | 1 < TS (k= 3)/2};
(iv) if k is even, then
S(kray/2(uo) = {Ut (kta) /25 Uik (kray/2} U
{Ut (thtry2430) U (r—kj2450) | 1 < T < (k—2)/2}U
{Vs(kt2)/2: Vit (k42)2 )2} U
{04 Ut (k42) /2431 » V- (th— (k42) J2450) | 1 <1< (k—2)/2}.
Corollary 2.4. Let k > 9 be an integer, let n = k? +4k+ 1 and let ug € V(GP(n, k+4)).
Then the following statements hold:
(i) |S1(uo)| = 3, [S2(uo)| = 6, [Ss(uo)| = 12;
(ii) |Si(uo)| = 8i — 12 fori € {4,...,|k/2] + 1};
(iii) if k is odd, then |S (143 2(uo)| = 4k — 2;
(iv) if k is even, then |Sj4.4)/2(uo)| = 4k.

Corollary 2.5. Let k > 2 be an integer, let n = k* + 4k + 1, let b = |k/2] + 2 and let
ug,v9 € V(GP(n,k)). Then |Sp(uo)| # |Sp(vo)|. In particular, GP(n, k) is not strongly
distance—balanced.

Proof. If k < 8, then a direct check shows that |Sp(ug)| # |Sp(vo)|. Assume now k > 9.
Note that —(k +4) = n— (k+4) € Z, is the multiplicative inverse of k € Z,,. Therefore,
by (2.2), we have

GP(n, (k +4)) =2 GP(n, —(k +4)) = GP(n, k).

Under this isomorphism, the vertex ug € V(GP(n, (k + 4))) maps to the vertex vy €
V(GP(n, k)). (Recall that the same symbols are used for vertices in GP(n, k) and in
GP(n, (k +4)).) The result now follows from Corollaries 2.2 and 2.4. O

We are now ready to prove our main result.

Proof of Theorem 1.3. Let k > 2 be an integer, let ny = k%2 + 4k + 1, let n > no, and let
b = |k/2] + 2. We now show that GP(n, k) is not strongly distance—balanced. In what
follows, the same symbols are used for vertices in GP(ng, k) and those in GP(n, k).
Observe that kb < ng/2. By (2.1), fori € {1,2,...,b} wehave that u; € V(GP(n, k))
(v; € V(GP(n,k)), respectively) is at distance ¢ from ug € V(GP(n,k)) if and only
if u; € V(GP(no,k)) (v; € V(GP(no,k)), respectively) is at distance ¢ from wuy €
V(GP(ng, k)). Therefore, the number of vertices which are at distance ¢ from uy €
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V(GP(n, k)) is the same as the number of vertices which are at distance ¢ from vy €
V(GP(ng, k)). Similarly, for ¢ € {1,2,...,b}, we have that u; € V(GP(n,k)) (v; €
V(GP(n, k)), respectively) is at distance ¢ from vy € V(GP(n,k)) if and only if u; €
V(GP(no, k)) (v; € V(GP(no, k)), respectively) is at distance 7 from vy € V(GP(ny, k)).
Hence the number of vertices which are at distance ¢ from the vertex vy € V(GP(n, k)) is
the same as the number of vertices which are at distance 4 from the vertex vg € V(GP(ny,
k)). Therefore, by Corollary 2.5, |Sy(ug)| # |Ss(vo)| for ug,vo € V(GP(n,k)). By
Proposition 1.1, GP(n, k) is not strongly distance—balanced. O
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