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Abstract

We show that every non-degenerate regular polytope can be used to construct a thin,
residually-connected, chamber-transitive incidence geometry, i.e. a regular hypertope.
These hypertopes are related to the semi-regular polyotopes with a tail-triangle Coxeter
diagram constructed by Monson and Schulte. We discuss several interesting examples de-
rived when this construction is applied to generalised cubes. In particular, we produce an
example of a rank 5 finite locally spherical proper hypertope of hyperbolic type. No such
examples were previously known.
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1 Introduction

Hypertopes are a special type of incidence geometries that generalise the notions of abstract
polytopes and of hypermaps. The concept was introduced in [9] with particular emphasis
on regular hypertopes (that is, the ones with highest degree of symmetry). Although in
[8, 10, 11] a number of interesting examples of regular hypertopes have been constructed,
within the theory of abstract regular polytopes much more work has been done. Notably,
[26] and [28] deal with universal constructions of polytopes, while in [5, 23, 24] some con-
structions with prescribed combinatorial conditions are explored. In another direction, in
[3, 7, 14, 22] the questions of existence of polytopes with prescribed (interesting) groups
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are investigated. Much of the impetus to the development of the theory of abstract poly-
topes, as well as the inspiration with the choice of problems, was based on work of Branko
Griinbaum [ 3] from the 1970s.

In this paper we generalise the halving operation on polyhedra (see 7B in [18]) to a cer-
tain class of regular abstract polytopes to construct regular hypertopes. More precisely,
given a regular non-degenerate n-polytope P, we construct a regular hypertope H(P)
whose type-preserving automorphism group is a subgroup of Aut(P) of index at most
2. The hypertope H(P), as we shall see in Section 3, is closely related to the semi-regular
polytopes with tail-triangle Coxeter diagram described by Monson and Schulte in [19, 20].

The paper is organised as follows. In Section 2 we review the basic theory of hypertopes
(with particular focus on regular hypertopes) and revisit the notion of a regular polytope
(first introduced in the early 1980s) within the theory of hypertopes. In Section 3 we
explore the halving operation on an abstract polytope and show that the resulting incidence
system is a regular hypertope. Finally, in Section 4 we give concrete examples arising
from our construction. In particular, we focus on locally spherical hypertopes arising from
Danzer’s construction of generalised cubes. As a result we produce a number of new regular
hypertopes including an example of a finite regular rank 5 proper hypertope which, because
of the size of its automorphism group, could not previously be found (see [ |, Section 6]).

2 Regular hypertopes

In this section we review the definition and basic properties of regular hypertopes. We
introduce abstract polytopes as a special class of hypertopes. However, if the reader is
interested in a classic and more detailed definition of abstract polytopes, we suggest [18,
Section 2A].

The notion of a regular hypertope was introduced in [9] as a common generalisation of
an abstract regular polytope and of a regular hypermap. In short, a regular hypertope is a
thin, residually-connected, chamber-transitive geometry (the concepts are defined below).
More details and an account of general theory can be found in [2].

An incidence system is a 4-tuple " := (X, *,¢,I) where X and I are sets, ¢ : X — Iis
the type function and x is a binary relation in X called incidence. The elements of X and
are called the elements and the fypes of I, respectively. The cardinality of I is the rank of
I. An element z is said to be of type 4, or an i-element, whenever t(x) = ¢, for i € I. The
relation # is reflexive, symmetric and such that, for all z,y € X, if x * y and t(z) = t(y),
then x = y.

A flag F is a subset of X in which every two elements are incident. An element x is
incident to a flag F', denoted by = * F', when z is incident to all elements of F'. For a flag
F the set t(F) := {t(x) |z € F} is called the type of F. When t(F) = I, F is called a
chamber.

An incidence system I is a geometry (or an incidence geometry) if every flag of I is
contained in a chamber, that is, if all maximal flags of I" are chambers.

The residue of a flag F' of an incidence geometry I is the incidence geometry I'p :=
(Xp,*p,tp, [p) where Xp :={x € X :xx F,o ¢ F}, Ir := I \ t(F), and where tp
and x are restrictions of ¢ and x to Xz and I respectively.

An incidence system I is thin when every residue of rank one of I' contains exactly
two elements. If an incidence geometry is thin, then given a chamber C there exists exactly
one chamber differing from C in its i-element. An incidence system I is connected if its
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incidence graph is connected. Moreover, I is residually connected when I' is connected
and each residue of I' of rank at least two is also connected. It is easy to see that this
condition is equivalent to strong connectivity for polytopes (as defined in [18, pg. 23] and
reviewed below) and the thinness is equivalent to the diamond condition for polytopes. A
hypertope is a thin incidence geometry which is residually connected.

An abstract polytope of rank n is usually defined as a strongly-connected partially or-
dered set (P, <) that satisfies the diamond condition and in such a way that all maximal
chains of P have the same length (n + 2). In the language of incidence geometries, an ab-
stract polytope is an incidence system (P, <, 1k, {—1,...,n}), where *< is the incidence
relation defined by the order of P (i.e., z *¢ y if and only if x < y or y < ) and rk is
the rank function. We require that P has a unique (minimum) element of rank (type) —1
and a unique (maximum) element of rank n. Note that a flag (in the language of incidence
systems) is what has been called a chain in the theory of abstract polytopes. Therefore,
maximal chains of P are precisely the chambers of the corresponding incidence system.
The fact that every maximal chain of P has (n + 2) elements implies that P defines a ge-
ometry. It is well-known that for any two incident elements F; < F; of P, with rk(F};) =4
and rk(F;) = j, the section F;/F; = {x € P: F; < v < F;}isa(j —i— 1)-polytope.
We note that for polytopes, the residue of a chain F' is a union of sections of P defined by
the intervals of I.

Observe that the rank 2 hypertopes are precisely the abstract polygons and the rank 3
hypertopes are the non-degenerate hypermaps.

A type-preserving automorphism of an incidence system I' := (X, *,¢,T) is a permu-
tation v of X such that for every z € X, t(z) = t(za) and if x,y € X, then x  y if and
only if za * ya. The set of type-preserving automorphisms of I" is denoted by Aut;(T").

The group of type-preserving automorphisms of an incidence geometry I' generalises
the automorphism group of an abstract polytope. Some familiar symmetry properties of
polytopes extend naturally to incidence geometries. For instance, Aut;(I") acts faithfully
on the set of chambers of I'. Moreover, if I" is a hypertope this action is semi-regular. In
fact, if « € Aut;(T) fixes a chamber C, it also fixes its i-adjacent chamber C*. Since I is
residually connected, o must be the identity.

We say that I is chamber-transitive if the action of Aut;(I") on the chambers is tran-
sitive, and in that case the action of I' on the set of chambers is regular. For that reason "
is then called a regular hypertope. As expected, this generalises the concept of a regular
polytope.

Observe that, when I is a geometry, chamber-transitivity is equivalent to flag-transitivity
(meaning that for each J C I, there is a unique orbit on the flags of type J under the action
of Aut(T); see for example Proposition 2.2 in [9]).

Let T := (X, *,t,I) be a regular hypertope and let C' be a fixed (base) chamber of T'.
For each i € I there exists exactly one automorphism p; mapping C to C?. If F C C'is a
flag, then the automorphism group of the residue I' is precisely stabiliser of F' under the
action of Aut(T"). We denote this group by Stabr (F). It is easy to see that

Stabr(F) = <,0Z S IF> .
If Ir = {i}, thatis I'p is of rank |I| — 1, the thinness of I" implies that

pf=1. 2.1
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If Ir = {4, j}, then there exists p;; € {2,...,00} such that
(pips)" =1; 22)

in this situation the residue of F'is an abstract p;;-gon. Moreover, if J and K are arbitrary
subsets of I and F, G C C are flags such that I = J and I = K, then

Stabr (F) n Stabp(G) = Stabr (F U G),

or equivalently
(pjje)N{pr:keK)y=(p:ic JNK). (2.3)

We call the condition in (2.3) the intersection property. Following [9], a C-group is
a group generated by involutions {p; : ¢ € I} that satisfies the intersection property. It
follows that the type-preserving automorphism group of a regular hypertope is a C-group
([9, Theorem 4.1]).

Every Coxeter group U is a C-group and in particular, it is the type-preserving auto-
morphism of a regular hypertope [32, Section 3] called the universal regular hypertope
associated with the Coxeter group U. Moreover, every C-group G is a quotient of a Cox-
eter group U. If H is a regular hypertope whose type-preserving automorphism group is
G, the universal cover of H is the regular hypertope associated with U.

The Coxeter diagram of a C-group G is a graph with |I| vertices corresponding to the
generators of G and with an edge {7, j} whenever the order p;; of p;p; is greater than 2.
The edge is endowed with the label p;; when p;; > 3. The automorphism group of an
abstract polytope is a string C-group, that is, a C-group having a linear Coxeter diagram. If
P is a regular n-polytope, then we say that P is of (Schldfli) type {p1, ..., pn—1} Whenever
the Coxeter diagram of Aut(P) is

PO P2 Pn—2 Pn—1
P1 Pn—1

One of the most remarkable results in the theory of abstract regular polytopes is that
the string C-groups are precisely the automorphism groups of the regular polytopes. In
other words, given a string C-group G, there exists a regular polytope P = P(G) such
that G = Aut(P) (see [18, Section 2E]). This result was proved in [25, 27] for so-called
regular incidence complexes, (combinatorial objects slightly more general than abstract
polytopes). However, the results were essentially already known to Tits who constructed
coset geometries from string Coxeter groups in [30], which preceded the introduction of
the intersection property in a working paper from 1961 (see [32]). Nevertheless, Schulte
was not aware of this. In [29] he gives a nice historical note on the development of the
theory.

Analogously, it is also possible to construct, under certain conditions, a regular hyper-
tope from a group, and particularly from a C-group, using the following proposition.

Proposition 2.1 (Tits Algorithm [32]). Let n be a positive integer and I := {0, ...,n—1}.
Let G be a group together with a family of subgroups (G;);c1, X the set consisting of all
cosets Gig with g € Gandi € I, andt : X — I defined by t(G;g) = i. Define an
incidence relation x on X x X by:

Gig1 * Gjg2 ifandonlyif GigiNGjga # 0.
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Then the 4-tuple T := (X, ,t,I) is an incidence system having {G; : i € I} as a cham-
ber. Moreover, the group G acts by right multiplication as an automorphism group on T.
Finally, the group G is transitive on the flags of rank less than 3.

The incidence system constructed using the proposition above will be denoted by
I'(G; (G)ier) and called a coset incidence system.

Theorem 2.2 ([9, Theorem 4.6]). Let I = {0,...,n — 1}, let G = {(p;|i € I) be a
C-group, and let T := T'(G;(G,)icr) where G; := (pj|j # i) foralli € I. If G is
flag-transitive on T, then I is a regular hypertope.

In other words, the coset incidence system I' = T'(G, (G; ) ;e ) is a regular hypertope if
and only if the group G is a C-group and I' is flag-transitive. In order to prove that a given
group G is a C-group, we can use the following result.

Proposition 2.3 ([7, Proposition 6.1]). Let G be a group generated by n involutions
005« -+ Pn—1. Suppose that G; is a C-group for every i € {0,...,n — 1}. Then G is
a C-group ifand only if G; NG = G, j forall0 <4, j <n— 1

At the end of this section we introduce Lemma 2.4 whose proof is straightforward and
will be used in Section 3 to prove our main results.

Lemma 2.4. Let G = {pg,...,pr—1) and H = {py, ..., prys—1) be two C-groups. Then
the group

GxH= <p0a sy Pr—1yPry .- 7pr+571>
is a C-group.

3 Halving operation

In this section the halving operation is applied to the automorphism group of a non-
degenerate regular polytope P producing H(P), which is a subgroup of Aut(P) of index
at most 2. We prove that the group H(P) is a C-group and that the corresponding incidence
system is flag-transitive. Therefore the group H(P) is the type-preserving automorphism
group of a regular hypertope.

Letn > 3 and P be a regular, non-degenerate n-polytope of type {p1, ..., Pn—2,Dn—1}
and automorphism group Aut(P) = (0o, - - ., 0n—1). The halving operation is the map

n: <QO?~~~7Qn71> — <P07~~7Pn71>7
where

3.1)

Qi ifo<et<n—2,
Pi = o
On—10n—20n-1, ifi=n—1,

The halving group of P, denoted by H(P), is the image of Aut(P) under 7.
Observe that the group H(P) = (p1, ..., pn—1) has the following diagram

Pn—2

3.2)
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where s = p,_1 if p,_1 is odd, otherwise s = p”T’l. We denote by #H(P) the coset inci-
dence system T’ (H(P), (Hi)ieqo.,... n—l})’ where H; is the subgroup of H(P) generated

by {p; : j #i}. In Theorem 3.1 we show that the group H(P) satisfies the intersection
property and in Proposition 3.2 we show that the corresponding incidence H(P) is flag-
transitive. We conclude the section with Corollary 3.3 which states that 7 (P) is in fact a
thin, chamber-transitive coset geometry, i.e. a regular hypertope.

The halving operation has been used before in the context of regular polyhedra of type
{q,4} (see [17] and [18, Section 7B]) and the resulting incidence system is a regular poly-
hedron of type {g, q}.

The operation described above doubles the fundamental region of Aut(P) by gluing
together the base flag ® and the flag " 1.

As an example we explore the halving operation applied to the cubic tessellation
{4,3,4}. The elements of type 0 and 1 of the resulting incidence system are the vertices
and edges of the {4, 3,4}, respectively. The elements of type 2 are half of the cubes and
the elements of type 3 are the other half. This is the construction of the infinite hypertope
described in [1 1, Example 2.5] and can also be seen as a semi-regular polytope (see [19,
Section 3]).

It is easy to see that H(P) has index 2 in Aut(P) if and only if the set of facets of P is
bipartite. This is only possible if p,,—1 is even. If this is the case, then the elements of type
i, fori € {0,...,n — 3} are the faces of rank ¢ of P. The elements of type n — 2 are half
of the facets of P (those belonging to the same partition as the base facet) and the elements
of type n — 1 are the other half of the facets, namely, those in the same partition as the facet
of dn—1,

In the remainder of the section we let P be a fixed regular n-polytope with a base
flag ®, the automorphism group Aut(P) = (go,...0n—1) and H = {po, ..., pn—1)
the halving group of P. For ¢,j € {0,...,n— 1} we let H; and H; ; be the groups
(pr. + k #i) and (py : k & {i,j}), respectively. Finally, by H(P) we denote the incidence
system I' (H, (H;)ie{o,....n—1}) and by T; the residue of H(P) induced by H;, that is

I'i=T (HZ (Hi,j)je{o,...,n—l}\{i})'

Theorem 3.1. Let n > 3 and P be a regular, non-degenerate n-polytope of type {p1, ...,
Dn—1}. Then the halving group H(P) is a C-group.

Proof. The strategy of this proof is to use Proposition 2.3. To do so, we proceed by in-
duction over n. Let & = {F_4,..., F,} be the base flag of P. Let F,,_, be the facet of
on-lL,

If n = 3, we need to prove that the group Hy = {(p1, p2) = {01, 020101) is a C-group.
However, this group is a subgroup of the automorphism group of the polygonal section
F5/Fy isomorphic to the dihedral group ;. The groups H1 = {(pg, p2) and Hy = {pg, p1)
are the automorphism groups of the polygonal sections F3/F_1 and F5/F_1, respectively.
It follows that they are C-groups.

To finish our base case we only need to show

{po, p1) N (po, p2) = {po) , (3.3)
(po, p1) N {p1,p2) = (p1), 34
(po; p2) N {p1, p2) = (p2) - (3.5)
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To prove (3.3), just observe that (pg) = Stabp({F1, F2}). Let v € (po, p1) N (po, p2)-
Since v € {po, p1), v fixes Fy. Similarly, since v € (po, p2), v must fix F3. This implies
that -y fixes F}, since this is the only 1-face of P incident to both F; and Fj. Therefore,
v € Stabp ({F1, Fo}) = {(po). The other inclusion is obvious.

Similarly, we have that (po, p1) N (p1,p2) C Stabp({Fy, F1}). This follows from
the fact that the group (po, p1) fixes F, and the group (p1, p2) fixes Fy. Then, {(po, p1) N
(p1, p2) C (p1). Again, the other inclusion is obvious. The proof of (3.4) follows from the
same argument but now with respect to the flag 2 = {Fy, Fy, F} of P. This completes
the base case.

Assume that the halving group H(F) of every non-degenerate regular polytope JF of
rank 7 with 3 < r < n is a C-group.

Observe that the groups H,—1 = {(po,...,pn—2) and H,_o = {po, ..., Pn—3, Pn—1)
are the automorphism groups of the sections F,_1/F_; and F_,/F_;, respectively.
Hence, these groups are C-groups (see [ | &, Proposition 2B9]).

Observe thatif i € {0,1,...,n — 3} then H; = H; x H;" where H; = {p; : j < i)
and H;Y = (p; :i < j). Note that H; is just the automorphism of the section F;/F_1,
hence a C-group. If i < n — 3 then H;' is the halving group of the section F},/F;, which is
a C-group by the inductive hypothesis. If ¢ = n — 3, then H. f is isomorphic to a dihedral
group D;. In any case, it follows from Lemma 2.4 that H; is a C-group.

In order to use Proposition 2.3, we need to prove that for every pair i, j € {0,...,n —
1}, with ¢ < j, the equality

H,NH; =H,;; (3.6)

holds. We proceed in a similar way as in rank 3. If {i, j} = {n — 1,n — 2}, then observe
that H, = H,,_, fixes F,,_y and H; = H,,_; fixes F},_;. This implies that an element
v E Hn_Q n Hn—l must fix Fn_g. Thus v e Stabp({Fn_27 Fn—l}) = <p0, Ce 7p71—3> =
H; ;. The other inclusion is obvious.

If j € {n—1,n—2} and i < n — 3 then (3.6) follows from the fact that H; is a string
C-group.

Assume that 0 < ¢ < 7 < n — 3. Let F be the section Fj/F,l of P. Lety € H;NHj.
Observe that H; = H;” x H;" and that Aut(F) = H; . Letaw € H; and 3 € H be such
that v = «f. Note that 3 fixes the face F; of P and since v € H; it follows that o must
fix F;. Since H; is a string C-group, it follows that o € (P05« s Pim1s Pidtly -y Pjm1)-
Then

Y EP0s s Pim1s Pit1y- s Pj—1) X APjt1s- - Pr—1) = Hij.

The other inclusion is obvious. O

The halving group of a regular polytope P is a C-group with Coxeter diagram (3.2).
The groups generated by involutions with this diagram are called tail-triangle groups (even
when s = 2). In [19, 20] Monson and Schulte show that when a tail-triangle group is a
C-group, it is the automorphism group of an alternating semi-regular polytope. We de-
note by S(P) the semi-regular polytope obtained by the halving operation on P. The
polytope S(P) has two orbits of isomorphic regular facets, namely the right cosets of
(P0s -+ Pr—3, Pr—2) and {pg, . . ., Ppn—3, pn—1). These base facets are incident with a reg-
ular polytope R of rank n — 2. In fact, every flag of R can be extended to a flag of S(P)
in two different ways. Moreover, any flag of S(P) belongs to the orbit of one of these two
flags. The automorphisms of S(P) can now be used to show flag transitivity of H(P).
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Proposition 3.2. The incidence system H(P) associated with a non-degenerate regular
polytope P is flag-transitive.

Proof. Let J C {0,...,n— 1} andlet F = {H;h : i € J} for some h € H(P) be a flag
of H(P) of type J. If [J N {n — 2,n — 1}| < 1, then F is a chain of S(P) of type J. By
[19, Lemma 4.5b], the group H(P) is transitive on the chains of this type.

If {n —2,n—1} C J,then F = Y U Y""!, where T is the chain of S(P) of type
J" = J\ {n — 1} whose faces are contained in F. Again, [19, Lemma 4.5b] implies
that H(P) is transitive in chains of type J’. Finally, observe that if 8 € H(P), then
(YB)"~t = (Y~1)B. It follows that H(P) is also transitive on flags of type .J. O

Corollary 3.3. Let P be a non-degenerate, regular n-polytope and I = {0,...,n — 1}
Let H(P) be the halving group of P. Then the incidence system H(P) =T (H(P), (H;)icr)
is a regular hypertope such that Aut; (H(P)) = H(P).

The assumption that P is non-degenerate is very important. When the halving operation
is applied on the dual of the 4-hemicube the resulting incidence system is not a hypertope
(see [ 1, Example 3.3]).

Theorem 2.5 in [20] implies that the semi-regular polytope S(P) is regular because the
associated C-group admits a group automorphism interchanging the generators p,,_; and
Pn—2 (this automorphism is given by conjugation by g,—1). The polytope S(P) is in fact
isomorphic to P.

4 Locally spherical hypertopes from generalised cubes.

A spherical hypertope is a universal regular hypertope whose Coxeter diagram is a union
of diagrams of finite irreducible Coxeter groups. This definition is slightly different from
thatin [1 1]. A locally spherical hypertope is a regular hypertope whose all proper residues
are spherical hypertopes. An irreducible regular hypertope is of euclidean (resp. spherical)
type if the type-preserving automorphism group of its universal regular cover is an affine
(resp. finite irreducible) Coxeter group. Similarly, an irreducible locally spherical hyper-
tope is of hyperbolic type if the type-preserving automorphism group of its universal cover
is a compact hyperbolic Coxeter group. It is well known that compact hyperbolic Coxeter
groups exist only in ranks 3, 4 and 5.

In [1 1] the authors show that a locally spherical hypertope has to be of spherical, eu-
clidean or hyperbolic type. The complete list of the Coxeter diagrams of these groups can
be found in [11, Tables 1 and 2]. Whereas the first two classes are well understood, not
much is known about the hyperbolic type. In particular, the authors were not successful in
producing a finite example of rank 5 locally spherical proper hypertope of this type. In what
follows we will use the halving operation on a certain class of polytopes first described by
Danzer in [5] (see also [18, Theorem 8D2]) and in particular we produce an example of
finite rank 5 proper regular hypertope of hyperbolic type.

We briefly review Danzer’s construction of generalised cubes.

Let K be a regular finite non-degenerate n-polytope with vertex set V- = {vy,..., v }.
Consider the set

m

2V = [[{0.1} = {x = (21,...,2m) : 7 € {0,1}}.

j=1
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Given an i-face F' of K and X € 2V define the sets
Fx) = {y:(yl,...,ym) €2V:yj =gz;ifv; ;{F}
Then the polytope 2% is the set
{0yu2¥U{F() :Fek,xe2"}

ordered by inclusion. The improper face of rank —1 of 2% is () and if i > 0 the i-faces
of 2% are the sets F'(X) for I a certain (i — 1)-face of K and some X € 2V. Note that
F_1(%) = {x} forevery x € 2", hence 2X has 2!V vertices.

If K is aregular of type {p1, ..., pn_2} then 2% is a regular polytope of type {4, p1, ...,
Pn_o}. In fact, all the vertex figures of 2% are isomorphic to K. The polytope 2 is called
a generalised cube since when K is the (n — 1)-simplex, the polytope 2" is isomorphic to
the n-cube.

For our purposes it is convenient to denote by 2% the polytope (27", so that 25 is a
regular polytope of type {p1, ..., pn—2,4} whose facets are isomorphic to .

The automorphism group of 2% is isomorphic to Z5* x Aut(KC), where m denotes the
number of facets of /C and the action of Aut(XC) on ZJ* is given by permuting coordi-
nates in the natural way. In particular, the size of this group is 2™ x | Aut(KC)| (see [18,
Theorem 2C5] and [23]).

Remark 4.1. In [23] Pellicer generalises Danzer’s construction of 2K Given a finite non-
degenerate regular (n — 1)-polytope K of type {p1,...,pn—2} and s € N, Pellicer’s con-
struction gives as a result an n-polytope Ps of type {p1,...Dpn—2,2s}. If s = 2, the poly-
tope P, is isomorphic to 2. However, when our construction is applied to the polytopes
P, for s > 3, the resulting hypertopes are not locally spherical and therefore not included
in this paper.

Now we discuss the locally spherical hypertopes resulting from applying the halv-
ing operation to the polytopes obtained from Danzer’s construction. Since 2 is of type
{p1,...Ppn_2,4}, the hypertope H(2") has the following Coxeter diagram:

Pn—2
Pn—1

We naturally extend the Schlifli symbol and say that #(2X) is of type {pn_1,...,
Pn-3, g::i }

In rank 3 the polytope 2{P} is obtained by applying the construction on a regular poly-
gon {p} and the induced hypertope is in fact a self-dual polyhedron of type {p,p}. This
polyhedron has 2P~ ! vertices, 2P~ 2p edges and 2P~ ! faces and it is a map on a surface of
genus 2P~3(p — 4) + 1. For p = 3 the resulting hypertope is a spherical polyhedron {3, 3},
i.e. the tetrahedron. When p = 4 the polytope 214} is the toroid {4, 4}( 4,0y and the induced
hypertope is also of euclidean type, more precisely, it is the toroid {4, 4}(272).

To obtain locally spherical hypertopes in rank 4, X must be of type {p, 3} with p =
3,4,5. The resulting hypertopes are of spherical, euclidean, and hyperbolic type, respec-
tively. If p = 3, the hypertope H(?’C) is the universal hypertope of Coxeter diagram Dy
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and type {3,3}. When p = 4 the polytope 2% is the toroid {4, 3, 4} (4,0,0) and H(2F) is a

toroidal hypertope described by Ens in [0, Theorem 4.3], which we denote by {4, g} (4,0,0)"

The automorphism group of this hypertope has Coxeter diagram Bs. If p = 5, the resulting
hypertope is of type {5, 3} with automorphism group of size 2'* x 120 = 245, 760. This
example is different from any of the examples listed in [11].

In rank 5 the polytope K must be of type {p, 3,3} with p = 3,4, 5, the resulting hyper-
topes are of spherical, euclidean and hyperbolic type, respectively. If p = 3 then the hy-
pertopes is the universal spherical hypertope of type {3, 3, g}, i.e. the universal hypertope
of Coxeter diagram Ds. If p = 4 the polytope 2 is the regular toroid {4,3,3, 4}(4707070).
The induced hypertope is of euclidean type, hence a toroidal hypertope which we denote
by {4, 3, g}(4’0,070). The Coxeter diagram of its automorphism group is By. Forp =5

the regular polytope 2% is constructed from the 120-cell. The hypertope H(Q’C) is of type
{5, 3, §} and its automorphism group has size 2'1? x 14400. It is not surprising that the
authors of [1 1] could not find this example using a computational approach.

For rank n > 6 we can only obtain locally spherical hypertopes from our construction
if K is the (n—1)-simplex {3"~2} or the (n—1)-cube {4, 3"~3}. The polytope 2¥ is the n-
cross-polytope {32, 4} or the toroid {4, 3" 3, 4}(4,0,...0)> respectively. In the former case
the resulting hypertope is the universal spherical hypertope of type {3" 3, 3} associated
with the Coxeter diagram D,, while in the latter it is a toroidal hypertope associated with
the Coxeter diagram B,,_; which we denote by {4,374, 3} (4.0,...0)-

ORCID iDs

Antonio Montero "= https://orcid.org/0000-0002-3293-8517
Asia Ivi¢ Weiss & https://orcid.org/0000-0003-4937-2246

References

[1] M. Aschbacher, Flag structures on Tits geometries, Geometriae Dedicata 14 (1983), 21-32,
doi:10.1007/BF00182268.

[2] F. Buekenhout and A. M. Cohen, Diagram geometry, volume 57 of Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Math-
ematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], Springer,
Heidelberg, 2013, doi:10.1007/978-3-642-34453-4, related to classical groups and buildings.

[3] P.J. Cameron, M. E. Fernandes, D. Leemans and M. Mixer, Highest rank of a polytope for
An, Proceedings of the London Mathematical Society. Third Series 115 (2017), 135-176, doi:
10.1112/plms.12039.

[4] H. S. M. Coxeter, Regular polytopes, Dover Publications, Inc., New York, 3rd edition, 1973,
doi:10.2307/1573335.

[5] L. Danzer, Regular incidence-complexes and dimensionally unbounded sequences of such. I,
in: Convexity and graph theory (Jerusalem, 1981), North-Holland, Amsterdam, volume 87 of
North-Holland Math. Stud., pp. 115-127, 1984, do0i:10.1016/S0304-0208(08)72815-9.

[6] E. Ens, Rank 4 toroidal hypertopes, Ars Mathematica Contemporanea 15 (2018), 67-79, doi:
10.26493/1855-3974.1319.375.

[7]1 M. E. Fernandes and D. Leemans, C-groups of high rank for the symmetric groups, Journal of
Algebra 508 (2018), 196-218, doi:10.1016/j.jalgebra.2018.04.031.


https://orcid.org/0000-0002-3293-8517
https://orcid.org/0000-0003-4937-2246

(8]

(9]

[10]

(1]

[12]

[13]

(14]

[15]
[16]
(7]

(18]

(19]

[20]

(21]

(22]

(23]

[24]

[25]
[26]

(27]

(28]

A. Montero and A. Ivi¢ Weiss: Locally spherical hypertopes from generalised cubes 11

M. E. Fernandes, D. Leemans, C. Piedade and A. I. Weiss, Two families of locally toroidal
regular 4-hypertopes arising from toroids, preprint 2019-09-24.

M. E. Fernandes, D. Leemans and A. I. Weiss, Highly symmetric hypertopes, Aequationes
Math. 90 (2016), 1045-1067, doi:10.1007/s00010-016-0431-1.

M. E. Fernandes, D. Leemans and A. I. Weiss, Hexagonal extensions of toroidal maps and
hypermaps, in: Discrete geometry and symmetry, Springer, Cham, volume 234 of Springer
Proc. Math. Stat., pp. 147-170, 2018, doi:10.1007/978-3-319-78434-2_8.

M. E. Fernandes, D. Leemans and A. I. Weiss, An exploration of locally spherical regular
hypertopes, Discrete & Computational Geometry (2020), doi:10.1007/s00454-020-00209-9.

B. Griinbaum, Regular polyhedra—old and new, Aequationes Mathematicae 16 (1977), 1-20,
doi:10.1007/BF01836414.

B. Griinbaum, Regularity of graphs, complexes and designs, in: Problémes combinatoires et
théorie des graphes (Collog. Internat. CNRS, Univ. Orsay, Orsay, 1976), CNRS, Paris, volume
260 of Collog. Internat. CNRS, pp. 191-197, 1978.

D. Leemans, J. Moerenhout and E. O’Reilly-Regueiro, Projective linear groups as automor-
phism groups of chiral polytopes, Journal of Geometry 108 (2017), 675-702, doi:10.1007/
$00022-016-0367-6.

D. Leemans, E. Schulte and A. I. Weiss, Toroidal hypertopes, in preparation.
P. McMullen, Quasi-regular polytopes of full rank, unpublished.

P. McMullen and E. Schulte, Regular polytopes in ordinary space, Discrete Comput. Geom. 17
(1997), 449478, doi:10.1007/PL00009304, dedicated to Jorg M. Wills.

P. McMullen and E. Schulte, Abstract regular polytopes, volume 92 of Encyclopedia of Math-
ematics and its Applications, Cambridge University Press, Cambridge, 2002, doi:10.1017/
CB09780511546686.

B. Monson and E. Schulte, Semiregular polytopes and amalgamated c-groups, Advances in
Mathematics 229 (2012), 2767-2791, doi:10.1016/j.aim.2011.12.027.

B. Monson and E. Schulte, The assembly problem for alternating semiregular polytopes, Dis-
crete & Computational Geometry (2019), doi:10.1007/s00454-019-00118-6.

A. Montero, Regular polyhedra in the 3-torus, Advances in Geometry 18 (2018), 431-450,
doi:10.1515/advgeom-2018-0017.

D. Pellicer, CPR graphs and regular polytopes, European J. Combin. 29 (2008), 59-71, doi:
10.1016/j.jc.2007.01.001.

D. Pellicer, Extensions of regular polytopes with preassigned Schlifli symbol, J. Combin. The-
ory Ser. A 116 (2009), 303-313, doi:10.1016/j.jcta.2008.06.004.

D. Pellicer, Extensions of dually bipartite regular polytopes, Discrete Math. 310 (2010), 1702—
1707, doi:10.1016/j.disc.2009.11.023.

E. Schulte, Reguliire Inzidenzkomplexe, Ph.D. thesis, University of Dortmund, 1980.

E. Schulte, On arranging regular incidence-complexes as faces of higher-dimensional ones,
European J. Combin. 4 (1983), 375-384, doi:10.1016/S0195-6698(83)80035-3.

E. Schulte, Regulire Inzidenzkomplexe. 11, IIl, Geom. Dedicata 14 (1983), 33-56, 57-79, doi:
10.1007/BF00182269.

E. Schulte, Extensions of regular complexes, in: Finite geometries (Winnipeg, Man., 1984),
Dekker, New York, volume 103 of Lecture Notes in Pure and Appl. Math., pp. 289-305, 1985.



12 Art Discrete Appl. Math. 4 (2021) #P3.07

[29] E. Schulte, Regular incidence complexes, polytopes, and C-groups, in: Discrete geometry and
symmetry, Springer, Cham, volume 234 of Springer Proc. Math. Stat., pp. 311-333, 2018,
doi:10.1007/978-3-319-78434-2_18.

[30] J. Tits, Sur les analogues algébriques des groupes semi-simples complexes, in: Colloque
d’algébre supérieure, tenu & Bruxelles du 19 au 22 décembre 1956, Etablissements Ceuter-
ick, Louvain; Librairie Gauthier-Villars, Paris, Centre Belge de Recherches Mathématiques,
pp. 261-289, 1957.

[31] J. Tits, Buildings of spherical type and finite BN-pairs, Lecture Notes in Mathematics, Vol. 386,
Springer-Verlag, Berlin-New York, 1974.

[32] J. Tits, Groupes et géométries de Coxeter, Notes polycopiées 1961, in: F. Buekenhout,
B. Miihlherr, J.-P. Tignol and H. V. Maldeghem (eds.), Heritage of Mathematics, Jacques
Tits, Oeuvres Collected Works, European Mathematical Society Publishing House, volume 1,
November 2013 pp. 803-817, original published in 1961.



	Introduction
	Regular hypertopes
	Halving operation
	Locally spherical hypertopes from generalised cubes.

