creative ARS MATHEMATICA
@commons CONTEMPORANEA

ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)
ARS MATHEMATICA CONTEMPORANEA 14 (2018) 433-443
https://doi.org/10.26493/1855-3974.1043.9d5
(Also available at http://amc-journal.eu)

Classification of regular balanced Cayley maps
of minimal non-abelian metacyclic groups*

Kai Yuan, Yan Wang '

School of Mathematics and Information Science,
Yantai University, Yan Tai 264005, P.R. China

Haipeng Qu

School of Mathematics and Computer Science,
Shan Xi Normal University, Shan Xi 041000, P.R. China

Received 22 February 2016, accepted 31 May 2017, published online 13 November 2017

Abstract

In this paper, we classify the regular balanced Cayley maps of minimal non-abelian
metacyclic groups. Besides the quaternion group QJg, there are two infinite families of such
groups which are denoted by M, ,(m,r) and M, (n, m), respectively. Firstly, we prove
that there are regular balanced Cayley maps of M, ,(m, r) if and only if ¢ = 2 and we list
all of them up to isomorphism. Secondly, we prove that there are regular balanced Cayley
maps of My(n,m) if and only if p = 2 and n = m or n = m + 1 and there is exactly
one such map up to isomorphism in either case. Finally, as a corollary, we prove that any
metacyclic p-group for odd prime number p does not have regular balanced Cayley maps.
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1 Introduction

A Cayley graph T' = Cay(G, X) is a graph based on a group G and a finite set X =
{x1,29,..., 21} of elements in G which does not contain 1, contains no repeated el-
ements, is closed under the operation of taking inverses, and generates all of G. In this
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paper, we call X a Cayley subset of G. The vertices of the Cayley graph I are the elements
of G, and two vertices g and h are adjacent if and only if g = hx; for some x; € X. The
ordered pairs (h, hx) for h € G and x € X are called the darts of I'. Let p be any cyclic
permutation on X . Then the Cayley map M = CM(G, X, p) is the 2-cell embedding of
the Cayley graph Cay(G, X) in an orientable surface for which the orientation-induced
local ordering of the darts emanating from any vertex g € G is always the same as the
ordering of generators in X induced by p; that is, the neighbors of any vertex g are always
spread counterclockwise around g in the order (g, gp(z), gp*(z), . .., gp* 1 (x)).

An (orientation preserving) automorphism of a Cayley map M is a permutation on the
dart set of M which preserves the incidence relation of the vertices, edges, faces, and the
orientation of the map. The full automorphism group of M, denoted by Aut(M), is the
group of all such automorphisms of M under the operation of composition. This group
always acts semi-regularly on the set of darts of M, that is, the stabilizer in Aut(M) of
each dart of M is trivial. If this action is transitive, then we say that the Cayley map M is a
regular Cayley map. As the left regular multiplication action of the underlying group G lifts
naturally into the full automorphism group of any Cayley map CM(G, X, p), Cayley maps
are proved to be a very good source of regular maps. There are many papers on the topic
of regular Cayley maps, we refer the readers to [4, 10] and [11] and the references therein.
Furthermore, A Cayley map CM(G, X, p) is called balanced if p(z )1 = p(x~1) for every
x € X. In[11], Skoviera and Siraii showed that a Cayley map CM(G, X, p) is regular and
balanced if and only if there exists a group automorphism o such that o|x = p, where o|x
denotes the restricted action of o on X. Therefore, to determine all the regular balanced
Cayley maps of a group is equivalent to determine all the orbits of its automorphisms that
can be Cayley subsets.

In this paper, a non-abelian group G is called minimal if each of its proper subgroups
H (thatis H < G but H # ) is abelian. In 1903, Miller and Moreno gave a full
classification of minimal non-abelian groups, one may refer to [7] for detailed results. A
group G is metacyclic if it has a cyclic normal subgroup N such that the factor group G/N
is cyclic. As one can see in [7], there are three classes of minimal non-abelian metacyclic
groups:

(1) the quaternion group Qs;

(2) My (m,r) = {a,b|a? = 1,b9" = 1,b"'ab = a”), where p and ¢ are distinct
prime numbers, m is a positive integer and  # 1 (mod p) but r? =1 (mod p);

n—1

(3) My(n,m) = (a,b|a?” =" =1,b"tab=a'**"" n>2m>1).

One can also cite [3, Theorem 2.1] for reference or [13, pp. 123] for details.

For regular balanced Cayley maps, it has been shown that all odd order abelian groups
possess at least one regular balanced Cayley map [4]. Wang and Feng [12] classified all reg-
ular balanced Cayley maps for cyclic, dihedral and generalized quaternion groups. In [9],
Oh proved the non-existence of regular balanced Cayley maps with semi-dihedral groups.
In this paper, we pay our attentions to the regular balanced Cayley maps of minimal non-
abelian metacyclic groups. Since the regular balanced Cayley maps of (Qg have been classi-
fied in [12] (Q)s has exactly one regular balanced Cayley map up to isomorphism), we only
consider the groups M, ,(m,r) and M,(n, m). In Section 3, we show that M,, ,(m,r) has
regular balanced Cayley maps if and only if ¢ is 2 and we list all of them up to isomor-
phism. In Section 4, we show that M,,(n, m) has regular balanced Cayley maps if and only
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if p=2andn = morn = m + 1. In either case, it has exactly one regular balanced
Cayley map up to isomorphism and the map has valency 4. Moreover, as a corollary any
metacyclic p-group for odd prime p doesn’t have regular balanced Cayley maps.

2 Preliminaries

Lemma 2.1. Take an element b'a® € M, ,(m,r), where t # 0, then the order of b'a® is
q™ if and only if (t,q) = 1.

Proof. The group M, ,(m, ) is the union of one cyclic group of order p and p conjugate
cyclic subgroups of order ¢™. If t # 0, then b'a® belongs to one of the cyclic subgroups of
order ¢™. Therefore, the order of bta® is ¢™ if and only if (¢, q) = 1. O

Lemma 2.2. The automorphism group of M, ,(m,r) is
Aut(M, ,(m,r)) ={o|a® =a’, b =ba" 1 <i<p-1,1<j<q¢"1,q| (-1}

Proof. Assume o € Aut(M, ,(m,)). According to Lemma 2.1, a” = a,b° = b’a* for
somel <i<p—1,1<j < g™ —1land (j,q) = 1. If M, ,(m,r) = (a”,b7), then we
can get the relation ¢ | (j — 1).

In fact, since (a”)? = (b~lab)? =
(™' =1) = 1. Moreover, from (ir, p)
thatis 7/~1 =1 (mod p). As7? =1 (m

(b~1)7a%b = bIa'b) = a'’ = a'", we have
=landa? =1, weget ("1 —1) =0 (mod p),
od p) and g is prime, we have ¢ | ( —1). O

Lemma 2.3 ([5]). The automorphism group of M, (n,m) is listed as follows:
(i) If n < m, then Aut(M,(n,m)) = {o | a” = b/a’,b° = b%a", (i,p) = 1,1 < i <
g = kL0 < < pt 1< < phs =1 (mod p),1 < s < p™}.

(ii) If pisodd andn > m > 1 orp =2 and n > m > 1, then Aut(Mp,(n, m))
0% = Wai, b = b, (i,p) = 1,1 <1 < p"1 < j < p™ 1 = kp™ ™0
p™,s=1 (mod p),1 <s<p™}

{o]
k<

IN

The following Lemma 2.4 is a basic result in group theory and we omit the proof.

Lemma 2.4. Let G be a finite group and N be a normal subgroup of G. Take o € Aut(G).
IfN®* = N, then & : Ng — Ng® is an automorphism of G/N which is called the induced
automorphism of a.

Lemma 2.5. Let G be a finite group and N be a proper characteristic subgroup of G. Take
a € Aut(G) and g € G. If X = ¢\ is a Cayley subset of G, then X = g{®) = gl@ js
a Cayley subset of G = G /N. Moreover, if the order of o is a power of 2 and § is not an
involution, then | X | = |X|.

Proof. By Lemma 2.4, & is an automorphism of G'/N induced by a. Set X = ¢{®, then

X = g{o) = g{® If X is a Cayley subset of (3, then the relations X)=GX=X -
follow naturally. Since N < G, we have X # 1¢® and then T ¢ X. So, X is a Cayley
subset of G.
If the order of « is 2° for some positive integer s, then the order of @ is 2¢ for some
gs5—1 9s—1 1

ot
integer t < s. From g® = ¢!, we have g = g . While §“2 = g, then

t>s—1.S0,s=tand | X|=|X]| O
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As a direct corollary of Lemmas 2.4 and 2.5, we give the following Corollary 2.6.

Corollary 2.6. If a group G has regular balanced Cayley maps, then so does the quotient
group G/N for any proper characteristic subgroup N of G.

There are many ways to get proper characteristic subgroups. In the following, we give
a method to get such subgroups. These results are exercises for students, so we omit the
proof.

Lemma 2.7. Let G be a finite group, S C G, o € End(G), K be a characteristic subgroup
of G and n be a positive integer. Then,

(i) (S)7 = (S7);
(ii) Hy = (2™ | © € K) is a characteristic subgroup of G;
(iii) Hy = (y |y € G,y™ € K) is a characteristic subgroup of G.

As for isomorphism of regular maps, one may refer to [10] for the following Lemma 2.8.

Lemma 2.8. Assume M; = CM(G, X1, p1) and Ms = CM(G, X5, p2) are two regular
balanced Cayley maps of the finite group G, where X, = g'%) and Xy = h'?2) are orbits
of two group elements g and h under the action of two automorphisms o1 and o2 of G,
respectively. Then My and My are isomorphic if and only if | X1| = | Xa| = k and there is
some T € Aut(QG) such that ho: = g7, 1< i<k

As a special case and an application of Lemma 2.8, we have the following Lemma 2.9.

Lemma 2.9. Let G be a finite group. Take o € Aut(G) and two elements g, h € G.
Assume X = ¢'*) is a Cayley subset of G. If there is some o € Aut(Q) such that g° = h,
thenY = h'° ') isalsoa Cayley subset of G andY = X°. Under this situation, the two
regular balanced Cayley maps CM(G, X, a|x) and CM(G, Y, 0~ acly) are isomorphic.

Proof. Because Y = h{o 'a0) = golo~lao) — goo~Ha)o — gl)e — X and X is a
Cayley subset, it follows that Y is also a Cayley subset. The result that CM(G, X, a|x)
and CM(G, Y, 0~ taol|y) are isomorphic follows from Lemma 2.8. O

3 Regular balanced Cayley maps of M, ,(m, )

As we mentioned in the introduction, to determine all the regular balanced Cayley maps of
a group is equivalent to determine all the orbits of its automorphisms that can be Cayley
subsets. In this section, we divide our discussion into two parts according to the parity of q.

Lemma 3.1. The center Z(M, o(m,r)) of My 4(m, 1) is generated by b? and the quotient
group My, q(m, 1)/ Z(Mp,q(m, 1)) = Mpq(1,7).

Proof. From the defining relation of M, ,(m,r), we have b=%ab? = a"" = a. So, b? €
Z(My q(m,7)). Since M, ,(m, ) is not abelian and generated by « and b, we have a,b ¢
Z(Mp q(m, 7)), hence Z (M, 4(m,r)) = (b?). The formula M, ,(m,r)/Z(M, 4(m,r)) =
M, 4(1,r) follows directly from the definition of M, 4(m, ). O

Theorem 3.2. If q is odd, then the group My, ,(1,r) does not have regular balanced Cayley
maps.
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Proof. For brevity, set H = M, ,(1,7). Suppose there existsa o € Aut(H) and b’a" € H
such that X = (b%a*){?) is a Cayley subset of H. The derived subgroup of H is H' = (a)
which is a characteristic subgroup. Let H = H/H' and 7 be induced by 0. By Lemma 2.2,
b” = baF for some integer k and as a result 5” = b. So, X = pran'” = ' = {bv}.
While X = X ', o(b) = ¢ and o(5?) | o(b), we have b* = 1 and so b € H'. It follows
that (X) < H' < H contradicting to H = (X). O

As a corollary of Lemmas 3.1 and 2.5, we have the following Theorem 3.3.
Theorem 3.3. If q is odd, then M, ,(m,r) does not have regular balanced Cayley maps.

It is known that Z3, = Zo X Zgn-> = (—1) x (5), where —1 and 5 denote the class of
integers equaling to —1 and 5 modular 2", respectively. In a p-group G, let U1 (G) = (a? |

a € G). Then, U1(Z3.) = (52) which does not contain —1.

Lemma 3.4. For a positive integer n. > 2, the equation x* = —1 (mod 2") holds if and
only if k is odd and x = —1 (mod 2™).

Proof. 1t is obviously true when n = 2. So, we may assume n > 3. Let u be a solution
of the equation ¥ = —1 (mod 2"), then the integer u should be odd, so @ € Z}, =
(—1) x (5). From the discussion preceding to the lemma, suppose k is even, then —1 =
w* = (u?)? € Uy (Z3,), a contradiction. So, k is odd.

Let @ = ab forsomea € (—1) and b € (5) such that uk = —1. Then, u* = akbF = —T.
There are two choices of @, that is 1 and —1. But @ # 1, for otherwise b¥ = —1, a
contradiction. So, b* = T and as aresult b = 1T and 7 = —1. O

In a group G, for any element g € G, we use o(g) to denote the order of g. Now we
look at the group M, o(m, ). In the definition of M, 2(m,r), one can see that r = —1
(mod p). In particular, if m = 1, then M, »(m, ) is a dihedral group of order 2p. One
may refer to [12] for the classification of the regular balanced Cayley maps of dihedral
groups. For the sake of completeness, We restate the result in the following theorem.

Theorem 3.5 ([12, Theorem 3.3]). The dihedral group D, of order 2p has p — 1 non-
isomorphic regular balanced Cayley maps, where p is an odd prime number.

When m > 2, we have the following Theorem 3.6.

Theorem 3.6. Let G = Mp’g(m,r), where m > 2, p is an odd prime and r = —1
(mod p). If p — 1 = 2°s, where s is odd, then G has s non-isomorphic regular balanced
Cayley maps. In particular, if p is a Fermat prime, then G has exactly one regular balanced
Cayley map up to isomorphism.

Proof. If the orbit of b”a" under the action of 0 € Aut(G) is a Cayley subset of G, then the
integer v must be odd. In fact, both the subgroups (a) and Z(G) = (b?) are characteristic
in G, so {(b”a*){??) is a proper subgroup of G if (v,2) # 1. By Lemma 2.2, there is some
a € Aut(G) such that (b¥a*)® = b. According to Lemma 2.9, we only need to consider
the orbit of b under the action of o.

For brevity, we denote the automorphism o € Aut(G) satisfying a® = a’ and b° =
ba* by o; 1 and X = b{%i3) by X; ;1. Let p; j» be the arrangement of the elements
in X; ; 1, which respects the order of the elements in the orbit. Assume X ; ;. is a Cayley
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subset of G for some integer ¢ coprime to p and odd integer j. Note that kK £ 0 (mod p)
for otherwise contradicting to the Cayley subset assumption of X; ; 1.

*(Uz‘,j,k>

In the quotient group G = G/{a), X; jr = b should be a Cayley subset of

-t
Egi-,j,k _

G. Therefore, there exists some integer ¢ such that T = 571. Clearly,
¥ =05 ", s0 j* = —1 (mod 2™). From Lemma 3.4, ¢ is odd and j = —1 (mod 2™).

Ok .,
Moreover, as X; "\ = X; _1 ,, we may assume k = 1. Under these conditions, we only

need to pay attention to X i,—1,1. By direct enumeration one can easily get

boi 11 — b(—l)lai£’1+i2*2+<..+i+1,
for any positive integer ¢. Since X; _;; is a Cayley subset, there exists some positive
integer n such that boi-11 = p1L, So, n is odd and

"L 4 404+ 1=0 (mod p).
Ifi =1 (mod p), then bor-11 = b1 and
Xy 11 =1{bb"ta,ba®, ... ba? 1 b7t (b a) T L (e )T

is a Cayley subset of G of valency 2p.

Ifl<i<p—1theni" ' +i"2?+...4+i+1=0 (mod p) if and only if i" = 1
(mod p). Let S = {x | z € Zj, o(x) is odd}, then | S| = s. Since n is odd, any i satisfying
i" = 1 (mod p) corresponds to ¢ € S. And for any ¢ € S\ {1}, if o(¢) = n, then
b7i-11 = b1 and

-1 i+1 7—1 i%+4i+1 i" T2 il g —1 i" T2 i1y —1
Xi 11 =1{bb"ta,ba’t b7 a" T et T T (b )T

is a Cayley subset of G of valency 2n. From all the above, when 7 > 1, X; _; ; is a Cayley
subset of G if and only if i € S and | X; _1 1| is twice of o(7).

For any two distinct i1 and i3 in S \ {1}, Cayley maps CM(G, X;, —1.1,pi, —1,1) and
CM(G, Xiy,—11, Piy,—1,1) are not isomorphic. Otherwise, according to Lemma 2.8, there
exists some 3 € Aut(G) such that b® = b and for each £ > 1,

(b(—1)’Zaif71+if’2+--»+i1+1)B — p(— D s i P i

In particular, (b"'a)? = b~1a and therefore j3 is the identical automorphism. Therefore, G
has s non-isomorphic regular balanced Cayley maps. When p is a Fermat prime, then p — 1
is a power of 2, so G has exactly one regular balanced Cayley map up to isomorphism. [

4 Regular balanced Cayley maps of M,(n, m)

For minimal non-abelian p-group, one may refter to [1, 2] or [14] for the following Lem-
ma4.1.

Lemma 4.1 ([14, Theorem 2.3.6]). Let G be a finite p-group, d(G) be the number of
elements in a minimal generating subset of G. Then, the followings are equivalent.

(i) The group G is a minimal non-abelian group;
(ii) d(G) =2 and |G'| = p;
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(iii) d(G) =2 and Z(G) = ®(G), where ®(G) denotes the Frattini subgroup of G.

Lemma 4.2. Assume G is a finite p-group for some prime number p and d(G) = 2. Let
B e Aut(G), g€ Gand X = g'®. If G = (X), then G = (g, ¢°).

Proof. Because d(G) = 2, it follows that G = G /®(G) = Z, x Z,. Suppose (g, ¢°) <
G, then in the quotient group the subgroup generated by g and ¢ has order p, that is
I{g, g°)| = p. So, g° € (g®(G)). As ®(G) is a characteristic subgroup of G, for each
k > 1 the element g% € <gﬂk71<I>(G)>. Therefore, X C (g®(G)) and then (X) <
(g®(@)) < G, a contradiction. So, G' = (g, ¢°). O

Remark Lemma 4.2 may not be true for a non-p-group. For example, the symmetry group
S, can be generated by two elements (1 2) and (1 2...n). Take g = (1 2) € S,, and
B the automorphism of S,, induced from the conjugation by the element (2 3...n), then
X =g ={(12),(13),...,(1n)} is a Cayley subset of S,, and g° = (1 3). But it is
obvious that S,, # ((12), (1 3)) whenn > 4.

Theorem 4.3. Let G = My(n,n), where n > 2 and p is an odd prime number. Then, the
group G does not have regular balanced Cayley maps.

Proof Let N = (z € G | 2*" € G'). According to Lemma 2.7, N is a characteristic
subgroup of GG. One can see from the defining relations of G that G’ = (apn71> = Z,
and N = (a,bP). Take 0 € Aut(G) such that a” = b*Pa’ and b° = b%a”, where the
integers i, s, r satisfy the conditions in Lemma 2.3 and especially s = 1 (mod p). Suppose

X = (b“a“)<(’> is a Cayley subset of G. Then b*a” ¢ N and therefore (u,p) = 1. In the
quotient group G = G/N, X = (b“av)w> — 55 isa Cayley subset of G. So, there exists
some integer n such that b—% = b5"%. As a result, one can get s"u = —u (mod p). While
(u,p) = 1, then s = —1 (mod p). But this result contradicts to s = 1 (mod p). O

Theorem 4.4. Let G = M,(n,m), where n > 2, m > 1,m # n and p is an odd prime
number. Then, the group G does not have regular balanced Cayley maps.

Proof. We firstly assume m > n. Set N = {2P" | € G}. By Lemma 2.7, N = (b"") is
a characteristic subgroup of G. The quotient group

G=G/N=@b|a" =0 =1a"=a""*" ) =M (n,n).

According to Theorem 4.3 and Lemma 2.5, G does not have regular balanced Cayley maps.

When m < n, suppose there exists some o € Aut(G) such that X = (b%a?){?) is
a Cayley subset of G. Because Z(G) = (aP, bP) is characteristic of G, one can assume
u = 0, v = 1 from the results of Lemma 2.3 and Lemma 2.9. That is, X = al?). Assume
a® = ba', o(c) = 2k and 7 = oF, then a” = a~ !, (Wa')™ = a~'b7. Recall that
G = (a”"") = Z,and [a,b] € G’ < (a), 50 [a,b]” = [a,b'] . While

[a,0]" = ([a,a][a,b][a, ¥, a'])” = [a,ba’]” =
[a", (Wa) ] =[a" Y a b7 = [a"L,07],
and [a~!, b~7] belongs to the center, the result

[a,t] =[a 1,077 =bPa" oL, 07 )ab’ = [a, D]
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follows. Therefore, [a,7] " = [a,b7], that is [a,5/]° = 1. But the order of [a,b’] is a
power of p which is coprime with 2, we get [a, 5] = 1. And from Lemma 4.2, one can get
G = (a,a’) = (a,b'a’). So G is abelian, a contradiction. Thus in either case, G doesn’t
have regular balanced Cayley maps. O

Remark 4.5. In the paper of Newman and Xu ([8]), they claimed that for odd primes p
every metacyclic p-group is isomorphic to one of the groups

r+s+u r+s+t

r+s (s
G ={a,b|d’ =1,b" =aP b tab=a'"?), 4.1)
where r, s, t, u are non-negative integers with r positive and u < r, and these groups are
pairwise non-isomorphic. In the following Lemma 4.6, one will see that the metacyclic

p-group has an ‘intimate’ connection with the minimal non-abelian metacyclic p-group.

Lemma 4.6. Let G be a metacyclic p-group for some odd prime number p and N < G’ be
a maximal subgroup of the derived subgroup G'. Then N is a characteristic subgroup of
G and the quotient group G = G /N is a minimal non-abelian metacyclic p-group.

Proof. Because G is cyclic and G’ is characteristic of G, it follows that IV is also char-
acteristic of G. While N is a proper subgroup of G’, the quotient group G = G/N is
non-abelian and metacyclic, generated by two elements because G is generated by two el-
ements. As G = G’ = 7, and so |G| = p. The quotient group G is mininal non-abelian
follows from Lemma 4.1. O

From the results of Lemma 2.5 and Theorems 4.3 and 4.4, we get the following Corol-
lary 4.7.

Corollary 4.7. For any odd prime number p, the metacyclic p-group does not have regular
balanced Cayley maps.

Theorem 4.8. Let G = Ms(n, m), where m and n are positive integers and m > n > 2.
Then G does not have regular balanced Cayley maps.

Proof. According to Lemma 2.3, Aut(G) = {0 | a® = b/a’, b° = b*a"}, where (is,2) =
,L1<i<21<s<2m j=2""FE 0< k<21 1<7r < 2" From the
defining relations of G, one can see that both a? and b? belong to the center of G. Set
N = (a2, b*) = {z € Z(G) | #¥"* = 1}. By Lemma 2.7, N is a characteristic subgroup
of Z(G). Since Z(Q) is characteristic in G, N is characteristic in G. Suppose there is
some o € Aut(G) and b*a’ € G such that X = (b*a?){?) is a Cayley subset of G. By
Lemma 2.9, one may assume v = 1 and v = 0, thatis, X = blo),

Assume a° = ba’ and b7 = b%a”, then 4 | j, (s,2) = 1l andso s> = 1 (mod 4).
According to Lemma 4.2, G = (b,b°a”) = (b,a") and so (r,2) = 1. In the quotient group
G = G/N, X = blo) should be a Cayley subset of G. Noticing that 2 | (s + i), 4| j

and G’ < N, we have (b*a™)? = (b*a")%(ba’)" = bs2arsbirqir = bs*Hirqr(s+i) = ps?,

Since o(b) = 4 and s> = 1 (mod 4), we have b5* = b. So, X = {b,b%a"}. But (r,2) = 1,
5! ¢ X. Then, X is not a Cayley subset, a contradiction. 0O

Theorem 4.9. Let G = Msy(n, m), where m and n are positive integers, n > m + 1 and
m > 2. Then G does not have regular balanced Cayley maps.
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Proof. In this case, Aut(G) = {o | a” = bla’, b° = b%a"}, where (i5,2) = 1,1 < i <
M 1< s<2M 1< <2 =2 0 < k<2 Let N = (a4,0?) = {z €
Z(G) | 22"" = 1}. According to Lemma 2.7, N is characteristic in Z(G). Since Z(G) is
characteristic in G, NV is characteristic in G. Similar to the proof of Theorem 4.8, we only
need to show that X = a{?) is not a Cayley subset of G for any ¢ € Aut(G).

Assume a® = b’a’ and b = b%a”. Then (s,2) = 1,4 | 7, (i,2) = l andso i = 1
(mod 4). And from Lemma 4.2, G = (a,b/a’) = (a,b/) and so (j,2) = 1. If X is a
Cayley subset, then X = a{?) is a Cayley subset of G = G'/N. While from 2 | (s+i), 4 | r
and G’ < N, we have (b7a?)? = (bsa™)i (biat)t = bsiamibiia?* = bi(s+i)qi*+1i = gi*,
And from o(a@) = 4, i> =1 (mod 4), we have ai” = @. So, X = {a@,b/a’}. But (j,2) = 1
implies @ ~! ¢ X. So, X is not a Cayley subset, a contradiction. O

In Theorem 4.9, if we allow m = 1 and so n > 2, then the group Mas(n, 1) belongs
to one of the p-groups with a cyclic maximal subgroup which had been considered by
D. D. Hou, Y. Wang and H. P. Qu in [6]. We list the result in the following theorem.

Theorem 4.10 ([6, Theorem 3.3]). For positive integers n > 2, Ms(n, 1) does not have
regular balanced Cayley maps.

Now, there are still two cases about which we have not said anything, that is Mz (n, n)
forn > 2 and Ms(n + 1,n) for n > 1. One may look back at Lemma 2.3 and can easily
see that the automorphism groups of both My (n,n) and My (n + 1, n) are 2-groups.

Theorem 4.11. Let G = Ms(n,n), n > 2. Then G has exactly one regular balanced
Cayley map of valency 4 in the sense of isomorphism.

Proof. By Lemma 2.3, Aut(G) = {0 | a® = b**a’,b" = b%a"}, where (si,2) = 1,
1 <i,s,7<2" 1<k<2"! andboth a? and b? belong to Z(G).

We firstly show that if for some g € G and o € Aut(G), X = ¢{°) is a Cayley subset
of G, then | X| = 4. Set N = {z € G | 22" * € G'}. According to Lemma 2.7, N is
a characteristic subgroup of G and N = (a?, b*). Without loss of generality, we assume
g = b, then in the quotient group G = G/N = Zy x Zg4, the order of b is 4. While
there are exactly four order-4 elements in G and X = 5 s a Cayley subset of G, X
should contain all these four elements. Because the order of ¢ is a power of 2 and b is not
involution, according to the results in Lemma 2.5, we have | X| = | X| = 4.

Take oy € Aut(G) such that a®* = b2a~" and b°* = ba?" L. By a direct calcula-
tion, X1 = b4 = {b,ba2"" 1, b~L, (ba?" ~1)~1} is clearly a Cayley subset of G.

For any 0o € Aut(G) such that a”> = b%*a’, b2 = b%a”, where k, i, s, r satisfy
the conditions listed in the first paragraph, and X» = b(°2) = {b,b%a",b~ ", (b%a") "'} is
a Cayley subset of G, one may take 7 € Aut(G) such that a™ = b!=%¢="(1+2""") and
b™ = b. It is easy to check that (ba?" —1)7 = b*a".

Therefore, by Lemma 2.8, the two regular balanced Cayley maps CM(G, X1, 01]x,)
and CM(G, X2, 02|x,) are isomorphic. So, G has exactly one regular balanced Cayley
map of valency 4 in the sense of isomorphism. O

Theorem 4.12. Let G = My(n + 1,n), n > 1. Then G has exactly one regular balanced
Cayley map up to isomorphism and this map is of valency 4.
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Proof. By Lemma 2.3, Aut(G) = {0 | a” = ba’,b" = b*a®*}, where (si,2) = 1,
1<i<2"1 1< 4,5k < 2" and both a? and b? belong to Z(G).

We firstly show thatif g € G, 0 € Aut(G) and X = ¢{?) is a Cayley subset of G, then
|X| =4.Set N = {z € G| 2*" = 1}. According to Lemma 2.7, N is a characteristic
subgroup of G and N = (a* b?). In the quotient group G = Zy x Z,4, the order of @
is 4. There are exactly four order-4 elements in G, similar to the proof of Theorem 4.11,
X =a'® is a Cayley subset of G of order 4 and | X | = [X| = 4.

Take o; € Aut(G) such that a®* = b~'a and b°* = b~ 'a?. Then, Y = al?) =
{a,b=ta,a™!, (b~ 1a)~!} is a Cayley subset of G.

For any 0o € Aut(G) such that a”2 = bla’, b2 = b*a?*, where 7, i, s, k satisfy
the conditions listed in the first paragraph, and Y5 = a{??) = {a,b/a’,a" ", (ba’) "'} is
a Cayley subset of G, one may take 7 € Aut(G) such that a” = a and b = b~7al % It
is easy to check that (b='a)” = b’a’. Therefore, the two regular balanced Cayley maps
CM(G,Y1,01ly;) and CM(G, Y3, 03]y, ) are isomorphic and so G has only one regular
balanced Cayley map of valency 4 in the sense of isomorphism. O

To be more clear, we list the number of non-isomorphic regular balanced Cayley maps
of minimal non-abelian metacyclic groups in Table 1. For brevity, we use |G|, N, RBCM
and MNAMG to denote the order of group G, the number of regular balanced Cayley maps
up to isomorphism, regular balanced Cayley maps and minimal non-abelian metacyclic
groups, respectively.

Table 1: Number of RBCM of MNAMG.

| G |6 |
1 Qs 8 1
2 My 2(1,7) = Dy, 2p p—1
3 | Mpa(m,r),m>2,p—1=2°,(s52)=1| 2"p s
4 My q(m,7), q # 2 pq™ 0
5 M(2,1) = Dy 8 2
6 Ms(n,1),n > 2 gn+1 0
7 Ms(n,n), n > 2 22n |1
8 My(n+1,n),n>2 22n+1 1
9 Ms(n,m),m#nandm #n—1 on+m 0
10 My (n, m), p # 2 prtm 0

References

[1] Y. Berkovich, Groups of Prime Power Order, Volume 1, volume 46 of De Gruyter Expositions
in Mathematics, Walter de Gruyter GmbH & Co., Kammergericht, Berlin, 2008, https:
//www.degruyter.com/view/product/178995.

[2] Y. Berkovich and Z. Janko, Groups of Prime Power Order, Volume 2, volume 47 of De Gruyter
Expositions in Mathematics, Walter de Gruyter GmbH & Co., Kammergericht, Berlin, 2008,
https://www.degruyter.com/view/product/39455.



(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]
[14]

Yuan et al.: Classification of regular balanced Cayley maps of minimal non-abelian ... 443

Z. M. Chen, Inner and Outer-X-Groups and Minimal Non-3-Groups, Southwest University
Publishing House, Chongging, 1988.

M. Conder, R. Jajcay and T. Tucker, Regular Cayley maps for finite abelian groups, J. Algebraic
Combin. 25 (2007), 259-283, doi:10.1007/s10801-006-0037-0.

M. Golasiniski and D. L. Gongalves, On automorphisms of split metacyclic groups,
Manuscripta Math. 128 (2009), 251-273, doi:10.1007/s00229-008-0233-4.

D. D. Hou, Y. Wang and H. P. Qu, Regular balanced Cayley maps of p-groups with a cyclic
maximal subgroup, submitted.

G. A. Miller and H. C. Moreno, Non-abelian groups in which every subgroup is abelian, Trans.
Amer. Math. Soc. 4 (1903), 398-404, doi:10.2307/1986409.

M. F. Newman and M. Y. Xu, Metacyclic groups of prime-power order, Adv. Math. (China) 17
(1988), 106-107, doi:10.11845/sxjz.1988.17.01.0106.

J.-M. Oh, Regular ¢-balanced Cayley maps on semi-dihedral groups, J. Comb. Theory Ser. B 99
(2009), 480-493, doi:10.1016/j.jctb.2008.09.006.

R. B. Richter, J. Sirdfi, R. Jajcay, T. W. Tucker and M. E. Watkins, Cayley maps, J. Comb.
Theory Ser. B 95 (2005), 189-245, doi:10.1016/].jctb.2005.04.007.

M. Skoviera and J. Sirai, Regular maps from Cayley graphs, Part 1: Balanced Cayley maps,
Discrete Math. 109 (1992), 265-276, doi:10.1016/0012-365x(92)90296-r.

Y. Wang and R. Q. Feng, Regular balanced Cayley maps for cyclic, dihedral and generalized
quaternion groups, Acta Math. Sinica 21 (2005), 773-778, doi:10.1007/s10114-004-0455-7.

M. Y. Xu, Introduction to Group Theory I, Science Publishing House, Beijing, 1999.
M. Y. Xu and H. P. Qu, Finite p-Group, Peking University Press, Beijing, 2010.



