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Abstract

It is well known that for any integers k£ and g, there is a graph with chromatic number
at least k and girth at least g. In 1960s, Erd6s and Hajnal conjectured that for any % and g,
there exists a number h(k, g), such that every graph with chromatic number at least h(k, g)
contains a subgraph with chromatic number at least k£ and girth at least g. The Erdds-
Hajnal Conjecture has been recently proposed in the setting of the fractional chromatic
number. In support of the original and the modified conjecture, we prove that every Kneser
graph, whose (fractional) chromatic number is sufficiently large, contains a subgraph of
large girth, whose (fractional) chromatic number is large.
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1 Introduction

A well known result, proved by Erdds [3] in 1950s, tells us that for every k and g, there
exists a graph with chromatic number at least £ and girth at least g. In 1960s, Erd6s and
Hajnal [4] proposed the following conjecture.
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Conjecture 1.1 (Erd6s and Hajnal (1969)). For any integers k and g, there exists a value
h(k, g) such that every graph G with x(G) > h(k, g) contains a subgraph with chromatic
number at least k and girth at least g.

This conjecture has been resolved for for ¢ = 4 and arbitrary k£ by Rodl in 1977 [10],
but it remains open for any larger girth. Recently, the authors extended Rodl’s result to the
setting of the fractional chromatic number  ; by proving the following statement.

Theorem 1.2 ([9]). For every real number t > 1, there exists a positive number k(t)
such that every graph G with x¢(G) > k(t) contains a triangle-free subgraph H with
Xf(H) > t.

Let us recall that the fractional chromatic number x ¢(G) of a graph G is the minimum
value of the following linear program:

Z yr, subjectto Z yr > 1foreachv € V(G), (1.1)
I€Z(G) I€Z(G v)

where Z(G) denotes the family of all independent vertex-sets of G, Z(G, v) is the family of
all those independent sets which contain the vertex v, and y; is a nonnegative real variable
for each independent set I.

A version of the Erdés-Hajnal Conjecture for the fractional chromatic number has been
proposed in [9].

Conjecture 1.3. Forallt > 1 and g > 3, there exists k(t, g) such that every graph G with
Xf(G) > k(t, g) contains a subgraph H of girth at least g and with x s (H) > t.

Let us recall that the vertex-set of the Kneser graph KG(n, ) consists of all r-sets of
elements from {1,...,n}, and two such sets are adjacent if they are disjoint. It may be
assumed that r < n/2. It is known [7] (see also [5]) that x(KG(n,r)) = n — 2r + 2 and
that x r(KG(n,r)) = n/r.

There is a tight relationship between Kneser graphs and the fractional chromatic num-
ber of general graphs. Namely, the following result holds (see, e.g. [5]).

Theorem 1.4. For every graph G, we have the following:
X¢(G) = min{ 2 | G has a homomorphism into KG(n,r)}.

Theorem 1.4 shows that the first step towards a certification of Conjecture 1.3 should be
its verification for the family of Kneser graphs. In this note we first observe the following.

Theorem 1.5. For every k and g, every Kneser graph KG(n, r) with n/r sufficiently large
contains a subgraph whose fractional chromatic number is at least k and whose girth is at
least g.

This statement is an easy corollary of the fact that KG(n,r) contains a complete sub-
graph of order N = |n/r| and the fact proved in [3] that sufficiently large complete graph
contains a subgraph of girth at least g and with fractional chromatic number at least k.

IThe proof or Erdds is actually for the usual chromatic number, but it is based on estimating the largest
independent set, so it applies also for the fractional chromatic number.
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The fact that the Erd6s-Hajnal Conjecture is so resistant opens the question whether
graphs with bounded fractional chromatic number (and large chromatic number) would
still satisfy Conjecture 1.1. Therefore, it is natural to ask whether Conjecture 1.1 holds for
Kneser graphs. The following theorem, which is the main result of this note, confirms that
this is the case.

Theorem 1.6. For every k and g, every Kneser graph KG(n, r) with n — 2r sufficiently
large contains a subgraph whose chromatic number is at least k and whose girth is at
least g.

Proof of Theorem 1.6 occupies the rest of the paper.

2 Blow-ups and Kneser graphs

Our proof of Theorem 1.6 is motivated by the approach that was developed by Bollobds
and Sauer [2] and generalized by Zhu [11]. They used their method to find uniquely k-
colorable graphs of large girth and graphs of large girth that have unique homomorphism
into any given core (a graph that does not have a homomorphism onto a proper subgraph
of itself). The same approach was used in the setting of digraphs in [6].

The approach in [2, | 1] used large blow-ups of graphs which have a homomorphism
into some graph K but have no homomorphisms into some other fixed graph L.

However, the basic results in [2, 1 1] are not sufficiently strong to imply Theorem 1.6.
We will thus develop the required strengthening which occupies the rest of this section.

Given a graph H, the blow-up of H with power m, denoted by H("™), is the graph ob-
tained from H by replacing each vertex a € V(H) by an independent set V,, of cardinality
m (called the blow-up of the vertex), and for each edge ab in H, adding a complete bipartite
graph isomorphic to K,, ,, between V,, and V},. The subgraph of H (m) replacing the edge
ab will be referred to as the blow-up of that edge.

Let us recall that a graph L is said to be a core if every homomorphism h: L — L is
an automorphism of L. A graph G is L-colorable if there exists a homomorphism G — L.
We have the following statement.

Theorem 2.1. Let L be a graph of order t = |L|, and let G be a graph that is not L-
colorable. Suppose that g > 3 and that A > A(G) is an integer such that

(@) (tA)9=2/(29) > 4(1 + logt) and
(b) log(tA) > 10s7! +8.

If m is an integer that is larger than t(tA)29=4, then G'"™) contains a subgraph with girth
more than g that is not L-colorable.

Let us observe that the proof of the main result in [| 1] contains a statement that is very
close to the above theorem. However, the bound on m in [ 1] depends not only on the size
of L and the maximum degree of GG, but involves the number of vertices of (G, which is not
sufficient for our application.

To prove Theorem 2.1, we will need the following fact from [2, 1 1].

Lemma 2.2. Let G be a graph that is not L-colorable, and let H be a subgraph of G(™).
Suppose that for any edge ab € E(G) and for any subsets X,Y contained in the blow-ups
Vo and Vi, of a and b, respectively, with | X| > % Y| > % there is an edge between X
andY in H. Then H is not L-colorable.
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In the proof of Theorem 2.1 we will take a random subgraph H of G(™), obtained
by selecting each edge independently with probability (%)ﬁ_l, and will prove that with
positive probability thus obtained subgraph H has no short cycles, and for any edge ab €
E(G) and for any pair X,Y contained in the respective blow-ups of a and b, and with
|X| > 2, |Y| > 2, there is an edge between X and Y in H. To prove this, we will use
the following asymmetric form of the Lovasz Local Lemma (see [1]).

Theorem 2.3 (Lovész Local Lemma). Ler A = {A;,...,A,} be a finite set of events
in the probability space Q). For A € A let T'(A) denote a subset of A such that A is
independent from the collection of events A\ ({A} UT'(A)). If there exists an assignment
of real numbers y: A — (0, 1) to the events such that

VAe A:Pr(A) <yA)]] (1—y(B))

BET(A)

then the probability of avoiding all events in A is positive. In particular,

Pr(A;n...A4,) > HAeA(l —y(A)).

Proof of Theorem 2.1. We may assume that L is connected. If ¢ = 1, the statement is
obvious. If t = 2, then L = K. In this case the proof is clear, since there is an odd cycle
with length more than g in G("). Thus we may assume henceforth that ¢ > 3.

Lets =", A= é and p = s* 1. Let H be a random subgraph of G(") obtained by
picking each edge in G independently at random with probability p.

If C is a cycle in G(™ of length at most g, let A be the event that all edges of C'
appear in H. Then Pr(A¢) = pl€l = s(A=DICI,

Let B be a copy of K ; as a subgraph of a blow-up of an edge in G, let Ap be the event
that H contains none of the edges of B. Then Pr(Ap) = (1 — p)s2 ~e P =

To prove that there exists a subgraph of G(™ with girth at least g that is not L-colorable,
we will use Lemma 2.2. We just need to show

(A7) (4 7)o

[Cl<g

This will be confirmed by applying the asymmetric form of the Lovasz Local Lemma (The-
orem 2.3) to the two types of events together.

Suppose that C' is a cycle of length |C| < g. As the maximum degree in G(™) is at
most mA = stA, there are at most |C|(stA)?~2 cycles of length j in G(™) that share
edges with C, and there are at most |C| (2“)2 copies of K, , that share edges with C.

Suppose that B is a copy of K ;. There are at most s?(stA)7=2 cycles of length j in
G™) that share edges with B, and there are at most (“;)2 copies of K , that share edges
with B.

For the Lovdsz Local Lemma, let yo = y(Ap) = e~ ~ Pr(Ap)%?, and for each
cycle C of length [C] < g, let yc| = y(Ac) = Pr(A¢) ™ = s~(A=N?I0] < g@A-D)C],
We just need to show:

0.5s112

(1) Pr(Ac) < ey (TTacyy(1 = ) €17 77) (1 o) I
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(2) PI'(AB) < Yo (H3§]§9(1 _ yj)sz(stA)ij) (1 B yo)(T)Q

Let us take the logarithm on each side of the above inequalities, and use the fact that
0.9log(1 — z) > —z (when z is close to 0 as it appears to be in our case when z = yg or
;). After simplifying, we see that it suffices to verify the following inequalities:

(3) 0.9A(1 = N logs > g,y sPATDI(stA)I =2 4 70557 (312,

S

@) 045142 > 370 sPATDI2(stA)I=2 4 o055 (st)z'

S

In order to prove (4), we first observe that:

Z 5(2)‘71)j52(stA)j72: Z 52/\j(tA)j72

3<j<g 3<j<g
< 11829 (tA)972
= 1.1s%°(tA)I72.

By the assumption of the theorem, s > (tA)?9=%. Thus, (tA)972 < 55, and we have

Z sPA DI (stA) 2 < 1.1s
3<j<g

Similarly, we also have Y, s I (stA)7=2 < 1.1s7!, which will be used to
prove (3). -
As (Sst)Q < (et)?*, we have

2
o058 <58t) < (670,55*(675)2)5 _ (670.55A+2+210gt)s.

Using the assumption that s > (tA)29~% and then using the assumption (a) from the state-
ment of the theorem, we obtain that

s> (tA) T > 4(1 + logt).

. 2
This implies that, e=0-5¢"" (" <1
Now, using the assumption (b), we see that

29 —4

0.9A(1 — A)logs > 0.9(1 — \) log(tA) > tlog(tA) > 1.1s7! + 1.

This implies that 0.4s't* > 1.1s + 1, and we conclude that both inequalities (3) and (4)
are true.

In summary, if m = st > t(tA)29~4, by the asymmetric form of the Lovész Local
Lemma, the event that H has no cycles of length at most g and every K ; as a subgraph
of a blow-up of an edge has at least one edge, has positive probability. This means that
there is a subgraph H of G(™ with these properties. Hence, by Lemma 2.2, H is not
L-colorable. O
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The last ingredient needed in the forthcoming proofs is the following result from
[8, Theorem 3.3] which shows that Kneser graphs contain blow-ups of smaller Kneser
graphs with large power.

Theorem 2.4. Let n, k, s, and t be nonnegative integers such that 0 < k < nandt < ks.
The Kneser graph KG(ns, ks — t) contains the blow-up of KG(n, k) with power (k(st_l))
as a subgraph. Furthermore, when t < s, it contains the blow-up of KG(n, k) with power
(kts), and when t = s, it contains the blow-up of KG(n, k) with power (kts) — k.

3 Proof of Theorem 1.6

From Theorem 2.1, we know that graphs that are blow-ups of smaller graphs with suffi-
ciently large power satisfy the Erd&s-Hajnal Conjecture. In particular, Kneser graphs are
such examples. This can be used to derive Theorem 1.6.

Let k£ and g be the parameters from the statement of the theorem. We may assume that k&
and g are both large. Let KG(2n,n — 2x) be a Kneser graph with large chromatic number.
Since x(KG(2n,n — 2z)) = 4z + 2, this just means that «x is large in terms of k and g. Let
t = x/k. By Theorem 2.4, KG(2n,n — 2x) contains a blow-up of KG(2n/t, (n — x)/t)
with power m = ("= =1/%) (Note that KG(r, s) contains KG(r — 1, s) as a subgraph,
and thus, with some neglect of technicalities, we may assume that z/k, 2n/t, (n — x)/t,
etc. are integers.) Each vertex of KG(2n/t, (n — z)/t) has degree (EZt;%i) = ((n;;;i/t),
which is at most

A= (a2l = (" )™
In order to apply Theorem 2.1, we need power m > k(kA)29~* of a graph with chro-
matic number at least k. In the following we assume z is large in terms of g and k. Then
we may assume that A is sufficiently large so that the conditions (a) and (b) of Theorem 2.1
are satisfied.
Let us first consider the case when n > z/(3 — 57). If we write % = 2 + 2z, this
condition implies that z > % If x > k2, then

—x t—1
i x.TzlJrz G.1)

T

and n
5+1:3+22<(1+Z)‘”/2. (3.2)

Suppose, moreover, that z > 10gk? log k. Then
E29CRHD) (1 4 2)/2, (3.3)
Using inequalities (3.1) — (3.3), we obtain:

2k(29—4)
k(kA)29~ = 293 (”iC +E)

- ((n—xfit—l)/t)x
(n—x)(t—1)/t\
<( " )—m.
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1 1

On the other hand, when z is large enough and n < x/(f — —), then n — 2z < n/k

2 2k

and KG(2n,n — 2x) contains a blow-up of KG(k, 1) = K. with large power.

Thus, we can apply Theorem 2.1 and conclude that KG(2n, n—2x) contains a subgraph
with girth more than g and chromatic number at least £. This completes the proof of
Theorem 1.6.
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