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Abstract

The Mostar index of a connected graph is a well-known distance-based topological
index. Hollow hexagons are coronoid systems that represent coronoid hydrocarbons be-
longing to the class of cycloarenes. They are formed by a single chain in a macro-cyclic
arrangement consisting of linearly and angularly annelated hexagons, with exactly six an-
gular hexagons. In this paper, we compute the Mostar index of hollow hexagons and find
maximal and minimal values of the Mostar index over the set of hollow hexagons with a
fixed number of hexagons.
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1 Introduction

A topological index is a graph theoretical invariant that describes some structural prop-
erties of the graph. They are widely used to establish quantitative structure-activity or
structure-property relationships that correlate some properties of a chemical compound
with its chemical structure represented by a molecular graph [1, 10, 20, 27, 28].

The Wiener index, one of the oldest topological indices, provided a good correlation
between the boiling points of paraffins and their molecular structures [31]. Let G be a
connected graph with vertex set V(G). For u,v € V(G), the distance between u and v,
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denoted by dg(u,v) = d(u,v), is the length of the shortest path connecting vertices u
and v. The Wiener index of G is defined as the sum of the distances between all pairs of
vertices in G [18]. The expression, originally used to compute the Wiener index of a tree,
motivated a new topological index based on the same formula but used for any connected
graph, not necessarily acyclic. This topological index, introduced by Gutman in [16], was
called the Szeged index and is defined as

Sz(G) = Z 1y (e]G) ny(e|G), (1.1)
e=uwveE(G)
where F(G) is the edge set of G and n,,(e|G) is the cardinality of the set IV, (e|G) = {x €
V(G) : d(z,u) < d(z,v)}.
The Mostar index is a Szeged-like topological index defined as

Mo(G)= > |nu(e|G) — ny(e|G)|. (12)

e=uveE(G)

This index provides a global measure of the peripherality of a given graph and was
introduced in [13].

The distance between a vertex v € V(G) and an edge f = xy € E(G) is defined
as dg(u, f) = d(u, f) = min{d(u,x),d(u,y)}. Based on this notion, Arockiaraj et al.
introduced in [3] two variations of the Mostar index: the edge-Mostar index, defined as

Moo (G) = > |mule|G) — my(e|G)

e=uveE(QG)

b

and the total Mostar index, defined as

MOt(G) = Z |tu(€|G) - tq)(6|G)|7

e=uwveE(G)

where m,, (e|G) is the cardinality of the set M, (e|G) = {f € E(G) : d(u, f) < d(v, )},
and t,,(e|G) = n,(e|G)+m,(e|G). Recent research on the Mostar index and its variations
can be found in [4, 6, 11, 15, 19, 21, 26, 29, 30].

Coronoid hydrocarbons are represented by simple graphs called coronoid systems. Let
C’ and C” be two cycles in the plane hexagonal lattice, where C" is contained in the
interior of C’. A coronoid system is the graph obtained by considering all vertices and
edges in the inner perimeter C”, in the interior of C’ but outside C”, and in C’ [17]. In
[8, 7] it is possible to find more information about the structure of coronoid systems. A
primitive coronoid system is a coronoid system consisting of a single chain in a macro-
cyclic arrangement of linearly and angularly annelated hexagons. An angularly annelated
hexagon, also called a corner, is protruding or intruding if its unique edge with terminal
vertices of degree two belongs to the outer or inner perimeter. A primitive coronoid with
six protruding corners is called a hollow hexagon (see Figure 1(a)). For a more detailed
description of hollow hexagons and their enumeration, we refer the reader to [9].

Known synthesized coronoid hydrocarbons belong to the class of cycloarenes [24]. The
first synthesized cycloarene was the Cyg Ho4 molecule cyclo [d.e.d.e.d.e.d.e.d.e.d.e] dode-
cakisbenzene, also called kekulene [12]. The cycloarene CyoHag cyclo [d.e.d.e.e.d.e.d.e.€]
dekakisbenzene was synthesized in 1986 [14] while the attempt to synthesize C'ss H1g cy-
clo [d.e.e.d.e.e.d.e.e] nonakisbenzene was reported in [25], however, as of the time of
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writing, there has been no report on the synthesis of this molecule. The above-mentioned
cycloarenes are all hollow hexagons.

In this paper, we compute the Mostar index of a hollow hexagon. In general, the
structure of coronoid systems makes the problem of computing distance-based topologi-
cal indices challenging. The calculation of certain distance-based topological indices for
coronoid systems—primarily for circumcised donut-like benzenoid systems—has been the
subject of several recent investigations [2, 3, 5, 6]. To obtain the Mostar index of a hollow
hexagon, we apply the cut method following the approach used in [22] for the Szeged in-
dex. Moreover, we find maximal and minimal values of the Mostar index over the set of
hollow hexagons with a fixed number of hexagons.

This paper is organized as follows: In Section 2, the concepts of strength-weighted
graph and c-partition are presented, and the cut method is described. The c-partition of a
hollow hexagon, obtained in [22], is outlined in Section 3, and the expression for computing
the Mostar index of a hollow hexagon is obtained in Section 4 (Theorem 4.6). The extremal
values of the index over the set of hollow hexagons with a fixed number of hexagons are
obtained in Section 5. We draw some conclusions and propose further work in Section 6.

2 Cut method, c-partitions, and strength-weighted graphs

Let GG be a connected graph and E1, .. ., E; be a partition of the edge set E(G) of G, such
that each subgraph G — FE; is disconnected for ¢ € {1,...,l}. The cut method uses the
properties of components of G — E; to obtain a specific property of G.

We say that two edges e = zy and f = uw of G are in the Djokovié-Winkler relation
O if d(z,u) + d(y,v) # d(x,v) + d(y,u) [23, 32]. For example, if e and f lie in an even
induced cycle with d(z, u) = d(y, v), then these edges are in O relation. The relation © is
reflexive and symmetric on F(G), but in general, it is not transitive. By ©* we denote the
transitive closure of ©. Let Q@ = {Q1, ..., Q. } be a ©* partition on E(G). A c-partition of
E(G) is a partition P = {E4, ..., E;} where each E; is the union of one or more subsets
of Q. A c-partition of a hollow hexagon with h hexagons was introduced in [22] and it is
described in Section 3.

In [2], Arockiaraj et al. introduced the concept of the strength-weighted graph G, =
(G, SWy, SWg) of a simple connected graph G. It is defined by pairs of strength-weighted
functions SWy = (wy,s,) and SWg = (we, s¢), where wy, s, V(G) — [0, +00)
and we, se: E(G) — [0,4+00). The strength-weighted graph G, is normally strength-
weighted, if we(f) = 1, s.(f) = 1, wy(x) = 1, and s,(z) = 0 for any edge f € E(Gsw)
and any vertex z € V(Gsy). If e = uv € E(Gs,y), then

nu(elGow) = Y wy(a).

ZEN, (e|Gsw)

For a connected, normally strength-weighted graph G, the Mostar index of G can be
expressed as

MO(G) = MO(Gsw) = Z We (€|Gsw) |nu(e‘Gsw) — Ny (€|Gsw) | . 2.1

e€EE(Gsw)

Given a graph G and a subset of edges ' C F(G), by G/E’ we denote the graph with
vertex set consisting of connected components of G — E’ and edge subset formed by pairs
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of connected components X, Y such that there is an edge uv € E(G) withu € V(X) and
v € V(Y'). This graph is called the quotient graph of G with respect to E’.

If G, is anormally strength-weighted graph of a connected graph G, P = {F1, ..., E;}
a c-partition of E(G), and for i € {1,...,l}, Gsw/Ei = (G/E;, SW{,, SWL) is the
ith strength-weighted quotient graph, then for X € V(G /E;), the weight w! (X) is
the number of vertices and the strength s¢ (X) is the number of edges in the connected
component X of G/E;. Moreover, if E = XY € FE(Gs,/E;) and Exy is the set of
edges between connected components X and Y of G — E;, then s{(E) = |Exy| and
we(E) = s¢(E).

The main result in [6], adapted to the Mostar index, is the following:

Theorem 2.1. Let G, be a connected, normally strength-weighted graph of G. If the set
{E1,...,Ei} is a c-partition of E(G) = E(Gg,,) then

l
Mo(G) =Mo(Gsw) = > Mo(Giw/Er)
i=1

l
= Z Z We(€|Gsw/Ei) [ nu(e|Gow/Ei) — nu(€|Gsw/Ei) |-

e=uv,

e€E(Gsw/E:)

In Section 4, we use the c-partition described in Section 3 and Theorem 2.1 to compute
the Mostar index of a hollow hexagon with h hexagons. From the expression 2.1, it follows
that it is not necessary to compute the vertex strengths in the quotient graphs we use.

3 A c-partition of a hollow hexagon

Recall that a hollow hexagon is a primitive coronoid system with exactly six corners and
can be described with six positive integer parameters a1, as, as, a4, as, ag. For each ¢ €
{1,...,6}, the value of a; — 1 is the number of hexagons between two consecutive corners
(see Figure 1(a)). These parameters are related by the following equalities:

as = a1 + az — ag, 3.1

ag = as + a4 — ay. (3.2)

We used the notation introduced in [22] for hollow hexagons. The set of hollow
hexagons with h hexagons is denoted by HH, and each hollow hexagon in HH, is denoted
using its four independent parameters as a1, as, as, a4 as H (a1, az, as, as), where

h=a1+a2—|—a3+a4+a5—|—a6:a1+2(a2+a3)—|—a4. (3.3)

As an example, the above-mentioned cycloarenes CygHoy, CyoHog, and CsgHyg are
represented by H(2,2,2,2) € HHi2, H(2,1,2,2) € HH10, and H(2,1,2,1) € HH,,
respectively.

In order to obtain a c-partition of the hollow hexagon H = H(aq, as, a3, a4) € HHp,
we first describe the set of edges of H. Fori € {1,...,6}, we denote by A; the angular
hexagon corresponding to the parameter a; and by E; the set of edges orthogonal to the
straight line intersecting the centers of angular hexagons A; and A; ;. All subscripts are
of the form 5 + 1 where j is an integer modulo 6 (see Figure 1(b)).



R. Cruz et al.: Extreme hollow hexagons with respect to the Mostar index 5

Figure 1: A hollow hexagon with its parameters and different types of edges.

We denote by f1,..., fon_g the edges lying in the inner perimeter, indexed counter-
clockwise, where f7 is the edge of the angular hexagon A;. Foreach i € {1,...,2h — 6},
by f! we denote the edge lying in the outer perimeter that is parallel to the edge f; in the
inner perimeter and belongs to the hexagon that contains f; (see Figure 1(b)).

Remark 3.1. Two edges f; = uv and f; = xy in the inner perimeter are diametrically
opposite if d(u,x) = d(v,y) = h — 4 or equivalently, if |¢ — j| = h — 3. In this case,
fis i, f5, [} can be included in the same subset of a c-partition of E(H ). Also, if fj11 =
yz lies in the same linear hexagon of f; and f},; = y'2/, thend(u,y') = h—3 = d(v, 2’).
In this case, fi, f{, fj+1, fj;1 can be included in the same subset of a c-partition of E(H ).

In what follows, we consider a; > a4. By relation (3.3), h and a; — a4 have the same
parity. Note that when h is even and a; = a4, the edges in the inner perimeter belonging
to angular hexagons A; and A; 3 are diametrically opposite to each other for i € {1, 2, 3}.

As in [22], for each k € {1,2,3}, i4x—3 denotes the index of the edge f;,,_, in the
angular hexagon Agx_1 and 745 denotes the index of the edge f;,, in the angular hexagon
Apy. Similarly, ¢4 3 and 1451 ¢ denote the indices of edges diametrically opposite to f;,,
and f;,, , respectively. All subscripts are of the form j + 1 where j is an integer modulo 12.
The values of these indices were computed in [22] and are presented in Table 1.

indices of edges in angular hexagons indices of diametrically opposite edges
Al i1:1 i7:i8—(a1—a4)
As | g =201 i10 =99 + (@1 — a4)
As | i5 = 2a1 +2a2 — 1 i11 =112 — (@1 — aa)
A4 i8:2a1+2a2+2a372 i2:i1+(a1—a4)
A5 i9:2a1+2a2+2a3+2a4—3 i3:i4—(a1—a4)
Ag | 112 = 2a1 + 2a2 + 2a3 + 2a4 + 2a5 — 4 | ig = i5 + (a1 — a4)

Table 1: Indices of diametrically opposite edges f;, and f;, ¢, where f;, belongs to an
angular hexagon.
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Foreach i € {1,...,6}, the edges in E; are in O relation, then F1, ..., Eg are subsets
of a c-partition of F(H ) and are illustrated in Figure 1(b).

Let h be even, and

E7 :fla"'7fi23fi77"',figaf{7"'7f12afz77"' 287
ES :figw"»fi4af7l97"'7fi107fi/3,'"af7,4af197"‘ 2107
EQ :fi57"'7fisafi11a"'7fi127fi/57'"7f167f111a"'af112

E contains consecutive edges in the inner perimeter, from the edge f; of A; to the
edge f;, which is diametrically opposite to the edge f;, of A4. It also contains consecutive
edges from f;,, which is diametrically opposite to the edge fi, to the edge f;,. The set E
is completed with the corresponding edges in the outer perimeter (see Figure 2(a)). Eg is
similar to F; but contains edges from the angular hexagons A5 and A5. Ejg is also similar
to Fr, but contains edges from the angular hexagons Az and Ag. By Remark 3.1, E7, Eg,
and Ey are subsets of a c-partition of F(H).

Eqi¢ Ei3

Figure 2: Subsets Er, ..., Fg, . that complete the c-partition of H (a1, as,as, aq) € HHp,
when h is even.

Each of the classes F7, Fg, and Eg contains 4(a; — a4 + 1) edges. If a; = ay,
each class E'7, Fg, and E9 contains only 4 edges belonging to the corresponding angular
hexagons. Consequently, the edge subsets F7, Eg, and Eg, contain all edges in the inner
perimeter belonging to six angular hexagons and 3(a; — a4) linear hexagons. It means
that there are 2t = h — 6 — 3(a; — a4) linear hexagons whose edges are not included
in U?_, E;. We denote by E1q,. .., Fgyy, the subsets of edges such that each contains 8
edges: two edges lying in the inner perimeter and belonging to the same linear hexagon,
their respective diametrically opposite edges in the inner perimeter, both belonging to one
linear hexagon, and the corresponding four edges in the outer perimeter (see Figure 2(b)).
Foreach i € {10,...,9 + ¢}, by Remark 3.1, E; is a subset of a c-partiton of F(H ).
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It follows that, for A even,

El,"'7E63E77'",EgaElo,"'7E9+t 3.4
form a c-partition of E'(H ), where t = w.
Let h be odd, then a; — a4 is also odd. Let

E’;:f1'127'"7f2h—67f13fi67"'7fi77f1'/127'"af2/h—67f{7fi,67"'7 1'/75
Eé:fi47"')fisvfilo?"'7fi117fil47"'5f7}/5’fi/10""7 1{117
EE/):fig?'--afi97fi2a--'7fi37f7,'/ga'~-7filgafi/27~-~? 75/3'

E! contains consecutive edges in the inner perimeter from the edge f;,, of Ag to the
edge f1 of Aj, the edges in the inner perimeter diametrically opposite to the mentioned
edges, and the corresponding edges in the outer perimeter. E is similar to E’ but con-
taining edges from the angular hexagons As and As. Finally, Ej is also similar to E%
but containing edges of angular hexagons A4 and Ajs (see Figure 3(a)). By Remark 3.1,
El, EY, and Ej are subsets a c-partiton of E(H).

B

/i, fira

NN

kﬁ Ely
kﬁEh

Figure 3: Subsets £7, ..., g, that complete the c-partition of H (a1, az,as,as) € HHy,
when h is odd.

The edge subset E contains 4ag edges lying in 2ag + 1 hexagons, Ef contains 4as
edges lying in 2a2+1 hexagons, and E contains 4a4 edges lying in 2a,+1 hexagons. Then
E’, Ef, and Ej, contain all edges in the inner perimeter belonging to 2(as + a4 + ag) + 3
hexagons, including all the six angular hexagons. Since 2(as + a4 + ag) = h — 3(a; —
ay4), there are 2t' = 3(a; — a4 — 1) linear hexagons whose edges are not included in
(US_, E;) U (U_EL). We denote by EY, ..., E),, the subsets of edges such that each
contains 8 edges, two edges lying in the inner perimeter and belonging to the same linear
hexagon, their diametrically opposite edges in inner perimeter, both belonging to one linear
hexagon, and the corresponding 4 edges in the outer perimeter (see Figure 3(b))). For each
i €{10,...,9+t'}, by Remark 3.1, E! is a subset of a c-partition of E(H).
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Consequently, for h odd,
El,...,EG,Eé,...,Eé,Eio,...,Eéth, 3.5)

3((117(1471)

form a c-partition of E'(H ), where t' = 5 .

4 Mostar index of a hollow hexagon

Let H = H(ay,az2,as3,a4) € HHp, and Hg, its strength-weighted graph. Now we de-
scribe the quotient graphs corresponding to each subset in the c-partition of E(H). These
quotient graphs were obtained in [22].

Fori € {1,...,6}, let H; = (Hsy/E;, (w!,s!)), (we,st)) be the strength-weighted
quotient graph of Hy,, corresponding to edge subset £;. The quotient graph H; depends
on the parameter a; and it is depicted in Figure 4(a)). The subsets E1, ..., Eg are shown in
Figure 1(b).

If b is even, for i € {7,...,9 + t}, let H; = (Hgw/E;, (w!,s!)), (wt,st)) be the
strength-weighted quotient graph of Hg,, corresponding to edge subset F;, where 2t =
h — 6 — 3(a; — a4). The subsets E7, Eg, and Fy are depicted in Figure 2(a) while the
subsets Ejg, ..., E944 are depicted in Figure 2(b). The quotient graphs H~, Hg, and Hy
are isomorphic, so we depict only H7; in Figure 4(b) if a; > a4 and in Figure 4(c) if
a; = a4. Similarly, the quotient graphs Hi, ..., Hg4; are isomorphic, so we show only
H,y in Figure 4(d). Using Theorem 2.1, for h even we obtain

6
Mo(H) =Y~ Mo(H;) + 3Mo(Hz) + t Mo( Hip). 4.1
i=1

If his odd, for i € {7,...,9 +t'}, let H = (Hgw/E!, (w!,s!)), (wt,s!)) be the
strength-weighted quotient graph of H,,, corresponding to edge subset E!, where 2t =
3(a1 — as — 1). The subsets E7, Eg, and Eq are depicted in Figure 3(a) while the subsets

105 -+ +» By, are depicted in Figure 3(b). For [ € {7,8,9}, the quotient graph H; de-
pends on parameter 7, where r7 = ag, s = a9, and rg = a4. The quotient graph H is
depicted in Figure 5(a) if r; = 1, in Figure 5(b) if ; = 2, and in Figure 5(c) if r; > 2. On
the other hand, the quotient graphs Hi, ..., Hg , are isomorphic, so we only show Hj,
in Figure 5(d). Using Theorem 2.1, for A odd we obtain

6 9
Mo(H) =Y Mo(H;) + Y  Mo(H]) + ' Mo(H]). (4.2)
i=1 1=7

In order to obtain the expression to compute the Mostar index of a hollow hexagon,
in the following lemmas we find the value of the Mostar index for each quotient graph in
equalities (4.1) and (4.2).

Let H be a quotient graph and e = uv and e’ = u/v’ two edges of H. We say that in
this quotient graph the edges e and e’ are equivalent if we(e|H) = we(e'|H), n,(e|H) =
N (e'|H), and n, (e| H) = n, (e'|H).

Lemmad4.1. Leti € {1,...,6}, then Mo(H;) = (2 + a;)(4h — 4a; — 6).

Proof. The following parameters for the quotient graph H; (see Figure 4(a)), were com-
puted in [22, Lemma 1]:

Ny, (6| Hi) = 2a; + 3, ny,(e;|H;) =4h — 2a; — 3, we(e;|H;) = se(e;|H;) = a; + 2.
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Figure 4: Quotient graphs of H (a1, as,as,as) € HH}, when h is even.

Relation (3.3) implies h > a; + 5 forany ¢ € {1,...,6}. Since
Mo(H;) = we(€i|H;) [nu, (eilHi) — ny, (e H;)l
we are done. O

Lemma 4.2. Let h be even, then Mo(H7) = 16 (a1 — aq).

Proof. Let2r = a3 —ay. If r = 0 (so a; — ag = 0), the following parameters for the
quotient graph H7 (see Figure 4(c)) were computed in [22, Lemma 2]:

ny(e|H7) = ny(e|H7) = 2h, w, (e|Hy) = s. (e|H7) = 4.

Then Mo (H7) = w, (e|Hy) | ny, (e|H7) — nyy (e|H7) | = 0.

If r > 0 (so a; —ayg > 2), the quotient graph H~ is shown in Figure 4(b). By the
equivalence of edges found in Hr, we get the following subsets of equivalent edges: {e, €'},
{e1,1,€11,€2,1,¢€5 1}, the subsets {es j, €5 ;,eq5,¢€) ;} foreach j € {1,...,7}, and the
subsets {e1,j, €] ;, €2, €5 ;} foreach j € {2,...,r}ifr > 1.

The expressions for n,,, n,, and w, for each edge in the quotient graph H; were com-
puted in [22, Lemma 2]:

ny (e|H7) = 2h+ 1, ny,, (e|H7) =2h -1, we(e|H7) =2,
(m (6171|H7) = Qh, LLZTR (61,1|H7) = 2]’),, We (6171‘H7) =1.

Forje{l,...,r}
Nyg (63J|H7) = 2h + 3, Ny, (63)j‘H7) =2h—3, w, (63,j|H7) =1,
andifr > 1,forj € {2,...,r}

Ny, (61’j|H7) =2h+1, Mg ;4 (61’j|H7) =2h—-1, w, (61J|H7) =1.
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Note that for » > 0, the parameters associated to the edges e3 ; for j € {1,...,r} are
equal. The same is true for the parameters associated with the edges e, ; for j € {2,...,7}
when 7 > 1. Then

Mo (Hy) =2we (¢|Hr) |y (e|Hr) — nug,, (e[ Hr)| +
4w, (e11|Hr7) }nu (er,1|H7) =1y, (
drw, (es | Hr) |nu3m (e3,r|H7) — Ny, . (63,T|H7)’ +
4(r — 1) we (e1,2|Hr) |nuL2 (e1,2|Hr) — Ny, (6172|H7)|
=8+ 24r + 8(r — 1) = 32r = 16(a; — a4). O

Lemma 4.3. Let h be even, then Mo(H1o) = 16.

Proof. Note that all edges ey, ..., es in Hyig are equivalent (see Figure 4(d)). The expres-
sions n,,, N, and w, for e; were computed in [22, Lemma 3]:

My, (€1|H10) =2h -1, Ny, (61|H10) =2h+1, we(el|H10) =1.

Then MO(Hl()) = 8’we(€1|H10) ‘ﬂvl (€1|H10) — Ny, (€1|H10)| = 16. O

Uy
61/:2\83
€2 €6
U1 V2
€3 (&rd
(f,,l\i%(eg
Uy

(d)

Figure 5: Quotient graphs of H (a1, as, as,as) € HHy, when h is odd.

Lemma 4.4. Let h be odd and | € {7,8,9}, then Mo(H|) = 16r; + 8, where 7 = ag,
rs = a9, and rg = ay4.

Proof. Recall that r; = ag, rs = as, and 79 = a4. If r; = 1, by the equivalence of
edges found in the quotient graph H] (see Figure 5(a)), we have the following subsets of
equivalent edges: {e1 1,€2,1,€3,1,€4,1} and {e, ¢'}. After [22, Lemma 4], the values of n,,
Ny, and w, for the edges e and ¢; ; are:

ny(e|H]) =2h — 1, ny (e|H]) = 2h + 1, (e|H]) =

2,
ny(e11H)) =2h +2, ny,,(e11|H]) =2h -2, we( 1|H)) =
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Then
Mo(H]) = 2we(e|H)) [ny(e|H) — ny (el Hy)| +
4w, (e1,1[H]) |nu(er,1[H]) = nu, , (e1,1|H])| = 24.

If r; = 2 (see Figure 5(b)), we have the following subsets of equivalent edges in H:

! / / / /
{61,1a €2.1,€315 64’1}, {61}1762,1, €3,2, 64,2}, {61,2,62,2, es 1, 6471}, and {e,e’}. After [22,
Lemma 4], the values of n,,, n,, and w, for the edges e, €11, €1,2, and 6/1,1 are:

/) =2h—1, ny (e|H|

ny(ex, 1\Hl) 2h +2, ny
)—2h-|—].7 nul2(61 2|Hl,
) (

Mo(H;) =2we(e|H)) [ny(e|H]) — ny (el H))| +
dwe(er,1|Hp) [ny(er,1|Hf) — nu, , (ex1[Hp)| +

(

(e}

e1 2|Hz Ty 5 (€1,2|H]) — 1y o (e1,2|H))| +

ey (61,1|Hl) - nu’lyl(ell,1|Hl/) =

4w,

4w,

Finally, if 7, > 2 (see Figure 5(c)), by the equivalence of edges found in H] we have
the following subsets of equivalent edges:

{6, 6/}, {61,17 €2.1,€3,r,€4,m }v {ell_rla 6/2,17 6/3,rl ) eil,rl }a

{6371,64717617”7627”,61‘73‘ . Z = 1, . ,4, ] = 2, ey — 1},

/ / / / A .
{63,1’64,17el,m—l’e2,rl—17e7j,j v = 1a T 74a J = 2a s T — 2}

In [22, Lemma 4], the following values of n,,, n,, and w, for the edges e, e1 1, €31, 6/171,
and e3 ; were computed:

ny(e|H]) =2h —1, ny (e|H]) = 2h + 1, we(e|H]) =2,
(61 1‘H) 2h + 2, nu11(€1 1|H) 2h — 2, we(6171|H{) =1,
1(631‘Hl) 2}171, nu32(63 1|Hl) 2h+1, ’we(63_’1|Hl/):1,
nu’( e11|H]) =2h+1, (61 alH]) =2h =1, we(e)|H]) =1,
1, (esq [ H)) = (b | H)) = (e5.H]) =1

Mo(H)) =2w.(e|H]) [nu(e|H]) — nu (e| H))| +
dwe (e1,1|H]) [nu(er,i | H]) = nu, , (e1,1[H])| +
A(ry — Vwe (e3 1| Hp) [nuy , (31| Hi) — nuy o (e3a|Hi )| +
(€11 Hy) — nug (€11 [ H))| +
A(r — 2)we(el 1 [H) [nuy (€51 [H]) — nuy (€51 [H)
=16r; + 8. O

dwe (€)1 [ H)
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Lemma 4.5. Let h be odd, then Mo(H{,) = 32.

Proof. By the equivalence of edges found in H{, (see Figure 5(d)), we have the following
two subsets of equivalent edges: {e1, o, 3, e4} and {es, g, e7, es}. In [22, Lemma 6], the
following values of n,,, n,, and w, for the edges e; and e5 were computed:
Ny, (e1|Hig) =2h — 1, ny, (e1|Hiy) =2h+ 1, we(e1|Hyp) =1,
Ny, (€5|Hig) = 2h +3, ny, (es|Hiy) =2h — 3, we(es|Hyy) = 1.
Then

Mo(Hiy) =dwe(er|Hig) I, (e1|Hig) — nu, (€1 Hig )| +
dwe(es|Hig) I, (€5 Hig) = nu, (€5 Hip)| = 32. O
The expression to compute the Mostar index of a hollow hexagon H (a1, az, as, aq) €
HH}, is the main result of this section.
Theorem 4.6. Let h > 8 and H = H (a1, a9, a3, a4) € HHp, then

6
Mo(H) =Y (2+ a;)(4h — 4a; — 6) + 8h + 24(a1 — ay) — b(h),
i=1
where b(h) = 48 if h is even and b(h) = 24 if h is odd.

Proof. If h is even, using equality (4.1) and Lemmas 4.1, 4.2, and 4.3 we obtain

6
Mo(H) = Z Mo(H;) + 3Mo(H7) + t Mo(Hy)

6
= (2+a;)(4h — 4a; — 6) + 3(16) (a1 — a4) +
=1
6
= > (2+ a;)(4h — 4a; — 6) + 8h + 24(ay — as) — 48.

i=1

If h is odd, using equality (4.2) and Lemmas 4.1, 4.4, and 4.5 we obtain
6 9
Mo(H) = Mo(H;) + Y _ Mo(Hj) + t' Mo(H,)
i=1 1=7

6
= (24 a;)(4h — 4a; — 6)+
i=1
3(a; —aqg — 1
16(ag + a2 + aq) +24 + %
By relations (3.1), (3.2), and (3.3), it is easy to see that 2(as+as+ag) = h—3(a1—ay).
Then

(32).

6
Mo(H) = (2+ a;)(4h — 4a; — 6) + 8h — 24(a1 — as) + 24 + 48(a1 — as — 1)
i=1
6
= (24 a;)(4h — da; — 6) + 8h + 24(a1 — a4) — 24. O

i=1
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5 Extremal hollow hexagons with respect to the Mostar index

In this section we find the extremal values of the Mostar index over the set HH,.

Given H = H(ay,as,a3,a4) € HHp, the parameters are related by relations (3.1),
(3.2), and (3.3). Also, we assume that 1 < a9 < a4 < a7 < as. Recall that h and a1 — a4
have the same parity. Then we assume that 1 < a2 < ag4 < a1 < az < % if h is
even, and 1 < as < a4 < a1 < ag < % if i is odd. The upper bounds for a3 are
easily justified after (3.3) and the fact that aq, as, and a4 are at least 1. So, when h is even,
h = a1 + 2a3 + 2a3 + a4 > 4 + 2a3 explains the bound. Proceed in a similar manner for
the odd case, but remember that a; > 1, hence a; > 2.

We denote by Mo(aq, az, as, as) the Mostar index of H = H (a1, as, as,a4). By The-
orem 4.6, we have

6
Mo(aq, as, az,aq) = Zg(ai, h) + 24(a; — aq) + 8h — b(h),
i=1

where b(h) = 48 if h is even, b(h) = 24 if his odd, and g (x, h) = (24 x)(4h — 42 — 6).
In order to determine the extremal values for the Mostar index, we need to solve the
following integer programming problems:

minimize Mo(ay,as,as,as) | maximize Mo(a1, as, as, as)
(a1,a2,a3,a4)€Z* (a1,a2,a3,a4)€Z*
subject to ar +az —as = as,
a3 +as—ay = as,
a1+ 2(az + as) + aq h,

IN I

1<az<as<ar<as

h—4
1557 -
To solve them, we decrease or increase by one unit the values of the variables succes-
sively, respecting the constraints, so that the value of the objective function decreases (for

the minimum problem) or increases (for the maximum problem).
The following technical lemmas will be used to prove the main results of this section.

Lemma5.1. Leth > 10and 1 < as < ay < a1 < az < | 52|, then
Mo (a1,a2 — 1,a3 + 1,a4) < Mo (a1, az, as,a4) .
Proof. Using relations (3.1), (3.2), and (3.3) we obtain

Ay =Mo(ar,a2 —1,a3 + 1,a4) — Mo (a1, az, a3, a4)
=g (a2 — 1,h) —g(az,h) +g(az + 1,h) — g (as, h) +
g(as —1,h) —g(as,h) + g (ae + 1,h) — g (as, h)
=16 (ag —a4 +a; —az —1) <O0. O

Lemma5.2. Let]l <ao <ag <ay; <az< L%J, then

Mo (a1 — 1,a2,a3 + 1,a4 — 1) < Mo (a1, ag, as,as) .
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Proof. Since there are no changes in parameters as and as, using relations (3.2) and (3.3)
we obtain

Ay =Mo (a1 — 1,a9,a3 + 1,a4 — 1) — Mo (a1, az, as, as)
=g (a1 —1,h) —g (a1, h) +g(as+1,h) —g(as,h) +
g(as—1,h) —g(as, h) + g (ag +1,h) — g (as, h)
=16 (a1 —az — 1) < 0. O

Lemma5.3. Leth > 10and 1 < ag < a4 < a1 < as.
If a1 —ay > 4, then

Mo (a1 — 1,a2 + 1,a3 — 1,a4 + 1) > Mo (a1, az,as, a4) .
If a1 — aq = 3, then
Mo (a1 — 1,a9 + 1,a3 — 1,a4 + 1) = Mo (a1, a2, as, a4) .
Proof. Using relations (3.1), (3.2), and (3.3) we obtain

A =Mo(ay —1,as + 1,a3 — 1,a4 + 1) — Mo (a1, az, as, a4)
=g (a1 —1,h) —g(a1,h) + g(as + 1,h) — g (as,h) +
g(az+1,h) —g(az,h)+g(as —1,h) —g(as,h) +
g(az—1,h) —g(as,h) +g(aec + 1,h) — g (as, h) — 48
=24 (a3 —aq — 3). O

Theorem 5.4. Let h > 12 and HH}y, be the set of hollow hexagons with h hexagons. The
hollow hexagon with the minimal value of the Mostar index is

() H=H (1,1,%52,1) if h is even,
(2) H=H (2,1,%52,1) if h is odd.
Proof. Let’s consider each case separately, first for the even case and then for the odd case.

(1) Let h > 12 be even and H(al,aQ,ag,cu) € HHpwithl < ag <ay <a; <az <
h=4 Note that ay + a3 = =4=% < 822 [f gy + a3 = 252, then a; + a4 = 2.
h—4

2

Now, assume that az + as < 52 If as > 1, it follows that az + as — 1 < 5=
By Lemma 5.1, Mo (a1, az,as,as) > Mo (a1,1,a3 +as — 1,a4). We may then
consider hollow hexagons of the form H (a1, 1, as,as) where 1 < ay < a1 < ag <
%. If azg = %, then a; + a4 = 2; consequently a; = a4 = 1 and we are done.
If az < %, using repeatedly Lemma 5.2, we end up with one of the following

situations:

Thus ar=a1=a4 = 1,a3 = , as requ1red.

(a) Mo (a/la 1,&3,@4) > Mo (al + a3 — h24a 17 h2 ;a4 + a3 — %) We may
then consider hollow hexagons of the form H = (a1, 1, 5%, a4), but in this

case a1 +aq4 = 2,50a1 = ayq = 1.
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(b) Mo (a1,1,as,a4) > Mo(a1 —as+1,1,a3+a4 —1,1). If ay = a3 we
are done. Otherwise, we may consider hollow hexagons of the form H =
H (a1,1,a3,1) where 1 < a3 < ag < %. Using relations (3.1), (3.2), and
(3.3), we calculate the difference

h—4
Mo (1, 1, —5 1> —Mo (a1, 1,a3,1) = =2 (a1 — 1) (8az — 5a; +9) < 0.

(2) Let h > 13 be odd and H(ay,as,a3,a4) € HHp. It implies 1 <a <ag <
ar < az < h . Note that as + a3z = % < 2= Ifas +az3 = 53,then
h—5

a1 +as = 3. Thus a; =2,as =a4 =1,a3 = %32, as requlred.

Now, assume that as + as < % If as > 1, it follows that a3 +as — 1 < %
By Lemma 5.1, Mo (a1, as,a3,a4) > Mo (a1,1,a3 + a2 — 1,a4). We may then
consider the hollow hexagons of the form H (a1, 1, a3, a4) where 1 < a4 < a; <
az < % If ag = %, then a; + a4 = 3; consequently a; = 2,a4 = 1 and
we are done. If a3 < % using repeatedly Lemma 5.2, we end up with one of the
following situations:

(@ Mo (a1,1,a3,a4) > Mo (a1 +az — 52,1, 255 ay + a3 — 252). We may
then consider hollow hexagons of the form H = H (al7 1, %, a4), but in this
caseay + a4 =3,s0a1 =2,a4 = 1.

(b) Mo (a1,1,a3,a4) > Mo (a1 —ag+1,1,a3+ a4 —1,1). Ifay = ag + 1 we
are done. Otherwise, we may consider hollow hexagons H = H (a1, 1, a3, 1)
where 2 < a1 <

h—
Mo (2,1, 25,1) — Mo (a1,1,a3,1) =2 (a; —2) (a1 — 8az) < 0. O

In Figure 6 the hollow hexagons with minimal value of the Mostar index are depicted.

L &

21)7,

Figure 6: Hollow hexagons with minimal value of Mostar index.

Theorem 5.5. Let h > 12 be even and HHp, be the set of hollows hexagons with h
hexagons. The hollow hexagon with the maximal value of the Mostar index is

(1) H=H (248 =8 hit6 h8) jfh =0 mod 6,

(2) H=H (k2 hz8 htl0 b8 ifh = 2 mod 6,

(3) H=H (8 210 b8 hed) fifh = 4 mod 6.
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Proof. Let H(ay,a2,a3,a4) € HHp with1l < ag <ayq <aj <ag < %. Recall that in
this case a; — a4 is an even non-negative integer. If a; — a4 > 4, we may apply repeatedly
Lemma 5.3 until we obtain

Mo (a1, as,as,a4) < Mo (a1 — z,a2 + x,a3 — x,a4 + ),

where z = “5*4 — 1. Note that a; —x = a4 +2z +2. So, if a; — a4 > 2, we may consider
hollow hexagons of the form H (a1, as, as,a; — 2). In this case, h = 2 (a1 + ag + az) — 2
and az < a; — 2 < ag — 2. Consider the following cases:

Ellay =a; —2 =as—2 Inthiscase, h = 0 mod 6 > 12, ap = ay = 55,

a1 =ag = %, and we obtain hollow hexagons in affirmation (1).

E.12 ay =a1—2=a3—3. Inthiscase,h =2 mod 6 > 14, a5 = a4 = %,al = %,

az = %, and we obtain hollow hexagons in affirmation (2).

El3 as+1=a; —2 =a3 — 2. Inthiscase, h =4 mod 6 > 16, a1 = a3z = %,
h—10 h—4

az = *5—, ag = “5~, and we obtain hollow hexagons in affirmation (3).

E.14 a = a; — 2 = a3 — 4. In this case, h = 4 mod 6 > 16, a; = 2F2, a3 = 214,

and ay = aq = 2712, Affirmation (3) holds, since the difference

A:Mo<h+8 h—10 h+8 h—4>_

6 6 > 6 6
<h+2 h—10 h+14 h10>
Mo

6 ° 6 ~ 6 7 6
=16 > 0.

E.l5 a3 +2=a; —2 = a3 — 2. Inthis case, h = 2 mod 6 > 20, a; = az = 210,

az = 71 and ay = “Z2. Affirmation (2) holds, since the difference

A:Mo<h+4 h—8 h+10 h—8>_

6 6 6 ' 6
h+10 h—14 h+10 h—2
MO Y ) )
6 6 6 6

=16 > 0.

E.1.6 ao = a1 — 2, a3 —a; > 3. Since h = 4a; + 2a3 — 6 > 10 and a3 > a; + 3, the
difference
A =Mo(a; +1,a1 —1,a3 — 2,a1 — 1) — Mo (a1,a1 — 2,a3,a; — 2)
=2(g (a1 +1,h) —g(a1,h)) +2(g (a1 — 1,h) — g (a1 — 2,h)) +
g(as —2,h) —g(as,h) +g(as —4,h) — g(as — 2,h)
=16 (2ag — 2a1 — 3) > 0.

If we repeat this operation until we obtain a hollow hexagons with as = a; — 2 and
as —a; < 2, using one of the cases E.1.1, E.1.2, or E.1.4 we obtain the result.
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E.1.7 a3 = a1, a1 —as > 5. Since h = 4a1 + 2a3 —2 > 10and a1 > a9 + 5 > 6, the
difference
A =Mo(ay — 1,a3 + 2,a1 — 1,a1 — 3) — Mo (a1, az,a1,a1 — 2)
=3(g9(a1 —1,h) — g (a1, h)) +2(g (az +2,h) — g (az, h))
+g(a1 —3,h) —g (a1 —2,h)
=32(a; —as —2) > 0.

If we repeat this operation until we obtain a hollow hexagons with a; = a3z and
a1 — az < 4, using one of the cases E.1.1, E.1.3, or E.1.5, we obtain the result.
E.1.8 a2 — 2 < a1 < a3. We may apply repeatedly Lemma 5.1 until
Mo (a1, as,a3,a1 —2) < Mo (a1,a1 — 2,a3 — a; + as + 2,a1 — 2),
or until

Mo (a1, as,as,a; —2) < Mo (a1,as + az — a1,a1,a1 — 2).

In the first case, considering hollow hexagons of the form H (a1,a1 — 2, a3, a1 — 2),
the result follows from cases E.1.1, E.1.2, E.1.4, or E.1.6. In the second case, con-
sidering hollow hexagons of the form H (ay, as, a1, a; — 2), the result follows from
cases E.1.1, E.1.3, E.1.5, or E.1.7.

To complete the proof in the case h even, we consider hollow hexagons of the form
H(ay,as,a3,a1). Here h = 2 (a1 4+ a2 + a3) and ag < a1 < ag. Consider the following
cases:

E2.1 ao = a3 = a3. Inthiscase, h =0 mod 6 > 12, a1 = ay = a3 = a4 = %. We
obtain

h+6 h—6 h+6 h—6 hhhh
MO( 6 6 ' 6 6 )_M°<6’6’6’6

>:24>0.

E2.2 ay =a; = a3 — 1. Inthiscase, h = 2 mod 6 > 14, a; = as = a4 = "=2, and

g 9
as = %. We obtain

Mo h+47h—87h+107h—8 Mo h—27h—2,h—|—4,h—2 90
6 6 6 6 6 6 6 6

E23 as+1 = a1 = a3. Inthiscase, h =4 mod 6 > 16, a1 = a3 = a4 = b2

as = hg‘l. We obtain

M0<h+8 h—10 h+38 h4)_M <h+2 h—4 h+2 h+2>:24>0.

6 6 ' 6 6 6 6 6 ' 6
E24 ay = a; = a3 — 2. Inthis case, h =4 mod 6 > 16, a; = az = as = "z, and
az = 2. We obtain

h+8 h—10 h+8 h—4 h—4 h—4 h+8 h—4
Mo , , , —Mo , , ,
6 6 6 6 6 6 6 6

>—40>0.
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E25 as+2 =a1 = a3. Inthiscase, h =2 mod 6 > 20, a1 = a3 = a4 = %, and

as = %. ‘We obtain

h+4 h—8 h+10 h—38 h+4 h—8 h+4 h+4
Mo ’ ) ) -M ’ ) )
6 6 6 6 6 6 6 6

):40>O.

E.2.6 as = ay, a3 —ay > 3. Since h = 4aq1 4+ 2a3 > 10 and a3 > a1 + 3, the difference

A =Mo(ay +1,a; + 1,a3 —2,a1 + 1) — Mo (a1,a1,as3,a1)
=4(g (a1 +1,h) —g(a1,h)) +2(g(az — 2,h) — g (a3, h))
=16 (2(13 —2a; — 3) > 0.

If we repeat this operation until we obtain a hollow hexagons with as —a; < 2, using
one of the cases E.2.1, E.2.2, or E.2.4, we obtain the result.

E2.7 a3 = a1, a1 —as > 3. Since h = 4a; + 2a92 > 10 and a; > as + 3 > 4, the
difference

A =Mo (ay — 1,as + 2,a1 — 1,a1 — 1) — Mo (a1, a2,a1,a1)
=4 (g ((11 - lah) - g(a17h)) +2(g (CL2 + Qah) - g(a2ah))
=16 (2@1 — 2a9 — 3) > 0.

If we repeat this operation until we obtain a hollow hexagons with a; —as < 2, using
one of the cases E.2.1, E.2.3, or E.2.5, we obtain the result.

E.2.8 a2 < a1 < az. We may apply repeatedly Lemma 5.1 until
Mo (a1, az,a3,a1) < Mo (a1, a1,a3 — a1 + az,a1),

or until

Mo (a1, az,a3,a1) < Mo (a1, a2 + ag — ar,a1,a1).

In the first case, considering hollow hexagons of the form H (a1, ai, as, a;) the result
follows from cases E.2.1, E.2.2, E.2.4, or E.2.6. In the second case, considering
hollow hexagons of the form H (aq, a2, a1, ay), the result follows from cases E.2.1,
E.2.3,E.2.5,0or E.2.7. O]

In Figure 7 the hollow hexagons with maximal value of the Mostar index for i €
{12,14, 16} are depicted.

In our next result we find maximal hollow hexagons with respect to Mostar index when
h is odd and greater than 13. In the case of i = 13, there exist only two hollow hexagons
H (2,1,4,1) and H (3,1, 3,2) with Mo (2,1,4,1) = 1010 < Mo (3,1, 3,2) = 1026.
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H(3,1,3,1) H(3,1,4,1) H(4,1,4,2)
Figure 7: Hollow hexagons with maximal value of Mostar index for h € {12, 14, 16}.

Theorem 5.6. Let h > 15 be odd and HHy, be the set of hollows hexagons with h
hexagons. The hollow hexagons with the maximal value of the Mostar index are

(1) H(%7h6137h+11 h— 7) andH(h+5 %’%’%)’ lfhEl mod 6,

(2) H (22,029 29 B9 g | (B3 ho8 htS he3) ifh =3 mod 6,

(3) H(h+7 h6117h-‘%137h 11) ndH(h-I—l h657%7%) lfhE5 mod 6.

Proof. Let H(a1,a2,a3,a4) € HHp with1 < ag < ag < a3 < ag < % Since h is
odd, a; — a4 is an odd non-negative integer. If a; — a4 > 5, we may apply repeatedly
Lemma 5.3 until we obtain a hollow hexagon with a; = a4 + 3. Then we may consider
hollow hexagons of the form H (a1, as,as,a; — 3). Also, by Lemma 5.3, we have that

Mo (a1 — 1,a2 + 1,a3 — 1,a1 — 2) = Mo (a1, az,a3,a; — 3).

Then we may consider hollow hexagons of the form H (a1, as, as,a; —1). In this case,
h=2(a1+as+a3) —landas + 1 < a; < asz. Consider the following cases:

O.1 as+1=a; = as3. Inthiscase, h =3 mod 6 > 15, a1 = ag = h+3 , 02 = Qg =

hg?’ , and we obtain hollow hexagons in affirmation (2).
0.2 as+1=a; =as—1.Inthiscase, h =5 mod 6 > 17, a; = 2L, a4y = a4 = 25,

6
as = h” , and we obtain hollow hexagons in affirmation (3).

0.3 az+2=a; =as. Inthiscase, h =1 mod 6 > 19, a; = a3 = 2, ay = 227,
h

ag = %1, and we obtain hollow hexagons in affirmation (1).
04 as+1=a; =a3—2. Inthiscase,h=1 mod 6 > 19,a; = %,ag —qg =0T
as = %. Affirmation (1) holds, since the difference
L _ _ _ _ _
A = Mo +5’h 77h+57h 1 M h 17h 7’h+117h 7
6 6 6 6 6 6 6 6
=16 > 0.

0.5 a2 +3 =ay = as. Inthiscase, h =5 mod 6 > 17, a; = a3 = 7, a = 11,
and ay = %. Affirmation (3) holds, since the difference

h+1 h—5 h+7 h—5 htT h—11 h+7 h+1
A_MO(6’676’6>_M(6’ 6’6’6)
~16 > 0.
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as+ 1 =ay, a3 —ay > 3. Since h = 4aq + 2a3 — 3 and ag > a1 + 3 > 5, the
difference

A= Mo(a1 + 1,a1,a3 — 27CL1) — Mo(al,al — 1,a3,a1 — 1)
=16 (2@3 —2a1 — 3) > 0.

If we repeat this operation until we obtain a hollow hexagons with a2 + 1 = a1 and
a3 — a1 < 2, using one of the cases O.1, 0.2, or O.4 we obtain the result.
as = a1, a1 —ag > 4. Since h = 4aq +2a — 1 and a1 > as +4 > 5, the difference
A =Mo(a; —l,as +2,a1 — 1,a1 —2) — Mo (a1, a2,a1,a1 — 1)
=16 (2(11 - 2(12 - 5) > 0.
If we repeat this operation until we obtain a hollow hexagons with a; = a3z and

a1 — ag < 3, using one of cases O.1, 0.3, or O.5 we obtain the result.

az + 1 < a; < az. We may apply repeatedly Lemma 5.1 until
Mo (a1,a1 — 1,a35 — a1 + az + 1,a1 — 1) > Mo (a1, a2, a3,a; — 1)

or until
Mo (a1, as,as,a1) > Mo (a1,a2 + as — a1,a1,a1 — 1).

In the first case, considering hollow hexagons of the form H (a1,a1 — 1, a3,a1 — 1),
the result follows from cases O.1, 0.2, O.4, or O.6. In the second case, considering
hollow hexagons of the form H (ai,as,a1,a; — 1), the result follows from cases
0.1,0.3,0.5,0r O.7. O]

In Figure 8 the hollow hexagons with maximal value of the Mostar index for h €
{15,17,19} are depicted.

H(4,1,4,1) H(3,2,3,2) | H(4,1,5,1)  H(3,2,4,2)

AVaVaYs

H(5,1,5,2) H(4,2,4,3)

Figure 8: Hollow hexagons with maximal value of Mostar index for h € {15,17,19}.

6 Conclusions

In this work, we use the cut method to compute the Mostar index of hollow hexagons. For
this purpose, we employed the c-partition described in [22] to reduce a hollow hexagon
with h hexagons into smaller strength-weighted quotient graphs. Once this is done, we
compute the aforementioned index of each quotient graph. In Theorem 4.6, we obtain an
expression for the Mostar index of a hollow hexagon with h hexagons. Using the obtained
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expression, we find the extreme values of the Mostar index over the set H#H, by solving
the corresponding integer programming problems.

As a future work, it would be possible to find expressions for the edge-Mostar and
total Mostar indices of hollow hexagons by using the same c-partition. On the other hand,
hollow hexagons are the simplest primitive coronoid systems. An important problem to
solve would be to find the expressions to calculate the Szeged and Mostar indices of any
primitive coronoid system.
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