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Abstract

A simple undirected graph is said to be semisymmetric if it is regular and edge-transitive
but not vertex-transitive. Every semisymmetric graph is a bipartite graph with two parts of
equal size. Let p be a prime. In this paper, a class of semisymmetric graphs of order
2p3 are determined. This work is a partial result for our long term goal to classify all
semisymmetric graphs of order 2p3.
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1 Introduction

All graphs considered in this paper are finite, undirected, connected and simple. For a
graph X, we use V(X), E(X) and A := Aut(X) to denote its vertex set, edge set and
the full automorphism group, respectively. The graph is said to be vertex-transitive and
edge-transitive, if A acts transitively on V(X)) and E(X), respectively. If X is bipartite
with bipartition V(X) = W (X)UU(X), we let AT be the subgroup of A preserving both
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W (X) and U(X). Since X is connected, we have that either |A : AT| =2o0r A = AT,
depending on whether or not there exists an automorphism which interchanges the two
parts. For G < AT, the graph X is said to be G-semitransitive if G acts transitively on
both W(X) and U(X), and semitransitive if X is A*-semitransitive.

We call a graph semisymmetric if it is regular and edge-transitive but not vertex-transi-
tive. It is easy to see that every semisymmetric graph is a semitransitive bipartite graph
with two parts of equal size.

The first person who studied semisymmetric graphs was Folkman. In 1967 he con-
structed several infinite families of such graphs and proposed eight open problems see
[13]. Afterwards, Bouwer, Titov, Klin, I.V. Ivanov, A.A. Ivanov and others did much work
on semisymmetric graphs see [2, 4, 16, 17, 18, 30]. They gave new constructions of such
graphs and nearly solved all of Folkman’s open problems. In particular, lofinova and Ivanov
[16] in 1985 classified biprimitive semisymmetric cubic graphs using group-theoretical
methods. This was the first classification theorem for such graphs. More recently, fol-
lowing some deep results in group theory which depend on the classification of finite sim-
ple groups and some methods from graph coverings, some new results on semisymmetric
graphs have appeared. For instance, in [11] Du and Xu classified semisymmetric graphs of
order 2pq for two different primes p and gq. For more papers on semisymmetric graphs see
[5,7,8,9,10, 11, 12, 19, 21, 22, 23, 24, 25, 26, 27, 28, 33].

In [13], Folkman proved that there are no semisymmetric graphs of order 2p and 2p?
where p is a prime. Then we are interesting in determining semisymmetric graphs of order
2p3, where p is prime. Since the smallest semisymmetric graphs have the order 20 [13], we
let p > 3. It is proved in [25] that the Gray graph of order 54 is the only cubic semisym-
metric graph of order 2p>. To classify all semisymmetric graphs of order 2p? is still one of
attractive and difficult problems. These graphs X are naturally divided into two subclasses:

(1) Aut(X) acts unfaithfully on at least one part;
(2) Aut(X) acts faithfully on both parts.

Now we are going to concentrate on Subclass (1). To state our main theorem, we first
introduce two concepts.

Let Y be a connected semitransitive and edge-transitive graph with bipartition V(Y') =
W(Y)UU(Y), where W(Y) = Z3 and U(Y') = Z for an odd prime p. For distinguishing
the vertices of W (Y") and U (Y") convenience, the vertices of W (Y") and U (Y") are denoted
by (4,7, k,0) and (y, z, 1), respectively, where 4, j, k, y, 2 € Z,. Now we define a bipartite
graph X with bipartition W (X) U U(X), where

W(X)=W(Y),UX)=2Z,xU(Y) ={(z,y,2,1) | 2,y,2 € Z,},

such that two vertices (4, j, k,0) € W(X) and (z,y,2,1) € U(X) are adjacent if {(i, 4,
k,0),(y,z,1)} € E(Y). From now on, we shall say that the graph X is the graph ex-
panded from Y and that the graph Y is the graph contracted from X. Clearly X is
edge-transitive and regular. Furthermore, since for any (y,z,1) € U(Y'), the p vertices
{(z,y,2,1) | € Z,} in U(X) have the same neighborhood, X is semisymmetric, pro-
vided there exist no two vertices in W (X') which have the same neighborhood. Clearly,
Aut(X) acts unfaithfully on W (.X) and Aut(X)/Sh = Aut(Y).

Note that the semisymmetric graphs where two vertices have the same neighbourhood
have been studied in several papers see [11, 20, 29, 33], with different definitions, for



L. Wang, S. Du and X. Li: A class of semisymmetric graphs 43

instance, X is a derived graph from'Y , X is a unworthy graph, X is contracted to from'Y
and so on.

Let Y be a connected graph and B an imprimitive system of Aut(Y"). Define a graph Z
with the vertex set BB such that two blocks are adjacent in Z if there exists at least one edge
in Y between two blocks. This graph Z is called the block graph of Y. Moreover, if B is
the set of orbits of some nontrival normal subgroup N of Aut(Y"), then we call Z the block
graph induced by N.

The following proposition gives a characterization for Subclass (1) given in [31]:

Proposition 1.1. Suppose X is a semisymmetric graph of order 2p>, where p is an odd
prime, such that Aut(X) acts unfaithfully on at least one part. Then Aut(X) must act
unfaithfully on one part and faithfully on the other part, and X is the graph expanded from
the graphY with bipartition V(Y') = W (Y)UU(Y'), where W(Y) = Z3 and U (Y') = Z.
Moreover, we have that either

(1) p=3, Aut(Y') = S31.S3 which acts primitively on W(Y'); or

(2) Aut(Y') has blocks of length p*> on W (Y') and of length p on U(Y'). Let Y be the

block graph of Y. Then either

(2.1) the block graph'Y is of valency at least 3, and Aut(Y') is solvable and con-
tains a normal regular subgroup on W (Y'); or

(2.2) the block graph Y is of valency 2, where Aut(Y') may be solvable or insolv-
able.

Following Proposition 1.1, in this paper we shall determine the graphs in Case (2.2),
while Cases (1) and (2.1) will be determined in our another paper. Before giving the main
theorem of this paper, we first define six families of graphs Y.

Definition 1.2. We shall define six families of bipartite graphs X with bipartition V' (X) =
W(X)UU(X), where

W(X) = {(l7jak70) | iajvk € Zp}? U(X) = {(Ivyazv 1) | T, Yy, € ZP}7
and edge set

E(X) = {{(z,j,kj,O),(x,z—i—b,k—i—1’2;1,1)}‘z,j,k,xEZp,bEZ}U
{{(,5,k,0), (z,j + sb,k + E2, 1)} | i, 4, k,x € Z,,b € 2},

where s = 0%, Zy = (0) for the family of graphs X5 (p,r), s = 1 for other five families
of graphs X;(p,r), and ¥ is given by

(1) Graphs X;(p,r): Let p > 3 and let ¥ be a subgroup of Z, of order r, where
(p,r) # (7,3), (11,5). Moreover, the valency of X;(p,r) is 2pr and the smallest
examples are X7 (3,1) and X1 (3,2).

(2) Graphs X;(p,r): Let p > 5 and let ¥ be a subgroup of Z; of order r > 2, where
(p,r) # (7,3),(11,5) and 2r | (p — 1). Moreover, the valency of Xa(p,r) is 2pr
and the smallest example is X5 (5, 2).

(3) Graphs X;5(11,5): Let p = 11 and let ¥ = {0,2,3,4,8} C Z;1. Moreover, the
valency of X3(11,5) is 110.
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(4) Graphs X,(11,6): Let p = 11 and ¥ = {1,5,6,7,9,10} C Z11. Moreover, the
valency of X,(11,6) is 132.

(5) Graphs X5(p,r): Choose a point (v) and a hyperplane £ in the project space

PG(n — 1,q), where qq":ll =p > 7 and let G = (t) be a Singer subgroup of

PGL(n,q). Let S ={l € Z, ] )y e L'}, wherer = |3 = £ = —L. Moreover, the
valency of X5 (p, ) is 2p

L and the smallest example is X5(7 3).

(6) Graphs X¢(p,r) : Adopting the same notation as in (5), set ¥ = {l € Z, | (v) ¢

ct 1, where r = ¢"~1. Moreover, the valency of X(p, ) is 2pg™ ! and the smallest
example is X¢(7,4).

Remark 1.3. For 1 <14 <6, let X;(p, ) be as in Definition 1.2. Then

(1) For any given y, z € Z,, the p vertices {(z,y, z, 1) ] x € Z,} have the same neigh-
borhood. Let Y;(p, r) be the contracted graph from X;(p, r'), obtained by contracting
each such p vertices into one vertex while preserving the adjacent relation, that is,

W (Yi(p,r)) = W(Xi(p, 7)), UYi(p, 7)) = {(y,2,1) | y,2 € Z,}.

Then we shall see from the proof of Theorem 1.4 that Aut(Y;(p,r)) = K X Dy,
where the subgroup K is the following

(i) Yi(p,r) and Ya(p,r): K = SPifr € {1,p—1}; K = (Z, x Z,)Pif r ¢
{Lp—1k
(i) Y3(11,5) and Y4(11,6): K = (PSL(2, 11))?;
(iii) Y5(p,r) and Ys(p,7): K = (PTL(n,q))P.

(2) Forany k € Z,, let
Wi (Y) = {(i,5,k,0) e W(Y) | i,j € Zp}, U.(Y)={(y,21) |y € Z,}.

Then we shall see from the proof of Theorem 1.4 that {W, (Y | k € Z,} and
{U.(Y) | z € Z,} are orbits of the group K on W (Y') and U(Y), respectively. Let
Y be the block graph induced by K. Then Y is a cycle of length 2p.

Now we give the main theorem of this paper.

Theorem 1.4. For an odd prime p, suppose that X is a semisymmetric graph of order 2p>
expanded from a graph Y such that Aut(Y') has the blocks of length p* on W (Y') and of
length p on U(Y') while the block graph'Y is a cycle of length 2p. Then X is isomorphic
to one of graphs X;(p,r) where 1 < i < 6, defined in Definition 1.2.

After this introductory section, some preliminary results will be given in Section 2, and
the main theorem will be proved in Sections 3. For group-theoretic concepts and notation
not defined here the reader is refereed to [6, 15].
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2 Preliminaries

First we introduce some notation. By H char G, we mean that H is a characteristic sub-
group of G. Given a group G and a subgroup H of G, by Cos(G, H) we denote the set of
right cosets of H in G. The action of G on Cos(G, H) is always assumed to be the right
multiplication action. For two subgroups N <« G and H < G, by N x H we denote the
semi-direct product of N by H, where N is normal. For a group G, by Exp (G) we denote
the least common multiple of orders of all the elements of G. By H { K, we denote the
wreath product of H and K.

A group-theoretic construction of semitransitive and semisymmetric graphs were given
in [11]. Here we quote one definition and two results.

Definition 2.1. Let GG be a group, let L and R be subgroups of G and let D be a union
of double cosets of R and L in G, namely, D = |J, Rd;L. Define a bipartite graph X =
(G, L, R; D) with bipartition V(X) = Cos(G, L) U Cos(G, R) and edge set E(X) =
{(Lg, Rdg) ‘ g € G,d € D}. This graph is called the bi-coset graph of G with respect to
L, Rand D.

Proposition 2.2. [11] The graph X = B(G, L, R; D) is a well-defined bipartite graph.
Under the right multiplication action of G on V (X), the graph X is G-semitransitive. The
kernel of the action of G on V(X) is Coreg (L) N Coreg(R), the intersection of the cores
of the subgroups L and R in G. Furthermore, we have

(1) X is G-edge-transitive if and only if D = RdL for some d € G,

(i) the degree of any vertex in Cos(G, L) (resp. Cos(G, R)) is equal to the number of
right cosets of R (resp. L)in D (resp. D), so X is regular if and only if |L| = | R|;

(iii) X is connected if and only if G is generated by elements of D' D;

(vi) X 2 B(G, L% R’ D') where D' =, R® (b~'d;a)L®, for any a,b € G;

v) X = B(é7 L°, R%; D?) where o is an isomorphism from G to G (it does not appear
in [11] but it is easy to prove.)

Proposition 2.3. [11] Suppose Y is a G-semitransitive graph with bipartition V(Y) =
UY)UW(Y). Take w € U(Y) andw € W(Y). Set D ={g € G | w9 € Y1(u)}. Then
D is a union of double cosets of G, and G, in G, and Y = B(G, G, Gy; D).

Proposition 2.4. [32, 11.6, 11.7] Every permutation group of prime degree p is either
insolvable and 2-transitive, or isomorphic to Z,, X Z for some s dividing p — 1.

Proposition 2.5. [14] The insolvable permutation groups of prime degree p are given as
follows, where T denotes be the socle of the group and H denotes a point stabilizer of T':
(i) T=Apand H = Ap_1;
(ii)) T = PSL(n,q) and H is the stabilizer of a projective point or a hyperplane in
PG(n—1,q),and |T': H| = (¢" —1)/(¢— 1) = p;
(i) T = PSL(2,11) and H = As, and T has two conjugacy classes of subgroups
isomorphic to As;
(IV) T = Mu and H = MlO;
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(V) T = M23 and H = MQQ.

Lemma 2.6. [31] Let G be an imprimitive transitive group of degree p> with p > 3 and
p? | |G|. Suppose that G has an imprimitive system B with p-blocks and the kernel K. Let
P be a Sylow p-subgroup of G and N = P N K. Then

(1) Exp (P) < p% |Z(P)| = pand P = N {(t), where t? € Z(P);

(2) K is solvable, N char K and so N <1 G, provided either p = 3; or p > 5 and
IN] <pP~h.

3 Proof of the main theorem

To prove Theorem 1.4, we assume that p is an odd prime and that X is a semisymmetric
graph of order 2p® expanded from the graph Y, where Aut(Y’) acts edge transitively on Y’
and has blocks of length p? on W (Y') and of length p on U(Y"), and the block graph Y is a
cycle Cs), of length 2p.

Let F' = Aut(Y") and let

B={By,By, - ,Bp_1} and B'={By,By,---,B, |}
be blocks system of F' on U(Y) and W (Y"), respectively. Label
E(?) = {(B07 B/p#)v ( /p%vBl)v R} (Bp%leé))v (367 BPTH)7 R} (Bp—h Blp%l)v (B/p%lvBU)}v
so that Y & Cyp. Set
-1 1
o= (01, p=1) and 7=(0)1,-1) (= e,

Then Aut(Y) = (o,7) = D,,, by defining (B;)” = B;» and (Bj)Y = Bj, for any
v € (o, 7).

Label the vertices in B; by a;; for j € Z,. By considering the imprimitive action of I
on U(Y), we know that

F <8, {o,1)= Sh (o,7),

where, for any
e=(e® M ... Dy ¢ Sy and 7€ (o,7),
we have
aji(e;v) = a0,

In particular, by identifying (1,) with y so that aj; = a;;~, we have that (o, 7) can be
viewed as a subgroup of F'.
From now on, forany t € T' < S, and ¢ € Z,, we set

i+1
—
ti=1,1,--,t,1,---,1) and T;=(t |teT),

where T; acts transitively on B; and fixes B; pointwise for all j # i. Moreover, we have

; (@) i i
0 =48 T¢' =T, =Ti, By = Bi.

Since K P is a transitive group of degree p, following Propositions 2.4 and 2.5 we need
to consider the following four cases separately in four subsections:
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(i) p>5and K Bi is insolvable;

(i) p> 5and KB = Zp X Zyp forr #1;
(ili) p > 5and KB = Zp.
@{iv) p = 3.

3.1 K& isinsolvable forp > 5

Lemma 3.1. Suppose that p > 5 and KB is insolvable. Then'Y is isomorphic to one of
the following graphs:

(i) Yi(p,r), and Aut(Y') = Sy 0 Doy, where r =1 or p — 1;
(ii) Y3(11 ) and Y4(11,6), and Aut(Y) = PSL(2, 11) 2 Das;

(iii) Ys(p, ) and Ys(p, q" '), and Aut(Y') = PI'L(n, q) t D2y,
Proof. Suppose that p > 5 and K P is insolvable. Then by Lemma 2.6 we know that
K =Ty x Ty x --- xTp,_y, where T is an insolvable group of degree p and T; is defined
as before. In particular, a Sylow p-subgroup of F is of order pP*!, and so we may assume
that F' contains o defined as above.

Let u € By and take an element gy € F, \ K. Since g fixes By setwise and exchanges
B, i and Bp+1 ,there existsad = (d(©),d"), ... dP~1) € SP such that gy = dr, where

Tis deﬁned as before. Since F//K = D, by considering the order of F' we get F' = KR
where R = (o, dr).
Let Hy = (To)w- Then

K,=HyxTy x---xT,1 and F,=K,x(dr).

By K™ = K,, we know that d*) € N(s ), (Ho) and d) € N ), (T;) for i # 0.
Now dr fixes the block B, setwise and exchanges Bp 1 and B g Take w € Bj.
Since Tp 1 ><Tp+1 fixes u and acts transitively on By, there exists a k € Tp 1 ><Tp+1 < K,

such that kdr fixes both u and w, where without loss of generality, we denote kd by d again
so that d7 fixes both u and w. Then

Ky=Tyx - xTp-3 XLp-1 X Npt1 X Tpys X---xTp_1 and F, = K,(dr).
2 2 2 2

By K™ = K., we know that L = N and d¥) € N s, (L;) fori € {25, 251}
Now the corresponding groups H and L are two maximal subgroups of 1" of index p.

Following Proposition 2.5 we need to consider three cases separately.
(1) H and L are conjugate in 7.

Without loss of generality, let H = L. For any almost simple group 7" in S, its point
stabilizers have two orbits in each block B; with the respective length 1 and p — 1. We may
therefore let 7' = S}, so that H = S,y and F' = SP R = SP (0, dr) = SP(o, 7). Thus, we
may set d = 1. For later use, we sett = (0,1,--- ,p— 1), %) = {0} and Xy = Z;.

(2) soc(T') = PSL(2,11), and H and L are not conjugate in T".
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In this case T' = PSL(2, 11), and T has two nonequivalent representations on the set of
right cosets of A; of cardinality 11. Now F' = TP(c, dr). Since d¥) € Ng,, (T;) = T;, we
have d € T? and so F' = T?(o, 7). Therefore, we set d = 1.

Moreover, T' may be considered as the automorphism group of a (11, 5, 2)-design D.
Let V = Zj; be the point set and let t = (0,1,---,10) be an element of order 11 in 7.
Then M = {0,2,3,4,8} C V is ablock (see [1, p.55]) of D. Without loss of generality,
we choose L and H to be the stabilizes of the block M and point 0, respectively. Again,
for later use, set X3 = M and X4y = Z1; \ M.

(3) soc(T') = PSL(n, q), and H and L are not conjugate in 7.

In this case, PSL(n,q) < T < Ng, (PSL(n, q))=PI'L(n, q). With the same reason as
(1), we let T = Ng, (PSL(n,q)) and d = 1. Let S; and 32 be the set of points and
hyperplanes of PG(n, ¢ — 1), respectively, where |\S1| = |Sa| = 71 = p. Without loss of
generality, we choose L and H to be the stabilizers of a given pomt (v) and a hyperplane
L, respectively. Let G = (t) = Z,, be a singer subgroup of PGL(n, ¢). Let

25_{z€z| yeL'), Se=2Z,\S1 ={leZ, | () &L},

where |S5| = €1 and [Sg| = ¢" .

Now for the above three cases (1)-(3), we have

Cos(F, F,) = {F, t,, 1tp+10k | 4,4,k € Zy}, Cos(F,F,) = {Futjo” | y,z € Z,}.
Clearly, F,, has two orbits on Bprl uUB il that is,
Dy = {Futho"s  Futho s | be %},
where [ = 1,3, 4,5, 6. For any point F,,t%, 1tp+1o in W(Y"), since

p+1

p+1 '
F toa*t’p ltjﬂo = Ftb(t92 )i(t9.5 Yo = th = Fbtitio ™ T
2

2
= Ftitbgh+ist
and similarly,
: 1

F,tho™s tz, 1tp+1a’“ Ftitbakt

its neighbor is
Dltip%lt]z;i ok = {Futé‘H’U’H'112;1,FuﬁéerakerT+1 ’ be X}

2
By labeling F,t!, 1tp+10 by (i, J,k,0) and F,t§c* by (y, z,1), we get the respective
edge set of two graphs Y(l)

El = {((Z7Jak70)a(y7'z 1 |y—2+b Z—/{J+ and
?J:j—l-b,zzk—l—&,z,],ky,ze bEEl}.
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In cases (2) and (3), we get the graphs Y3(11,5),Y,(11,6) with the automorphism
group PSL(2,11) 2 Dy, and Y5(p, ), Ys(p, ) with the automorphism group PI'L(n, g)
Ds,.

For case (1), the graph with the edge set Es is exactly Yi(p,p — 1) for p > 5. As
for the graph with the edge set £y, let ¢ be a map on W (YY) U U(Y') which fixes W (Y)
pointwise and sends (y, z, 1) to (y+1, 2z, 1). Then ¢ is an isomorphism between the present
graph and Y7 (p, 1). From the proof we know that both Y7 (p, 1) and Y3 (p,p — 1) have the
automorphism group .S, ! Dap,. O

32 KBi~Z,xZ.forp>5andr # 1

Lemma 3.2. Suppose KB = Z,xZ, forp > 5andr # 1. ThenY = Y (p,r) or Ya(p, 1)
wherep > 5,7 # 1,p—1and (p,r) # (7,3),(11,5), where Aut(Y') = (Z, x Z,) U Dap.

Proof. Step 1: Determination of the structure of F'.
Proof. Suppose KBi 2 7, x Z, forr # 1. Let S = (t) x {¢) 2 Z, x Z,_1 < S,. Then
we may set T' = (t) x (h), where h = ¢ . Let P be a Sylow p-subgroup of F and take

doo € P where
do € <t0> X <t1> X o X <tp,1> = Zg

Then K < TP and F = K{(dyo, dr) for some d € Sb. Moreover,

F < F =TP{dyo,dr) = TP(o,dr) and (o,dr)/(T? N {(0,dr)) = Dy,.

Let w € B{ and (B{),Bp;l),(Bé,BpT-i—l) € E(Y). Let (w,u1) € E(Y) foru; €
Bp_i. Then E = (w,up)f < (w,ul)ﬁ. Since the orbits of F,, and F,, on the block

By in U(Y') are completely the same, we have |(w, ul)F| = 2rp3 = | E|, which implies

E = (w, ul)F. Therefore, we may just consider the case F = ' = T? (o, dr).
As in the last Lemma, we choose two vertices u € By and w € 36 which are fixed by
dr. Without loss of generality, let H = (h) so that

F, = (HoxTi x---xTp_1){dr), Fyy = (T0><T1><~~><H% prTHx~~><Tp_1)<dT).

We then need to determine the element d.

Letd = (d©,d®,... d®=1) ¢ SP. Since dr normalizes K, K, and K, it follows
that d9 € Ng (H;) = {c) fori € {0,252}, and d? € Ng (T;) = S = (t){c) for
i ¢ {0, pTﬂ} Suppo‘se that i € {0, %} and write d©) = t™¢". Since T; < F, and F,,
we may re-choose d(*) = ¢™. Therefore, for any i € Zy,, we get

d® e (c). (1)
Since (d)? € K, we have
drdr = ((d©)2,dMa®=Y ... ¢e-DqM)) e K,
and by taking into account (1) we get

(d)2, dWge=1 ... g2 ¢ . 2)
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p—1 p+1

Since K, fixes only one pointu’ ° in B p-1 andu’ * inB il and since d7 normalizes

K, and exchanges B b1 and Bp+1 , it follows that dr must exchange these two points.

Therefore,
F,o'= (dr) = Fu(d(p;l) dEED L de=1) o) g L ’d(%”))ﬂ;%
= Fud( i 3 o dW d(0)7d(p71),...’d(%“))g%“
(d(O)d(P 5) d(l)d(P 3))... A7)0 g gle=1)
- 1>d(P+1>) et
= Fopgl.
Hence,

pt1

dOdFE) gz L g(FF) O gBE =1 L ge-DgPE) c 7 (3)

From (2) and (3) we get
dO d ... gD e g oor dO q1) ... g®-1D ¢ (c%> \Hif2r| (p—1). (4)

Therefore, if 2r { (p — 1) then we setd = 1;if 2r | (p— 1), we setd = (<™, ™, -+ ™)

—1 . . . .
where ¢ = ¢'& and m = 0, 1. To unify these two cases, in the first case we still write
d= (™™, .- ™) form = 0.

Suppose that 2r ’ (p—1). Let Iy = K x {(o,7) and F» = K x (o,dr), where
d=(c, - ,c)withd = o noting that ¢’ ¢ T'. we may then state the following fact
Fact: Fy % Fy

Proof: Assume the contrary. Suppose that v is an isomorphism from F} to Fs. Since
((t,t,--- ,t)) is characteristic in F; and F5, we get

7((tvt' : t)) = (tkatkatk T atk)
for some k € F;. Assume that (1) = edr, where e = (e, e(V) ... ®P~1)) € K. Since
Tt )T = (Gt 1),

we have
Yt () = y(t L, 1),
that is
(edr) (% 5, tF)(edr) = (tF,¢F, - 9,

which implies
(O)C/ o tk

(t*)°
Therefore, e ¢’ € (t) and so ¢’ € T, a contradiction.

Step 2: Determination of the bicoset graphs.

Set D(l) = F,t'o*= F, and by Z = Z(p,r,d,l) we denote the corresponding bicoset
graph. We consider two cases separately.
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()1 =0.
Since Fua%Kw = Fua% and Fua%Kw(dﬂ = Fuo%, we have

p+1

D(0) = Fyo'= F, = {F,0"= ,Fuo'* }.

For any point F,,t},_, %, o* in W (Z), since
2 2

F,o" tlp 1tp+1ak F,(t5_ f V(s VorTTE = Ftitlo"t T = Ftioht e

9

and similarly
. 41
F, o” tlp 1tj+10 :F’utf)ol’”pT

its neighbor is N' = {F,tick+"z  F,tJo"+"2" }. In this case, d(w) = 2. Let
p: Fwt’;%t{% o* = F, t”l tﬂpt}a’“ Futlo® — Fytlo*

be the mapping of V(Z(p,r,d,0)) to V(Y1(p,1)). Then one may check that p is an iso-
morphism from Z(p, r, d, 0) to Y1 (p, 1). Therefore, Aut(Z(p, r, d, 0)) = S, Dap, contrary
to our hypothesis K5 = 7, x Z,..

(2)1+#0.

In S, ! Dy, there exists some ¢! such that the inner automorphism I(c!') fixes F,
and F,, and maps D(1) to D(l). Therefore, up to graph isomorphism, we only consider
Z(p,r,d,1).

Since

Futoﬂg;le :FthUPT_l(T()XTl X"'XH%;l XHPT-H X"'Tp_l) :Fu(tH)()O'T

FthO'p?;ledT = Fu(tH)oU]J?;ldT =FE,(t) (™, ™,

= F, (1" )go "2,

“ﬁ

3
5
J

it follows that
D(1) = {F,(t" )oo "=, B, (""" )00 "5 | ' € H}.
For any 4, j, k € Z), since
Fu(t" Yoo T tp 1tp+lak Fu(th/)otgg’”p%l :Fu(th’+i)oak+”7‘1

and

/ 1m

Fu(thlclm) tzp 1tj+1 oF = F, (th c ) t] k4241 =F, (th' ””+j) ket 2L
the neighbor of F,t%, 1tp+1ak is

(Fu(t"F) oo 2 Ry (1" )0 o M 5 | 1 € HY.
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Suppose d(w) = 2(p —1). Then KB 2 Z, x Z,_1 and F = K(o, 7). In this case,
for any Fwt,, Wt 21 ¥ in W(Y), its neighbor is

+L+1

N = {F,(t" T+ F,(t" )0 | n' e H}

where H = Z,_;. Clearly, the corresponding graph is isomorphic to Y;(p,p — 1), with
KPBi > S, acontradiction. Therefore, 2 < d(w) < 2(p — 1).

Let t" = t’ and b € ¥ where ¥ is a subgroup of Z7 of order r. Define a mapping ¢
from V(Z) to V(Ya(p,r)), forr # 1,p — 1, by

Fwt;_lt{crk — Fwt;_ltgak, and F,tf{o” — Fytio”.
Then ¢ is clearly an isomorphism between the two graphs.

Step 3: Determination of isomorphic classes and automorphism groups.

Let A = Aut(Z) and K be the kernel of A on Z, where Z is a cycle of length 2p.
Clearly, A/ K = Dy,

If (p,7) = (7,3) and (11,5), then Z is Y5(7,3) with KB = PTL(3,2) and Y;(11,5)
with PSL(2, 11), respectively, contradicting our condition.

Suppose that (p,7) # (7,3),(11,5). Since r | (p — 1) and 7 # 1,p — 1, KPi can
not be insolvable and hence an affine group. Therefore, K < Kz = (Z, x Z,)P and then
K7 = K. Therefore, A=F.

In the case of 2r | (p—1),let F; = K x (0, 7) and F, = K x (0, dr) be defined as in
Step 1. Let Z; and Z5 be the corresponding graphs. Suppose that p is an isomorphism from
Z1 10 Zy. Then Fy < (p~ Fip, Fy) < Aut(Z3) = Fy. Therefore, Fy = p~1Fip = Fy, a
contradiction. Therefore, the two graphs are not isomorphic.

O

33 KBi~Z,forp>5

Lemma 3.3. The case KB = Z,, cannot occur.

Proof. Suppose that K? = Z,. Then |E(Y)| = 2p®. As above, let w € Bj and

(B, Bp-1), (B}, Bp+1) € E(Y). Let (w,u1) € E(Y) for u; € Bp-1. Then E =
2 2 2

(w,u1)*. We may consider the group I’ = S x (0, 7) > F. From the proof of Lemma 3.1,

we may construct two representations of F with respective degree p? and p? such that both

Ky and (SP)y, fix uy. Then (w, u1)® C (w,uq)”. Since |(w,u1)"| = 2p® = |(w,u1)"],

we have (w,u1)F = (w,u;)F = E(Y) and so Aut(Y) = F, contrary to our hypothesis

KBi >~ Z,. Therefore, this case cannot occur. O

34 p=3

Lemma 3.4. Ifp =3, then Y 2Y1(3,r) forr =1,2.

Proof. In this case, take F' = S3! Dg and H = L = Z. Checking the proof of

Lemma 3.1(1), one may find that the arguments in there still hold for p = 3. Therefore,
Y 2Y1(3,7) forr =1,2. O
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