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Abstract

Relative Heffter arrays, denoted by H;(m, n; s, k), have been introduced as a general-
ization of the classical concept of Heffter array. A H;(m, n; s, k) is an m X n partially filled
array with elements in Z,,, where v = 2nk +t, whose rows contain s filled cells and whose
columns contain k filled cells, such that the elements in every row and column sum to zero
and, for every x € Z, not belonging to the subgroup of order ¢, either x or —x appears
in the array. In this paper we show how relative Heffter arrays can be used to construct
biembeddings of cyclic cycle decompositions of the complete multipartite graph K LTSS
into an orientable surface. In particular, we construct such biembeddings providing integer
globally simple square relative Heffter arrays for ¢ = k = 3,5,7,9 and n = 3 (mod 4)
and for k = 3 with ¢t = n, 2n, any odd n.

Keywords: Heffter array, biembedding, complete multipartite graph.
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1 Introduction

An m x n partially filled (p.f., for short) array on a set {2 is an m X n matrix whose
elements belong to €2 and where we also allow some cells to be empty. The following class
of p.f. arrays was introduced in [ 5], generalizing the ideas of [2]:
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Definition 1.1. Let v = 2nk + ¢ be a positive integer and let J be the subgroup of Z,, of
order t. A H¢(m,n;s, k) Heffter array over Z, relative to J is an m x n p.f. array with
elements in Z, such that:

(a) each row contains s filled cells and each column contains & filled cells;
(b) forevery x € Zonkyt \ J, either x or —z appears in the array;
(c) the elements in every row and column sum to zero.

Trivial necessary conditions for the existence of a H;(m, n; s, k) are that ¢ divides 2nk,
nk=ms,3 <s<mnand3 <k <m.If H(m,n;s, k) is a square array, it will be denoted
by H:(n; k). A relative Heffter array is called integer if Condition (c) in Definition 1.1 is
strengthened so that the elements in every row and in every column, viewed as integers in

+{1,..., [ 22|}, sum to zero in Z. We remark that, if ¢t = 1, namely if .J is the trivial
subgroup of Zs,k+1, we find again the classical concept of a (integer) Heffter array, see
[2,3,4,9, 10, 13, 16, 17]. In particular, in [10] it was proved that Heffter arrays Hy (n; k)

exist for all n > k > 3, while by [4, 17] integer Heffter arrays H; (n; k) exist if and only if
the additional condition nk = 0,3 (mod 4) holds. At the moment, the only known results
concerning relative Heffter arrays are described in [15, 22]. Some necessary conditions for
the existence of an integer H;(n; k) are given by the following.

Proposition 1.2 ([15]). Suppose that there exists an integer Hy(n; k) for some n > k > 3
and some divisor t of 2nk.

(1) Ift divides nk, then nk =0 (mod 4) or nk = —t = +1 (mod 4).
(2) Ift = 2nk, then k must be even.
(3) Ift # 2nk does not divide nk, then t + 2nk = 0 (mod 8).

We point out that these conditions are not sufficient, in fact in the same paper the authors
show that there is no integer Hs,, (n; 3) and no integer Hg(4; 3).

The support of an integer Heffter array A, denoted by supp(A), is defined to be the
set of the absolute values of the elements contained in A. It is immediate to see that
an integer Hy(n; k) is nothing but an integer Hy (n; k), since in both cases the support
is {1,2,...,nk}.

In this paper we study the connection between relative Heffter arrays and biembed-
dings. In particular, in Section 2 we recall well known definitions and results about simple
orderings and cycle decompositions. Then, in Section 3 we explain how relative Heffter
arrays Hy(n; k) can be used to construct biembeddings of cyclic k-cycle decompositions of
the complete multipartite graph K anbit into an orientable surface. Direct constructions
of globally simple integer H;(n;3) with ¢ = n, 2n for any odd n and of globally simple
integer Hy(n; k) for k = 7,9 and n = 3 (mod 4) are described in Section 4. Combining
the results of these sections we prove the following.

Theorem 1.3. There exists a cellular biembedding of a pair of cyclic k-cycle decomposi-
tions of K 2nkt into an orientable surface in each of the following cases:
(1) k=3t e {n,2n} and n is odd;
(2) ke {3,5,7,9}, t =k andn =3 (mod 4).
Finally, in Section 5 we introduce a further generalization, called Archdeacon array,

of the classical concept of Heffter array. We show some examples and how both cycle
decompositions and biembeddings can be obtained also using these arrays.
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2 Simple orderings and cycle decompositions

Given two integers a < b, we denote by [a, b] the interval containing the integers a,a + 1,
.,b. If a > b, then [a, b] is empty.

If Ais an mxn p.f. array, the rows and the columns of A will be denotedby Ry, ..., R,,
andby C1, ..., C,, respectively. We will denote by £(A) the unordered list of the elements
of the filled cells of A. Analogously, by £(R;) and £(C;) we mean the unordered lists of
elements of the i-th row and of the j-th column, respectively, of A. Also, we define the
skeleton of A, denoted by skel(A), to be the set of the filled positions of A.

Given a finite subset 7" of an abelian group G and an ordering w = (t1,to,...,tx)
of the elements in T, let s; = Z;‘=1 tj, for any ¢ € [1,k], be the ¢-th partial sum of
w and set S(w) = (s1,...,5;). The ordering w is said to be simple if s, # s. for all
1 < b < ¢ < k or, equivalently, if there is no proper subsequence of w that sums to 0. Note
that if w is a simple ordering so is w™ = (tx,tx_1,...,%1). We point out that there are
several interesting problems and conjectures about distinct partial sums: see, for instance,
[1,5,14,19,23]. Given an m x n p.f. array A, by wg, and wg, we will denote, respectively,

an ordering of £(R;) and of £(C;). If for any i € [1,m] and for any j € [1,n], the
orderings wz, and wg, are s1mple we define by w, = wg o---owg the simple ordering
for the rows and by wc = wg, 0 owg the simple orderlng for the columns. Moreover,
by natural ordering of a row (column) of A we mean the ordering from left to right (from
top to bottom). A p.f. array A on an abelian group G is said to be

e simple if each row and each column of A admits a simple ordering;

e globally simple if the natural ordering of each row and each column of A is simple.

Clearly if £ < 5, then every square relative Heffter array is (globally) simple.

We recall some basic definitions about graphs and graph decompositions. Given a graph
I, by V(T') and E(T") we mean the vertex set and the edge set of I, respectively. We will
denote by K, the complete graph of order v and by K, the complete multipartite graph
with g parts each of size r. Obviously K, is nothing but the complete graph K. Let G
be an additive group (not necessarily abelian) and let A € G'\ {0} such that A = —A, which
means that for every A € A we have also —A € A. The Cayley graph on G with connection
set A, denoted by Cay[G : A, is the simple graph having G as vertex set and such that two
vertices x and y are adjacent if and only if x —y € A. Note that, if A = G'\ {0}, the Cayley
graph is the complete graph whose vertex set is G and, if A = G \ J for some subgroup
J of G, the Cayley graph is the complete multipartite graph K, where ¢ = |G : J| and
r=1J|

The following are well known definitions and results which can be found, for instance,
in [8]. Let I" be a subgraph of a graph K. A I'-decomposition of K is a set D of subgraphs
of K isomorphic to I" whose edges partition E(K). If the vertices of K belong to a group
G, given g € G, by I'+ g one means the graph whose vertex setis V' (I') + ¢ and whose edge
setis {{z + g,y + g} | {z,y} € ET)}. An automorphism group of a I'-decomposition
D of K is a group of bijections on V(K) leaving D invariant. A T'-decomposition of K
is said to be regular under a group G or G-regular if it admits G as an automorphism
group acting sharply transitively on V' (K'). Here we consider cyclic cycle decompositions,
namely decompositions which are regular under a cyclic group and with I a cycle. Finally,
two graph decompositions D and D’ of a simple graph K are said orthogonal if and only
if for any B of D and any B’ of D’, B intersects B’ in at most one edge.
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The relationship between simple relative Heffter arrays and cyclic cycle decompositions
of the complete multipartite graph is explained in [15]. Here we briefly recall the following
result.

Proposition 2.1 ([15, Proposition 2.9]). Let A be a Hi(m,n; s, k) simple with respect to
the orderings w, and w.. Then:

(1) there exists a cyclic s-cycle decomposition D,,, of K 2mstt S

(2) there exists a cyclic k-cycle decomposition D, of K 2nktt . ,;
t
(3) the cycle decompositions D, and D,,, are orthogonal.
The arrays we are going to construct are square with a diagonal structure, so it is con-
venient to introduce the following notation. If A is an n X n array, for ¢ € [1, n] we define

the i-th diagonal
D; ={(,1),(i+1,2),...,(i—1,n)}

Here all the arithmetic on the row and the column indices is performed modulo n, where
the set of reduced residues is {1,2,...,n}. We say that the diagonals D;, D; 11, ..., Dy,
are consecutive diagonals.

Definition 2.2. Let £ > 1 be an integer. We will say that a square p.f. array A of size
n > kis
e k-diagonal if the non empty cells of A are exactly those of k£ diagonals;

e cyclically k-diagonal if the nonempty cells of A are exactly those of & consecutive
diagonals.

Let A be a k-diagonal array of sizen > k. Aset S = {D,41,Dyy2,..., D40} is said
to be an empty strip of width ¢ if D, 1, Dyyo,..., D, ., are empty diagonals, while D,.
and D, ¢4 are filled diagonals.

Definition 2.3. Let A be a k-diagonal array of size n > k. We will say that A is a k-
diagonal array with width ¢ if all the empty strips of A have width /.

An array of this kind will be given in Example 4.9.

3 Relation with biembeddings

In [2], Archdeacon introduced Heffter arrays also in view of their applications and, in par-
ticular, since they are useful for finding biembeddings of cycle decompositions, as shown,

for instance, in [ 1, 13, 16]. In this section, generalizing some of Archdeacon’s results we
show how starting from a relative Heffter array it is possible to obtain suitable biembed-
dings.

We recall the following definition, see [20].

Definition 3.1. An embedding of a graph I in a surface X is a continuous injective map-
ping ¢»: I' — 3, where I is viewed with the usual topology as 1-dimensional simplicial
complex.

The connected components of ¥ \ ¢(I") are called 1-faces. If each ¥-face is homeo-
morphic to an open disc, then the embedding v is said to be cellular.
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Definition 3.2. A biembedding of two cycle decompositions D and D’ of a simple graph
T is a face 2-colorable embedding of I" in which one color class is comprised of the cycles
in D and the other class contains the cycles in D’.

Following the notation given in [2], for every edge e of a graph I, let et and e~ denote
its two possible directions and let 7 be the involution swapping e and e~ for every e. Let
D(T) be the set of all directed edges of I" and, for any v € V(T'), call D,, the set of edges
directed out of v. A local rotation p, is a cyclic permutation of D,,. If we select a local
rotation for each vertex of I', then all together they form a rotation of D(I"). We recall the
following result, see [2, 18, 21].

Theorem 3.3. A rotation p on T is equivalent to a cellular embedding of T in an orientable
surface. The face boundaries of the embedding corresponding to p are the orbits of p o T.

Given a relative Heffter array A = H;(m, n; s, k), the orderings w, and w,. are said to
be compatible if w. o w, is a cycle of length |E(A)].

Theorem 3.4. Let A be a relative Heffter array Hy(m, n; s, k) that is simple with respect to
the compatible orderings w, and w.. Then there exists a cellular biembedding of the cyclic
cycle decompositions D -1 and D,,_ of K 2nk+: ., into an orientable surface of genus
r . t
(nk—n—m—1)(2nk+1t)

g=1+ 2

Proof. Since the orderings w, and w, are compatible, we have that w, o w, is a cycle of
length |E(A)|. Let us consider the permutation po on £E(A) = Zopkye \ 225 Zo s,
where wzgnkﬂ denotes the subgroup of Zs,,;++ of order ¢, defined by:

_ —wp(a) ifa € E(A);
we(—a) ifae —E(A).

Note that, if a € £(A), then p3(a) = w, o w,(a) and hence p3 acts cyclically on £(A).
Also pg exchanges £(A) with —€(A). Thus it acts cyclically on £E(A).
We note that the graph Kzn,;;-+t . is nothing but Cay|[Zon i1+ : Zapk+t \ 2"’§+tZ2nk+t]

that is Cay[Zan++ : £E(A)]. Now, we define the map p on the set of the oriented edges of
the Cayley graph Cay[Zopi1+ : £E(A)] so that:

p((z,x +a)) = (2,2 + po(a))-

Since jp acts cyclically on £E(A) the map p is a rotation of Cay[Zanrtt : £E(A)].
Hence, by Theorem 3.3, there exists a cellular embedding o of Cay[Zanitt : £E(A)]
in an orientable surface so that the face boundaries correspond to the orbits of p o 7 where
7((z,z + a)) = (x + a,x). Let us consider the oriented edge (x,x + a) with a € £(A),
and let C be the column containing a. Since a € £(A4), —a € —E(A) and we have that:

por((z,z+a)) =p((x+a,(x+a)—a)) =(z+azx+a+wa)).
Thus (x, x 4+ a) belongs to the boundary of the face F; delimited by the oriented edges:

(7 + a),(x + a, 7 + a + we(a)),
E@I-2
(z+a+we(a), +a+wea) +w(a)),..., | z+ Z wi(a),z |.
=0
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We note that the cycle associated to the face F} is:

@12
r, x4+ a,x+a+we(a),...,x+ Z wi(a)
i=0

Let us now consider the oriented edge (z,z + a) with a ¢ £(A). Hence —a € E(A), and
we name by R the row containing the element —a. Since —a € £(A) we have that:

por((z,a+a) = pl(z+a,(x+a)—a) = (& +a,z+a—w(-a)).
Thus (z, 2 + a) belongs to the boundary of the face F» delimited by the oriented edges:

(:L',I’ + a)7 (I - (*CL),IE - (*CL) - wr(fa))a

E®)-2
(¢ = (=a) —wr(~a),x — (=a) —w(=a) —wi(=a)),..., (z = Y wi(-a)z
=0

Since A is a Heffter array and w,. acts cyclically on £(R), for any j € [1,|E(R)|] we have
that:

= E@I-1 e@®i-i E@I-5
- Zwﬁ.(—a) = Z wy(—a) = wlEBI=i(_g) = Z w, ‘(—a).
i=0 i=j i=1 i=1

It follows that the cycle associated to the face F5 can be written also as:

E@I-1 E@I-2
z, T+ Z w, (—a),z+ Z w i (=a),...,x+w (—a)
i=1

=1

g

<.

Therefore any nonoriented edge {x, z + a} belongs to the boundaries of exactly two faces:
one of type F; and one of type F5. Hence the embedding is 2-colorable.

Moreover, it is easy to see that those face boundaries are the cycles obtained from the
relative Heffter array A following the orderings w,. and w, !,

To calculate the genus g it suffices to recall that V — S+ F = 2—2g, where V, S and F’
denote the number of vertices, edges and faces determined by the embedding on the surface,
respectively. We have V' = 2nk +t, S = nk(2nk +t) and F = (2nk + t)(n+m). O

Looking for compatible orderings in the case of a globally simple Heffter array led us to
investigate the following problem introduced in [12]. Let A be an m X n toroidal p.f. array.
By r; we denote the orientation of the ¢-th row, precisely r; = 1 if it is from left to right
and r; = —1 if it is from right to left. Analogously, for the j-th column, if its orientation
c; is from top to bottom then ¢; = 1 otherwise ¢; = —1. Assume that an orientation
R=(r1,...,mm)andC = (c1,...,cy)is fixed. Given an initial filled cell (41, j1 ) consider
the sequence L c(i1, 1) = ((i1,71), (92, 72); - - -5 (26, Je)s (Ge41s Jet1), - - ) where joyq is
the column index of the filled cell (i, je+1) of the row R;, next to (i, je) in the orientation
r;,, and where ¢, is the row index of the filled cell of the column 5]- o1 EXttO (ig, Joi1)
in the orientation c;, . The problem is the following:
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Crazy Knight’s Tour Problem. Given a toroidal p.f. array A, do there exist R and C such
that the list Lz ¢ covers all the filled cells of A?

By P(A) we will denote the Crazy Knight’s Tour Problem for a given array A. Also,
given a filled cell (4, j), if Lz ¢(Z,7) covers all the filled positions of A we will say that
(R,C) is a solution of P(A). For known results about this problem see [12]. The relation-
ship between the Crazy Knight’s Tour Problem and globally simple relative Heffter arrays
is explained in the following result which is an easy consequence of Theorem 3.4.

Corollary 3.5. Let A be a globally simple relative Heffter array Hy(m, n; s, k) such that
P(A) admits a solution (R, C). Then there exists a biembedding of the cyclic cycle decom-
positions D -1 and D, of K zni+t ., into an orientable surface.

Extending [1 |, Theorem 1.1] to the relative case, we have the following result (see also
[12, Theorem 2.7]).

Proposition 3.6. If there exist compatible simple orderings w, and w, for a Hy(m,n; s, k),
then one of the following cases occurs:

(1) m,n, s,k are all odd;
(2) m is odd and n, k are even;

(3) nis odd and m,t are even.

Given a positive integer n, let 0 < /1 < ly < --- < { < n be integers. We denote
by A, = A,(¢1,0s,...,0) a k-diagonal p.f. array of size n whose filled diagonals are
Dfu D@27 ey ng. Let M = lcm(fg—él, 53—62, ey b —Lp_q, Ek—gl) and set An+M =
Apirr (81, 8o, ..., L). We now study the Crazy Knight’s Tour Problem for such arrays A,,.
As a consequence, we will obtain new biembeddings of cycle decompositions of complete
graphs on orientable surfaces.

Theorem 3.7. Suppose that the problem P(A,,) admits a solution (R,C) where R = (1,1,
.y 1)yand C = (c1,¢9,. .. Cn—p,+1,1,1,...,1). Then P(A,+n) admits the solution
(R',C"Ywhere R' = (1,1,...,1) and C' = (¢1,¢, ... Cn—pp+1,1,1,...,1).

Proof. We denote by E the set of indices ¢ such that ¢; = —1 and by B,, the p.f. array
of size n obtained from A,, by replacing each column éj, when j ¢ E, with an empty
column. Also, we denote by B,,1 s the p.f. array of size n + M obtained from A, s in
the same way using the same set E. As E C [1,n — £} + 1], the nonempty cells of B,, are
of the form ((e — 1) + ¢;,¢) fore € E and i € [1,k]. Since (e — 1) + ¢; < n, we have
skel(B,,) = skel(B,+ ). So we can set B = skel(B,,) = skel(Bj4a1)-

For any = = (i1,j1) € B, consider the sequence X = Lg ¢(i1,71) defined on
skel(A,,) and let y be the second element of X that belongs to Bif | X NB| > 2,y =«
otherwise. Define ¢,,: B — B by setting ¥,,(z) = y. Take (R’,C’) as in the statement
and define the map ¥,y ps: B — B as before considering the sequence Lg: ¢/ (x) defined
on Skel(An_Hw).

In order to prove that 9,,(x) = U, 4a (), for any h € [1, k], we set:

o(h) =< by — Uy if h = 2;

31—51@71 lfhzl, . 1.
and 6(h){€1_€k ifh = 1;
ly, — by_o  otherwise

by, — {1 otherwise.
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Set x = (i1, j1) € B, hence z € Dy, for some h € [1, k]. We have that
Un(x) = (i1 +6(h)A — o (h),j1 +6(h)A)  (mod n)
where ) is the minimum positive integer such that (j; + 6(h)A) (mod n) € E. Similarly
Onym(x) = (i1 + 6(R)N —o(h),j1 +6(h)N)  (mod n + M)

where )\’ is the minimum positive integer such that (j; + §(h)\') (mod n + M) € E.
Write j; + 6(h)A = gn + r where 1 < r < n, which means r € E.

If ¢ = 0, we clearly have \' = X and hence 9,1 pr(z) = ¥, (). Otherwise, since the
last M elements of C’ are equal to 1, we have that \' = \ + %. Hence:

Ipin(x) = <i1 +6(h) (A + g%) —o(h),j1+0(h) </\ + %)) (mod n + M)

= (i1 +6(R)A +gM — o (h),j1 + 0(h)A 4+ ¢qM) (mod n+ M)
— (i~ ja) +a(n+ M) 47— o(h),qln+ M) +7) (mod n+ M)
=((i1 —j1)+r—o(h),r) (modn+ M).

It is not hard to see that 1 < (i1 — j1) +r — o(h) < n; also recall that 1 < r < n.
Hence
Untm(z) = ((ir — j1) + 7 —o(h),7).
On the other hand, by j; + d(h)A = gn + r, we obtain:

((ih =ju) +7r—=o(h),r) = (ir + 6(W)A = a(h),j1 + 6(h)A)  (mod n) = Iy ().

So we have proved that 9,4 ps(x) = ¥, () for any = € B.

For any (4, j) € skel(A,,), since (R,C) is a solution of P(A,,), we have Lz ¢(4,7) N
B = B. Moreover, since ¥, (z) = Y, (x) for any z € B, it follows that for any
(i',7") € skel(A,4p) we have Lgs ¢/(i',j') N B is either B or ). If there exists (7,7) €
skel(A,4 ar) such that Lr/ ¢/(7,7) N B = () then for any X' € N, the cell (z + d(h)N, 7+
§(h)X) (mod n + M) is not in B. On the other hand there exists A € N, such that
(7 + 5(h)A, 7+ d(h)A\) (mod n) € B, since (R,C) is a solution of P(A,,). Also, since
§(h) divides M there exists ¢ € N such that (z + §(h)A\, 7+ 6(h)\) (mod n + M) € B,
where A = \ + gM/&(h). Hence Lr: c:(7,7) N B # (), which is a contradiction. Thus it

follows that (R’,C’) is a solution of P(A, ). O

Corollary 3.8. Let k =3 (mod 4) andn =1 (mod 4) be suchthatn > kand 3 < k <
119. Let A,, be a k-diagonal array whose filled diagonals are Dy, Ds, ..., Dy_3, Dy_1,
Dy, and Dy.y1. Then P(A,,) admits a solution.

Proof. Let k = 4h 4+ 3 and M = lem(2,4h + 3), that is M = 2(4h + 3). For any
1 < h < 29, with the help of a computer, we have checked the existence of a solution of
P(A,) forany n € [4h+5,4h+5+ M| = [4h+5, 12h+ 11], that satisfies the hypothesis
of Theorem 3.7. Hence the claim follows by this theorem. O

Corollary 3.9. Let k = 3 (mod 4) andn =1 (mod 4) suchthatn > kand 3 < k < 119.
Then there exists a globally simple Hy(n; k) with orderings w, and w. which are both
simple and compatible. As a consequence, there exists a biembedding of cyclic k-cycle
decompositions of the complete graph Ko+ into an orientable surface.
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Proof. The existence of a globally simple H; (n; k), whose filled diagonals are D1, D, . . .
Dy_3,Dy_1, Dy, Dy41, was proven in [9]. The result follows from Corollaries 3.5 and 3.8.
O

4 Direct constructions of globally simple H;(n; k)

Many of the constructions we will present are based on filling in the cells of a set of di-
agonals. In order to describe these constructions we use the same procedure introduced in
[17]. In an n X n array A the procedure diag(r, ¢, s, A1, Ao, £) installs the entries

Alr + 1Ay, c+iA] = s+ 1Ay fori € [0,0 — 1],

where by A[i, j| we mean the element of A in position (¢, j). The parameters used in the
diag procedure have the following meaning:

e 1 denotes the starting row,

e cdenotes the starting column,

e s denotes the entry A[r, ],

e A; denotes the increasing value of the row and column at each step,

e A, denotes how much the entry is changed at each step,

e / is the length of the chain.
We will write [a, b] 17y to mean supp(W) = [a, b].

Proposition 4.1. For every odd n > 3 there exists an integer cyclically 3-diagonal Heffter
array Hy(n; 3).

Proof. We construct an n X n array A using the following procedures labeled A to E:

A: diag (1, 1, —7";9,1,7,n); B: diag (1,2, 7”;3,2, -7, "TH),

C: diag (2,3,-5,2,—7,%51); D: diag (2,1, 12512 2 —7 ndl),

E: diag (3,2,-10,2, -7, 251).

We prove that the array constructed above is an integer cyclically 3-diagonal H,,(n; 3).
To aid in the proof we give a schematic picture of where each of the diagonal procedures
fills cells (see Figure 1). Note that each row and each column contain exactly 3 elements.
We now check that the elements in every row sum to zero (in Z).

Row 1. There is the first value of the A diagonal and of the B diagonal and the last of the
D diagonal. The sum is
=9 + m—3
2 2

-3=0.

Row 2 to n. There are two cases depending on whether the row 7 is even or odd. If r is
even, then write r = 2i + 2 where i € [0, 252]. Notice that from the D, A and C
diagonal cells we get the following sum:

1 9
<7"2 3—7i)+(—7n2 3+14i>+(—5—7i)—0.




250 Ars Math. Contemp. 18 (2020) 241-271

A|B D
D|A|C
E|A|B
D|A|C
E|A|B
D|A|C
E|A|B

D|A]|C

B E|A

Figure 1: Scheme of construction with n = 9.

If r is odd, then write r = 2i + 3 where i € [0, 252]. From the E, A and B diagonal
cells we get the following sum:

Tn — 37 Tn— 17
(—10—7i)+(—n2 +14z')+<"2 —7¢)=0.

So we have shown that all row sums are zero. Next we check that the columns all add to
Zero.

Column 1. There is the first value of the A diagonal and of the D diagonal and the last of
the B diagonal. The sum is

_7n—9 ™ — 13

2=0.
2 + 2 +

Column 2 to n. There are two cases depending on whether the column c is even or odd.
If ¢ is even, then write ¢ = 2i + 2 where i € [0, 252]. Notice that from the B, A and
E diagonal cells we get the following sum:

n — —9
( - 3—7¢>+<—7n2 3+14i)+(—10—7i):0.

If c is odd, then write ¢ = 2¢ + 3 where ¢ € [0, ”ng} . From the C, A and D diagonal
cells we get the following sum:

Tn — 37 T — 27
(—5—7z‘)+(—"2 +14¢)+(”2 —7i>:0.

So we have shown that each column sums to zero. Also, it is not hard to see that:

supp(d) = {1,8,15,..., 751 U {6,13,20, ..., 7521,
supp(B) = {2,9,16,..., %31,

supp(C) = {5,12,19,..., 211}

supp(D) = {3} U {4,11,18,..., 213}

supp(E) = {10,17,24,..., %=1

hence supp(A) = [1, ™2-1]\ {7,14,21,..., 2=T}. This concludes the proof. O
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Example 4.2. Following the proof of Proposition 4.1 we obtain the integer Hg(9; 3) below.

—27 30 -3

25| 20| -5
—-10 | —13 23
18| —6 | —12
—17 1 16
11 8| —19
—24 15 9
4 22 | —26
2 -31 29

We can use this example to briefly explain how the construction has been obtained (a
similar idea will be used also in Proposition 4.3 below). First of all, we have to avoid the
multiples of @ + 1 = 7, so we work modulo 7. The diagonal D; consists of elements,
all congruent to 1 modulo 7, arranged in arithmetic progression where, for instance, the
central cell is filled with 1. The other two filled diagonals are obtained in such a way that
the elements of Dy are all congruent to 2 modulo 7 and the elements of Dy are all congruent
to —3 modulo 7. This can be achieved filling the cell (9, 1) with the integer 2: it is now
easy to obtain the elements in the remaining cells, remembering that the row/column sums

are 0.

Proposition 4.3. For every odd n > 3 there exists an integer cyclically 3-diagonal Heffter
array Hay, (n; 3).

Proof. We construct an n X n array A using the following procedures labeled A to E:
A: diag(1,1,—(4n - 5),1,8,n); B: diag(1,2,4n — 2,2, -8, 1+1);
C: dzag (27 37 _65 27 —8, %), D: dzag (2, 1, 47’l — 7’ 2’ —87 HTH)’
E: diag(3,2,—11,2, -8, 251).

We prove that the array constructed above is an integer cyclically 3-diagonal Hy,, (1; 3).
To aid in the proof we give a schematic picture of where each of the diagonal procedures
fills cells (see Figure 1). Note that each row and each column contain exactly 3 elements.
We now check that the elements in every row sum to zero (in Z).

Row 1. There is the first value of the A diagonal and of the B diagonal and the last of the
D diagonal. The sum is

—(4n—5)4+ (4n—-2)—-3=0.
Row 2 to n. There are two cases depending on whether the row 7 is even or odd. If r is

even, then write r = 2i + 2 where i € [0, 252]. Notice that from the D, A and C
diagonal cells we get the following sum:

(4n — 7 — 8i) 4+ (—4n + 13 + 16i) + (—6 — 8i) = 0.

If 7 is odd, then write 7 = 2 4+ 3 where ¢ € [0, 252]. From the E, A and B diagonal
cells we get the following sum:

(=11 — 8i) + (—4n + 21 4 16) + (4n — 10 — 8i) = 0.
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So we have shown that all row sums are zero. Next we check that the columns all add to
Z€ro.

Column 1. There is the first value of the A diagonal and of the D diagonal and the last of
the B diagonal. The sum is

—(4n—-5)4+(4n—-T7)+2=0.

Column 2 to n. There are two cases depending on whether the column c is even or odd.
If ¢ is even, then write ¢ = 2¢ + 2 where 7 € [O, ”T_?’] . Notice that from the B, A and
E diagonal cells we get the following sum:

(4n — 2 — 8i) + (—4n + 13 4 16i) + (—11 — &) = 0.

If ¢ is odd, then write ¢ = 2i + 3 where i € [0, “53]. From the C, A and D diagonal
cells we get the following sum:

(=6 —8i) + (—4n + 21 + 16¢) + (4n — 15 — 8) = 0.

So we have shown that each column sums to zero. Also, it is not hard to see that:

hence supp(A) = [1,4n — 1]\ {4,8,12,...,4n — 4}. This concludes the proof. O

Example 4.4. Following the proof of Proposition 4.3 we obtain the integer H;5(9; 3) be-
low.

-31 34 -3

29 | =23 | -6

—11 | —15 26
21| —=7| 14
—19 1 18
13 9| —22
27 17 10

5 25 | =30
2 —35 33

In the following propositions, since k£ > 5, in order to prove that the relative Heffter
array Hy,(n; k) constructed is globally simple we have to show that the partial sums of each
row and of each column are distinct modulo 2nk + k. From now on, the sets £(R;) and
&(C;) are considered ordered with respect to the natural ordering. Also, by S(R;) and

S(C;) we will denote the sequence of the partial sums of £(R;) and £(C;), respectively.
In order to check that the partial sums are distinct the following remark allows to reduce
the computations.
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Remark 4.5. Let A be a Hy(n; k). By the definition of a (relative) Heffter array it easily
follows that the ¢-th partial sum s; of a row (or a column) is different from the partial sums
Si—2,Si—1, Si+1 and s;49 of the same row (column).

Proposition 4.6. For every n > 7 withn = 3 (mod 4) there exists an integer cyclically
7-diagonal globally simple H7(n; 7).

Proof. We construct an n X n array A using the following procedures labeled A to N:
: diag(3,3, -2, 2, -1, 251);

diag(n —2,n —1 f(5n+3) —1,n);
diag(1,3, T2 4,1, 2L ).
diag (3,5, 11"+7 ,4,1, ELY);

: diag(4,4,1,2,1,253);
s diag(2,1,—(4n +3),2,—1,n);
diag (2,4, 2% 4, -1, ”+1),
diag (4,6, 5"‘“ 4,-1,23);
(4,
(
(2,

: 9 +5 +1
dlag 371a_ > ) 17 nT)v

- 5 +1 +13.
diag (5,3, -2t 4 1, ndl);
: diag(n — 2,1, 6n +4,2,1,n);

diag (4,2, —5"+3 4, —1 ”—H),
diag (6,4, —‘3"“ (4, -1, 222,
n—1 3n+2,271,n)

2 R H Q &= QP
Z g - m U w

diag
We also fill the following cells in an ad hoc manner:

A[1,1] = n, Al2,2] = —251.

We prove that the array constructed above is an integer cyclically 7-diagonal globally
simple Hr(n; 7). To aid in the proof we give a schematic picture of where each of the
diagonal procedures fills cells (see Figure 2). We have placed an X in the ad hoc cells.
Note that each row and each column contains exactly 7 elements. We now list the elements
and the partial sums of each row. We leave to the reader the direct check that the partial
sums are distinct modulo 14n + 7; for a quicker check keep in mind Remark 4.5.

X|CJ|E | M N|J|D
D|X|C|F | M N | K
I|/D|A|C|G|M N
N{J|D|B|C|H|M
N|K|D|A|C|E | M
N|L|D|B|C|F | M
N|I|D|A|C|G|M
N|J|D|B|C|H|M
M N|K|DJ|A|C]|E
F M N|L|D|B|C
C|G| M N|I|D]|A

Figure 2: Scheme of construction with n = 11.

Row 1. There is an ad hoc element, the (2£2)™ value of the C diagonal, the first one of the
E diagonal, the (2£2)™" value of the M diagonal, the (241)™ value of the N diagonal,
the last value of the J diagonal and the ("'QH) value of the D diagonal. Namely,

— n_11n+9 m+3 13n+11 "Tm+3 _11n+3 _9n+5
b) 2 b 4 ) 2 b 2 b 4 b 2
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and

— IN+9 1ln+15 15n+7 29n+13 9n+5
S(Rl) - <na 9 y T 4 ) 4 ’ 4 5 9 ,0)

Row 2. There is the first value of the D diagonal, an ad hoc element, the third value of the
C diagonal, the first value of the F diagonal, the third value of the M diagonal, the
first value of the N diagonal and the last value of the K diagonal. Hence

3n+1

_ 1
E(R,) = (—(4n +3), —"T, —(5n+5), ,6n+6,3n+2, —(n+ 1)>

and

In+5 19n 415
2 7 2

S(Rs) = (—(4n+3)7— ,—(8n+7),—(2n+1),n+1,0>.

Row 3 to n. There are four cases depending on the congruence class of » modulo 4. If
r =3 (mod 4), then write r = 4i + 3 where i € [0, 22]. It is not hard to see that
from the N, I, D, A, C, G and M diagonal cells we get:

— 7 5 9 5 9 7 1
ERuiyy) = (T2 gy 2002y INET o BT D
4 2 2
11 11 11 7 13 13
U L VI (I L P YRR
2 4 2
where & = 0 fori € [0, 27| while e = n for i = 232, and
— ™m+5 . bn+5 . 13n+9
S(R4i+3) = < 2 + 22, 1 + 327 - +1,
5n+11 . 3"+ 33 . 13n+ 13 .
R AR L )

If 7 = 0 (mod 4), then write r = 4i + 4 where i € [0, “77]. It is not hard to see

that from the N, J, D, B, C, H and M diagonal cells we get:

o+ 3

g(§4i+4> = (3n+3+2i7— —i,—(4n+4+2i),

5n + 1
1+2i,—(5n+6+2i),n;_—i,6n+7+2i>

and

5] 3 7 )
S(Raiya) = <3n+3+21',n;r+z‘,— n; —i

m+3 . 1n+15
— 4+, —

2 ’ 2

—i,—(6n+7+2i),0>.
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If r =1 (mod 4), then write r = 4i + 5 where ¢ € [0, 25 7]. It is not hard to see
that from the N, K, D, A, C, E and M diagonal cells we get:

— ™m+7 5 1 In+9 3
E(R4i+5):< nET L g ”: i, — ”; Cgp TR g
11 13 ™47 13 15
S Y S S N kU YR
2 4 2
where e = 0 fori € [0, ”111] while e = n fori = ”TJ, and
— m+7 9 13 In+5
S(Ruits) = n + 24, nt + 3i, — nt i,
2 4
11 11 33 37 13 15
_ ”: —i,— ": —3¢+g,—7"2+ —2i+5,0).

4

If r = 2 (mod 4), then write r = 4i + 6 where ¢ € [0, 2 7]. It is not hard to see
that from the N, L, D, B, C, F and M diagonal cells we get:

3n+3

E(Ryire) = (3n+4+2i,— — i, —(4n + 5 + 2i),

1
2+2i,—(5n+7+2i),?m2—i76n+8+2i>

and

3n+5 . bn+45
5 ThTTg Th
Sn+1 . 15n+15
2 by

S(R4Z‘+6) = <3n + 4 + 21,

—i,—(6n+8+2i),0>.

Now we list the elements and the partial sums of the columns.

Column 1. There is an ad hoc element, the first value of the D diagonal and of the I
diagonal, the second value of the N diagonal, the first value of the M diagonal, the last
value of the F diagonal and the second value of the C diagonal. Namely,

£(Cy) = <n —(4n+3), fgnff,sn +3,6n+4, %, —(5n+ 4)>

2In+17  9n+5 15m+11
4 ’ 4 4

S(Cy) = (n7—(3n+3),— ,5n+470).

Column 2. There is the (“£2)™ value of the C diagonal, an ad hoc element, the (%£3)®
value of the D diagonal, the first value of the J diagonal, the (“£2)™ value of the N
diagonal and of the M diagonal and the last value of the G diagonal. Namely,

— 1In+9 n-1 9n+7 d+3 ™m+7 13n+9
= —_ — — — 1
E(CQ) < 2 5 5 9 3 9 3 9 ’ 9 ,3TL >
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and
— 11 9 21 15
S(CQ) = < n ,7(677,%*4),*%,
19 11
- (13n+9),—n2+,—(3n—|—1),0).

Column 3 to n. There are four cases depending on the congruence class of ¢ modulo 4.

If ¢ = 3 (mod 4), then write ¢ = 4i + 3 where i € [0, “2]. It is not hard to see

that from the M, E, C, A, D, K and N diagonal cells we get:

_ Tn+3
E(Cuirs) = (Gn +5+2i, % +i,—(5n + 5+ 2i),

1 5 1
_";L — 2, —(4n + 4 + 2i), — nt

+i,3n+4+2i)

and

31n + 23 11n+3
": + 3, "4+ +i,
In+1 . Tn+15
i
4 ’ 1

8(641‘_‘_3) = (671 + 5+ Qi,

—3i,—(3n+4+ 2i),0>.

If c = 0 (mod 4), then write ¢ = 4i + 4 where i € [0, 2:7]. It is not hard to see

that from the M, F, C, B, D, L and N diagonal cells we get:

— 13 11 3 1 11 11
E(Cuiva) = nr + 21, ntl_ i,— ntil 2,
2 2 2
In+9 3n+3 ™m+9
and
— 13 11 5 1
S(Cuita) = (n; +2i,8n+6+i7% —i,
5 3 7 9
n; i, —(2n 434 i), — L —2@,0).

If c =1 (mod 4), then write ¢ = 4i + 5 where i € [0, “7]. It is not hard to see
that from the M, G, C, A, D, T and N diagonal cells we get:

_ 1n+7
S(O4i+5) = (6n+ 6 + 21, nt + 17, —(5n—|— 6+ 2i),
3 on + 1
S (n 45+ 2i), — 2 +i,3n+5+2i)
and
_ 35n + 31 15n+7
S(C4i+5)—(6n+6+2z', )
Bn+1 . 3n+19

1 i, 1 —3i,—(3n+5—|—2i),0).
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If ¢ = 2 (mod 4), then write ¢ = 4i + 6 where i € [0, 2] It is not hard to see

that from the M, H, C, B, D, J and N diagonal cells we get:

— 13 13 5 1 11 13
ECuine) = (=2 gy 2 MR gy
2 2 2
9 11 5 5 7 11
9o Tl o ondo Al
2 2 2
where & = 0 fori € [0, 251 ] while & = n fori = 25T, and
— 13 13 7 1
S(C4i+6)=<n2++2i79n+7+i,n;——z’+5,
7 5 7 11
n; +ite,—(n+34+1)+ —n;r 2i+€,0).

Finally we consider the support of A:

supp(A) = [1 "*3] u{s 2oy ["H - 1] @) U{n}
n1 5n+1} U [5n+5 3n+1 U [3n+3 Tn—1

U 1 2](p) 2 4}@)
U [7n+3 2”]@)

U [

U

In+5 In+9 5Sntl
U [2n +2, o }(I)U[ T, o ](H)
5n+3 11n+43 11n47
3 lnt ](J)U[ + 73n+1]()
[4n + 3,5n + 2] o) U [bn+ 3,6n + 2] ) U [6n + 4, Tn + 3],

=[1,7n+ 3]\ {2n + 1,4n + 2,6n + 3}.

U [3n+2,4n + 1]

N)

This concludes the proof. O

Example 4.7. Following the proof of Proposition 4.6 we obtain the integer globally simple
H7(11;7) below.

11 | —65 20 7 40 | =31 | =52
—47 | -5 | —60 17 72 35 | —12
—26 | =53 | —6 | —66 32 78 41

36 | —29 | —48 1] -61 28 73
42 | —14 | =54 | -7 | =67 21 79
37 | =18 | —49 2| —62 16 74
43 | =25 | =55 | —8 | —68 33 80
38 | =30 | —50 3| —63 27 75

70 44 | =13 | =56 | —9 | —58 22
15 76 39| —-19 | -51 4| —64
—59 34 71 45 | =24 | =57 | —10

Proposition 4.8. For everyn > 11 withn = 3 (mod 4) there exists an integer 9-diagonal
globally simple Hg(n;9) with width "T_g.
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Proof. We construct an n X n array A using the following procedures labeled A to R:

A: diag(3,1,5n+3,1,1,n)

C: diag(3,6 (771—|—4)7 ,—1,
E: diag(l "+3 —(2n), 1,2, "=
G: dz’ag(2 2,—(n—-2),1,1, %=
I: diag(2, 22,20 — 1,1, -2,

K: diag(2,1,—(3n +4),2, -1,
M: diag(3,2,—(4n +3),2,-1,
O: diag(™ft, 2 1nt9 o q n-3
Q: diag(i,ﬁ 13”+17 ,2,1,

n

n);
),
J:

n+tl
4
4

7);

)i
%);
);

23

o Uz &g m = O w

diag(4,1,7(6n+4),1,—1,n);
diag(4 6,8n +5,1,1,n);
“;3,1,2n+2 1,2,251);
2 7(2n+3)v ’ 27%3);

3 n n=>5Y.
2 v""zL i L= ER)
,5n,2,—1, 2t);
JAn 41,2, -1, 273);

n+7 n—3Y\.

nfd, -8t 9,1, 239)

)

19n—1 n—3
s T T 4 72717 A )

We also fill the following cells in an ad hoc manner:

AlL1]=n -1,

Al® 2171] -3 )
Aln—1,n—1] =

Aln, ) = (3714—1)7

We prove that the array constructed above is an integer 9-diagonal globally simple

A1, 25l

A,
Aln —1,n]
Aln,n—1]

Hg(n;9) with width "T’g. To aid in the proof we give a schematic picture of where each of

the diagonal procedures fills cells (see Figure 3). We have placed an X in the ad hoc cells.
Note that each row and each column contains exactly 9 elements. Since the filled diagonals
are Dy, Dy, D3, Da; Dngr s, Dngs, D, D

n=9 We now list the elements and the partial sums of every row. We leave to the reader

2

the direct check that the partial sums are distinct modulo 18n + 9; for a quicker check keep

in mind Remark 4.5.

1 and D, A has two empty strips of size

X|L|D|C X B|A|X
K|G|N|D]|C I B|A
A|M|G|L|D|C I|E B
B|A|K|G|N|D|C I|E
B|IA|M|G|L|D|C I|E
B|A|K|G|N|D]|C I
B|A|M|G|L|D|C I|E
X BIA|K|X|]O|D]|C X
F|H BIA|P|J|Q|D]|C
F|H BIA|R|J|O|D]|C
F|H B|A|P|J|Q|D|C
F|H B|A|R|J|O|D|C
C F|H B|A|P|J|Q|D
D|C F|H BIA|R|X|X
X|DJ|C FIX B|A|X|X

Figure 3: Scheme of construction with n = 15.
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Row 1. There are three ad hoc values plus the elements of the L, D, C, E, B and A diago-
nals. Namely:

ER1) =(n—1,5n,9n+2,—(8n+2),n+2,—2n, —(Tn+1),6n+1,—(5sn+1))
and
S(R))=(n—1,6n—1,15n+1,7n — 1,80+ 1,6n + 1, —n,5n + 1,0).
Row 2. It is not hard to see that from the K, G, N, D, C, I, E, B and A diagonal cells we
get:
ER)=(—Bn+4),—(n—2),4n+1,9n + 3,
—(8n+3),2n—1,—(2n—2),—(Tn +2),6n + 2)
and
S(Ry) = (—(Bn+4),—(4n+2),-1,9n+2,n — 1,3n — 2,n, —(6n + 2),0).
Row 3. It is not hard to see that from the A, M, G, L, D, C, I, E and B diagonal cells we
get:
E(R3) = (5n+3,—(4n+3),—(n —3),5n — 1,
In+4,—(n+4),2n—3,—(2n —4),—("Tn +3))
and
S(R3) = (5n+3,n,3,5n +2,14n + 6,70 + 2,9n — 1,7n + 3,0).
Row 4 to "T_l We have to distinguish two cases, depending on the parity of the row r. If

r is even, then write r = 4 + 2i where i € [0, 2] It is not hard to see that from
the B, A, K, G, N, D, C, I and E diagonal cells we get:

ERyt2i) = (—(6n+4+20),5n+4+2i,—(3n+5+1), —(n — 4 — 24),
dn —i,8n 4+ 5+ 2i, —(Tn + 5+ 2i),2n — 5 — 4i, —(2n — 6 — 41))
and
S(Ray2;) = (— (6n+ 4+ 2i), —n, —(4n + 5 + i),
—Bn+1—49),—(n+1),Tn+4+2i,—1,2n — 6 — 44,0).
If 7 is odd, then write 7 = 5+ 24, where i € [0, 251 ]. It is not hard to see that from
the B, A, M, G, L, D, C, I and E diagonal cells we get:

E(Rsi2i) = (—(6n+5+2i),5n +5+2i,—(4n +4+1i), —(n — 5 — 2i),
5n —2 —i,8n 4 6 + 2i, —(Tn + 6 + 2i),2n — 7 — 4i, —(2n — 8 — 4i))
and

S(Rsy2:) = (— (6n 454 2i), —n, —(5n + 4 +1),
—(6n—1—4),—(n+1),7n+5+2i,—1,2n — 8 — 44,0).
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Row "T'H There are three ad hoc values plus the elements of the B, A, K, O, D and C
diagonals. Namely:

— 1 1 11 1

Bn+13 1m+9 1Tm+3 15n+3 )
— - ,n+1

Ty Ty T T

and

— 19 1 29 13
S(RLH> = (-3”,_ n2+ 7_4’”’_%7

25n + 13 13n + 1
_%7—(271—&-1), n; ,—(n—l—l),O).

Row "T"'?' to n — 2. We have to distinguish two cases, depending on the parity of the row
r. If r is odd, then write r = 243 4 2i where i € [0, 257 ]. It is not hard to see that

from the F, H, B, A, P, J, Q, D and C diagonal cells we get:

— 13 3 11 3
5(Rn2+3+zi> - (2n+2+4i7—(2n+3+4i)7— "; —2i, n; +2i,
5n+7 ~n—-3 C18n+17 1Tn+5 . 15n+5 .
— + 1, — 24, + i, + 2, — — 2
4 2 4 2
and
_ ) 13n+5 .
S<R%+zi) = (2n+2+4z,1, —2i,—(n+1),
9n+11 . 1Tn+17 15n +5 .
— 1 + i, — 1 —1,—n, 5 + 2¢,0 |.

If 7 is even, then write r = 243 + 2 where i € [0, 25L]. It is not hard to see that

from the F, H, B, A, R, J, O, D and C diagonal cells we get:

_ 13 5 11 5
5(}2,1;5”1.) - (2n+4+42'7—(2n+5+4i)7— "; — 92, "; +2i,
1I9n -1 ~n-5 o 1m+13 | 1Tm+T7 . 15n+7 ,
— 1 + 1, 2 — 21, 1 + i, 5 + 2, — —21)
and
_ ) 13n+7 .
S(R”T”Hi) = <2n+4+4z,—1,— 5 —2i,—(n+1),
23n+3 . 2ln+13 . 15n+7 .
- 1 + i, — 1 —1,—n, 5 + 24,0 ).
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Row nn — 1. There are two ad hoc values plus the elements of the D, C, F, H, B, A and R
diagonals. Namely:

ERp_1) = <9n, —8n,3n — 3, —(3n — 2),

1
C(Tn—1)6n—1,-2nF3 ol
2 2
and

_ 9n+5
S(Ro_1) = <9n,n,4n—3,n—1,—6n,—17— ”; ,—(5n+2),0).

Row n. There are four ad hoc values plus the elements of the D, C, F, B and A diagonals.
Namely:

ER) =0Bn+3,9+1,—-8n+1),3n—1,—(3n+ 1), =Tn, 6n, —(3n + 2),1)
and

S(R,)=0Bn+3,12n+4,4n+3,7n +2,4n+1,—(3n — 1),3n + 1, —1,0).

Now we list the elements and the partial sums of the columns.

Column 1. There are three ad hoc values plus the elements of the K, A, B, F, C and D
diagonals. Namely:

E(C1) = (n—1,—(3n+4),5n+3, —(6n+4), —3n,2n+2, —(8n—1),9n, 3n+3)
and
S(Cy)=(n—-1,—(2n+5),3n — 2, —(3n + 6),
—(6n+6),—(4n+4),—(12n + 3), —(3n + 3),0).

Column 2. It is not hard to see that from the L, G, M, A, B, H, F, C and D diagonal cells we
get:

E(Cy) = (5n, —(n—2), —(4n+3), 5n+4, —(6n+5), — (2n+3), 2n+4, —8n, In+1)
and

S(Cs) = (5n,4n +2,-1,5n+ 3, —(n +2), —(3n +5), —(n + 1), —(9n + 1), 0).

Column 3. It is not hard to see that from the D, N, G, K, A, B, H, F and C diagonal cells we
get:

E(C3) = +2,4n+1,—(n —3),—(3n +5),
5n+5,—(6n+6),—(2n+5),2n + 6, —(8n + 1))

and

S(C3) = (In+2,13n+3,12n + 6,90 + 1,14n + 6,8n,6n — 5,8n + 1,0).
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Column 4. It is not hard to see that from the C, D, L, G, M, A, B, H and F diagonal cells we
get:

E(CYH) =(—(8n+2),9n+3,5n—1,—(n—4),
—(4n+4),5n4+6,—(6n+7),—(2n+7),2n + 8)
and
S(Cy) = (—(8n+2),n+ 1,6n,5n + 4,n,6n + 6, —1, —(2n + 8),0).
Column 5. It is not hard to see that from the C, D, N, G, K, A, B, H and F diagonal cells we
get:
5<65) = ( - (STL + 3)7977’ +4,4n, _(n - 5)7
— (Bn+6),5n+7,—(6n+8),—(2n 4+ 9),2n + 10)
and

S(Cs) = (—(8n+3),n+1,5n+1,4n + 6,n,6n + 7,1, —(2n + 10),0).

Column 6 to "T_l We have to distinguish two cases, depending on the parity of the col-

umn c. If ¢ is even, then write ¢ = 6 + 2i where i € [0, 2-12]. It is not hard to see

that from the C, D, L, G, M, A, B, H and F diagonal cells we get:

E(Coy2i) = (—(Tn+4+2i),8n 4+ 5+ 2i,5n — 2 —i,—(n — 6 — 2i),
—(An+5+1),5n+ 8+ 2i, —(6n + 9+ 2i), —(2n + 11 + 4i), 2n + 12 + 49)
and
S(Cpi2))=(— (Tn+4+2i),n+1,6n—1—1,
5n+5+1i,n,6n+ 8+ 2i,—1,—(2n + 12 + 44),0).
n—15

If ¢ is odd, then write ¢ = 7 + 2i where i € [0, ®=2]. It is not hard to see that from
the C, D, N, G, K, A, B, H and F diagonal cells we get:

E(Cry0i) = (—(Tn+5+2i),8n + 6+ 2i,4n — 1 — i, —(n — 7 — 2i),
—(Bn+T7+14),5n+9+2i,—(6n+ 10 + 2i), —(2n + 13 + 4i), 2n + 14 + 4i)

and
S(Cri2:)=(— (Tn+5+2i),n+1,5n—1,
An+7+14,n,6n+ 9+ 2i,—1,—(2n + 14 + 44),0).

Column "TH The are three ad hoc values plus the elements of the C, D, L, P, A and B

diagonals. Namely:
— 15n -3 1"m—1 19n+3
5(cn1)<n+2,— =

_15n+7 1In+5 _13n+7
’ 4 7 2 4

n

(1)
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and
— 13n -7

2mm+15 31ln+1 19n + 9
4 b 4 34n+27

,3n+1,0).

Column "TH to n — 2. We have to distinguish two cases, depending on the parity of the
column c. If ¢ is odd, then write ¢ = 243 + 2i where i € [0, “"]. It is not hard to
see that from the E, I, C, D, O, J, R, A and B diagonal cells we get:

= . . 1n—1 C1Tn+1 .
5(Cn;r3+2i):(—(2n—42),2n—1—4z,— 5 — 21, 5 + 2i,

17m+9 . n-—3 o 19n—-1 | 1ln+7 o 13n+9 )
— + — — 24,

1 + 1, 5~ 24, 1 1, 5 + 21,
and
S(C"T“’Jrzi) = < —(2n —4i), -1, —

21n—|—9+,23n+3 41 13n+9
n ) —i,n
) 4 b 4 b) b 2

15 1
n + _ 9

)

+ 24, 0) .
If c is even, then write ¢ = %2 + 2i where i € [0, 251 ]. It is not hard to see that
fromthe E, I, C, D, Q, J, P, A and B diagonal cells we get:

ral . . 1n+1 C1Tn+3 .
E(C%SJF%) = (—(2n—2—42),2n—3—4z,— 5 — 21, 5 + 2i,
13n—|—17+, n—>5 . 15n—|—3+, 11n+9+2, 13n + 11 9

1 — 21, — 1 I E—— ¥
4 2 ’ 4 ’ 2 ’ 2
and

_ . 150 +3 17Tn+17
S(On;s%):(-(%-2-4@),—1,— ”2 n, "4 14,

9n+7 | 13n +11
1 —z,nJrl,T

+2¢,0>.

Column n — 1. There are two ad hoc values plus the elements of the A, B, E, I, C, D and
Q diagonals. Namely:

E(C,1) = <6n +1,—(Tn+2),—(n+5),n+4,

™m+5 n-—1
2 2

— (8n—3),9n — 2, 7—(3n+2))
and

S(Cr1) = (6n +1,—(n+1),—(2n +6),

T+ 3
—(n+2),—(9n —1),~1, %,Bn—i— 2,0).



264 Ars Math. Contemp. 18 (2020) 241-271

Column n. There are four ad hoc values plus the elements of the A, B, E, C and D diago-
nals. Namely:

E(C,) = (=(5bn+1),6n+2, —(Tn+3), —(n+3),n+1, —(8n—2),9n—1,5n+2, 1)
and

S(én) = ( - (577‘ + 1)777‘ + 17 _(677’ + 2)7 —(7TL + 5)a
— (6n+4), —(14n + 2), —(5n + 3), —1,0).

Finally, we consider the support of A:

supp(4) = {1} U [2,%5%] U {3 U %5 n = 2]
U{n—1nn+1n+2U[n+3,2n]5,HU2n+2,3n — 15y
U{3n,3n+1,3n+2,3n + 3} U [3n + 4, 13213

U [13n4+17 , 7n2+5] @

U [4n + 3, 11245]

o[22 5]

®)
U [15n4+1174n + 1]

()
U [9712-&-3, 197}1—1](1)\)

U [771;7’ 1572+7] ®

U [177}1-&-9’ 9n2+1} ©

(1)
U{5n+1,5n+2} U [5n +3,6n + 2],

()
U[6n+4,7n + 3] 5 U[Tn+4,8n + 3] ) U [8n +5,9n + 4],

=[1,9+4]\{2n+1,4n +2,6n + 3,8n + 4}.
This concludes the proof. O

Example 4.9. Following the proof of Proposition 4.8 we obtain the integer globally simple
Hy(15;9) given in Figure 4.

Lemma 4.10. For any n =7 (mod 14) such that n > 21, write r = "7_7 Let A,, be a 9-

diagonal array whose filled diagonals are Dy, Ds, ..., D7, Dy 7 and D, g. Then (R,C),

where R = (1,1,...,1)and C = (—1,...,—1,1,1,..., 1), is a solution of P(A,,).
———

8

Proof. Foranyi € [1,71U{r+7,r+8}setD; = (d;1,di2,di3,...,d;in), where d; 1 is
the position [z, 1] of A,,. Also, we set

A; =dis,dig,di10,-..,din;

Bi=dii,diivr,diizar, ooy dy gz,

Ci =dryrisdrititr drytizars - gy iy2ny;

Dy =dig,diipr diigor, -5 dy 1y 2oy,

Dy =di8,d1,84r;

Ey =drir1,drgragr, degrivor, o Ay 9y

Es =dry78,dri7,84r
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! Ly— |06 G0T— w— | ¥ 11— | 9€1 87
2L L= 69— |68 yoT— — | cv 0cI— | G€T
VET g9 (4 99— | 88 €01 — Iv— | OF 61T—
8TT— | €€T 89 € 0L— |18 c0T— 66— | 8¢
LTT— | CET ¥S ¥ 26— |98 10T— LE— | 9€
9IT— | T€T 29 g I.— | S8 00T— GE— | V€

GIT— | O€T €9 9 8¢— | 78 66— €€— | ¢€
9T VIT— | 62T 99 g1 cS— | €8 86— Sv—
8T— | 61 E€T1— | 8¢l cL 8— 69— | ¢8 L6—

06— | 1¢% GIT— | L2T 69 6— 19— |18 96—
Gc— | €¢ ITT— | 9¢1 €L 01— [ #9— |08 96—

Ve— | GC 0TT— | 92T 09 IT— | 09— |6 v6—
80T— 96— | LT 60T— | 6€T |2 ¢l— [ €9— | 8L
6 20T— 8¢— | 6¢ €cl— | 8€T 19 €l— | 67—
9.— |16 90T — 0€— |41 col— | LET Gl 4!

Figure 4: An integer globally simple Ho(15;9).
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To aid in the proof, at the webpage
http://anita-pasotti.unibs.it/Publications.html,

we give a schematic picture of where each of these sequences fills cells. By a direct check,
one can verify that

Lrc(deg) = (Ag,ds1,d22,drys 3,d74,d55,d36,Br, Cr,dg 7,
Ay doy,drgs2,d73,ds4,d35,Be, Cs,de,s, da,7,
As,dryg1,dr2,ds3,d34,Bs5,Cs,ds 5, das, do,7,
A, ys,dr1,d52,d33,Bs,Cy,ds a,dss,dog,drys7,
Az,ds1,d32,B3,Cs,ds3,da4,d25,dry86,d7,7,
As,ds1,B2,Co,dg2,da3,d24,drys5,d76,ds,7,
A3, Dy, Ey, ds1,da2,d23,drq84,d75,d56,d37, D2, Ep).

Hence, it is easy to see that L ¢(ds,g) covers all the filled cells of A,,. O
Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. The result follows from Theorem 3.4, once we have proved the
existence of a relative Heffter array with compatible simple orderings w, and w.

(1): For any n odd, a H,,(n;3) and a Ha,(n;3) are constructed in Propositions 4.1
and 4.3, respectively. Clearly these are globally simple Heffter arrays. Since they are
cyclically 3-diagonal their compatibility follows from [13, Proposition 3.4].

(2): Let n = 3 (mod 4). A H(n;3) and a H5(n; 5) are constructed in [15, Proposi-
tions 5.1 and 5.5], respectively. As before these are globally simple Heffter arrays and since
they are cyclically 3-diagonal and 5-diagonal, respectively, their compatibility follows from
[13, Proposition 3.4]. A globally simple H7(n;7) is given in Proposition 4.6. Since this
is cyclically 7-diagonal its compatibility follows from [13, Propositions 3.4 and 3.6]. Fi-
nally, a globally simple Hg(n;9) is given in Proposition 4.8. Since this is 9-diagonal with
width 252 if ged (n, 257) = ged(n, 7) = 1 its compatibility follows from [12, Proposi-
tion 4.19]. If ged(n, 7) # 1 the result follows from Lemma 4.10. O

S Archdeacon arrays

In this section we introduce a further generalization of the concept of Heffter array. In
particular we will consider p.f. arrays where the number of filled cells in each row and in
each column is not fixed.

Definition 5.1. An Archdeacon array A over an abelian group (G, +) is an m x n p.f. array
with elements in G, such that:

(a) E(A)is aset;
(b) forevery g € G, g € E(A) implies —g & E(A);
(c) the elements in every row and column sum to 0.

An example of this kind of arrays will be given in Figure 5. We note that, in the special
case G = Z,, £E(A) = Z, \ J where J is a subgroup of Z, and all the rows (resp.
columns) have the same number of filled cells, we meet again the definition of a relative
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Heffter array. The purpose of this section is to show how Archdeacon arrays can be used
in order to obtain biembeddings and orthogonal cycle decompositions. First of all we need
a generalization of [7, Proposition 2.6], stated by Buratti in [6, Theorem 3.3]. All the well
known concepts about the differences method can be found in [6, 15].

Theorem 5.2. Let G be an additive group and B be a set of cycles with vertices in G. If
the list of differences of B is a set, say A, then B is a set of base cycles of a G-regular cycle
decomposition of Cay[G : Al.

Generalizing Proposition 2.1, an Archdeacon array can be used to obtain regular cycle
decompositions of Cayley graphs as follows.

Proposition 5.3. Let A be an m x n Archdeacon array on an abelian group G with simple
orderings w, = wg, 0 owg forthe rows and w. = wg o ---owg for the columns.
Then: / l

(1) By, = {S(wg,) | i € [1,m]} is a set of base cycles of a G-regular cycle decompo-
sition Dy, of Cay|G : £E(A)];
(2) B, ={S(wg.) | 7 € [1,n]} is a set of base cycles of a G-regular cycle decomposi-

J

tion D,,, of Cay[G : £E(A));

(3) the cycle decompositions D, and D,,, are orthogonal.

Proof. (1): Since the ordering w, is simple the elements of B, are cycles of lengths
|E(R1)|, .., |E(Rym)| and by definition of partial sums the list of differences of S(wg )
is +&(R;), for any i € [1,m]. Hence, the list of differences of 13,,. is £(A) and so the
thesis follows from Theorem 5.2. Obviously, (2) can be proved in the same way. Note that,
in general, the cycles of B, and those of B,,, have different lengths. (3) follows from the
requirement that the elements of +&(A) are pairwise distinct. O

Moreover the pair of cycles decompositions obtained from an Archdeacon array can be
biembedded under the same hypothesis of Theorem 3.4. In fact, within the same proof, we
have that:

Theorem 5.4. Let A be an Archdeacon array on an abelian group G that is simple with
respect to two compatible orderings w, and w.. Then there exists a biembedding of the
G-regular cycle decompositions D,,—1 and D, of Cay[G : £E(A)] into an orientable
surface.

We observe that if an Archdeacon array has no empty rows/columns, then a necessary
condition for the existence of compatible orderings is |skel(4)] = m +n — 1 (mod 2).
This can be proved with the same proof of [1 |, Theorem 1.1] and of [12, Theorem 2.7].

Finally, as an easy consequence of Theorem 5.4, we obtain the relationship between the
Crazy Knight’s Tour Problem and globally simple Archdeacon arrays.

Corollary 5.5. Let A be a globally simple Archdeacon array on an abelian group G such
that P(A) admits a solution (R, C). Then there exists a biembedding of the G-regular cycle
decompositions D_-1 and D, of Cay[G : £E(A)] into an orientable surface.
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Given two m xn p.f. arrays A and B defined on abelian groups (G; and G4, respectively,
we define their direct sum A @ B as the m x n p.f. array E whose skeleton is skel(A) U
skel(B) and whose entries in G1 & G are so defined:

(Alé, j], Bli,j4])  if (i,7) € skel(A) N skel(B),
Eli, jl = < (A[i, j],0a,) if (1,7) € skel(A) \ skel(B),
(0, Bli, j]) if (¢,7) € skel(B) \ skel(A).

In the following we will denote by R;(A) and C;(A) the i-th row and the j-th column
of A, respectively.

Lemma 5.6. Let A and B be m x n globally simple p.f. arrays over abelian groups G
and G, respectively, such that:

(1) for any i € [1,m] for which the i-th rows of A and B are both nonempty, we have

skel(R; (A)) N Skel(Rl(B)) #* 0,

(2) foranyj € [1, n] for ‘which the j-th columns of A and B are both nonempty, we have
Skel(Cj (A)) n Skel(cj (B)) 75 @,’

(3) the elements in every nonempty row/column of both A and B sum to zero.
Then A® B is a globally simple p.f. array, whose nonempty rows and columns sum to zero.

Proof. Since the elements in every nonempty row and column of both A and B sum to
zero, the same holds for A @ B.

Let us suppose, by contradiction, that there exists a row (resp. a column) R; of A © B
that is not simple with respect to the natural ordering. Then there would be a subsequence
L of consecutive elements of R; that sum to zero. Denoted by L; the subsequence of the
first coordinates of L (ignoring the zeros) and by Lo the one of the second coordinates,
we have that both L; and Lo sums to zero. Since both R;(A) and R;(B) are simple with
respect to the natural ordering, it follows that either L; = () (we are ignoring zeros) or
Ly = £(A). Similarly, for R;(B). If L; = ), then Ly = £(R;(B)) and hence L is £(R;).
Similarly, if Lo = (). Finally, if L; and Ls are both nonempty, the only possibility is that
L = E(R;) since skel(R;(A)) N skel(R;(B)) # 0. O

Proposition 5.7. Let A be an Archdeacon array over an abelian group G1 and let B be a
p.f- array of the same size defined over an abelian group Go. Suppose that the hypotheses
of Lemma 5.6 are satisfied, that E(A ® B) is a set and that if (0¢,,x) € E(A @ B), then
(0¢,,—x) € E(A® B). Then A® B is a globally simple Archdeacon array over G1 & Ga.

Proof. By Lemma 5.6, ' = A@® B is a globally simple p.f. array whose rows and columns
sum to zero. We now show that condition (b) of Definition 5.1 holds. Suppose that g =
(91, 92) € G1®G2 belongs to £(E). Then, either g; € £(A) or g1 = O¢, - In the first case,
—g1 € E£(A) and so —g = (—g1, —g2) € E(E). If g1 = O, , then (0c,, —g2) & E(E) by
hypothesis, proving the statement. O

Now we consider the m x n p.f. array Bm,n,d(il, i2; j1,j2) over Zg which has only
four nonempty cells: those in positions (i1, j1), (i2, j2) that we fill with +1 and those in
positions (72, 1), (41, j2) that we fill with —1. The following result is a consequence of
Proposition 5.7.
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Corollary 5.8. Let k < n and let us suppose there exists a globally simple cyclically k-
diagonal Hy(n; k), say A, whose filled diagonals are D1, ..., Dy. Then considering the
array B = By, ,.4(1,2;1,2), where d > 2, we have that E = A & B is a globally simple
Archdeacon array over the group Loy 4+ ® Zg.

We know that there exists a (globally simple) cyclically 3-diagonal H;(n;3) in each of
the following cases:

(1) te{l,2}andn =0,1 (mod 4), see [4, Theorems 3.4 and 3.9];
(2) t=3andn =0,3 (mod 4), see [15, Propositions 5.1 and 5.3];
(3) t = n and n is odd, see Proposition 4.1;

(4) t = 2n and n is odd, see Proposition 4.3.

Therefore in these cases, we can apply Corollary 5.8: for any d > 3 there exists a globally
simple Archdeacon array E of size n > 4 defined over Zg,,++ @ Zg4 whose skeleton is
Dy UDsUD3U{(1,2)}.

Moreover, because of [12, Proposition 5.9], there exists a solution of P(FE) whenever
n is also even. In those cases we have a biembedding of Cay[Zg, 1+ ® Zg4 : £E(F)] in an
orientable surface whose faces classes contain triangles and exactly one quadrangle.

As example of such construction, in Figure 5 we give a globally simple Archdeacon
array over Zs, ® Zg, where d > 3.

(—9,1) | (0,-1) (16,0) | (=7,0)
(—3,—1) | (—22,1) (25,0)
(12,0) | (1,0) | (—13,0)
(21,0) | (2,0) | (—23,0)
(11,0) | (8,0) | (-19,0)
(15,0) | (5,0) | (—20,0)
(14,0) | (—=4,0) | (—10,0)
(24,0) | (=6,0) | (—18,0)

Figure 5: An Archdeacon array over Zs1 @ Zg.

We recall that the existence of a (globally simple) cyclically 4-diagonal H;(n; 4) for any
nandt € {1,2,4} has been proved in [17, Theorem 2.2] and [15, Proposition 4.9]. There-
fore, for any d > 3, because of Corollary 5.8 there exists a globally simple Archdeacon
array E of size n > 4 over Zg,, 4+ @ Zg4 whose skeleton is D1 U Do U D3 U Dy U {(1,2)}.

Moreover, because of [ 12, Proposition 5.13], there exists a solution of P(E) whenever
n # 0 (mod 3). In these cases we have a biembedding of Cay[Zg,++ ® Z4 : £E(F)] in
an orientable surface whose faces classes contain quadrangles and exactly one pentagon.

An example of such construction is given in Figure 6 where we provide a globally
simple Archdeacon array over Zgo @ Z4, where d > 3.
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(25,1) | (0,—1) (1,0) | (=8,0) [ (—18,0)
(—=19,—1) | (26,1) 2,0) | (=9,0)
(_1070) (_207 0) (277 O) (370)

(4,0) (—11,0) | (—21,0) | (28,0)

(5,0) | (=12,0) | (=22,0) | (29,0)
(6,0) | (—13,0) | (—16,0) | (23,0)
(7,0) | (—14,0) | (—=17,0) | (24,0)

Figure 6: An Archdeacon array over Zgg b Z.
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