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Abstract

We show that almost every Cayley graph Γ of an abelian group G of odd prime-power
order has automorphism group as small as possible. Additionally, we show that almost
every Cayley (di)graph Γ of an abelian group G of odd prime-power order that does not
have automorphism group as small as possible is a normal Cayley (di)graph of G (that is,
GL/Aut(Γ)).
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Determining the full automorphism group of a Cayley graph or digraph is one of the
most fundamental questions that one can ask about a Cayley graph. While it is usually
quite difficult to determine the automorphism group of a Cayley graph or digraph, some-
what surprisingly for some rather general groups G it has been shown that almost every
Cayley graph and digraph of the groups in these classes has automorphism group as small
as possible. That is, if Γ is a Cayley (di)graph of G, then with probability approaching 1
as |G| → ∞, the automorphism group of Γ is GL. Indeed, while working on the prob-
lem (now solved, see [15] for graphs and [3, 4] for digraphs) of determining which groups
G have a digraphical regular representation (a Cayley digraph Γ of G with automorphism
group Aut(Γ) = G), or DRR, and which groups G have a graphical regular representation
(a Cayley graph Γ of G with Aut(Γ) = G), or GRR, Babai, Godsil, Imrich, and Lovász
(see [5]) conjectured that unless G is an abelian or a generalized dicyclic group, almost
all Cayley digraphs of G are GRR’s, while for digraphs, the conjecture is that almost all
Cayley graphs of G are DRR’s. (For graphs, it is known that no Cayley graphs of groups
that are not elementary abelian 2-groups nor dicyclic are GRR’s.)
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In terms of verifying these conjectures, in 1981 Godsil [16] showed that almost all
Cayley digraphs of groups G of prime-power order are DRR’s provided that there is no
homomorphism from G onto Zp o Zp. Additionally, Babai and Godsil [5] proved that
almost every Cayley digraph of a nilpotent group G is a DRR. Godsil [16] showed that for
every other group G (i.e. G is not abelian nor generalized dicyclic) of prime-power order
with no homomorphism onto Zp o Zp, almost all Cayley graphs of G are GRR’s, while
Babai and Godsil [5] showed that for every nilpotent but not abelian group G, almost every
Cayley graph of G is a GRR. Babai and Godsil also considered whether or not almost all
Cayley graphs of an abelian groupG has automorphism group as small as possible (namely
of order 2|G|), and showed that this was indeed the case for almost all such Cayley graphs
provided that the order of G is congruent to 3 modulo 4.

In this paper, we will consider the asymptotic automorphism groups of Cayley graphs
and digraphs of abelian groups of odd prime-power order. First, as it will not involve
much additional work, we will prove in Theorem 1.7 the known result that almost all Cay-
ley digraphs of an abelian group G of odd prime-power order have automorphism group
GL. In Theorem 3.3 we show that almost all Cayley graphs of an abelian group G of odd
prime-power order have automorphism groups as small as possible, namely of order 2|G|,
removing the restriction that |G| ≡ 3 (mod 4) for these groups. M.-Y. Xu [27] introduced
the notion of a normal Cayley (di)graph of a group G, that is, a Cayley (di)graph Γ of a
group G such that GL/Aut(Γ), and he conjectured that almost all Cayley (di)graphs of a
group G are normal Cayley digraphs of G. Of course, if almost all Cayley (di)graphs of
G are GRR’s or DRR’s, then almost all Cayley (di)graphs of a group G are normal Cayley
digraphs of G, so Xu’s conjecture is weaker than the conjectures in the previous paragraph.
We conjecture (Conjecture 4.1) that almost every Cayley (di)graph of G whose automor-
phism group is not as small as possible is a normal Cayley (di)graph of G, and verify
this conjecture for graphs (Theorem 3.5) and digraphs (Theorem 2.9) of abelian groups of
odd prime-power order. We finish with a few additional problems that can be considered
to try to understand more fully the asymptotic behavior automorphism groups of Cayley
(di)graphs.

One final comment is in order about what we mean by “almost all” Cayley digraphs. In
this paper, we first fix a specific abelian group of odd prime-power order. In order then for
the number of group elements to go to infinity without changing the structure of the group,
we must let p approach infinity.

1 DRR’s
In this section, we develop some elementary tools that will be needed for the main results.
Additionally, as it will not take much extra work, we prove that almost every Cayley digraph
of an abelian group of prime-power order is a DRR - a special case of a result of Godsil as
mentioned above - for completeness.

Definition 1.1. Let G be a group and S ⊂ G. We define the Cayley digraph of G with
connection set S to be the digraph Γ = Γ(G,S) defined by V (Γ) = G and E(Γ) =
{(g, gs) : s ∈ S, g ∈ G}. If S = S−1, then Γ is a Cayley graph of G with connection set
S. Note that GL = {x→ gx : g ∈ G} ≤ Aut(Γ).

Lemma 1.2. Let G be a group of finite order n and α ∈ Aut(G), α 6= 1. Then α has at
most 3n/4 orbits in its natural action on G.
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Proof. It is easy to see that the set of all fixed points of α forms a subgroup H of G. Then
|H| ≤ n/2. As each orbit contained in G−H has order at least 2, we see that the number
of orbits of α is at most

|H|+ |G−H|/2 = |H|/2 + |G|/2 ≤ 3n/4.

Similarly, we also have the following result.

Lemma 1.3. Let G be a group of order pk, p a prime, and α ∈ Aut(G) such that |α| has
order a power of p. Then α has at most 2pk−1 − pk−2 orbits.

Proof. As in the previous result, the set of all fixed points of α forms a subgroup H of G,
and so |H| ≤ pk−1. Also, as α has order a power of p, each orbit contained in G−H has
order at least p. We see that the number of orbits of α is at most

|H|+ |G−H|
p

≤ pk−1 +
pk − pk−1

p
= 2pk−1 − pk−2.

We shall have need of the following result.

Lemma 1.4. Let G be a group of prime-power order pk. Then |Aut(G)| ≤ |Aut(Zk
p)|.

Proof. LetM be a minimal set of generators of G, with j = |M |. By [18, Chapter III, Satz
3.19],

|Aut(G)| ≤ pj(k−j)Πj−1
i=0 (pj −pi) = Πj−1

i=0 (pk−pipk−j) ≤ Πj−1
i=0 (pk−pi) = |Aut(Zk

p)|.

Lemma 1.5. Let k be fixed a positive integer. Then there exists an integer N such that if
pk ≥ N , then |Aut(Zk

p)| ≤ 2p
k/8.

Proof. Clearly there exists a positive integer N such that if x ≥ N , then xk ≤ 2x/8.
Letting p be the smallest prime number such that pk ≥ x ≥ N , we see that pk

2 ≤ 2p
k/8.

Then

|Aut(Zk
p)| = Πk−1

i=0 (pk − pi) ≤ pk
2

≤ 2p
k/8.

Definition 1.6. For a group G, we define CayDi(G) to be the set of all Cayley digraphs
of G, and DRR(G) to be the set of all Cayley digraphs of G which are digraphical regular
representations of G. Similarly, we let Cay(G) be the set of all Cayley graphs of G, and
GRR(G) to be the set of all Cayley graphs ofGwhich are graphical regular representations
of G.
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Theorem 1.7. Almost every digraph of an abelian group G of prime-power order pk is a
DRR. More specifically,

lim
p→∞

|DRR(G)|
|CayDi(G)|

= 1.

Proof. LetG be an abelian group of order pk and Γ a Cayley digraph ofG. IfNAut(Γ)(GL) =

GL, then a Sylow p-subgroup of Aut(Γ) must have order pk, and so GL is contained in the
center of its normalizer. By Burnside’s Transfer Theorem [17, Theorem 7.4.3], Aut(Γ) has
a normal p-complement H . As H/Aut(Γ), the orbits of H form a complete block system
B of Aut(Γ), and as the size of an orbit of H divides |H|, we have that blocks of B consist
of blocks of size relatively prime to p. As Γ has order pk, we see that B consists of pk

blocks of size 1. Thus H = 1 and Aut(Γ) = GL. That is, if NAut(Γ)(GL) = GL, then Γ
is a DRR of G.

We now provide an upper bound on the number of Cayley digraphs of G that are not
DRR’s of G, provided that pk ≥ N , where N is as given by Lemma 1.5. Let Γ be
such a digraph. By the argument in the preceding paragraph, NAut(Γ)(GL) 6= GL. As
NSG

(GL) = Aut(G) · GL [8, Corollary 4.2B], we see that Aut(Γ) contains a nontrivial
group automorphism α of G. By Lemma 1.2, α has at most 3pk/4 orbits, and as the con-
nection set of Γ must consist of unions of orbits of α, we see that there are at most 23pk/4

Cayley digraphs of G whose automorphism group contains α. By Lemma 1.4, there are
at most |Aut(Zk

p)| possible choices of α, and by Lemma 1.5, |Aut(Zk
p)| ≤ 2p

k/8. We
conclude that there are at most 23pk/4 · 2pk/8 = 27pk/8 Cayley digraphs of G that are not
DRR’s of G. As there are 2p

k

distinct Cayley digraphs of G, we see that

lim
p→∞

|DRR(G)|
|CayDi(G)|

≥ lim
p→∞

2p
k − 27pk/8

2pk = 1.

2 Normal Cayley Digraphs
In this section we consider the question of whether or not almost all Cayley digraphs of an
abelian group of prime-power order are normal Cayley digraphs.

Definition 2.1. Let Γ be a Cayley digraph of G. We say that Γ is a normal Cayley digraph
of G if GL/Aut(Γ). For a group G, we denote the set of all normal Cayley digraphs
of G by NorCayDi(G). The set of all normal Cayley graphs of G will be denoted by
NorCay(G).

Definition 2.2. LetG be an abelian group of prime-power order pk, so thatG ∼= Πr
i=1Zpai ,

where
∑r

i=1 ai = k. We define the number of elementary divisors of G to be r, and say G
is of rank r.

Definition 2.3. For H ≤ G, we define the normal closure of H in G, denoted by HG, to
be 〈g−1hg : g ∈ G, h ∈ H〉.

Note that HG/G, and is the smallest normal subgroup of G that contains H .
The following result is [10, Theorem 6.3], and from it, we will obtain the main tool

(Lemma 2.6) used for the rest of the work in this paper.
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Theorem 2.4. Let G ≤ Spk be transitive with an abelian Sylow p-subgroup P of rank t.
If p > 2t−1, then PG is permutation isomorphic to a direct product of cyclic groups and
doubly-transitive nonabelian simple groups with the canonical action, with the number of
factors in the direct product equal to t.

Definition 2.5. Let Ω be a set and G ≤ SΩ. Let G act on Ω × Ω by g(ω1, ω2) =
(g(ω1), g(ω2)) for every g ∈ G and ω1, ω2 ∈ Ω. We define the 2-closure of G, denoted
G(2), to be the largest subgroup of SΩ whose orbits on Ω × Ω are the same as G’s. Let
O1, . . . ,Or be the orbits of G acting on Ω×Ω. Define digraphs Γ1, . . . ,Γr by V (Γi) = Ω
and E(Γi) = Oi. Each Γi, 1 ≤ i ≤ r, is an orbital digraph of G, and it is straightforward
to show that G(2) = ∩ri=1Aut(Γi). Clearly the automorphism group of a graph or digraph
is 2-closed.

Lemma 2.6. Let k be a positive integer, and p a prime such that p > 2k−1. LetG ≤ Spk be
transitive and 2-closed with Sylow p-subgroup P that is abelian. Then one of the following
is true:

1. G has a normal Sylow p-subgroup, or

2. G contains a normal subgroup that is permutation isomorphic to Sp × A, where
A ≤ Spk−1 has an abelian Sylow p-subgroup.

Proof. As p > 2k−1 ≥ 2t−1, where t is the rank of P , we may apply Theorem 2.4. Then
either the result follows or PG is permutation isomorphic to a direct product of cyclic
groups and doubly-transitive nonabelian simple groups with the canonical action, with the
number of factors in the direct product equal to t. As if H is doubly-transitive of degree
n, then H(2) = Sn and a regular group is 2-closed, by [19] (this result also appears in [7,
Theorem 5.1]), we have that (PG)(2) ≤ G(2) = G is a direct product of cyclic groups and
symmetric groups. If any of these symmetric groups are of composite degree, then clearly
a Sylow p-subgroup of (PG)(2) cannot be abelian, as a Sylow p-subgroup of Spi , i ≥ 2,
is nonabelian. Thus G is a direct product of cyclic groups and symmetric groups of prime
degree, and the result follows.

The following result counts the number of Cayley digraphs of G whose automorphism
group does not contain a regular Sylow p-subgroup. That is, it counts the number of Cayley
digraphs of an abelian group for which the previous result does not apply.

Lemma 2.7. Let G be an abelian group of prime-power order pk. Then there are at most
|Aut(Zk

p)| · 22pk−1−pk−2

Cayley digraphs Γ of G such that a Sylow p-subgroup of Aut(Γ)
is not GL.

Proof. IfGL is not a Sylow p-subgroup of Aut(Γ), thenNAut(Γ)(GL) contains an element
of order p that is not in GL by a Sylow Theorem. As NSG

(GL) = Aut(G) · GL [8,
Corollary 4.2B], we conclude that Aut(Γ) contains an element α of order p that is also an
element of Aut(G). By Lemma 1.3, we have that α has at most 2pk−1 − pk−2 orbits. As
α ∈ Aut(Γ) if and only if the connection set of Γ is a union of orbits of α, we conclude that
there are at most 22pk−1−pk−2

Cayley digraphs of G whose automorphism group contains
α. By Lemma 1.4, |Aut(G)| ≤ |Aut(Zk

p)|, and so there are at most |Aut(Zk
p)| choices for

α. The result then follows.
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Lemma 2.8. Let P be an abelian group of order pk. The number of Cayley digraphs of P
whose automorphism group has Sylow p-subgroup P and contains a subgroup permutation
isomorphic to Sp × A, where A ≤ Spk−1 has an abelian Sylow p-subgroup, is at most
|Aut(P )| · 22pk−1 ≤ |Aut(Zk

p)| · 22pk−1

.

Proof. Assume for the moment that P = Zp × P1, where P1 is an abelian group of order
pk−1. Let a ∈ Z∗p be of order p − 1 and α : Zp × P1 → Zp × P1 by α(i, j) = (ai, j).
Then α ∈ Aut(P ) and α ∈ Sp × A. We conclude that if Γ is a Cayley digraph of P with
connection set S such that Aut(Γ) ≥ Sp × A, then S is a union of orbits of α. As α has
2pk−1 orbits, there are at most 22pk−1

Cayley digraphs of P whose automorphism group
contains Sp×A, whereA ≤ Spk−1 has an abelian Sylow p-subgroup. Now let Γ be a Cayley
digraph of P whose automorphism group contains a subgroup permutation isomorphic to
Sp ×A, A ≤ Spk−1 with an abelian Sylow p-subgroup. Then there exists (see [8, Exercise
1.6.1]) g ∈ Spk such that g−1Aut(Γ)g ≥ Sp × A. Then Aut(g−1(Γ)) ≥ Sp × A. We
also note that g−1(Γ) is a Cayley digraph of P as P ≤ Sp × A [25]. As P is a Sylow p-
subgroup of Aut(Γ), we have by [2, Lemma 3.1] and a Sylow Theorem that there exists β ∈
Aut(P ) such that β(Γ) = g−1(Γ). We conclude that βAut(Γ)β−1 = Aut(g−1(Γ)) or that
Aut(Γ) ≥ β−1(Sp×A)β. Thus if Γ is a Cayley digraph of P whose automorphism group
contains a subgroup permutation isomorphic to Sp ×A, then Γ is the image under a group
automorphism of P of a Cayley digraph of P whose automorphism group contains Sp×A.
As there are at most 22pk−1

Cayley digraphs of P whose automorphism group contains
Sp × A, there are at most |Aut(P )| · 22pk−1

Cayley digraphs of P whose automorphism
group contains a subgroup permutation isomorphic to Sp × A. The result then follows by
Lemma 1.4.

Theorem 2.9. Let G be an abelian group of prime-power order pk. Then almost every
Cayley digraph of G that is not a DRR is a normal Cayley digraph of G. In particular,

lim
p→∞

|NorCayDi(G)−DRR(G)|
|CayDi(G)−DRR(G)|

= 1.

Proof. Choose p so that p ≥ 2k−1. Then, according to Lemma 2.6, if Γ is a non-normal
Cayley digraph of G, then either GL is not a Sylow p-subgroup of Aut(Γ), or Aut(Γ)
contains a subgroup isomorphic to Sp × A, where A ≤ Spk−1 has an abelian Sylow p-
subgroup. Let ι ∈ Aut(G) be given by ι(i, j) = (−i,−j). Note that ι has 1 orbit of size
1 and (pk − 1)/2 orbits of size 2. Thus ι has (pk + 1)/2 orbits. As ι ∈ Aut(G) and fixes
(0, 0), if Γ is a Cayley digraph of G with connection set S, then ι ∈ Aut(Γ) if and only if
ι(S) = S. Thus ι ∈ Aut(Γ) if and only if S is a union of orbits of ι. We conclude that
there are at least 2(pk+1)/2 distinct Cayley digraphs of G that are not DRR’s of G.

By Lemma 2.8, there are at most |Aut(Zk
p)| · 22pk−1

Cayley digraphs of P whose
automorphism group is permutation isomorphic to Sp × A. As by Lemma 2.7 there are
at most |Aut(Zk

p)| · 2pk−1−pk−2

Cayley digraphs Γ of G such that GL is not a Sylow p-
subgroup of G, we conclude by Lemma 2.6 that there are at most

|Aut(Zk
p)|(22pk−1

+ 2p
k−1−pk−2

)

Cayley digraphs of G that are not normal Cayley digraphs of G. Then
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lim
p→∞

|NorCayDi(G)|
|CayDi(G)−DRR(G)|

≥ 1− lim
p→∞

|Aut(Zk
p)|(22pk−1

+ 2p
k−1−pk−2

)

2(pk+1)/2

≥ 1− lim
p→∞

2p
k/8(22pk−1

+ 2p
k−1−pk−2

)

2(pk+1)/2

= 1

by Lemma 1.5.

We remark that the above argument also shows that almost every Cayley graph of an
abelian group of prime-power order is a normal Cayley graph of G. Indeed, if there are at
most

|Aut(Zk
p)|(22pk−1

+ 2p
k−1−pk−2

)

Cayley digraphs of G that are not normal Cayley digraphs of G, there are at most the same
number of Cayley graphs of G that are not normal Cayley graphs of G. Also, 2(pk+1)/2 is
the number of Cayley graphs of G, and so

lim
p→∞

|NorCay(G)|
|Cay(G)|

= 1.

3 Almost all Cayley graphs have automorphism group as small as pos-
sible

We begin with a technical result which will allow us to determine an upper bound on the
number of Cayley graphs of abelian groups of prime-power order whose automorphism
groups are not as small as possible.

Lemma 3.1. Let G be an abelian group of odd prime-power order pk, p a prime, and
β ∈ Aut(G) be given by β(i) = −i. Let α ∈ Aut(G) such that α 6= β. Then 〈α, β〉 has at
most 1 + pk−1/2 + pk/4 orbits. If |α| = r is relatively prime to 2, then 〈α, β〉 has at most
1 + pk−1/2 + (pk − pk−1)/(2r′) orbits, where r′ is the smallest divisor of r greater than
one.

Proof. First observe that β has exactly one orbit of one element, and (pk − 1)/2 orbits of
size 2. Additionally, α commutes with β, as, writing the group operation multiplicatively,
αβ(i) = α(i−1) = α−1(i) = βα(i). We conclude that every orbit of 〈α, β〉 has order
dividing |〈α, β〉| which divides |α| · |β|. Clearly 〈α, β〉 has only one orbit of size 1 as β
only has one orbit of size 1. Let O be a nontrivial orbit of 〈α, β〉. Then β|O has order 2,
and so |O| = 2, or |〈α, β〉|O| ≥ 4. If |O| = 2, then α|O ∈ 〈β〉|O. Thus every element of
O is a fixed point of α or for every i ∈ O, α(i) = β(i). Thus every element ofO is either a
fixed point of α or a fixed point of αβ−1. As the set of fixed points of an automorphism of
G forms a subgroup of G, each of α and αβ−1 has at most pk−1 fixed points, and so there
are at most 2pk−1 elements of G that are contained in orbits of 〈α, β〉 of order 2 (actually,
there are fewer, as the identity in G is counted among these 2pk−1 points as it is a fixed
point of both β and αβ−1). There are thus at most pk − 2pk−1 elements in G that are
contained in orbits of size at least 4. Then G has at most 1 + 2pk−1/2 + (pk − 2pk)/4 =
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1 + pk−1/2 + pk/4 orbits. As |α| = r 6= 2, as above, 〈α, β〉 has one orbit of size one.
Also, α has at most pk−1 fixed points, and so there are at most pk−1/2 orbits of size 2.
By arguments analogous to those above, every other point is contained in orbits of size
2r′′ > 1, where r′′ is a divisor of r. Thus if r′ is the smallest divisor of r greater than
one, then there are at most (pk − pk−1)/(2r′) such orbits. As |α| = r 6= 2, α has at most
1 + pk−1/2 + (pk − pk−1)/(2r′) orbits.

We remark that if r = p in the previous result, then 1 + pk−1/2 + (pk − pk−1)/2r =
1 + pk−1 − pk−2/2.

Definition 3.2. Let G be an abelian group that is not an elementary abelian 2-group. We
define Small(G) to be the set of all Cayley graphs Γ of G such that |Aut(Γ)| = 2 · |G|.
That is, Small(G) is the set of all Cayley graphs of G whose automorphism groups are as
small as possible.

Theorem 3.3. Let G be an abelian group of prime-power order. Then almost every Cayley
graph of G has automorphism group of order 2 · |G|. More specifically,

lim
p→∞

|Small(G)|
|Cay(G)|

= 1.

Proof. Let Γ be a Cayley graph of G, where G is an abelian group of prime-power order
pk, p ≥ 3 a prime. As Γ is a graph, the map β ∈ Aut(G) given by β(i) = −i is contained
in Aut(Γ). As |β| = 2 and has exactly one fixed point, there are (pk + 1)/2 orbits of
β and so there are 2(pk+1)/2 Cayley graphs of G. If a Sylow p-subgroup of Aut(Γ) has
order at least pk+1, then by a Sylow Theorem, NAut(Γ)(GL) has order at least pk+1. As
NSG

(GL) = Aut(G) · GL, we have that Aut(Γ) contains an automorphism α 6= β. If
a Sylow p-subgroup of Aut(Γ) has order pk, then by Lemma 2.6, we have that either
Γ ∈ Small(G), there exists β 6= α ∈ Aut(Γ) ∩ Aut(G), or Aut(Γ) ≥ Sp × A, where
A ≤ Spk−1 has Sylow p-subgroup of order pk−1. Note that if Aut(Γ) ≥ Sp × A, then
Aut(Γ) contains an element β 6= α ∈ Aut(Γ) ∩ Aut(G) as p ≥ 3. Thus if Γ is a Cayley
graph of G, then Γ ∈ Small(G) or there exists β 6= α ∈ Aut(Γ) ∩Aut(G).

In the latter case, by Lemma 3.1, 〈α, β〉 has at most 1 + pk−1/2 + pk/4 orbits. As
〈α, β〉 ≤ Aut(G), 〈α, β〉 ≤ Aut(Γ) if and only if the connection set of Γ is a union of
orbits of 〈α, β〉. We conclude that there are at most 21+pk−1/2+pk/4 Cayley graphs of G
whose automorphism group contains 〈α, β〉. By Lemma 1.2, there are at most |Aut(Zk

p)|
choices for α, so there are at most |Aut(Zk

p)| · 21+pk−1/2+pk/4 Cayley graphs of G that are
not in Small(G). By Lemma 1.5

lim
p→∞

|Small(G)|
|Cay(G)|

≥ 1− lim
p→∞

|Aut(Zk
p)| · 21+pk−1/2+pk/4

2(pk+1)/2

≥ 1− lim
p→∞

2p
k/8 · 21+pk−1/2+pk/4

2(pk+1)/2
= 1− 0 = 1

The following lemma will allow us to find a lower bound on the number of Cayley
graphs of G that are not in Small(G).
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Lemma 3.4. Let p be an odd prime, and G be an abelian group of prime-power order pk

such that G = Zp` × Gpm , where 1 ≤ ` < k and Gpm is an abelian group of order pm,
` + m = k. Define ι1, ι2 : G → G by ι1(i, j) = (−i, j) and ι2(i, j) = (i,−j). Then
〈ι1, ι2〉 has (2pk + 3pm + 3p`)/8 orbits.

Proof. Clearly (0Z
p`
, 0Gpm

) is an orbit of 〈ι1, ι2〉 of length 1. Also, if r 6= 0 and s 6= 0,
then the orbit of 〈ι1, ι2〉 that contains (r, s) is {(r, s), (−r, s), (r,−s), (−r,−s)}. Clearly
the orbit of 〈ι1, ι2〉 that contains (0, s), s 6= 0, is {(0, s), (0,−s)} and the orbit of 〈ι1, ι2〉
that contains (r, 0), r 6= 0, is {(r, 0), (−r, 0)}. As every orbit of 〈ι1, ι2〉 has orbits of length
1, 2, or 4, we conclude that 〈ι1, ι2〉 has one orbit of length 1, (p`−1)/2+(pm−1)/2 orbits
of size 2, and (pk − (p` − 1)/2 − (pm − 1)/2 − 1)/4 orbits of length 4. Summing the
number of orbits of length 1, 2, and 4, the result follows.

Theorem 3.5. Let G be an abelian group of prime-power order pk. Then almost every
Cayley graph of G whose automorphism group is not of order 2 · |G| is a normal Cayley
graph of G. In particular,

lim
p→∞

|NorCay(G)− Small(G)|
|Cay(G)− Small(G)|

= 1.

Proof. Let p ≥ 3. First suppose that G is not cyclic, with G = Zp` ×Gpm , where Gpm is
an abelian group of order pm and `+m = k. Defining ι1 and ι2 as in the previous lemma,
we see that ι1ι2 ∈ Aut(Γ) for every Cayley graph of G. Applying Lemma 3.4, there
are 2(2pk+3pm+3p`)/8 Cayley graphs of G whose automorphism group contains 〈ι1, ι2〉, so
there are at least 2(2pk+3pm+3p`)/8 Cayley graphs of G that are not in Small(G). Clearly
the number of Cayley graphs of G whose automorphism group does not contain a regular
Sylow p-subgroup is at most the number of Cayley digraphs of G whose automorphism
group does not contain a regular Sylow p-subgroup. By Lemma 2.7, we conclude that
there are at most |Aut(Zk

p)| · 22pk−1−pk−2

Cayley graphs of G whose automorphism group
does not contain a regular Sylow p-subgroup. By Lemma 2.6, any Cayley graph ofGwhose
automorphism group has GL as a Sylow p-subgroup and is not a normal Cayley graph of
G must have automorphism group containing a normal subgroup permutation isomorphic
to Sp × A, where A ≤ Spk−1 has an abelian Sylow p-subgroup. By Lemma 2.8, there are
at most |Aut(Zk

p)| · 22pk−1

such Cayley graphs of G. We then have that

lim
p→∞

|NorCay(G)|
|Cay(G)− Small(G)|

≥ 1− lim
p→∞

|Aut(Zk
p)| · (22pk−1−pk−2

+ 22pk−1

)

2(2pk+3pm+3p`)/8

≥ 1− lim
p→∞

2p
k/8 · (22pk−1−pk−2

+ 22pk−1

)

2(2pk+3pm+3p`)/8
= 1

by Lemma 1.5. Thus the result follows unless G is cyclic.
If G is cyclic, then first note that the result follows if k = 1, as then either Aut(Γ) <

AGL(1, p) or Aut(Γ) = Sp by [1], and so there are only two non-normal Cayley graphs
of the abelian group of prime order, namely Kp or its complement. For k ≥ 2, observe
that by Lemma 2.6, a Cayley graph Γ of G is either normal or has a Sylow p-subgroup that
is not regular, as it is not possible for Aut(Γ) to contain a subgroup of the form Sp × A
as Sp × A does not have a regular cyclic subgroup, A ≤ Spk−1 with a regular Sylow
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p-subgroup. If a Sylow p-subgroup of Aut(Γ) is not (Zpk)L, then as usual there exists
α ∈ Aut(Zpk) such that α has order p and is contained in Aut(Γ). As we may assume that
p 6= 2, Aut(Zpk) = Z∗pk is cyclic, and so Aut(Zpk) contains a unique element α of order
p. It is straightforward to verify that α(x) = (1 + pk−1)x, and that α has pk−1 orbits of
order 1, and (pk − pk−1)/p orbits of size p. As ι : Zpk → Zpk given by ι(x) = −x is
contained in Aut(Zpk) and Aut(Γ), ι has one orbit of size 1 and (pk − 1)/2 orbits of size
2, and Z∗pk is cyclic, we have that ια has one orbit of size 1, (pk−1 − 1)/2 orbits of size
2, and (pk − pk−1)/2p orbits of size 2p. Then ια has pk−1 + (1− pk−2)/2 orbits, and so
there are at most 2p

k−1+(1−pk−2)/2 non-normal Cayley graphs of Zpk , p an odd prime and
k ≥ 2.

Now, let b ∈ Z∗pk be of order p − 1, and β : Zpk → Zpk by β(x) = bx. Note that
ι ∈ 〈β〉. If βa(x) = x for a ≥ 1, and x 6= 0, then bax ≡ x (mod pk) or equivalently,
(ba − 1)x ≡ 0 (mod pk). Then ba − 1 ≡ 0 (mod p) so that ba = 1 + rp for some positive
integer r. Then ba has order a power of p and as |b| = p − 1, we must have that ba = 1
or, equivalently, a is a multiple of p − 1. We conclude that if x 6= 0, then the orbit of 〈β〉
that contains x has length p − 1, and that β has 1 + (pk − 1)/(p − 1) orbits. Thus there
are 21+(pk−1)/(p−1) Cayley graphs of Zpk whose automorphism group contains β, and so
there are at least 21+(pk−1)/(p−1) Cayley graphs of Zpk that are not in Small(G), p ≥ 3.
Note that as k ≥ 2, (pk − 1)/(p− 1) 6= 1. Then

lim
p→∞

|NorCay(G)|
|Cay(G)− Small(G)|

≥ 1− lim
p→∞

2p
k−1+(1−pk−2)/2

21+(pk−1)/(p−1)
= 1.

4 Problems
Conjecture 4.1. Almost every Cayley (di)graph whose automorphism group is not as small
as possible is a normal Cayley (di)graph.

It is difficult to determine the automorphism group of a (di)graph, so the main way to
obtain examples of vertex-transitive graphs is to construct them. An obvious construction
is that of a Cayley (di)graph, and the conjecture of Imrich, Lovász, Babai, and Godsil
says that when performing this construction, additional automorphism are almost never
obtained. The obvious way of constructing a Cayley (di)graph of G that does not have
automorphism group as small as possible is to choose an automorphism α of G and make
the connection set a union of orbits of α. The above conjecture in some sense says that
this construction almost never yields additional automorphisms other than the ones given
by the construction.

There are two additional families of (di)graphs that can be considered, namely “semi-
wreath products” and “deleted wreath products” - such graphs are not normal Cayley graphs
provided p 6= 2. Before turning to these families, we define the wreath product of two di-
graphs.

Definition 4.2. Let Γ1 and Γ2 be digraphs. Define the wreath product of Γ1 and Γ2, de-
noted Γ1 oΓ2, to be the graph with vertex set V (Γ1)×V (Γ2) and edges set {(g, h1)(g, h2) :
h1h2 ∈ E(Γ2)} ∪ {(g1, h1)(g2, h2) : g1g2 ∈ E(Γ1), h1, h2 ∈ V (Γ2)}. We say the wreath
product is trivial if |V (Γ1)| = 1 or |V (Γ2)| = 1.
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If Γ is a Cayley digraph of an abelian group with connection set S, and Γ = Γ1 o Γ2,
where Γ1 is a Cayley digraph of an abelian group G1 and Γ2 is a Cayley digraph of an
abelian group G2, then S −G2 is a union of cosets of G2.

Definition 4.3. A Cayley graph Γ of an abelian group G is a semiwreath product if there
exist subgroups H ≤ K < G such that S −K is a union of cosets of H . We say that the
semiwreath product is trivial if H = 1.

Thus ifH = K, a semiwreath product is in fact a wreath product. One other comment is
in order about semiwreath products. That is, it is unclear what the operands of a semiwreath
product are (i.e. as defined it is not really a product). The term is used though, as many
researchers refer to such graphs in this way (even if only speaking informally) as they are
in some sense “almost” wreath products.

Definition 4.4. A Cayley graph Γ of an abelian group G is a deleted wreath product if
Γ = (Γ1 o K̄m) −mΓ1, where Γ1 is a Cayley graph of an abelian group of order |G|/m,
and mΓ1 is m vertex-disjoint copies of Γ1.

We remark that the above definition of a semiwreath product may not be the best possi-
ble choice to capture the idea behind “semiwreath” digraphs, as the classes of semiwreath
digraphs and deleted wreath products, as defined, are not disjoint. For example, the com-
plete graph is contained in both classes, and there are other, more complicated examples
that are also in both classes.

As is somewhat standard, we will refer to a Cayley (di)graph of a cyclic group of
order n as a circulant (di)graph of order n. Baik, Feng, Song, and Xu made the following
conjecture in 1998 [6]:

Conjecture 4.5. All connected circulant graphs of order n are normal except for a com-
plete graph, a wreath product of two smaller graphs, or a deleted wreath product.

It is easy to see that this conjecture is not strictly true. Let Cq be a cycle of prime length
q and Kp a complete graph of prime order p 6= q. Then Γ = Cq oKp − pCq is a deleted
wreath product. Using [20] or the somewhat more accessible [9, Theorem 3.1], it is not
difficult to see that Aut(Γ) = Dq × Sp, where Dq is the dihedral group of order 2q. But
then Γ̄, the complement of Γ, is neither a wreath product, nor a deleted wreath product,
but if p ≥ 5 then Γ̄ is not a normal circulant graph and is certainly connected. This is not,
though, a serious defect in the conjecture, as if all of the above conjectured automorphism
groups were written down, Aut(Γ̄) = Aut(Γ) would certainly be on the list. A more
serious defect of the above conjecture is the following example.

Example 4.6. Let p be an odd prime and Γ the Cayley digraph of Zp3 with connection set
S = {±p,±1,±1 + p2,±1 + 2p2, . . . ,±1 + (p− 1)p2}. Then Γ is a semiwreath circulant
graph and is not isomorphic to a wreath product of two nontrivial graphs.

Proof. Clearly Γ is a semiwreath circulant graph with K the unique subgroup of Zp3 of
order p2, that is, K = 〈p〉, and H the unique subgroup of Zp3 of order p, that is H = 〈p2〉.
We show that Γ is not isomorphic to a wreath product of two nontrivial graphs by showing
that Aut(Γ) = 〈ι, τ, τp2 |B : B ∈ B〉, where ι, τ : Zp3 → Zp3 by ι(i) = −i, τ(i) = i+ 1,
and B is the complete block system of 〈τ〉 formed by the orbits of 〈τp〉 (so the orbits of 〈τ〉
are just the cosets of K). Then Aut(Γ) cannot be written as a nontrivial wreath product of
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two groups, and so by [12, Theorem 5.7], Γ cannot be written as a wreath product of two
nontrivial graphs.

Note that Aut(Γ) is clearly not a complete graph or its complement, so Aut(Γ) is
not doubly-transitive. As Zp3 is a Burnside group [8, Theorem 3.5A], we must have that
Aut(Γ) is imprimitive, admitting a nontrivial complete block system C. By [26, Exercise
6.5], we have that C is either formed by the orbits of 〈τp2〉 or 〈τp〉. If C is formed by
the orbits of 〈τp2〉 (and so consists of p2 blocks of size p), then the quotient graph Γ/C
defined by V (Γ/C) = C and C1C2 ∈ E(Γ/C) if and only if some vertex of C1 is adjacent
to some vertex of C2 is isomorphic to the circulant graph of order p2 with connection
set T = {±p,±1}. Using [13, Theorem 15], it is easy to verify that Γ/C is a normal
circulant graph of order p2, and so Aut(Γ)/C contains a normal regular cyclic subgroup.
We conclude in this case that Aut(Γ) admits a complete block system consisting of p
blocks of size p2, necessarily formed by the orbits of 〈τp〉. It thus suffices to only consider
the case where C = B.

If C = B, then observe that Γ[B] is a p2-cycle, and so has automorphism group Dp2 .
Then StabAut(Γ)(B)|B ≤ Dp2 , and so by [8, Exercise 1.5.10] we see that Aut(Γ) also
admits a complete block system D consisting of p2 blocks of size p, necessarily formed
by the orbits of 〈τp2〉. As above, Γ/D is the circulant digraph of order p2 with connection
set {±p,±1}. It follows by [13, Theorem 15] (as Γ cannot be written as a nontrivial
wreath product as it is 4-regular and p > 2), that Aut(Γ/D) ≤ {x → ax + b : a ∈
Z∗p2 , b ∈ Zp2}. As the only a ∈ Z∗p2 such that a{±p,±1} = {±p,±1} is a = ±1

and x → ax is an automorphism of Γ/D if and only if a{±p,±1} = {±p,±1}, we
see that Aut(Γ/D) ∼= Dp2 . Thus Aut(Γ)/D = Dp2 as ι ∈ Aut(Γ) as Γ is a circulant
graph. As Aut(Γ)/D = Dp2 and StabAut(Γ)(B)|B ≤ Dp2 , it must be the case that
StabAut(Γ)(B)|B = Zp2 as an involution in StabAut(Γ)(B)|B cannot be mapped to ι/D
by the map g → g/D as ι/B 6= 1. We conclude that Aut(Γ) ≤ 〈ι, τ, τp2 |B : B ∈ B〉. It is
not difficult to see that 〈τ, τp2 |B : B ∈ B〉 ≤ Aut(Γ), and then the result follows.

We believe that the two types of counterexamples to the Conjecture 4.5 are the only
possible counterexamples for Cayley (di)graphs of abelian groups. We make the following
conjecture, which would be quite useful in verifying Conjecture 4.1.

Conjecture 4.7. Let Γ be a Cayley (di)graph of an abelian group G. Then one of the
following is true:

• Γ is a normal Cayley (di)graph of G,

• Γ is a semiwreath product, or

• the automorphism group of Γ is same as the automorphism group of a deleted wreath
product.

It it not overly difficult to show using [23, Theorem 2.3] (this result is basically a trans-
lation of work done on Schur rings [14, 21, 22] into the language of group theory, and this
result was independently obtained in [11] for the special case of circulants of square-free
order) that the preceding conjecture is true provided that G is cyclic, and so the two types
of counterexamples to Conjecture 4.5 presented above are indeed the only possible types
of counterexamples provided that G is cyclic. We remark that the preceding conjecture is
known to be false for some nonabelian groups, as for some such groups it is possible for
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a Cayley (di)graph to have an almost simple simply primitive automorphism group (see
[24]).

Finally, we would like to finish with an additional problem.

Problem 4.8. For an abelian group G, does there exist a natural collection F of families of
Cayley (di)graphs of G and a partial order� on F such that every Cayley (di)graph of G is
contained in some element ofF and if F1 � F2 and there is no F3 such that F1 � F3 � F2,
then almost every Cayley (di)graph of G that is not in F1 is in F2?
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