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Overlap quark propagator in Coulomb-gauge QCD?
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Abstract. The quark propagator is examined on quenched gauge field configurations in
Coulomb Gauge using chirally symmetric Overlap fermions. In this gauge the dressing
functions of the quark propagator can be related to the confinement and chiral symmetry
properties of QCD. Confinement can be attributed to the infrared divergent vector dress-
ing function. The dressing functions of the quark propagator are evaluated, the dynamical
quark mass is extracted and the chiral extrapolation of these quantities is performed. Fur-
thermore, the issue of Dirac low-mode removal is discussed.

1 Introduction

The quark propagator is the central object for computing hadronic correlators,
from which baryon and meson masses are extracted. In the continuum approach,
it is the central ingredient for the Bethe–Salper equation. The gauge has to be fixed
in order to analyze its behavior. We choose Coulomb gauge, where the longitudi-
nal part of the gauge field is eliminated and the so-called color-Coulomb poten-
tial arises, which is the QCD analogue of the QED Coulomb potential and which
describes the interaction between two static color sources. Continuum methods
in Coulomb gauge, especially the variational approach, Ref. [1], have been used
mainly to study the pure Yang-Mills part of the theory.

Although progress has been made also in the quark sector in recent years,
Refs. [2, 3], the quark propagator in Coulomb gauge is not yet well understood.
Lattice studies are highly needed, especially to improve on the still widely used
rainbow-ladder Dyson-Schwinger equations. The only lattice study in this direc-
tion has been performed in Ref. [4]. We use Overlap fermions for this purpose,
which allow for a clear and unambiguous examination of the dressing functions.
With non-chiral fermions tree-level corrections and improvement techniques have
to be applied. Overlap Dirac propagator studies in Landau gauge can be found
in Refs. [5, 6].

Another motivation of this work is to explore a phase, where chiral symme-
try is restored by hand in the vacuum. What happens to the confinement prop-
erties in such a situation? We argue that we get a clearer picture of this issue by
analyzing the dressing functions of the quark propagator.
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This contribution is organized as follows: In Chapter 2 the Overlap Dirac
operator is introduced and in chapter 3 the lattice setup is discussed. In Chapter 4
the main features of the Coulomb gauge quark propagator and our lattice results
are presented. The issue of low-mode removal is shortly discussed. In Chapter 5
a conclusion and an outlook are given.

2 Overlap Dirac operator and free propagator

We use the following parameterization for the massive Overlap Dirac operator,
Ref. [7],

D(m0) =

(
1−

m0

2ρ

)
D(0) +m0 , (1)

with

D(0) = ρ (1+ γ5 sign [HW(−ρ)]) , (2)

where HW(−ρ) = aγ5DW(−ρ) is the Hermitian Wilson-Dirac operator, m0 the
mass parameter and ρ the negative mass of the Wilson-Dirac operator, which is
set to the value 1.6 throughout this work. The massless Ovelap-Dirac operator
D(0) is an explicit solution of the Ginsparg-Wilson equation and therefore de-
scribes exactly massless quarks on the lattice. The eigenvalues lie on a circle in
the complex plane with radius ρ. Exact zero modes occur and a lattice version of
the index theorem can be defined, see Ref. [8].

To make contact with continuum physics, we impose for the massless Over-
lap propagator

S̃ = S−
1

2ρ
, (3)

from which continuum chiral symmetry follows. The structure of the free (mas-
sive) propagator is given as(

S̃(0)
)−1

(p) = iγµqµ + 1m . (4)

The Overlap lattice momentum qµ and current quark massm are computed as

qµ =
4ρ2

(2ρ−m0)

kµ

(√
k2µ +A2 +A

)
k2µ

, m =
m0

1− m0

2ρ

, (5)

which can be obtained from Eq. (4) and which are used in the extraction of the
lattice dressing functions.

3 Lattice setup

Using the Chroma software package [9] and QDP-JIT [10, 11], configurations are
generated on a 204 lattice at β = 7.552 (a = 0.2 fm) with the Lüscher-Weisz [12]
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gauge action. The configurations are then fixed to Coulomb gauge (∂iAi = 0).
However, the temporal links are not affected by this procedure and are fixed to
the Integrated Polyakov loop gauge. For further details, see Ref. [13].

With an ensemble of 96 configurations we evaluate the quark propagator for
six current quark masses chosen at m = (0.085, 0.092, 0.099, 0.113, 0.137, 0.173)

GeV. The Dirac matrix is inverted on point sources for each configuration. Subse-
quently, the quark propagators are transformed to momentum space after which
the extraction of the dressing functions is performed according to the description
given in [4, 14].

4 Non-perturbative quark propagator

In Coulomb gauge the non-perturbative quark propagator is parameterized by
four independent dressing functions

S−1(p, p4) = iγipiAS(p) + iγ4p4AT(p) + γ4p4γipiAD(p) + 1B(p) . (6)

Here AS, AT, AD, B are spatial, temporal, mixed and scalar dressing functions, re-
spectively. We observe that all dressing functions are independent of p4, which
was also observed in Ref. [4]. We note that the temporal part AT(p) vanishes if
the additional gauge freedom with respect to space independent gauge transfor-
mations is not fixed. A possible mixed component AD(p), which does not appear
at tree-level, also seems to vanish non-perturbatively, see left-hand side of Fig. 1.
The temporal dressing function AT(p), which does not depend on the Coulomb
gauge condition, seems to approach a finite value in the IR, although the error
bars are too large to make a precise statement, see right-hand side of Fig. 1.

From mean-field studies in continuum Coulomb gauge it is argued that, due
to the presence of the linear confinement potential, the scalar and vector dress-
ing functions diverge as |p| → 0, see Ref. [15]. However, the dynamical quark
mass M(p) = B(p)/AS(p) becomes constant for |p| → 0, identified as the con-
stituent quark mass. This is a remarkable result: the divergencies in the dressing
functions have to cancel each other to give a finite infrared mass. Since the lattice
imposes an infrared regulator, we do not observe a divergence. However, we ob-
serve that both dressing functions B(p) and AS(p) increase for small momenta,
see Fig. 2. It can be seen, that in the chiral limit a non-vanishing scalar dressing
function appears. This is a clear signal for chiral symmetry breaking and dynam-
ical mass generation. From the dynamical mass function M(p) in Fig. 3, we ob-
serve that around 1 GeV mass generation sets in and that a constituent mass for
chiral quarks around 300MeV is reached.

Finally let us comment on an interesting observation in Coulomb gauge.
Since all dressing functions are independent of p4, the static quark propagator
can be evaluated, yielding

S(p) =
B(p) − iγ · pAS(p)

2ω(p)
, (7)
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Fig. 1. Mixed component AD(p) (l.h.s.) and temporal component AT(p) (r.h.s.) for several
current quark massesm and in the chiral limit.

and the quark dispersion relationω(p) is identified as

ω(p) = AT(p)AS(p)
√
p2 +M2(p) . (8)

Since the vector dressing functions AS(p) is a divergent quantity in the infrared,
the energy dispersion ω(p) is divergent as well. This issue has a clear physical
implication: the excitation energy of a confined quark is infinite. Such a mecha-
nism of quark confinement makes Coulomb gauge appealing.

Now a question arises: if one removes the chiral condensate from the quark
propagator, is the energy dispersion ω(p) still infrared divergent? If yes, then
confinement is intact, although chiral symmetry has been artificially restored in
the vacuum. We expect that, after chiral symmetry restoration, the quark conden-
sate 〈ψψ〉 and therefore the dynamical quark mass M(p) as well as the scalar
dressing function B(p) vanish in the chiral limit. However, the interesting ques-
tion will be, how the vector dressing function AS(p) is affected by artificial chiral
symmetry restoration. First results show that the spatial dressing function does
not change its shape. This suggests that AS(p) is still infrared divergent in the
continuum limit. A single quark is still removed from the spectrum. This con-
clusion supports recent hadron spectroscopy studies, see Refs. [16, 17]. Our final
results on this issue will be presented elsewhere, Ref. [18].

5 Summary and conclusions

First steps in a detailed analysis of the Overlap quark propagator in Coulomb
gauge have been presented. A clear indication of dynamical mass generation is
observed and a constituent mass around 300 MeV is obtained. Scalar and vector
dressing functions increase for small momenta. If a divergent behavior is present
has to be left to a future work. Moreover, it is shown that in Coulomb gauge
confinement and chiral symmetry breaking can be linked to each other by a quark
dispersion relation. It is shown that via the vector dressing function it can be
judged if confinement is still intact when chiral symmetry is artificially restored
by removing the low-lying Dirac eigenmodes from the spectrum.
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Fig. 2. Spatial componentAS(p) (l.h.s.) and scalar component B(p) (r.h.s) for several quark
massesm and in the chiral limit.
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Fig. 3. Dynamical mass functionM(p) for several quark massesm and in the chiral limit.
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Kvarkovski propagator v coulombski umeritvi kvantne
kromodinamike

Y. Delgadoa, M. Paka, M. Schröckb

a Institut für Physik, Karl-Franzenz Universität Graz, 8010 Graz, Austria
b Istituto Nazionale di Fisica Nucleare (INFN), Sezione di Roma Tre, Rome, Italy

Proučujemo kvarkovski propagator na konfiguracijah gašenega umeritvenega po-
lja v coulombski umeritvi. Pri tem uporabimo kiralno simetrične “prekrivalne
fermione”. V tej umeritvi lahko povežemo “funkcijo oblačenja” kvarkovskega
propagatorja s priporom in kiralno simetrijo kromodinamike. Pripor lahko pripi-
šemo infrardeče divergentni vektorski “funkciji oblačenja”. Izvrednotimo “funk-
cije oblačenja” kvarkovskega propagatorja, razberemo dinamično maso kvarka
in ekstrapoliramo vse te količine proti kiralni limiti. Končno razpravljamo, kako
se odstranijo nizke Diracove ekscitacije.

Mase oblečenih kvarkov in barionska spektroskopija

W. Plessas

Theoretical Physics, Institute of Physics, University of Graz, A-8010 Graz, Austria

Prikažemo hierarhijo mas oblečenih kvarkov, ki prevladujejo v efektivnih mod-
elih kvantne kromodinamike, zlasti v relativističnem modelu z oblečenimi kvarki.
Opazimo, da je presežek dinamično generirane mase nad golo maso bolj ali manj
neodvisen od okusa kvarkov in znaša ∆m ≈ (370± 30) MeV. Podobne vrednosti
dajo tudi alternativni efektivni opisi barionske spektroskopije, na primer Dyson-
Schwingerjev pristop.

Primerjava jedrskih potencialov za hiperon Lambda in za
nukleon

Bogdan Povha in Mitja Rosinab,c

a Max-Planck-Institut für Kernphysik, Postfach 103980, D-69029 Heidelberg, Germany
b Fakulteta za matematiko in fiziko, Univerza v Ljubljani, Jadranska 19, p.p.2964, 1001
Ljubljana, Slovenija
c Institut J. Stefan, 1000 Ljubljana, Slovenija

Raziskujeva verjetni mehanizem, zakaj čuti hiperon Λ dvakrat šibkejše jedrsko
polje (okrog −27MeV) kot nukleon (okrog −50MeV).


