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Abstract

We give examples of vertex-transitive strongly regular graphs with a normal quotient
which is neither complete nor strongly regular.
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1 Results

A strongly regular graph is a graph that is not complete and for which each vertex has
valency k and there exist integers A, u such that each pair of adjacent vertices have A
common neighbours and each pair of non-adjacent vertices have  common neighbours.
Such a graph is usually denoted by srg(v, k, A, 1) where v is the number of vertices.

One common method for studying graphs is by taking quotients. Given a partition B
of the vertex set of a graph I, the quotient graph is the graph whose vertices are the parts
of the partition B and two parts By and B; are joined by an edge if there exist v € By and
w € By such that v is adjacent to w in the original graph I'. When B is the set of orbits of a
normal subgroup NNV of some group G of automorphisms of I" we denote the quotient by I
and refer to it as a normal quotient. It was shown in [5] that if I is a strongly regular graph
with a group of automorphisms G which acts transitively on the vertex set and edge set of I'
then for a nontrivial normal subgroup NV of GG, the normal quotient I'y is either a complete
graph or a strongly regular graph. The purpose of this note is to show that edge-transitivity
is indeed required.

In Example 1.1, we provide a vertex-transitive, edge-intransitive strongly regular graph
I" where we take G to be the full automorphism group and obtain a normal quotient which
is neither strongly regular nor complete. The graph I' also has the following interesting
properties:

*The first author is supported by an Australian Research Fellowship.
E-mail addresses: giudici@maths.uwa.edu.au (Michael Giudici), murray @murraysmith.id.au (Murray R.
Smith)

Copyright (©) 2010 DMFA Slovenije



Ars Math. Contemp. 3 (2010) 147-150

148

COO0O—HTO-HO O AT 10000100 " —TO00O0 "0 000000
CodHO T HO OSSO O HOHOO-NHOOHOOO RSO A HOS S
S-S~ S-S S SOOI S
S-S0 -0 ~0C00~"100-00 -0 0 H0S0SC A~ -
S-S IS THIS S HSSHS <SS
oo~~~ 00 0000000000000 o
S-S0 SIS S =S
SR = N R e N N = = e N = = N R N =k e e e )
S-S0 S-S0 3010033 S =S~
SRR R N R R Nl = N I Il Rl R N N N N k= R E k=R k=R
SR R N R e = R R e N N N N N e e e kil e ke i ke k= k]
S-S 300000 S-S S-S HSSHSS A ~S
SR N N N R N R e - R i e = N )
SR R =R = R N N N R N R N e e il k=)
SR e R R R R R
S-S~ S-S 0SSOI~ SIS =~
SR R N R N N e R Rl el R R N R R R N R ==}
SR R N R R R R N o el R R I N e R = N
SR N R N R e R R el R I N N e R N NN N
SRR R N e R e R R R = R Il R R N R R R R =R ==
CHid0Cc -0 ~0C -0 800 —~-0 000003 S~
S ddoc "o~ -0 RS Ho"A1dH0ddc 333
0000 S0 0HOHO S A0 MO0 -"00SS A HO S-S
ik k- i ki Rk kR k- R R k- R k=R R = k= =R R R k=]
0SS0 HO S-S0 HO SO NS S HS S
=tk il R R e ki e kR k= k]
B RN R N Rl e I R R I N N R R e == k]
HOS SO0 SO HOHS ORI OO HS =S
HOH OO OO0 o HOOHOOHOOHO OO OO RO S HHHGS
OO0 oo o HOOo OO0 O HO OO0 NSO S HS
ERaE=R=R NN N N = R e el e R e e R R R =R R RN
o Hdd0c o000 o HO0 SO NS AAA3S S
OO0 000 N0 0 0000~ HOOOOO OSSO =
A0 0SS0 0330 S iAo S
A A A0 00 S A HHAA 0005
S AT 000000

Figure 1: The matrix A.

1. I is a Cayley graph for three different isomorphism types of groups.

2. Aut(T) contains five conjugacy classes of regular subgroups, of which 4 are normal

subgroups.

3. Aut(T") contains two isomorphic regular subgroups of shape C x C3 for which one

is normal in Aut(I") while the other is not, that is, I" is both a normal Cayley graph

and a nonnormal Cayley graph for isomorphic groups.

Other examples of Cayley graphs that are both normal and nonnormal Cayley graphs

for isomorphic groups are given in [, 6].

In Example 1.2 we provide an infinite family of strongly regular graphs where we take
G to be a vertex-transitive proper subgroup of the full automorphism group and obtain

normal quotients which are neither strongly regular nor complete.

Example 1.1. Let I be the strongly regular graph with adjacency matrix A given in Fig-
ure | which has parameters srg(36, 14, 4, 6). The adjacency matrix was retrieved from [7].
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0,1,1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0
1,0,1,1,1,1,1,0,1,0,1,1,1,1,0,0,0,0
1,1,0,1,1,1,1,1,0,0,0,0,1,0,1,1,1,0
1,1,1,0,1,1,0,1,1,0,0,0,1,0,0,1,1,1
1,1,1,1,0,1,0,0,0,1,1,0,0,1,1,1,0,1
1,1,1,1,1,0,0,0,0,1,0,1,0,1,1,0,1,1
1,1,1,0,0,0,0,0,1,1,1,1,0,1,1,1,1,0
1,0,1,1,0,0,0,0,0,1,1,1,1,0,1,1,1,1
1,1,0,1,0,0,1,0,0,1,1,1,0,1,0,1,1,1
1,0,0,0,1,1,1,1,1,0,0,0,0,1,1,1,1,1
1,1,0,0,1,0,1,1,1,0,0,1,1,0,1,1,0,1
1,1,0,0,0,1,1,1,1,0,1,0,1,0,1,0,1,1
0,1,1,1,0,0,0,1,0,0,1,1,0,1,1,1,1,1
0,1,0,0,1,1,1,0,1,1,0,0,1,0,1,1,1,1
0,0,1,0,1,1,1,1,0,1,1,1,1,1,0,0,0, 1
0,0,1,1,1,0,1,1,1,1,1,0,1,1,0,0,1,0
0,0,1,1,0,1,1,1,1,1,0,1,1,1,0,1,0,0
0,0,0,1,1,1,0,1,1,1,1,1,1,1,1,0,0,0

Figure 2: The matrix B.

According to a GAP [3] calculation, Aut(I") equals

(2,15)(3,7)(4,9)(5,12)(6, 14)(8, 11)(10, 13)(16, 23)(17, 32) (18, 27)(19, 21)(20, 26)(22, 25)

(30,33)(31, 34)(35, 36),
(1,25,32,2,26,27)(3, 15, 5, 4, 24, 6)(7, 21, 33, 18, 13, 31)(8, 14, 28, 19, 20, 36)(9, 11, 35, 17, 23, 29)
(10, 22, 30, 16, 12, 34)

(31, 35)(34, 36),
< (3,5)(4,6)(7,12)(8,11)(9, 14)(10, 13)(16, 21)(17, 20) (18, 22) (19, 23)(25, 27) (26, 32)(28, 29) >

which has shape C3 x C3. (By a group G of shape H x K we mean that G has a normal
subgroup H and a subgroup K such that HNK = 1. Since this does not specify how K acts
on H there may be more than one isomorphism class of groups of a given shape.) In fact,
G = 7% x (o, 7) acting on Z2, with Z2 acting regularly on itself and (a,b)” = (—a, —b)
and (a,b)° = (b,a). Thus Aut(T") is vertex-transitive and is a Cayley graph for H; = Z2.
The joining set is

{(0,5),(0,1),(0,3), (5,0), (1,0), (3,0), (1,3), (5,3), (3, 1), (3,5),
(1,5), (5,1), (2,4), (4,2)}.

Since Aut(I")(o,0) = (7, o) has five orbits on this set, Aut(I") has five orbits on edges.

Now Aut(I") has a normal subgroup N of order two generated by the element (3,3) €
Z2 and which is the centre of Aut(T"). The group N has 18 orbits of length two on the 36
vertices of I" and the set of neighbours of (0, 0) contains the three N-orbits {(0, 3), (3,0)},
{(1,5),(5,1)} and {(2,4),(4,2)}. Hence, I'y is a valency 11 graph on 18 vertices of
diameter 2 but is not strongly regular. Indeed there are no feasible parameters for strongly
regular graphs on 18 vertices which are not complete multipartite [4, p227]. The matrix B
given in Figure 2 is the adjacency matrix for Iy .

Not only is T" a Cayley graph for H;, which is normal in Aut(T"), we also have that
Hy; = ((2,0),(0,2),(3,0)7,(0,3)7), H3 = ((0,2),(2,0),(3,0)0) and Hy = {((2,0),
(0,2),(2,5)07) are normal subgroups of Aut(T") that act regularly on VI'. The sub-
group Ho has shape C3 x C%, while H3 = H, have shape C3 x C,. Finally, Hs =
((2,0),(0,2),(1,0)7,(0,1)) = Hs is a regular subgroup of Aut(I') which is not normal.
Thus I' is a Cayley graph for three different isomorphism types of groups. A Magma [?]
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calculation shows that H;, Hs, H3, H4 and the subgroups conjugate to Hs are the only
regular subgroups of Aut(T").

The automorphism group of Iy is isomorphic to S5 x .Sy X .S3, which is vertex-transitive
and has three orbits on edges. Note that Aut(T") /N < Aut(I'y). The automorphism group
contains 4 conjugacy classes of regular subgroups, none of which are normal in Aut(Ty).
One class is isomorphic to C2 x Cy, and there are three classes of subgroups with shape
C2 x Cy, with two of the classes being isomorphic to each other. Representatives of these
four conjugacy classes are H; /N fori = 1,2, 3,4. Note that H5/N = H;N/N.

Example 1.2. Let ' = H(2,m), the Hamming graph with m? vertices and suppose that m
is not a prime. Then T is a strongly regular graph with parameters (m?,2(m—1), m—2,2).
Let G = M; x M, with My = My = (), act regularly on the set of vertices of I'. Let
N1 < My and N3 < My and N = N; x Ny < (. Consider the graph I'y. Then I' y
is the cartesian product of K, and K} where |M; : Ni| = r and |My : Ny| = k. The
adjacent vertices (a, by ), (a, by) in T 5 have k — 2 common neighbours, namely the vertices
of the form (a, b) with b # by, by. However, the adjacent vertices (a1, b), (a2, b) have r — 2
common neighbours, these being the vertices of the form (a, b) with a # a1, as. Hence for
r # k, the graph Iy is not strongly regular.
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