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0  INTRODUCTION

In a conventional engineering approach the contact 
conditions are normally calculated with the assumption 
of a nominal contact area between two surfaces, 
which, under certain conditions, can significantly 
over-estimate the size of the actual contact area. A 
consideration of such contact conditions leads to 
calculations of milder contact conditions than exist in 
reality.

The problem of the real contact area has been 
investigated using several different approaches, 
where theoretical investigations tend to predominate. 
Probably the best-known real-contact-area model is 
the Greenwood-Williamson (GW) model from 1966 
[1]. Because of several general assumptions, on which 
the GW model is based, a number of modifications 
to the model have appeared. Some of them show 
improvements in terms of mechanical characterization 
[2] to [5], while numerous studies have been made 
on geometrical treatments [6] to [8]. Based on 
investigations of the real contact area it is obvious that 
the problem is complex and involves many aspects.

One of the most important issues with a theoretical 
investigation of the real contact area is the geometry 
of the engineering surfaces and their behaviour when 
in contact. Based on geometric characterization of 
contacting surfaces contact models can be divided 
into four groups, i.e., statistical [9] to [11], fractal [12] 
and [13], multi-scale [14] to [16] and deterministic [17] 
to [19]. While statistical models are the most widely 
used because of their simple adoption and good 
approximation to actual engineering surfaces, they are 
not a very powerful tool for a detailed contact analysis 
since the surface properties are determined with 
statistical functions. For a more detailed geometrical 
characterization of the surfaces, different measuring 
tools (contact profilometer, atomic-force microscope 
(AFM), scanning electron microscope (SEM), optical 
interferometer, etc.) can be used. The question here 
is the resolution of the different techniques, because 
the same surface can be characterized differently 
when different techniques are used. To overcome this 
problem, i.e., a non-uniform surface characterization, 
fractal methods of surface characterization can be 
adopted. The main advantage of fractal methods lies in 
a uniform surface characterization that is independent 

In-situ Observations of a Multi-Asperity Real Contact Area  
on a Submicron Scale

Brodnik Žugelj, B. – Kalin, M.
Blaž Brodnik Žugelj – Mitjan Kalin*

University of Ljubljana, Faculty of Mechanical Engineering, Slovenia

We present apparatus that allows in-situ optical measurements of the evolving real contact area between a rigid glass and a deformable Al6026 
surface with 700 nm of lateral and 20 nm of vertical resolution. In previous experimental studies of multi-asperity real contact area this was 
investigated either with much less accuracy or did not include the full (loaded) nominal contact area, which can hinder the relevant sub-micron 
deformation phenomena. During experiments involving the real contact area, the contact load and asperity deformations are simultaneously 
measured. To show the relevance of the developed experimental procedure measurements are compared to the results calculated with the 
Greenwood-Williamson (GW) and a modified Abbott-Firestone (AF(H)) models, which represent the two extreme deformation-regime models. 
The AF(H) model shows relatively good agreement between the real contact area and the asperity deformations (< 60 %), while the GW model 
deviates by up to 10 times, depending on the deformation value. In contrast, the GW model shows better agreement for the relationship 
between the contact load and the asperity deformation (< 20 %), while the AF(H) deviates by more, approximately 30 %. The results also 
indicate that the real contact area is a non-linear function of the contact load, while theoretical models predict their linearity. Finally, it is 
demonstrated that the real contact area reaches only up to 9 % of the nominal value in the loading range up to the material yield strength, as 
calculated for the nominal contact parameters.
Keywords: test rig, in-situ experiment, optical technique, asperities, real contact area

Highlights
• A test rig for in-situ experimental investigations of a multi-asperity contact under static loading conditions is presented.
• The contact between a deformable flat Al6026 specimen and a transparent rigid flat is investigated.
• The contact load, the asperity deformations in vertical direction and Ar/An are analyzed.
• Theoretical results of Greenwood-Williamson model and modified Abbott-Firestone model are compared to the experimental 

results.
• The comparison between the theoretical and experimental results is discussed.



Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 351-362

352 Brodnik Žugelj, B. – Kalin, M.

of the measuring technique. On the other hand, some 
problems are also connected to fractal contact theory. 
Namely, the distribution of contact areas is assumed 
geometrically without a consideration of the actual 
elasticity and it predicts that lighter loads cause greater 
percentage of plastically deformed contacts. The 
shortcomings of fractal models are addressed in multi-
scale models, which similar as fractal models consider 
multi-scale effects of the surface but incorporate more 
accurate deformation mechanics [14] and [16].

Another type of geometric characterization of 
contacting surfaces presents deterministic method 
[20]. With this method, first, the real engineering 
surface is measured with one of the surface-measuring 
techniques. Then, in the next step, different criteria 
for identifying asperity peaks can be applied [21]. 
According to the implemented criterion, the number 
of detected asperity peaks, their locations and 
the individual asperity-tip radii can be accurately 
determined. Consequently, a surface topography 
that is the subject of the contact analysis is set based 
on actual surface measurements, which makes the 
analysis more accurate than in the case of using 
statistical methods. In any case, even the deterministic 
approach has some limitations. The main shortcoming 
of the deterministic approach is related to the 
application of the correct criterion for identifying the 
asperities. Thus far, we do not know which criterion 
is the most accurate for the appropriate detection and 
characterization of asperities [21].

Every theoretical model for determining a real 
contact area has some advantages and disadvantages. 
A common disadvantage of all theoretical approaches 
is simplification, which relates either to assumptions 
about asperity deformations or their geometrical 
properties. For an accurate investigation of the real 
contact area and understanding the actual contact, an 
experimental approach must be adopted that makes 
it possible to facilitate theoretical approaches with 
the actual measurements. In the literature [22] to 
[31] several experimental techniques are described 
for real-contact-area measurements. Probably the 
most practical in-situ methods for real-contact-area 
measurements are based on the electrical [24] and 
thermal [25] contact resistance, as well as ultrasonic 
[26] and [27] and optical [28] and [29] principles. 
However, the most common technique for a real-
contact-area measurement is the optical method, the 
only critical limitation of which is the transparency 
of one of the contacting bodies so the light can pass 
through into the contact. The main advantage of optical 
methods is that the asperity junction can be “seen”, 
which provides trust and an intuitive understanding 

of the physical processes occurring. Several attempts 
to experimentally analyse a real contact area with an 
optical method have been reported [32] to [36]. The 
vast majority of research has involved the contact 
between an ideally smooth, rigid flat and a ball, which 
simulates a single asperity peak [29], [35], [37] and 
[38].

Multi-asperity contacts and the real contact area 
between two realistic and rough flat surfaces have 
rarely been investigated experimentally [23], [28] 
and [30], and no detailed study with a submicron 
resolution of asperity growth has been presented, to 
the best of our knowledge. However, multi-asperity 
contact analyses are of great importance since the 
asperities interact with each other and influence how 
much load each asperity will carry. This means that 
their simultaneous interaction and growth should 
be understood for the proper development of a real-
contact-area model.

In this work an experimental investigation of 
the real contact area between “ideally” smooth and 
rough, nominally flat surfaces with an in-situ optical 
technique on a submicron scale is presented. The 
experimentally obtained results are compared with 
theoretical predictions, which are calculated with 
two fundamental, commonly applied contact models 
with the two extreme deformation situations; fully 
elastic and fully plastic. GW model is valid for solely 
elastically deformed surfaces and the Abbott-Firestone 
(AF) model, modified with hardness criteria (see 
Experimental section) AF(H), assumes only plastic 
deformation of the contacting surfaces. Namely, the 
main motivation for the present investigation is not 
to evaluate how accurate these two contact models 
predict the actual behaviour, but to compare actual 
contact behaviour with the two possible extreme 
situations of the contact-deformation regimes. In 
fact, it is well-known and expected that the actual 
contact behaviour is elastic-plastic, however, several 
elastic-plastic models, which all have many specifics 
and details require in-depth comments and analyses 
when presented, which greatly exceeds the scope 
of this work. A detailed comparison and evaluation 
of different elastic-plastic models with the same 
experimental technique is addressed in [39].

1  EXPERIMENTAL

1.1 Test Apparatus

A test apparatus was designed for in-situ 
measurements of the real contact area between two 
surfaces on the submicron scale (Fig. 1). The set-up 
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allows normal loading of a deformable, multi-asperity, 
nominally flat specimen against a transparent rigid 
window where the changes to the contact area are 
captured by an optical microscope, simultaneously 
with the deformation in the vertical direction and the 
contact load.

Fig. 1.  Test apparatus for in-situ measurements  
of the real contact area

Fig. 2.  Schematic presentation of the test rig that was developed 
for investigating the real contact area between the transparent 

rigid window and deformable, multi-asperity, nominally flat 
specimen

Fig. 2 shows a schematic of the test apparatus, 
which consists of the following components: a white-
light optical microscope with a charge-coupled device 
(CCD) camera; a rigid, “ideally” smooth, flat sapphire 

window; a deformable specimen; a displacement 
sensor, a table that is movable in the z-direction; and 
an actuator. A very accurate actuator is able to press 
the specimen against the transparent sapphire window 
at a constant velocity as low as 10 nm/s. The contact 
load is detected with a resolution of 0.1 N using a 
compressive-force transducer (AEP transducers, 
Italy), which is installed between a lever and the 
movable table. An accurate capacitive displacement 
sensor (Micro-Epsilon, Germany) with a resolution of 
20 nm measures the deformation of the specimen as 
it is pressed against a rigid flat. In order to magnify 
the contact between the deformable specimen and 
the transparent sapphire window, high-resolution 
(2,560 × 1,920 pixels) images are captured with an 
optical microscope (Eclipse LV 150, Nikon, Japan) 
using 200× magnification and equipped with a CCD 
camera (DS-fi1, Nikon, Japan) using a frame rate of 
1 Hz and a lateral resolution of 700 nm. The output 
signals, detected by load and displacement sensors, 
are captured with a data-acquisition card. Commercial 
software (Labview 2013, National Instruments, USA) 
is used for the signal processing, full control of the 
actuator and synchronised storage of the measured 
displacement, the contact load and the captured 
images.

1.2  Specimens and Methods

A commercial 6026 aluminium alloy was used in 
this investigation (Table 1). Young’s modulus (E), 
Poisson’s ratio (ν) and yield strength (Y) were provided 
by the manufacturer while we measured Vickers 
hardness (HV) with a Leitz Miniload microhardness 
tester (Leitz Miniload, Wild Leitz GmbH, Germany). 
The measured dimensionless Vickers hardness was 
converted in MPa so it could be used in theoretical 
analysis (see Section 1.3).

First, the specimens were cut out from a rod with 
a circular profile. The roughness, which in this study 
was Ra 0.6 µm, was obtained with a sequence of 
grinding and polishing steps using a surface-grinding 
machine (RotoPol-21 with RotoForce-3 module, 
Struers, Denmark). The surface-roughness parameters 
were measured using a stylus-tip profilometer (T8000, 
Hommelwerke GmbH, Germany) with a TKE100/17 
probe (90° angle and 5 µm radius) according to the 
DIN 4768 standard at cut-off length 0.8 mm and 
traversing length 4.8 mm. After the surfaces were 
prepared, the samples were carefully milled to form a 
cone shape with a circular flat top and a pre-prepared 
roughness. The diameter of the remaining flat surfaces 
was approximately 200 µm (Fig. 3), resulting in 
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around 0.03 mm2 of nominal contact area (An). It is 
especially important to note that under all the testing 
conditions in this study, the whole nominal contact 
area was captured in the objective view. Consequently, 
all the asperities were detected when in contact. Prior 
to the experiment, each specimen was cleaned with 
acetone and ethanol so as to remove any contaminants 
from the surface.

Table 1.  Mechanical properties of the tested aluminium 6026 
specimen and the sapphire window

Material Aluminium 6026 Sapphire

Young’s modulus (E), [MPa] 69,000 335,000

Poisson’s ratio (ν), [/] 0.33 0.25

Hardness (H), [MPa] 1,370 27,130

Yield strength (Y), [MPa] 320 N/A

Fig. 3.  Final shape of the tested aluminium specimens  
and a detailed view of the top surface

Each experiment began by mounting the 
specimen on a movable table. In the next step the 
actuator slowly lifted the table with the specimen into 
contact with the rigid flat at a constant velocity of 50 
nm/s. While the sample was being pressed against 
the sapphire window, the displacement and load 
sensors were measuring the vertical deformation of 
the sample and the contact load, respectively. For the 
purposes of this investigation the experiments were 
controlled by the contact load. The actuator pressed 
the specimen against the sapphire window until a pre-
set contact load was achieved. The maximum contact 
load was limited to the value where the resulting 
nominal contact pressure is equal to the yield strength 
of the material (Y = 320 MPa), which in this case 
corresponded to 12 N.

While the captured load was used directly in the 
contact analyses, the obtained images and the vertical 
displacements were post-processed to precisely define 
the size of the real contact area and the asperity 
deformations. In order to accurately determine the 
asperity deformations, the vertical displacement had 
to be measured with nanoscale resolution. However, 
when the deformations are controlled on this scale, any 
small deviations (i.e., deformations) arising from the 
bulk material beneath the asperities and deformations 

of test rig have to be considered and excluded from the 
asperity-deformation measurements. For this reason 
a polished reference sample with a roughness less 
than Ra 0.01 µm was prepared and tested in exactly 
the same way as described in the previous section. 
We assumed that the measured deformations of a 
smooth sample were only a consequence of the bulk 
deformations of the specimen and the deformations 
of the test rig (Eq. (1)). The measured deformations 
of the reference specimen were subtracted from the 
deformations of the rough sample (Eq. (2)), measured 
under the same loads, to obtain the actual asperity 
deformations (Eq. (3)) [30].

 dreference = dbulk + dtest rig , (1)

 dsample = dbulk + dtest rig + dasperities , (2)

 dasperities = dsample – dreference . (3)

During the experiments the images of the micro-
contacts between the specimen and the sapphire were 
captured with a CCD camera at a frame rate of 1 Hz. 
When the specimen was moved into contact with 
the transparent window, micro-contacts between the 
asperities and the transparent window were observed. 
Moreover, because of the interference between the 
light reflected from the interface between the glass 
and air and the light reflected from the specimen, 
an optical fringe-pattern phenomenon was detected 
as well. If a threshold was applied to the obtained 
unprocessed image, fringes surrounding the actual 
contacts would produce false contacts, which would 
result in an overestimated contact area. To reduce 
this error and assess the actual contact area, each 
image was post-processed with the image-processing 
technique introduced by Krick et al. [29]. In Fig. 4 
the contact between the specimen and the sapphire 
window is presented before and after the applied 
image-processing technique.

Fig. 4.  Image of the contact between the deformable sample and 
the rigid sapphire window under a load of 10 N; a) captured during 

the test and b) the resulting real contact area which was set by 
applying the image-processing technique [29]



Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 351-362

355In-situ Observations of a Multi-Asperity Real Contact Area on a Submicron Scale 

Several experiments were performed to obtain 
statistically relevant results. The variation among 
different samples at the same contact load in asperity 
deformations and real contact area was 8 % and 18 %, 
respectively. However, for the consistency of surface 
features, data and analyses, results from only one 
sample are used throughout the analyses; namely, the 
one that is the closest to the mean values of analysed 
parameters.

1.3  Theoretical Models for the Contact of Rough Surfaces

In this work the results of the experiments were 
compared with theoretical calculations obtained 
using the two fundamental contact models, i.e., the 
GW model [1] considering only elastic deformations 
and the AF model [40] considering only plastic 
deformation, but modified with hardness criteria, as 
explained later on, namely the AF(H) model.

Fig. 5.  Determination of the real contact area at certain degree of 
asperity deformations by slicing the 2-D surface profile according 

to the definition of the AF model

That is to say, in accordance with the definition 
of the AF model, the dependence between the real 
contact area Ar and the asperity deformations ω 
for the contact of a rigid and deformable flat was 
determined by truncation of the un-deformed surface 
(Fig. 5). Therefore, at any level of separation between 
the deformable and rigid flat d = z – ω, the size of 
the real contact area was calculated by summing the 
intersections between two surfaces (Ai) (Eq. (4)) [40].

 Ar d A d A d AAF n
i

n

i( ) ( ) ( ) .( ) = +…+ =
=
∑1

1

 (4)

In the original work [40] authors did not determine 
any expression for calculating the load in fully plastic 
contacts. Therefore, in this work we introduce a 
“modified Abbott-Firestone” model, denoted as 
“AF(H)”, which assumes that for plastically deformed 
contacts the mean contact pressure remains constant 

and is equal to the material hardness H, as suggested 
by Bowden and Tabor [41]. The abbreviation AF(H) 
is used to explicitly show that the contact model 
for fully plastic deformation regime is not based 
only on AF model, which is usually misquoted by 
other researchers, but considers hardness criteria for 
deformation, as well.

Therefore, the contact loads for the fully plastic 
deformation regime can be calculated with the 
following equation:

 r d Ar d HAF( ) ( ) ,( )= ⋅  (5)

where H denotes hardness measured with 
microhardness tester.

To precisely assess the real contact area based 
on the AF model, the 3-D topography of the tested 
surface was measured prior to the actual testing. 
The topography was obtained with a 3-D optical 
interferometer (Contour GT-K0, Bruker, USA). A 10× 
magnification lens was used for the measurements, 
which resulted in the same lateral resolution in x and 
y directions (Δx = Δy = 0.334 µm) and a vertical 
resolution better than 0.1 nm. Additionally, median 
filter [42] was used to eliminate any captured “artificial 
asperities” due to measurement errors, which could 
influence the theoretical results. Fig. 6 shows the 
surface topography of the tested sample measured with 
the interferometer. A quite good agreement between 
nominally flat surface and Gaussian distribution is 
also shown in Fig. 6, which is assumed in most of 
statistical contact models including GW model [43].

The second contact model used in this study was 
the GW model. It is probably the best-known statistical 
model for an elastic contact between a deformable 
engineering surface and an ideally flat, rigid counter 
surface. The contact as predicted by GW model [1] is 
schematically shown in Fig. 7. Based on the definition 
of the GW model, the real contact area and the contact 
load were calculated with the following equations:

 Ar d NRAn z dzGW
d

( ) ,( ) = ( )
∞

∫π ωφ  (6)

 Pr ,( )

/ /

GW
d

d NER An z dz( ) = ( )
∞

∫
4

3

1 2 3 2ω φ  (7)

where
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2

1

2

2

2E E E
= +
- -

.
ν ν  (8)

In Eqs. (6) and (7), N and R denote the asperity 
density and the average radius of the detected 
asperity tips, respectively; An is the nominal contact 
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area between two surfaces; ϕ(z) denotes the normal 
distribution function of the asperity heights; and z 
represents the asperity height measured from the 
mean line of the summit heights. Eq. (8) presents 
the expression for calculating the equivalent Young’s 
modulus E, where E1 and E2 are the Young’s moduli 
and ν1 and ν2 are the Poisson’s ratios of the contacting 
surfaces.

Table 2.  Surface parameters of the analysed aluminium surface 
with a roughness Ra 0.6 µm calculated using the 9PP criterion

Asperity density (N), [1/m2] 5.02e+10

Average radius of detected asperity tips (R), [mm] 1.70e-03

The maximum asperity peak height (Zmax), [mm] 2.48e-03

Distance between the mean of asperity heights and 

the mean of the surface heights (ys), [mm]
0.83e-03

Standard deviation of asperity heights (σmax), [mm] 0.49e-03

Standard deviation of surface heights (σ), [mm] 0.85e-03

The material properties of the aluminium 
samples and the sapphire window were provided 
by the distributer and are specified in Table 1. The 
surface parameters for the deformable specimen 
were determined from the same 3-D topography 
as presented in Fig. 6. The asperities on the surface 
needed to be determined arbitrarily. Therefore, the 
9-point-peak (9PP) criterion [21] was adopted to detect 

and characterize the asperities. Besides N and R, the 
maximum asperity peak height (Zmax), the distance 
between the mean of asperity heights and the mean 
of the surface heights (ys), the standard deviation of 
the asperity heights (σs) and the standard deviation 
of the surface heights (σ) were also calculated (Table 
2) for a unified comparison of the experimental and 
theoretical results.

2  RESULTS

2.1 Relationship between the Contact Load and the 
Asperity Deformations

Fig. 8 shows the asperity deformations as a function 
of the contact load for the experimental measurements 
and the theoretical results obtained using the GW and 
AF(H) contact model.

The calculated asperity deformations for the same 
loads were the largest for the AF(H) model, where 
fully plastic deformations of the contacting asperities 
were assumed. The smallest deformations were 
calculated for the surfaces that were only deformed 
elastically, according to the GW model. It is clear that 
the experimental results are in better agreement with 
the GW model than with the AF(H) model over the 
whole region. Moreover, up to 2 N, the deviations 
between the experimentally obtained data and the 
results predicted by the GW model are negligible (up 

Fig. 6.  Topography of the tested aluminium specimen, measured with the 3-D optical interferometer

Fig. 7.  Contact between the simplified deformable surface and rigid flat in accordance with the GW model [1]
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to 3 % at 2 N). For loads above 2 N the experimental 
results start to deviate more significantly, also from 
the results of GW model and, in terms of the trend, 
i.e., slope, are more similar to the predictions of the 
AF(H) model. At a contact load of 12 N the measured 
asperity deformations are approximately 20 % greater 
than those predicted by the GW model. In contrast, the 
largest discrepancy between the experimental data and 
the results of the AF(H) model is about 31 %, at 12 N.

According to the GW model the deformation 
regime of a random surface can be predicted using the 
plasticity-index criterion [1], which is defined as:

 Ψ = ⋅( / ) ( / ) ./E H Rsσ
1 2  (9)

By considering the material (Table 1) and 
topographic (Table 2) properties, the plasticity index Ψ  
for the tested aluminium surface with a roughness Ra 
0.6 µm was 25. Therefore, our surface should undergo 
plastic deformation and should, consequently, be in 
better agreement with the AF(H) model. However, 
as seen in Fig 8, the experimental results deviate 
significantly from these theoretical predictions.

Furthermore, while the AF(H) model predicts that 
the asperity deformations will match the mean value of 
the asperity heights at 12 N, this level of deformation 
is not achieved within the loading range for the case 
of experimental measurements and the GW model.

2.2 Relationship between the Asperity Deformations   
and Ar/An

Fig. 9 shows Ar/An as a function of the asperity 
deformations. It is clear that the theoretical results 
have a similar trend to the experimentally obtained 

Fig. 8.  Relationship between the contact load and asperity deformations, obtained experimentally and predicted using  
the AF(H) and GW models

data. Three regions can be seen in Fig. 9. When the 
asperity deformations are below 890 nm the measured 
Ar/An values are larger than the theoretical predictions 
of the AF(H) model. The largest deviation between 
the experimental and theoretical results is at 670 nm, 
where the experimentally measured Ar/An value is 
2.2 % and the Ar/An value predicted by the AF(H) 
model is 1.2 %. For the asperity deformations between 
890 nm and 1,100 nm the differences between the 
experimental results and the predictions of the AF(H) 
model are negligible. With a further increase in the 
asperity deformations (i.e., > 1,100 nm) the measured 
Ar/An value is as much as 17 % (at 1,280 nm) 
smaller than the Ar/An value predicted by the AF(H) 
model. On the other hand, the GW model predicts 
roughly up to 10-times smaller Ar/An values than the 
experimental results across the deformation range.

Based on the dependency between Ar/An and 
the asperity deformations we can claim that the 
results obtained using the AF(H) model are in better 
agreement with the experimental data than the 
predictions of the GW model, which is a contrast 
to the relationship between the contact load and the 
asperity deformations in Fig. 8.

2.3  Relationship between the Contact Load and the Ar/An

Fig 10a compares the experimentally obtained 
relationship between Ar/An and the contact load with 
the results predicted by the AF(H) and GW models. 
In the case of the theoretical GW and AF(H) models 
the relationship between the contact load and Ar/An is 
linear over the whole range of loads. It is clear that the 
experimental values lie in between the results obtained 
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using the GW and AF(H) models over the whole 
loading region. The experimentally obtained Ar/An is 
up to 5-times higher than that predicted using the GW 
model, while it is up to 2 or 3 times lower compared 
to the predictions of the AF(H) model, depending on 
the load. The deviations increase as the load increases. 

The experimentally measured Ar/An at the maximum 
contact load, i.e., 12 N, is 9 % (Fig. 10a).

However, a closer look (see Fig 10b) at the 
experimental results shows two separate regions for 
the experimental relationships between Ar/An and the 
contact load. In both regions the relationship between 

Fig. 9.  Relationship between the asperity deformations and Ar/An, obtained experimentally and predicted by the AF(H) and GW models
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Ar/An and the contact load is fairly linear for the 
GW and AF(H) models. However, up to 2 N, which 
corresponds to 600 nm of asperity deformation, the 
slope coefficient (k) for the experimental data is 1.2, 
and is in better agreement with the AF(H) model. In 
this region the GW model deviates significantly, i.e., a 
real contact area that is as much as a 10-times smaller. 
For the contact loads higher than 2 N (corresponding 
to an asperity deformation from 670 nm to 1,280 
nm), the slope coefficient for the experimental results 
is reduced to about 0.7, and it becomes a little more 
like the GW model. This indicates that the actual 
real contact is not changing linearly with load, as the 
theoretical models would suggest, but it increases 
faster and becomes more plastic in nature at low loads, 
while at higher loads the increase in the real contact 
area is smaller and it is closer to elastic behaviour, 
which the GW model predicts. 

3  DISCUSSION

This study looks at the contact between two flat 
surfaces. The results were obtained using a test rig that 
allows measurements of the asperity deformations and 
the real contact area with a submicron resolution, i.e., 
20 nm and 700 nm, respectively, and is controlled by 
the contact load with a resolution of 0.1 N. Moreover, 
the test rig, together with the test specimens, is 
designed to monitor the full nominal contact area, 
thus including every possible asperity that can carry 
the load. This is very important in order to control all 
the asperities and their deformations together with the 
contact load from the moment when the first contact 
occurs, i.e., at a nanoscale resolution. In the multi-
asperity contact analyses of Azushima et al. [28], based 
on an optical method in a similar study to ours, the 
resolution of the test rig was lower and only a portion 
of the nominal contact area was captured during the 
experiment where the “unseen” asperity contacts can 
affect the results significantly. Therefore, we believe 
that a complete set of experimental contact parameters 
must be captured for accurate measurements, such as 
those developed in this test rig.

The analysed specimen with a roughness Ra 
0.6 µm was tested for the full range of possible 
engineering loads, i.e., from almost negligible up to 
a macro yield stress, which was calculated to initiate 
at a nominal contact load of 12 N. Moreover, it should 
be noted that for a selected material and roughness, 
for the maximum contact load at yield (12 N), the 
asperities only deformed by 1,280 nm, while their 
deformations at more typical engineering loads are 
much less, around several hundred nm, indicating that 

the major part of the contact deformations is indeed 
on the nanoscale for the surfaces we used. This further 
shows the necessity for high precision, i.e., nanoscale, 
asperity deformation measurements.

Accordingly, at this experimental precision, 
we clearly show that the real contact area under 
such static loads can actually be very small. Only  
9 % of the nominal contact area was in contact at 
the maximum contact load at the yields stress, while 
for more typical loads around 0.5∙Y, i.e., 10 N, this 
was 7.5 %. So far, this has not been experimentally 
shown at the precision we used or for the material 
and topographic properties similar to ours. In [28] the  
Ar/An measured at the yield initiation was around  
30 %; however, rougher (Ra 5.22 µm) and much softer  
(Y = 120 MPa) material was analysed in that study.

In this study the predictions of the fundamental 
GW and AF(H) contact models were also compared 
to the experimental results. There are two different 
aspects when comparing the theoretical and 
experimental results. Namely, when Ar/An is 
analysed as a function of the asperity deformations, 
the relationship calculated with the predominantly 
plastic AF(H) model is very close to the experimental 
results, Fig. 9. Moreover, if we look at the calculated 
plasticity index (Eq. (9)), which for our tested surface 
predicts a fully plastic deformation at a value of  
Ψ = 25, this relationship shows a very good agreement 
between this, very often used plasticity criterion [1], 
and actual contact behaviour in this work. Therefore, 
for the relationship between Ar/An and the asperity 
deformations, the GW model was not appropriate.

The results at this point appear conventional 
and predictable, following the plasticity index 
criterion, which is indeed typically used. However, 
Fig. 8 clearly shows that the contact loads to achieve 
a certain micro-asperity deformation are much 
higher than those predicted by the AF(H) model. 
Accordingly, just the opposite of the above, when the 
relationships between the asperity deformations and 
the contact loads are analysed, the results of the GW 
model [1] for predominantly elastic deformations are 
in better agreement with the experimentally obtained 
relationship, Fig. 8, than the AF(H) model. This 
indicates that the contact loads predicted by the AF(H) 
model are underestimated for actual engineering 
contacts.

Accordingly, the two models are contradictory 
for the parameters analysed within the same contact. 
Moreover, even the very often used plasticity index 
that predicts the asperity deformation – irrespective 
of the real contact area and the load – shows a 
contradictory prediction, since when it is correlated 
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with the real contact area it is in agreement with the 
AF(H) model and “properly predicts” the plastic 
deformation [44]; while when correlated with the 
load, the prediction is “wrong”, since the experimental 
results show a similarity with the GW model, which 
predicts elastic behaviour.

These findings indicate that the actual contact 
behaviour within a multi-asperity contact cannot 
be accurately analysed with either of the two most 
commonly adopted theoretical models, i.e., the AF(H) 
or GW model, neither can it be properly anticipated 
using the plasticity index criterion.

The last observation, which can be made based on 
the obtained results, refers to the relationship between 
the contact load and Ar/An. While both theoretical 
contact models predict an almost linear relationship 
between the contact load and Ar/An, the experimental 
results show that the asperities have two different 
behaviours. At lower loads and, consequently, for 
smaller deformations, Ar/An grows faster, Fig 10b. 
Therefore, the behaviour of Ar/An with respect to 
the contact load is up to 0.2∙Y (i.e. 2 N) more similar 
to the predictions of the AF(H) model than GW, Fig 
10b. However, at higher loads and deformations, the 
growth of Ar/An slows down, so the trend becomes 
more like that of the GW model and thus more elastic. 
A similar trend was also observed by Jackson et al. 
[33] using a gold-coated rough ball. They suggested 
that the most plausible reason for such behaviour lies 
in strain hardening.

From our results it seems that the material 
properties change with load, probably due to strain-
hardening [33] and [45] or induced hydrostatic stresses 
[46]; however, the actual geometrical properties of 
the asperity [21] and [30] and interactions between 
neighbouring asperities [14] cannot be excluded from 
any influence since they also change simultaneously. 
This particular issue should be further analysed in 
detail to properly understand the mechanisms behind 
multi-asperity contact behaviour.

4  CONCLUSIONS

1. A test rig for in-situ experimental investigations 
of a multi-asperity contact under static loading 
conditions is presented. The apparatus allows 
measurements of the asperity deformations, the 
real contact area with a submicron resolution, 20 
nm and 700 nm, respectively, and the contact load 
with a resolution of 0.1 N.

2. A careful specimen-preparation procedure and 
the optical specifications of the test rig make it 
possible to monitor the whole nominal contact 

area of the tested specimen, where each asperity 
can be detected when in contact. Therefore, no 
mechanical or topographic simplifications or 
assumptions are considered with the experimental 
approach presented in this work.

3. The comparison between the theoretical and 
experimental results indicates that comprehensive 
contact behaviour within a multi-asperity contact 
cannot be accurately predicted with only one of the 
two most commonly adopted theoretical models, 
e.g., AF(H) and GW, since the predictions of the 
AF(H) model are in better agreement with the 
experimental results for the relationship between 
the asperity deformations and Ar/An, while 
the GW model better predicts the relationship 
between the asperity deformations and the contact 
load. Moreover, we experimentally showed that 
the actual contact behaviour cannot be properly 
anticipated using the plasticity-index criterion 
either.

4. The experimental results for the aluminium 6026 
specimen with a roughness Ra 0.6 µm show that 
at macro yield initiation only about 9 % of the 
nominal contact area was in contact. Moreover, 
two distinctive regions for Ar/An growth with 
respect to the contact load were observed from 
the experimental results. In contrast, the GW and 
AF(H) models predict a nearly linear relation. 
Therefore, an experimental analysis of the real 
contact area on the submicron level is crucial for 
any in-depth investigation of the actual contact 
behaviour.
A comparison between the experimental and 

theoretical results indicates discrepancies between the 
actual contact behaviour and the theoretical analysis. 
We believe that both the actual material and the 
topographic properties cause the deviations between 
theory and actual behaviour. Therefore, a further in-
depth investigation of the actual contact behaviour 
is necessary in order to properly understand the 
mechanisms in multi-asperity contacts.
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0  INTRODUCTION

Titanium and its alloys are used for highly demanding 
applications, such as in the fabrication of some 
of the most critical and highly stressed civilian 
and military aircraft parts, chemical processing, 
automobile industries, nuclear power plants, food 
processing plants and oil refinery heat exchangers. 
This wide range of applications has been attributed 
to its excellent properties, such as low density, 
high specific strength, heat resistance, corrosion 
resistance, low temperature resistance, and excellent 
biocompatibility. Several suggestions have been 
made that the physical and mechanical properties of 
titanium can be improved through the integration of 
reinforcing compounds using the principle of metal 
matrix composites (MMCs), since they combine the 
properties of ceramics and metals to produce good 
shear strength, high temperature strength and elevated 
hardness composites [1]. Titanium carbide has been 
agglomerated with Ti6Al4V alloy to improve its wear 
properties [2]. Different coatings such as plasma-
sprayed Al-bronze have been applied to the surface 
of titanium to improve the operational life [3]. The 
microstructural behaviour of titanium alloy is an 

important aspect to be studied with the establishment 
of new phases [4]. 

In contrast, laser metal deposition (LMD) is 
an additive manufacturing (AM) technique that 
serves as a recommended technique for processing 
titanium and its alloy, since it addresses most of the 
problems of the traditional manufacturing methods 
[5]. This AM technology is also a promising aerospace 
manufacturing technique due to its potential of 
reducing the buy-to-fly ratio and repairing high valued 
parts [6]. Among the various methods of coating the 
surface of materials, which includes chemical vapour 
deposition, physical vapour deposition, spraying, 
etc., the LMD process is believed to have a greater 
advantage over other methods of coating [7]. Some of 
the advantages of using the LMD process include the 
ability to produce parts directly from a 3-dimensional 
computer aided design (CAD) model of the part [8] 
with the required surface coating in one step [9]; and 
its ability to be used for repair of existing worn out 
parts that were not repairable in the past [10]. Despite 
the significant progress in this field, there are still 
some of technical challenges that need improvement, 
which includes material characterization and 
availability [11]. The adopted approach of layer-by-
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Highlights
• The presence of TiB and TiB2 compounds was detected between the interface of the Ti6Al4V-B4C composite and substrate.
• The microstructures were mostly characterised with Widmanstätten structures of α-Ti, β-Ti and (α+β) Ti phases.
• The wear loss and wear rate of 35.2 × 10–3 mm3 and 6.42 × 10–4 mm3/Nm were achieved.
• The optimized process parameters were established between the laser power of 2000 W and 2400 W due to the defect-free 

deposition output.
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layer of building a component has been attributed 
to the laser powder deposition technique. However, 
homogeneous structure, production of complex 
geometries and improved mechanical properties are 
the possible features attributed to the CAD systems 
[12]. In the same vein, complex parts can be produced 
as one single component through the LMD process, 
without requiring later assembly [13]. 

The mechanical properties of titanium carbide 
and titanium alloy (TiC/Ti6Al4V) composites were 
improved with the addition of different percentages of 
boron. However, the refinement mechanism of boron 
was ascribed to the combined effects of the nucleation 
growth at the super-cooled zone [14]. In addition, this 
TiC is regarded as the refractory ceramic material 
that has been widely used to improve the mechanical 
properties of titanium and its alloy. The thermal 
oxidation treatment carried out on Ti6Al4V/10 vol.% 
TiC composites have significantly improved its wear 
resistance properties due to the formation of hard 
oxide layer [15]. A different approach can also be 
used for the deposition process such as the direct laser 
fabrication techniques and still give good bonding 
[16], or by using a vacuum induction melting furnace 
for the fabrication process [17]. Thus, generally, 
laser material processing has developed a significant 
advantage in the field of engineering [18]. 

Furthermore, research has been conducted on 
laser surface re-melting, laser alloying, and laser 
cladding to improve the surface properties of many 
kinds of metals. It is noteworthy that the coatings 
formed by laser cladding process show dense 
microstructures and exhibit strong metallurgical 
bonding with the associated substrate [19], and these 
would always be achieved if the process parameters 
employed are well understood. However, the clad 
width, height, and geometry need to be put in place 
for complete deposition [20].

In the group of the most important non-
metallic hard materials, boron carbide, B4C has 
played a role in the MMC of the primary alloy. It is 
currently used in high-technology industries fast-
breeders, lightweight armours and high-temperature 
thermoelectric conversion due to such properties 
as high melting point, outstanding hardness, good 
mechanical properties, low specific weight and great 
resistance to chemical agents [21]. It is an extremely 
promising material for a variety of applications that 
require elevated hardness, good wear and corrosion 
resistance [22] and [23], and the highlighted areas of 
application are due to its excellent properties [24]. 
B4C also finds application in the nuclear industry 
and high-temperature thermo-electric conversion, but 

there is a restriction to its wide industrial application 
because of low strength (about 200 MPa to 400 MPa), 
low fracture toughness (2 MPa/√m to 3 MPa/√m), as 
well as poor sinterability that results from its low self-
diffusion coefficient. 

Grain-refined boron-modified Ti6Al4V alloy has 
shown significant improvement in strength, stiffness, 
fatigue resistance and fracture toughness when fused 
together. However, the enhanced formability of 
the boron-modified alloy during large deformation 
without cracking as opposed to the normal alloy 
was reviewed. The microstructural evolutions of 
the specimen during the hot deformation were 
also revealed to have significant influence on the 
mechanical properties of the final product. However, 
the understanding of the processing-microstructural 
relationship during the thermo-mechanical processing 
of boron-modified Ti6Al4V alloy was discovered to 
be of great significant [25] and [26]. The failures of 
materials vary, and it is more noticeable in complex 
laminates and composites than in the homogeneous 
materials [27].

The wear properties of laser-deposited titanium 
boride-and carbide-reinforced composite were 
investigated. Excellent abrasive and adhesive wear 
resistance under sliding wear test conditions were 
achieved. In addition, the strength and hardness of the 
surface of samples were significantly enhanced by the 
in situ formed compounds [28]. Premixed titanium and 
boron were concocted in the weight ratio of 8:1 with 
a sodium silicate solution. The mixtures were laser 
deposited onto a clean Ti6Al4V alloy substrate. Hard 
ceramic compounds of TiB and TiB2 were formed in 
the deposited composite. In addition, the excellent 
wear resistance of the laser-deposited samples was 
also discerned. However, it was finally reported that 
the load-bearing capability of the substrate has a 
strong support for the deposit [29].     

Despite the fascinating properties Ti6Al4V alloy 
has, its wear resistance properties need to be improved. 
This poor wear characteristic of the alloy has inspired 
the addition of 20 weight per cent (wt %) of B4C to 
upgrade its wear resistance. The laser powers were 
varied between 800 W and 2400 W respectively while 
keeping the scanning speed, the powder flow rate and 
gas flow rate constant throughout the experiments. 
The microstructures, the microhardness as well as the 
wear properties of the laser deposited Ti6Al4V-B4C 
have been characterized. 
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1  EXPERIMENTAL PROCEDURE

The LMD process was achieved with a 3.0 kW 
Ytterbium fibre laser system at the Council for 
Scientific and Industrial Research, (CSIR), South 
Africa. A Kuka robot attached with a nozzle are used 
to carry out the deposition process. A rectangular 
Ti6Al4V alloy substrate block with dimensions of 102 
mm × 102 mm × 7 mm is prepared for the LMD of 
the Ti6Al4V-B4C. The substrate was sandblasted and 
cleaned under tap water prior to the LMD coating. The 
Kuka robot and the powder feeder are in connection 
with the laser system. The powder feeder has two 
cylindrical glass jars (hopper) where the powders are 
kept. A three-way nozzle is attached to the end of the 
Kuka arm. It is through the nozzle that the powders 
and the laser beam were ejected onto the substrate. The 
powders are sucked (with aid of gas) into the nozzle 
passing through hose connections; and were delivered 
into the melt pool that was created by the laser beam. 
Ti6Al4V alloy and B4C powders are the two powders 
used for the experiment. Both powders were supplied 
by the Alfa Aesar Company in Germany. The particle 
size of the boron carbide powder is between 22 μm 
to 59 μm, while the titanium alloy powder’s particle 
size ranges between 45 μm to 90 μm. Fig. 1 shows the 
scanning electron microscope (SEM) morphology and 
the energy dispersion spectroscopy (EDS) analysis of 
the Ti6Al4V alloy and B4C powders.

Fig. 1.  SEM morphology and EDS analysis;  
a) Ti6Al4V powder; and b) B4C powder

The SEM morphologies of the Ti6Al4V powder 
are spherical with dissimilar sizes. The major peak 
observed in the spectrum is Ti. The SEM morphologies 
of the B4C powder appear amorphous and inform of 
stone pebbles. The major peaks observed in the B4C 
spectrum are boron (B) and carbide (C). Table 1 shows 
the experimental matrix used for the deposition of the 
Ti6Al4V-B4C composite.

Table 1.  Experimental matrix

Sample 
name

Laser power
[W]

Scanning 
speed [m/min]

Powder flow rate [rpm]
Ti6Al4V B4C

S1 800 1.0 3.2 0.8
S2 1000 1.0 3.2 0.8
S3 1200 1.0 3.2 0.8
S4 1400 1.0 3.2 0.8
S5 1600 1.0 3.2 0.8
S6 1800 1.0 3.2 0.8
S7 2000 1.0 3.2 0.8
S8 2200 1.0 3.2 0.8
S9 2400 1.0 3.2 0.8

The depositions were made in the ratio of 4 to 1 
based on the 80 wt.% for titanium alloy (Ti6Al4V) and 
20 wt.% for boron carbide (B4C) as shown in Table 1.

The laser powers used were varied between 800 W 
and 2400 W at an interval of 200 W. The scanning 
speed of 1 m/min, gas flow rate of 2 l/min, powder 
flow rate of 3.2 rpm for Ti6Al4V alloy and 0.2 rpm 
for B4C were kept throughout the experiment. The 
beam diameter or spot size of 4 mm was employed to 
create the melt pool on the substrate. A focal distance 
of 12 mm is maintained between the nozzle tip and the 
substrate. During the laser surface melting process, the 
powders were dissolved into the melted pool, leading 
to the alloying of the sample’s surface. To protect the 
melt pool as well as the deposit from oxidation during 
laser deposition process, argon gas was initiated at a 
pressure of 2 MPa to provide shielding. Nine single 
deposits were made on the substrate and labelled from 
S1 to S9. Samples were cut laterally from the deposit 
for further characterization.

1.1  Microstructure

The laterally cut samples from S1 to S9 were mounted 
in resin prior to microstructural investigation. 
The mounted samples were ground, polished, and 
etched according to the Struers note of standard 
metallographic preparation of titanium [30]. The 
etchant was prepared using the Kroll’s reagent 
with 100 ml H2O; 1 ml to 3 ml HF and 4 ml to 6 ml 
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HNO3. The samples were studied under the Optical 
Microscope (OM), using the Olympus BX51M and 
the SEM using the TESCAN instrument with Vega TC 
software. 

1.2  Microhardness Test

The microhardness characterization was performed on 
a digital Vickers hardness tester. The etched samples 
were polished again for the hardness test. Indentations 
were carried out according to ASTM E384-11e1 [31], 
using a load setting of 500 g and a dwell time of 15 
seconds. Ten indentations were taken on the samples 
laterally and the distance of 10 μm between each 
indentation was taken into consideration.

1.3  Dry Sliding Wear Test

The dry sliding wear tests were conducted using ball-
on-disc tribometer equipment: a Universal Micro 
Materials Tester (UMT-2) which operates with a 
linear reciprocating motion drive. The wear tester 
was produced by the Centre for Tribology (CETR) 
Incorporated, USA. A tungsten carbide ball of 10 
mm in diameter under the spindle is designed to rub 
over the surface of the samples to create the wear. 
A normal load of 25 N and a constant stroke length 
of 2 mm were used. The frequency and the speed of 
the reciprocating spindle were maintained at 5 Hz 
and 5 mm/s respectively. Each deposited Ti6Al4V-
B4C sample was affixed to a non-moving table for 
the sliding operation. This was carried out according 
to the standard, ASTM G133-05 [32]. Evaluating the 
wear loss or volume, the measurements from the wear 
tester as well as the width measurement on the wear 
track from the SEM are taken into consideration. 
However, the wear volumes as well as the wear rates 
of the linearly operated deposited composite under 
the normal load application and constantly controlled 
speed were calculated according to Archard’s wear 
model of Eqs. (1) to (3), respectively [33]. 

 h R R W
f f f= − −2

2

4
,  (1)

 R
h W
hf

f

f

=
+4

8

2 2

,  (2)

 

V L R W
R

W R h

h R h

f s f
f

f f

f f f

=








 − −( )












+

+ −(

2

2

2 2

3
3

arcsin

π )),  (3)

where, hf = wear depth, Rf = radius of the two 
spherical ends, W = width, Vf = wear volume, Ls = 
stroke length. The three highlighted equations are 
used simultaneously for the wear volume calculation.

2  RESULTS AND DISCUSSION

2.1  Microstructural Evaluation

The microstructural evaluation of the Ti6Al4V 
alloy substrate and the laser deposited Ti6Al4V-
B4C composites are presented in this section. The 
microstructure of the substrate is characterized by the 
lighter structures called the alpha phase (α-phase) and 
the darker structures called the beta phase (β-phase). 
The micrographs of the laser-deposited Ti6Al4V-
B4C composites are characterized by three different 
zones: The deposit zone, the fusion zone, and the 
heat affected zone. Fig. 2 shows the micrographs of 
samples S4, S5, S6, S7, S8 and S9 deposited with the 
laser powers of 1400 W, 1600 W, 1800 W, 2000 W, 
2200 W and 2400 W, respectively.

The micrographs of Figs. 2a to c of samples S4 
to S6 are characterized by poor bonding which is 
observed at the right side of the deposit. The regions 
showing red ellipses were delaminated due to the 
embedded non-melted B4C in those regions. These 
occur between the deposit zone and the fusion zone 
at the laser powers of 1400 W, 1600 W, and 1800 W. 
Obviously in the spotted region, larger particle sizes 
and the higher melting temperature of B4C could 
also create the void at the interface. The entrapped 
B4C were not fully melted before solidification with 
the laser powers used. A further increase in the laser 
power gives good laminate as observed in Figs. 2d to 
f. Significantly, basket wave-like of alpha titanium 
(α-Ti) lamella and beta phases were formed on the 
deposited composites. They were found growing 
epitaxial and elongated towards the fusion zone and 
the heat-affected zone (HAZ). The HAZ, in contrast, 
heated up during the deposition process and acts as a 
heat sink. The energy density of the laser power and 
the density of the B4C powder initiated the elongated 
grains of the α-Ti lamella and the β-phase respectively. 
These have made the grains to extend below the fusion 
zone. The region under the main deposit is known as 
the laser melt zone, and this increases with greater 
energy input. However, this has a significant effect on 
the cooling rate during solidification [34]. 

Fig. 3 shows the SEM micrographs of sample S8 
deposited at a laser power of 2200 W. Fig. 3b shows 
the enlarged region of the circle in Fig. 3a, and this was 
observed to be non-melted B4C. Most of these have 
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created voids in the deposited samples towards the 
dilution zone. TiB and TiB2 are very much observed 
in this region. Moreover, this tends to improve the 
martensitic phase of the deposit. Macroscopic banding 
was observed in the deposit of sample S7 deposited 
with a laser power of 2000 W and scanning speed of 
1.0 m/min. The 20 wt. % of B4C introduced into the 
deposit has enhanced the properties of the primary 
alloy. The level of homogeneity occurs at a higher 

laser power. Thus, this property is characterized by 
a martensitic microstructure that shows a significant 
microhardness increase and corrosion resistance 
improvement [19]. All the samples deposited 
between the laser powers of 800 W and 1800 W 
were characterized with significance of pores and 
poor bonding, which is due to the lower laser power 
used. This behaviour has been traced to the presence 
of non-melted B4C powder that was observed after 

Fig. 2.  Micrographs of laser deposited samples S4, S5, S6, S7, S8 and S9 deposited with the laser powers of  
a) 1400 W, b) 1600 W, c) 1800 W, d) 2000 W, e) 2200 W and f) 2400 W



Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 363-373

368 Ogunlana, M.O. – Akinlabi, E.T. – Erinosho, M.F.

the solidification of the deposits. Basket weave-α Ti 
has, however, been known to benefit the mechanical 
properties of titanium alloy. The deposition width as 
well as the HAZ width increased as the laser powers 
was increased. The beam diameter of 4 mm used has 
also enhanced the volume of deposited composites.

The EDS analyses were conducted on the defect 
free composites in order to show the elements that 
are present in the analysed region. From the spectra 
observed, titanium exhibits the highest peak. The 
presence of Aluminium, Vanadium and Carbon was 
also indicated in the spectra of both samples. The 
microstructures of the deposited composites were 
characterized with macroscopic banding, martensitic 
structures and intermetallic (α+β)-phase of titanium 
alloy. Sample S1 to S6 were characterized by a lack -of 
-fusion and poor bonding, which create a void of non-
melted B4C powder after the solidification process 
and thereby reduces the ductile properties of the grain 
structures. Samples S7, S8 and S9 deposited at laser 
powers of 2000 W, 2200 W and 2400 W, respectively, 

were selected to be the best with elongated columnar 
grains and Widmanstätten grain structural properties.

The analyses of the x-ray diffraction (XRD) for 
the laser-deposited composites are presented in the 
Fig. 4 from samples S1 to S3, respectively.

Fig. 4.  XRD spectra of the laser deposited Ti6Al4V-B4C composites 
from samples a) S1, b) S2 and c) S3 and at varying laser power 

between 800 W and 1200 W

The XRD patterns presented in Fig. 4 show that 
the phases were characterized with the increase in 
the intensity of the diffraction peak patterns of the 
coatings as the laser power increases. These results, 
however, suggest that the coatings were composed 
of slightly low traces of impurities or no irregular 
impurity of crystalline. Thus, the crystalline phases 
of the XRD patterns are marked as follow: titanium 
vanadium carbide, Ti0.33 V1.67 C (★); titanium 
boride, TiB (■); titanium, Ti (●); titanium diboride, 
TiB2 (▲); vanadium carbide, V2C (◆); aluminium 
titanium vanadium, Al0.5 Ti0.5 V (▼). From the 
identified peaks, there was no specific shift in the 
phases as regards to the increase in the laser powers. 

Eqs. (4) to (8) show the balanced chemical 
equations of titanium and boron carbide.

 Ti + B4C → TiC + 4B, (4)

Fig. 3.  SEM micrographs of sample S8 deposited at laser power 
of 2200 W
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 5Ti + B4C → 4TiB + TiC, (5)

 3Ti + B4C → 2TiB2 + TiC, (6)

 Ti + 1/2B4C → TiB2 + 1/2C, (7)

 Ti + 1/3B4C → 2/3TiB2 + 1/3TiC. (8)

However, the possible overall stoichiometric 
equation between the specific grade 5 of Ti6Al4V 
alloy and the ceramic, B4C used in this experiment is 
given in Eq. (9):

 4Ti6Al4V(s) + B4C(s) → 2TiB2(s) + 
 + 5V21/5C(s) + 6Al41/3TiV(s). (9)

2.2 Microhardness Profiling

The microhardness results of the laser deposited 
composites from samples S1 to S9 are presented in 
Fig. 5.

Fourteen indentations have been put into 
consideration from the top of the deposit to the 
substrate. From the microhardness profiling as 
indicated, there is an increase in the hardness values 
(HV) from samples S1 to S9 as the laser power 
increases, and at a certain instance, the hardness 
values show a decrease as the laser power continues to 
increase. There is also a rise in the hardness value of 
sample S7 and falls again at samples S8 and S9. From 

the plot, sample S1 deposited with a laser power of 
800 W exhibits the lowest hardness value and standard 
deviation of HV 339 ± 29, while sample S7 deposited 
at a laser power of 2000 W displays the highest 
hardness value and standard deviation of HV 445 ± 
61. However, samples S7 and S9 show some high 
values of hardness of between HV 530 and HV 545 in 
the main deposit, and this can be due to the indentation 
made on the non-melted B4C. From all indications, 
the substrate shows the lowest hardness values which 
falls below HV 339 ± 29. The improvement in the 
hardness values of the laser-deposited samples can 
be attributed to the B4C added. Thus, the variation 
in hardness values is set as a criterion to improve the 
ductility property of the composites. It is, however, 
observed that, an increase in the laser power leads to 
an increase the hardness values of the deposits. An 
increase-decrease-increase phenomenon was achieved 
from the trend of the hardness plot. 

2.3  Wear characterization

The SEM images of the worn scar for the respective 
coatings as shown in Figs. 6 a to e from samples S1 to 
S6 at low magnification are presented in this section.

The rubbing together of the tungsten ball against 
the surface of the laser-deposited samples has initiated 
the wear scar. The worn surfaces are characterized by 
severe wear with plough and ridge; and wear debris 

Fig. 5.  Microhardness profiling of the laser-deposited Ti6Al4V-B4C composites
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as observed is apparently in all the wear samples. 
However, the worn surfaces are pronounced by 
elliptical groove shapes. Samples S1 and S2 deposited 
with laser powers of 800 W and 1000 W show mildly 
worn surfaces in comparison to other samples. The 
values of the wear track radius, wear width, stroke 
length are measured under the SEM in order for the 
wear volume to be evaluated.

The sliding friction exists between the surfaces of 
the Ti6Al4V-B4C composites and the tungsten carbide 
ball, which was initiated by the force in action. Wear 
occurs due to the mechanical action and created an 

oval shaped groove on the surface of the composites. 
The wear volume was instigated as a result of the 
frictional force and the abrasive wear between the 
tungsten ball and the composite’s surfaces. A thicker 
ridge produced at the plough way shows the extent of 
the wear volume.

Fig. 7 shows the plots of the wear depth (hf), wear 
width (w) and stroke length (Ls) for all the samples, 
while Fig. 7 shows the histogram plot of the wear 
volume (Vf) and the wear rate (K). 

Figs. 7 and 8 clearly present the plots of the wear 
depth, the wear width, the stroke length, the wear 

Fig. 6.  SEM images of the wear scar on the deposited Ti6Al4V- B4C composites from samples from S1 to S6
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width of wear have a significant role to play in 
determining the wear volume. However, the major 
role is attributed to the width and length of the wear 
track. From the histogram plot, the substrate shows 
the highest wear volume of 569.9 × 10–3 mm3 and the 
occurrence was as a result of the larger wear width of 
1844 µm exhibited by the substrate. In other words, 
all the deposited Ti6Al4V-B4C samples show good 
wear volume results in comparison with the substrate.

3  CONCLUSIONS

The improvement in the surface properties of the 
Ti6Al4V-B4C composites deposited through the LMD 
process was significantly achieved in this study. The 
surface effects of varying the laser power on the 
microstructure, the microhardness, and the wear were 
extensively studied and concluded as follows:
• From the microstructural analyses, sample S8 

deposited with the laser power of 2200 W and 
scanning speed of 1 m/min revealed a defect-free 
surface and good intermetallic phase of (α+β) 
alloy with boron carbide (B4C) particulates. 

• Fine globular primary alpha and martensite 
structures changed to thick and coarse structures 
as the laser power was increased. 

• Sample S1 deposited with a laser power of 800 W 
exhibited the lowest hardness value and standard 
deviation of HV 373 ± 48 while sample S7 
deposited at a laser power of 2000 W displayed 
the highest hardness value and standard deviation 
of HV 445 ± 61.

• The XRD patterns of the laser deposited 
composites revealed the presence of intermetallic 
compounds of TiB and TiB2, which were formed 
at the interface. 

• Both wear volume and wear rate for the deposited 
composites were calculated using the proposed 
Archard’s wear equation. Sample S7 deposited 
with a laser power of 2000 W demonstrated 
the highest wear volume and wear rate of  
93.3 × 10–3 mm3 and 2.62 × 10–3 mm3/Nm. In 
the same vein, they both experienced irregular 
increase-decrease-increase phenomenon as the 
laser power was increased. 
Based on the range of experimental matrix or 

process parameters adopted, this research study 
has been able to establish the optimized process 
parameters between the laser power of 2000 W and 
2400 W due to the defect-free deposition output. 
However, this research work can be recommended for 
the industries dealing with aerospace parts and nuclear 
device applications.

volume and the wear rates of all the laser deposited 
samples. Among the deposited composites, sample 
S6 deposited at a laser power of 1800 W has the 
lowest wear depth with 74.6 μm while sample S8 
deposited at a laser power of 2200 W exhibits the 
highest wear depth with 646.3 μm. Thus, sample S6 
showed profound ductile property than sample S8, 
which could be due to more heat input associated 
with the deposition of sample S8 when compared to 
sample S6. In contrast, more non-melted particles 
of B4C in the melt pool during deposition may have 
caused the wear depth of sample S6 to have the lowest 
wear depth value among the rest of the samples. 
Furthermore, from the histogram chart, both the 
wear volume and the wear rate were characterized by 
irregular behaviour, as observed in the trend. From 
all the deposited composites observed, sample S1 
deposited at a laser power of 800 W has the lowest 
wear volume and wear rate of 35.2 × 10–3 mm3 and 
0.642 × 10–3 mm3/Nm, while sample S7 deposited 
at a laser power of 2000 W possesses the highest 
wear volume and wear rate of 93.3 × 10–3 mm3 and  
2.62 × 10–3 mm3/Nm, respectively. The depth and 

Fig. 7.  Plots of the wear depth, wear width and stroke length of the 
laser-deposited Ti6Al4V-B4C composites

Fig. 8.  Graph of the wear volume and wear rate of the laser-
deposited Ti6Al4V-B4C composites
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0  INTRODUCTION

The environmental problems caused by harmful gas 
emissions of the vehicles remain significant issues 
requiring further investigation. To minimize this 
pollution, research on the efficiency of the vehicle 
in terms of the engine and transmission systems is 
increasingly common.

The continuously variable transmission (CVT), 
shown in Fig. 1, is one of the best solutions to reduce 
the fuel consumption for vehicles that are driven by 
internal combustion engines [1], electric motors [2], 
and hybrid systems [3]. This is a result of the CVT 
systems providing smoothness in changing of speed 
ratio, resulting in reduced fuel consumption for the 
vehicles. Moreover, CVT systems are significant 
and advantageous alternatives in the machinery 
industry when continuous speed variation is required. 
Mangialardi and Mantriota [4] analyse the dynamic 
behaviour of a wind power system equipped with 
automatically regulated, continuously variable 
transmission. Yildiz and Kopmaz [5] propose a novel 
mechanical press concept that consists of a half-

toroidal continuously variable transmission (CVT) to 
obtain more speed flexibility than the classical one. 
Yildiz et al. [6] analyse the dynamic behaviour of a 
four-bar mechanism coupled with a CVT system. 
Thus, the speed variability which is crucial for 
obtaining different manufacturing and transportation 
processes can be provided by mechanically.

To obtain better transmission performance, 
the dynamics of the transmission must be fully 
understood. Determining the dynamics of CVT is 
crucial to obtaining and controlling the desired the 
speed ratio accurately.

In this type of variator, the positions of the pulleys 
are varied by a hydraulic system, which results in a 
change in the contact radii of chain at the drive and 
driven sides; thus, the desired value of the transmission 
ratio is obtained. All these dynamic phenomena have 
been studied for decades. In particular, the theoretical 
analyses for both steady-state and transient cases have 
been studied in depth by Carbone, Mangialardi and 
Mantriota [7] and Yildiz et al. [8].

A theoretical model of the shifting dynamics 
of a chain CVT during rapid ratio speed changes 
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Highlights
• Obtaining a lookup table of the clamping force ratio under the steady-state condition from the theoretical model with 

experimental verification.
• Implementing this lookup table in the first order differential equation and feedbacking the speed ratio with a PI controller.
• Comparison of the theoretical and experimental results of the time response of chain CVT with a controller.
• Design a PI gain schedule to ensure the same shifting speed by numerical experiment method.
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is developed by Carbone et al. [7]. The clamping 
force ratio as a function of torque load and traction 
coefficient is derived in detail. 

Fig. 1.  Chain CVT system

Carbone et al. [9] demonstrate that the pulley 
bending has an important role in the dynamics of 
the variator. The sliding angle that is one of the main 
parameters in equilibrium equations varies if the pulley 
deformation is considered. Therefore, it is proved that 
neglecting the pulley bending causes errors. It is also 
shown that the shifting speed of the variator increases 
as the stiffness of the pulley decreases. 

The dynamic behaviour of the CVT is investigated 
at a steady state and in transient conditions by Carbone 
et al. [10]. However, in their study, the shifting 
dynamics are examined under no-load conditions. To 
verify the proposed theoretical model, experimental 
investigations are performed. Furthermore, the slip 
of the variator that is one of the crucial issues of the 
mechanical behaviour is analysed and controlled for 
efficiency optimization in [11].

Controlling the speed ratio is one of the crucial 
issues of the CVT systems, and there are several 
methods to do so. The most common technique is the 
proportional-integrate-derivative (PID) controller. The 
controller design with PI(D) and their applications 
are examined in [12] and [13]. Moreover, PI and PID 
controllers tuning is investigated by Precup and Preitl 
in [14] for integral-type servo-systems to ensure strong 
stability and controller robustness.

Although extensive works have been performed 
on the steady-state performance and the mechanical 
behaviours of the variator, such as slip predictions, 
traction capacities, the efficiency [15] to [17], only a 
few studies focus on the shifting dynamics of the CVT 
[18] and [19] and the speed ratio control in real time. 
Furthermore, most researchers use semi-empirical 

formulations in their model that can cause some errors 
in different applications. 

This paper differs from the previous works in that 
the shifting dynamics of the CVT with a PI controller 
is fully modelled based on the Carbone-Mangialardi-
Mantriota model, and its experimental verification 
is carried out. From the theoretical model, a lookup 
table of the clamping force ratios as a function of 
speed ratio and traction coefficient is obtained for 
fast implementation in the control algorithm. After 
that, a PI feedback control algorithm is designed 
considering the momentary solution of a first order 
differential equation governing the shifting speed, 
which represents the whole dynamics of the CVT. 
To verify the developed model, several experiments 
are performed by setting the clamping forces of 
the drive pulleys with a feedback PI controller in a 
real time Labview environment. The experimental 
results show good agreement with the theoretical 
ones obtained from the control-oriented model based 
on the Carbone-Mangialardi-Mantriota approach. 
After verifying the model, it is used to obtain the 
appropriate PI gains via numerical experiments. A PI 
gain schedule is proposed for the different angular 
velocity of the drive pulley, which affects the shifting 
dynamics sharply. This model may constitute the basis 
of the different CVT control strategies, in particular, 
the feedforward control algorithm. 

1  MODELLING THE CHAIN CVT

In this part, the theoretical model of the speed ratio 
control based on the Carbone-Mangialardi-Mantriota 
model is presented. First, the main equations of this 
model are presented. After that, a control algorithm 
for the speed ratio control of the CVT is proposed. 
As presented in [7], the basic kinematic quantities and 
their relations are presented as follows.

The mass conservation law yields the following 
relation as the longitudinal elongation of the chain is 
neglected:

 v v
r +

∂
∂

=θ

θ
0,  (1)

where vr and vθ are radial and tangential sliding 
velocity of the chain respectively.

The sliding angle ψ is defined as;

 tan .ψ θ=
v
v r

 (2)

The radial sliding velocity is calculated as:

 v R Rr c= +
+

− ∆ω
β

β
θ θ

( cos )

sin
sin( ),

1

2

2

0

0

 (3)
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where R is the pitch radius of the chain, β0 is the non-
deformed half-groove angle of the pulley, θc is the 
centre of wedge expansion, ω is the angular velocity 
of the pulley, and Δ is the amplitude of the deformed 
groove angle given in [15].

The deformed half groove angle is determined 
as a function of local angular coordinate θ, which 
considers a uniform deformation Г of the pulley, given 
in [15]:

 β β θ θ− = + −0 0 5Γ ∆. cos( ).c  (4)

The centre of wedge expansion can be estimated 
as follows:

 tan

( )sin

( )cos

,θ
θ θ θ

θ θ θ

α

αc

p d

p d
=
∫

∫
0

0

 (5)

where α is the contact arc extension and p is the force 
per unit longitudinal chain length (linear pressure).

a) 

b) 
Fig. 2.  The kinematic representation of a) chain CVT and b) the 

forces acting on the chain

All forces acting on the chain are represented in 
Fig. 2. The equilibrium equations in the radial and 
tangential direction yield the following equations:

 

1
2 2

2 2

0

F R
F R

s

s

−
∂
∂

−( ) =

=
−( )

σ ω θ
σ ω

µ β ψ
β µ β ψ
cos sin
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,  (6)

 p F R
R s

=
−
−[ ]
σ ω

β µ β ψ

2 2

02 sin cos cos
,  (7)

where F is the tension of the chain, and σ is the mass 
per unit length of the chain. 

The angle βs satisfies the relation:

 tan tan cos .β β ψS =  (8)

In the theoretical model, a friction coefficient  
μ = 0.09 is implemented according to Coulomb 
friction.

Once the local pressure and tension distributions 
are known, the axial clamping force S and torque T 
acting on each pulley are calculated as below:

 S pRdS= +∫ (cos sin ) ,β µ β θ
α

0

 (9)

 T F F R= −( ) ,1 2  (10)

where F1 and F2 are the tensile belt forces at the entry 
and exit points of the pulley groove. In Eq. (9), the 
extension arc of the chain α can be calculated with the 
following relations:

 sin ,φ =
−R R
d

2 1  (11)

 α π φ1 2= − ,  (12)

 α π φ2 2= + ,  (13)

where d is the distance of the pulleys’ centres.
The Carbone-Mangialardi-Mantriota model 

shows that the whole dynamics of the CVT can be 
represented as a first order non-linear differential 
equation as follows:

 τ ω
ξ
ξ

=








∆ DR DR

eq

k g ln ,  (14)

where k = + ( )( cos ) / sin ,1 22

0 0β β  ξ = S SDR DN/  and  
ξeq  is the clamping force ratio at the steady state 
condition. 

As can be seen from Eq. (14), the time derivative 
of the speed ratio is a function of the input angular 
velocity, the elastic displacement of the input pulley, 
the non-deformed value of the groove angle, the actual 
value of the transmission ratio through the function 
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g(τ) and the logarithmic ratio of ξ and ξeq. The term 
g(τ) is as follows:

    g cτ τ τ
π ρ τ
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π ρ τ
τ
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+
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,  (15)

where ρ(τ) = R / d and c ≈ 0.81.
Since the SDR / SDN is a function of the traction 

coefficient and speed ratio, it is necessary to yield the 
traction coefficient μtr:

 µ
β

tr
T
RS

=
cos

.0

2
 (16)

In order to calculate the clamping forces ratio, 
the numerical steps are followed as shown in Fig. 3. A 
clamping forces ratio matrix is obtained by the same 
way for use in the control algorithm. This matrix is 
a function of the traction coefficient and speed ratio. 

Fig. 3.  Numerical flowchart for calculating the necessary  
clamping force ratio 

2  SPEED RATIO CONTROLLER DESIGN

In order to control the speed ratio of the chain CVT, 
a PI controller is used, and the transient dynamics 
of the variator are investigated. In this controller, 
the initial condition of the angular velocity and the 
torque load of the drive pulley are given, and then the 
initial value of the clamping force ratio calculated by 
the theoretical model is implemented. For a constant 
clamping force of the driven pulley, the speed ratio is 
fed backed.

The program controls the speed ratio by changing 
the clamping force of the drive pulley while the new 
conditions calculated in CVT box spontaneously until 
it reaches the desired value of the speed ratio. Since 
the proportional pressure valves are much faster than 
the variator in terms of the time constant, the dynamics 
of the hydraulic system is neglected. 

a)

b)
Fig. 4.  a) PI controller for the speed ratio and b) lookup tables

The error value between the desired set-point 
value τref and measured process variable of speed ratio 
is:
 e t tref( ) ( ).= −τ τ  (17)

The control variable, which is the voltage of the 
servo valve:

 u t K e t
T
e t dtp

i

t

( ) ( ) ( ) ,= + ∫
1

0

 (18)

where Kp and Ti are the proportional gain and integral 
time gain, respectively.
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The lookup table of the clamping force ratio 
{(SDR / SDN)eq = ξeq} shown in Fig. 4 is obtained 
by the theoretical model, following the flowchart 
given in Fig. 3 for different speed ratios and traction 
coefficients in the range of 0.5 to 2 and 0.05 to 0.1, 
respectively. Another lookup table (m) is obtained 
from the relationship m(τ) = kg(τ) where k and g 
given in Eq. (14) and (15). The pitch radius of the 
chain {R(τ)} is also given as a lookup table, which 
is calculated from Eqs. (11), to (13) and (24). The 
amplitude of the deformed groove angle {Δ(τ, SDR)} 
is obtained from finite element FE methods [15]. The 
term Kv shown in Fig. 4 is the gain coefficient of the 
valve and hydraulic system, which equals 13180. 

The parameters of the PI controller are calculated 
with numerical experiments to ensure the same time 
response of the system. A gain scheduling approach 
is proposed, by which the gains of a PI controller 
are calculated through numerical experiments. These 
results are given in Section 4. The parameters of PI 
controller is selected in the experiments as Kp = 1 and 
Ti = 0.1 for avoiding aggressive speed ratio changing 
that may damage the test rig equipment.

3  CHAIN CVT TEST RIG AND EXPERIMENTAL SETUPS

The test rig and its setups are described in this part. 
The measurements are carried out on a chain CVT 
mounted on the power loop test rig in Polytechnic of 
Bari.

a) 

b) 
Fig. 5.  Chain CVT test bench; a) general view,  

and b) schematic layout

The chain CVT test bench is illustrated in Fig. 5, 
where EM, EB, HE, LE, and TS represent electrical 
motor, electromagnetic brake, heat exchanger, linear 
encoder and torque sensor, respectively. As shown in 
Fig. 5, a three-phase asynchronous four-pole, 30 kW 
Siemens motor is located to ensure the input power of 
CVT. The angular velocity of the motor is controlled 
by a Berges inverter. To provide the resistant torque, 
an electromagnetic brake connected to the output 
pulley of CVT by a belt transmission is used. The 
pressure, torque and displacement sensors are located 
on the input and output pulley shafts. 

The characteristic data of the chain used 
for experiments are as follows: chain length  
L = 649.49 mm, chain width b = 24 mm, the distance 
of the input and output pulleys’ centres d = 155 mm, 
the sheave angle β0 = 11 deg. The areas of the input 
and secondary pulleys are ADR = 0.01979 m², 
ADN = 0.009719 m² respectively.

The clamping force of drive side is calculated as 
follows:

 S P A fDR DR DR DR c DR= +ω 2

, ,  (19)

where the coefficient fc,DR is:

 f r rc DR
oil

DR DR, ( )( ),= −π
ρ
4

1

4

2

4  (20)

where ρoil = 870 kg/m³ at 20 ⁰C and rDR1 = 0.0825 m 
and rDR2 = 0.0225 m. The driven clamping force is 
calculated as follows:

 S P A f FDN DN DN DN c DN spring= + +ω 2

, ,  (21)

where Fspring is the spring force on the driven pulley 
and the coefficient fc,DN is:

             f r r r rc DN
oil

DN DN DN DN, ( )( ),= − −π
ρ
4

2 1

2

3

2

2

4

3

4  (22)

where the quantities rDN1 = 0.06 m, rDN2 = 0.0225 m 
and rDN3 = 0.0321 m. 

The spring force is calculated using the following 
equation:

 F F k r rspring S s DN low DN= + −0 02 ( ) tan( ),, β  (23)

where FS0 = 536 N, the stiffness of the spring 
ks = 20 N/m, the pitch radius of the driven pulley at 
minimum speed ratio rDN,low = 0.0741 m. 

The axial position of the input pulley is measured 
by a linear encoder as a function of time in the 
experiments, as shown in Fig. 6. After that, the speed 
ratio of variator τ is determined. In order to examine 
the geometric speed ratio of variator τ, the pitch radius 



Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 374-382

379Control-Oriented Modelling with Experimental Verification and Design of the Appropriate Gains of a PI Speed Ratio Controller of Chain CVTs  

RDR of the drive pulley is calculated with to following 
equation: 

 L d R R= + +2 1 1 2 2cos .φ α α  (24)

The following equation is used to calculate the 
RDN:

 R R a
DN DN= −,max

tan
,

2 0β
 (25)

where the RDN,max = 0.0741 m. 

Fig. 6.  Representation of the measurement of the axial position of 
a moveable input pulley by a linear encoder

A control program is developed to perform 
the measurements and save all data in real time in a 
Labview environment. The measured data are the 
speed ratio, the pressures of the input and output 
pulleys, the resistant torque and the angular velocity. 
In the experiments, firstly, the angular velocity of 
the driven pulley is fixed, and then a torque load is 
implemented. After that, the pressure of the drive side 
is controlled and so the desired speed ratio is obtained 
due to the PI controller. In order to investigate the 
transient dynamics of CVT, a step of the set point of 
the speed ratio is implemented. 

4  RESULTS AND DISCUSSION

In this section, the theoretical and experimental results 
and their comparison are demonstrated. First, the 
steady state results of the clamping forces ratios are 
given in Fig. 7 for the speed ratio equal to 1. It can 
be seen from this figure that the theoretical model is 
valid in steady state conditions, since it has a very 
good match with experimental results. Similar good 
matches are obtained for different speed ratios, 
which are not presented here. These steady state data 
are recorded to be used as a lookup table during the 
simulation.

The developed model for the speed ratio control 
is verified using several experiments for the different 

initial conditions of the speed ratio, as indicated in 
Fig. 8.

Fig. 7.  Theoretical and experimental results of the clamping force 
ratio as a function of traction coefficient at SDN = 10 kN and τ = 1

For the further comparison, the maximum and 
minimum speed ratios are implemented as an initial 
condition of the experiments and simulations shown 
in Fig. 9. It is observed from all these figures that 
the theoretical and experimental results are in good 
agreement. Thus, the developed model is verified, and 
it can be used in different controllers in automotive 
applications.

Fig. 8.  Theoretical and experimental results of the transient 
response of the speed ratio for different initial condition of 

speed ratio at Kp = 1, Ti = 0.1, ωdr = 500 rpm, TDR = 50 Nm and 
SDN = 20 kN

At the jumping point, there are some small errors 
due to the neglected factors, such as hydraulic system 
dynamics and the friction in the bearings of the test 
bench; however, these are negligible when the overall 
consistency of the numerical and experimental results 
are considered.
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Since the CVT has a non-linear dynamic 
characteristic, the shifting response will be different 
for the different conditions especially for the different 
input speeds. In other words, the input angular speed 
is the most dominant term that affects the shifting 
speed linearly. Thus, the PI coefficients handled in 
Figs. 8 and 9 need to be tuned for the different angular 
velocities.

Fig. 9.  Theoretical and experimental results of the transient 
response of the speed ratio for testing maximum and minimum 

range of speed ratio at Kp = 1, Ti = 0.1, ωDR = 500 rpm, TDR = 50 
Nm and SDN = 20 kN

Fig. 10.  Time response of the speed ratio for different angular 
velocity at Kp = 1, Ti = 0.3, TDR = 50 Nm and SDN = 20 kN

Fig. 10 indicates the time responses of the speed 
ratios for the different angular velocities of the input 
pulley with the same PI coefficients. This figure is 
evidence that PI gains of the speed ratio controller of 
the chain CVT have to be set for the different angular 
velocities.

To ensure the regular shifting response such as 
the same slope of the time response, the gains are 
scheduled by numerical experiments for different 
input speeds. First, the Ti is kept constant and Kp 

is changed, and the settling time of speed ratio is 
obtained in case of no over-jumping conditions. The 
same procedure is followed for different integral time 
gains. The obtained data are recorded in a matrix 
considering the settling time of the speed ratio in case 
of the absence of over-jumping conditions. Fig. 11 
indicates the settling times of the speed ratios for three 
different input angular velocities.

In Fig. 11, the minimum points of the surfaces 
show the best PI coefficients in terms of the settling 
time with no over jump. In this manner, a PI gains 
schedule is obtained as given in Table 1. That the 
difference between the desired and instant speed ratios 
be less than 0.001 is used as the criterion to determine 
the settling time seen in Fig. 11. 

Fig. 11.  Settling time of the speed ratio for the different input 
angular velocities

Table 1.  PI Gains for different initial angular speed of the CVT

Input angular velocity (ωDR) Kp Ti
500 rpm 4.3 2.2
750 rpm 3.25 2.35

1000 rpm 2.5 2.35
1250 rpm 2.075 2.35
1500 rpm 1.75 2.35
1750 rpm 1.575 2.35
2000 rpm 1.35 2.35

The time responses of the speed ratio are 
simulated again for the visibility using the data given 
in Table 1, and the results are given in Fig. 12. It can 
be seen from this figure that all time responses have 
the same slope and there is no overshooting. It should 
be noted that the time constant of the speed ratio is 
selected in the beginning and the gains are tuned 
depending on the demand. 
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Fig. 12.  The transient response of the speed ratio for the different 
input speed with the PI coefficients given in Table 1  

(TDR = 50 Nm and SDN = 20 kN)

The theoretical and experimental results show 
that the control-oriented modelling proposed in this 
paper is highly accurate, thus; this simplified formula 
can be used for different control design as a tool with 
specified lookup tables.  

5  CONCLUSIONS

In this study, the shifting dynamics of the chain 
CVT is investigated to verify the theoretical model 
in a control application. A speed ratio controller is 
designed to provide a relative simple and easy-to-
implement formulation as a look-up table and various 
experiments are performed to validate this model. The 
theoretical and experimental results indicate that the 
control-oriented modelling of transient dynamics of 
the variator is highly accurate. The verified model is 
used to obtain appropriate PI gains for having regular 
shifting speeds of the CVT under the different angular 
velocities via numerical experiments. Finally, a gain 
schedule is proposed for possible input speeds. These 
results are vital for engineers to design different 
control algorithms in automotive applications.

6  ACKNOWLEDGEMENTS

Ahmet YILDIZ would like to thank the TUBITAK 
for the scholarship granted. Special thanks are due 
to Prof. Dr. Giuseppe Carbone for suggestions and 
allowance the first author to perform the experiments 
in the test bench in Polytechnic of Bari, Italy.

7  REFERENCES

[1] Brace, C., Deacon, M., Vaughan, N.D., Horrocks R.W., Burrows 
C.R. (1999). The compromise in reducing exhaust emissions 

and fuel consumption from a diesel CVT Powertrain over 
typical usage cycles. Proceedings of CVT Congress, Eindhoven, 
p. 27-33.

[2] Bottiglione, F., De Pinto, S., Mantriota, G., Sorniotti, A. (2014). 
Energy consumption of a battery electric vehicle with infinitely 
variable transmission. Energies, vol. 7, no. 12, p. 8317-8337, 
DOI:10.3390/en7128317.

[3] Bottiglione, F., Contursi, T., Gentile, A., Mantriota, G. (2014). 
The fuel economy of hybrid buses: the role of ancillaries 
in real urban driving. Energies, vol. 7, no. 7, p. 4202-4220, 
DOI:10.3390/en7074202.

[4] Mangialardi L., Mantriota G. (1996). Dynamic behavior of 
wind power systems equipped with automatically regulated 
continuously variable transmission. Renewable Energy, vol. 7, 
no 2, p. 185-203, DOI:10.1016/0960-1481(95)00125-5.

[5] Yildiz, A., Kopmaz, O. (2015). Dynamic analysis of a 
mechanical press equipped with a half-toroidal continuously 
variable transmission. International Journal of Materials and 
Product Technology, vol. 50, no. 1. p. 22-36, DOI:10.1504/
IJMPT.2015.066864.

[6] Yildiz, A., Kopmaz, O., Telli, C.S. (2015). Dynamic modeling 
and analysis of a four-bar mechanism coupled with a CVT 
for obtaining variable input speeds. Journal of Mechanical 
Science and Technology, vol. 29, no. 3, p. 1001–1006, 
DOI:10.1007/s12206-015-0214-y.

[7] Carbone, G., Mangialardi, L., Mantriota, G. (2001). Theoretical 
model of metal V-Belt drives during rapid ratio changing. 
Journal of Mechanical Design, vol. 123, no. 1, p. 111-117, 
DOI:10.1115/1.1345521.

[8] Yildiz, A., Piccininni, A., Bottiglione, F., Carbone, G. (2016). 
Modeling chain continuously variable transmission for 
direct implementation in transmission control. Mechanism 
and Machine Theory, vol. 105, p. 428-440, DOI:10.1016/j.
mechmachtheory.2016.07.015.

[9] Carbone, G., Mangialardi, L., Mantriota, G. (2005). The 
influence of pulley deformations on the shifting mechanisms 
of MVB-CVT. ASME Journal of Mechanical Design, vol. 127, no. 
1, p. 103-113, DOI:10.1115/1.1825443.

[10] Carbone, G., Mangialardi, L., Bonsen, B., Tursi, C., Veenhuizen, 
P.A. (2007). CVT dynamics: theory and experiments. 
Mechanism and Machine Theory, vol. 42, no. 4, p. 409-428, 
DOI:10.1016/j.mechmachtheory.2006.04.012.

[11] Bonsen, B., Klaassen, T.W.G.L., Pulles, R.J., Simons, S.W.H., 
Steinbuch, M., Veenhuizen, P.A. (2005). Performance 
optimization of the push-belt CVT by variator slip control. 
International Journal of Vehicle Design, vol. 39, no. 3, p. 232-
256, DOI:10.1504/IJVD.2005.008473.

[12] Besançon-Voda, A. (1998). Iterative auto-calibration of 
digital controllers: methodology and applications. Control 
Engineering Practice, vol. 6, no. 3, p. 345-358, DOI:10.1016/
S0967-0661(98)00005-7.

[13] Jin, B.Q., Liu, Q. (2014). IMC-PID design based on model 
matching approach and closed-loop shaping. ISA Transactions, 
vol. 53, no. 2, p. 462-473, DOI:10.1016/j.isatra.2013.11.005.

[14] Precup, R.-E., Preitl, S. (2006). PI and PID controllers tuning 
for integral-type servo systems to ensure robust stability and 
controller robustness. Electrical Engineering, vol. 88, no. 2, p. 
149-156, DOI:10.1007/s00202-004-0269-8.

https://doi.org/10.3390/en7128317
https://doi.org/10.3390/en7074202
https://doi.org/10.1016/0960-1481(95)00125-5
https://doi.org/10.1504/IJMPT.2015.066864
https://doi.org/10.1504/IJMPT.2015.066864
https://doi.org/10.1007/s12206-015-0214-y
https://doi.org/10.1115/1.1345521
https://doi.org/10.1016/j.mechmachtheory.2016.07.015
https://doi.org/10.1016/j.mechmachtheory.2016.07.015
https://doi.org/10.1115/1.1825443
https://doi.org/10.1016/j.mechmachtheory.2006.04.012
https://doi.org/10.1504/IJVD.2005.008473
https://doi.org/10.1016/S0967-0661(98)00005-7
https://doi.org/10.1016/S0967-0661(98)00005-7
https://doi.org/10.1016/j.isatra.2013.11.005
https://doi.org/10.1007/s00202-004-0269-8


Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 374-382

382 Yildiz, A. – Kopmaz, O.

[15] Carbone, G., De Novellis, L., Commissaris, G., Steinbuch, 
M. (2010). An enhanced CMM model for the prediction 
of steady state performance in CVT chain drives. ASME 
Journal of Mechanical Design, vol. 132, no. 2, p. 1-8, 
DOI:10.1115/1.4000833.

[16] Kong, L., Parker, R.G. (2008). Steady mechanics of 
layered, multi-band belt drives used in continuously 
variable transmissions (CVT). Mechanism and Machine 
Theory, vol. 43, no. 1, p. 171-185, DOI:10.1016/j.
mechmachtheory.2007.02.003.

[17] Tenberge, P. (2004). Efficiency of chain-CVTs at constant 
and variable ratio: A new mathematical model for a very fast 

calculation of chain forces, clamping forces, clamping ratio, 
slip and efficiency. International Continuously Variable and 
Hybrid Transmission Congress, paper no. 04CVT-35, UC Davis.

[18] Ide, T., Uchiyama, H., Kataoka, R. (1999). Experimental 
investigation on shift speed characteristics of a metal V-belt 
CVT. JSAE paper no.96363.

[19] Srivastava, N., Haque, I. (2009). A review on belt and chain 
continuously variable transmissions (CVT): dynamics and 
control. Mechanism and Machine Theory, vol. 44, no. 1, p. 19-
41, DOI:10.1016/j.mechmachtheory.2008.06.007.   
 

https://doi.org/10.1115/1.4000833
https://doi.org/10.1016/j.mechmachtheory.2007.02.003
https://doi.org/10.1016/j.mechmachtheory.2007.02.003
https://doi.org/10.1016/j.mechmachtheory.2008.06.007


*Corr. Author’s Address: Jordan Univesity of Science and Technology, P. O. Box 3030, 22110 Irbid, Jordan, ymtaamneh@just.edu.jo 383

Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 383-393 Received for review: 2017-03-14
© 2017 Journal of Mechanical Engineering. All rights reserved.  Received revised form: 2017-04-18
DOI:10.5545/sv-jme.2017.4449 Original Scientific Paper Accepted for publication: 2017-04-19

0  INTRODUCTION

The combination of the mixed convection flow 
and the heat transfer analysis in a lid-driven cavity 
has recently received significant attention by many 
researchers due to its significance in many practical 
engineering and industrial applications. The flow 
and heat transfer due to mixed (free and forced) 
convection are a combination of the flow induced 
by the shear forces resulting from the motion of the 
upper lid and the bouncy forces due to the temperature 
gradient. The practical flow situation is considered to 
be a complex phenomenon because of the interaction 
and coupling of these effects. In addition, there 
are various combinations of imposed temperature 
gradients and many cavity configurations of a lid-
driven cavity encountered in several engineering 
applications. Cha and Jaluria [1] studied in detail the 
impact of bounciness, velocities, and temperature 
fields on the heat transfer enhancement inside storage 
regions. Ghia et al. [2] investigated the driven flow in 
a square cavity at a high-Re fine-mesh flow.

The solid particles are used as an additive 
suspended in the base fluid to enhance the heat 
transfer in a variety of applications, such as micro-
electromechanical systems (MEMS), oil extraction 
and automobiles [3], electronic cooling, thermo-
hydraulics of nuclear reactors, and solar ponds [4]. 

Kumar et al. [5] developed bactericidal coatings 
by using synthesized metal-nanoparticle (MNP)-
embedded paint. They showed that the surfaces 
coated with silver-nanoparticle paint have excellent 
antimicrobial properties. Choi [6] proposed a new class 
of engineering fluids with superior nanofluid thermal 
conductivity by adding nanoparticles. Vajjha and Das 
[7] studied how nanofluid thermophysical properties 
varied with temperature and concentration. They 
analysed their effects on the heat transfer coefficient, 
the pumping power, and friction factor. They asserted 
that enhancing the heat transfer rate by adding 
solid materials reduces operation costs. Numerous 
experimental and numerical investigations have been 
conducted on the heat transfer enhancement using 
nanofluid. Kaheld and Vafai [8] investigated the heat 
transfer enhancement inside channels by commanding 
thermal dispersion influences. They found that the 
distribution of dispersive elements increases the heat 
transfer. Torrance et al. [9] examined early the fluid 
motion inside different aspect ratio cavities generated 
by a moving wall under natural and mixed convection. 
They revealed that when Grashof number increases 
especially in cavities with high aspect ratio, the 
buoyancy effect would be significant. The buoyancy-
driven heat transfer enhancement of nanofluid in a 
two-dimensional enclosure has been analysed by 
Khanafer et al. [10]. Furthermore, various studies of 
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the thermophysical properties of nanofluid and energy 
transport were carried out. Jung et al. [11], Kang et al. 
[12], and Lee et al. [13] measured the effective thermal 
conductivity for different types of nanofluid using the 
transient hot wire method. Wang and Mujumdar [14] 
outlined the recent research on fluid flow and heat 
transfer characteristics of nanofluid in forced and free 
convection flows.

Pak and Cho [15] showed experimentally that the 
convection heat transfer coefficient for Al2O3-water 
and TiO2-water nanofluid was enhanced by increasing 
the volume fraction as well as the average velocity. 
Xuan and Li [16] and [17] conducted an experimental 
study to investigate the effect of copper nanoparticles 
on the thermal conductivity of the nanofluid. Their 
results demonstrated that the suspended nanoparticles 
clearly enhanced the thermal conductivity of the base 
liquid. Furthermore, increasing the volume fraction of 
the nanoparticles leads to an increase of the thermal 
conductivity of the nanofluid.

Abu-Nada and Oztop [18] carried out a numerical 
investigation of a mixed convection in an inclined 
square cavity of an aluminium-based nanofluid. 
They concluded that convection heat transfer was 
significantly enhanced by the existence of different 
types of nanoparticles.

Tiwari and Das [19] confirmed that increasing 
the volume fraction of nanoparticles significantly 
enhances the convection heat transfer coefficient. 
They inspected the flow and heat transfer in a square 
enclosure utilizing the finite volume method by 
considering that the top and the bottom were insulated 
and the side walls remain at different constant 
temperatures. It is evident from the literature that the 
thermal conductivity of nanofluid highly depends 
on the volume fraction, the thermal conductivity (of 
both the base fluid and the nanoparticle material), 
the surface area, and the shape of the nanoparticles 
suspended in the base liquid. 

There are few studies in the literature that 
investigated the effect of a nanofluid in forced 
convection. In contrast, a large number of studies were 
devoted to the effect of nanoparticle in the natural 
convection. The free convection in a rectangular 
cavity was numerically studied by Jang and Choi 
[19] and Jou and Tzeng [21]. They presented their 
numerical results of the heat transfer enhancement of 
nanofluid in a two-dimensional cavity. The influence 
of gravity on sedimentation and the agglomeration 
of nanoparticle on a natural convection heat transfer 
was investigated by Jafari et al. [22]. They proposed 
a single-phase approach and a mixture model. Ismail 
et al. [23] studied the buoyancy forces as the driving 

heat transfer of nanofluid, using FLUENT. The 
effect of particle sizes and shapes on the heat transfer 
characteristics and the pressure losses were studied 
by Meriläinen [24]. They determined that the average 
convective heat transfer coefficients of nanofluid 
were improved up to 40 % compared to clear fluids. 
The mixed convection flow and the heat transfer 
analyses in a lid-driven inclined enclosure filled with 
a nanofluid were conducted by Iwatsu et al. [25]. The 
flow and the heat transfer in a square cavity with 
insulated top and bottom walls, and differentially-
heated moving sidewalls were also investigated using 
the finite volume approach by Mansour and Ahmed 
[26]. They investigated the effects of the Richardson 
number and the volume fraction of the nanoparticles 
on the heat transfer. It was observed that when the 
Richardson number equals unity, the average Nusselt 
number increased substantially with the increase in 
the volume fraction of the nanoparticles. The mixed 
convection flow in a lid-driven enclosure filled with 
a fluid-saturated porous medium was investigated 
by Abu-Nada and Chamakha [27]. They reported the 
effects of the Darcy and Richardson numbers on the 
flow and the heat transfer characteristics. A numerical 
study of laminar mixed convection in shallow driven 
cavities with a hot moving lid on top and cooled from 
the bottom has been carried out by Sharif [28]. It was 
observed that the average convection heat transfer 
increased slightly with the cavity inclination angle 
for the forced convection while it increased more 
significantly under natural convection. 

Öztop et al. [29] investigated the heat transfer 
and the fluid flow due to buoyancy forces in a 
partially heated enclosure using different nanofluids. 
Calculations were performed for different Rayleigh 
numbers, heights of heater, locations of heater, aspect 
ratios, and volume fractions of nanoparticles. They 
found that the heat transfer increases with increases 
of the Rayleigh number, the height of heater and the 
volume fraction of nanoparticles. Furthermore, the 
heat transfer enhancement was found to be dependent 
on the type of nanofluid and more pronounced at 
lower aspect ratios.

Polidori et al. [30] utilized the integral formalism 
approach to investigate the natural convection 
heat transfer of a Newtonian nanofluid in a laminar 
external boundary-layer. They dealt with γ-Al2O3/
water nanofluid whose Newtonian behaviour was 
experimentally confirmed for particle volume fractions 
less than 0.04. They concluded that generalized 
conclusions about the heat transfer enhancement with 
the use of a nanofluid needs to be carefully drawn. In 
addition, they found that the natural convection heat 
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transfer is not solely characterized by the nanofluid’s 
effective thermal conductivity. Moreover, they 
concluded that the sensitivity to the used viscosity 
model cannot be ignored as it plays a key role in the 
heat transfer behaviour. 

Putra et al. [31] executed an experimental work 
on the natural convection of Al2O3 and CuO-water 
nanofluid inside a horizontal cylinder heated and 
cooled from both ends, respectively. They found 
that the presence of nanoparticles spoiled the natural 
convective heat transfer systematically. They also 
observed a systematic degradation of the natural 
convective heat transfer with increased concentrations 
of particles.

Haddad et al. [32] and [33] studied numerically 
the natural convection heat transfer and fluid flow of 
CuO-water nanofluid in an open cavity heated from 
the bottom. They considered in their calculation the 
variation in the viscosity and the thermal conductivity. 
They found that the heat transfer decreases with 
increasing of solid volume fraction as a result of 
increasing the viscosity of the nanofluid. 

Although many studies are found in the literature 
investigating the heat transfer characteristics of 
nanofluids, there is a lack of studies devoted to 
combined mixed convection flow and heat transfer. 
Moreover, due to nanofluid’s superior thermophysical 
properties, utilizing nanofluids in industrial 
applications has recently witnessed rapid growth. 
However, there is still no accurate understanding 
of the effect of using nanoparticles in the combined 
convection heat transfer. Therefore, the main 
objective of this study is to investigate numerically 
the combined convection flow and heat transfer in a 
square lid-driven cavity utilizing nanofluid. General 
correlations for the effective thermal conductivity, 
the viscosity, and the thermal expansion coefficient 
of a nanofluid were adopted in this study in terms 
of the volume fraction, the particle diameter, the 
temperature, and the base fluid physical properties. 
These theoretical models were employed utilizing a 
user-defined function (UDF) in Fluent.

1  MATHEMATICAL FORMULATION

A steady, laminar, two-dimensional combined 
convective flow and heat transfer in a square lid-driven 
cavity filled with nanofluid is considered. The fluid in 
the cavity is water-based nanofluid containing Al2O3. 
The left and right walls of the cavity are insulated. 
The top wall is heated to temperature Th while the 
bottom wall is maintained at a temperature Tc such 
that Th > Tc. The top wall of the cavity is allowed to 

move at a constant speed U∞. The physical model 
considered in this study is shown in Fig. 1. The shape 
and the size of particles are assumed to be uniform 
with diameter equal to 100 nm. The fluid properties of 
the nanofluid vary when nanoparticles are suspended. 
In this study, the nanofluid is treated as a single phase. 
The thermophysical properties of the nanoparticles 
and the fluid phase at T = 300 K are presented in Table 
1. Mixed convection flow and heat transfer in a square 
lid driven cavity are simulated by using the mass, 
momentum, and energy conservation equations. The 
governing non-linear partial differential equations can 
be written as follows: 

 ∂
∂

+
∂
∂

=
U
X

V
Y

0,  (1)

 U U
X

V U
Y

P
X Re

U
X

U
Y

eff

f eff

∂
∂

+
∂
∂

= −
∂
∂

+
∂
∂

+
∂
∂











1 2

2

2

2

µ
ν ρ

,  (2)

 

U V
X

V V
Y

P
Y Re

V
X

V
Y

eff

eff

eff

∂
∂

+
∂
∂

= −
∂
∂

+
∂
∂

+
∂
∂









 +

+

1 2

2

2

2

µ
ρ

ρβ
ρ
( )

eeff

Gr
Re

,
2
θ

 (3)

 U U
X

V
Y Re X Y

eff

f

∂
∂

+
∂
∂

=
∂
∂

+
∂
∂











θ α
α

θ θ1 2

2

2

2Pr
.  (4)

The above equations were non-dimensionalized 
as follows:
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where L is the reference length, U∞ is the reference 
velocity, and ν is the kinematic viscosity. The 
Reynold’s number Re is the ratio of inertial to viscous 
forces, which influences the fluid flow features within 
the cavity. The ratio of Gr/Re2 is the convection 
parameter and is called the Richardson number 
Ri. It measures the relative strength of the natural 
convection and the forced convection for the present 
problem. 
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Table 1. Thermophysical properties of the base fluid and aluminium 
[26]

Physical properties Water Al2O3

Cp [J/(kg·K)] 4179 765

k [W/(m2·K)] 0.613 25

ρ [kg/m3] 997.1 3970

μ [Pa·s] 0.000891 -
β [1/K] 0.00021 0.0000017

1.1  Boundary Conditions

A schematic of the configuration analysed in this study 
is shown in Fig. 1. The appropriate dimensionless 
boundary conditions for the present study are as 
follows:
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Fig. 1.  Schematic of the square lid-driven cavity

1.2 Thermo-Physical Properties of Al2O3-Water Nanofluid

The nanofluid mixture is considered as a single phase; 
thus, the nanoparticles and the base fluid are in a 
thermal equilibrium with each other and the relative 
velocity is negligible or equal to zero. Therefore, 
the effective thermophysical properties that depend 
mainly on the temperature, volume concentration 
of the nanoparticles, and the properties of the base 
fluid and the suspended particles are adopted in this 
study. General correlations for the effective thermal 
conductivity, the viscosity, and thermal expansion 

coefficient of nanofluid were developed in terms of 
the solid volume fraction, the particle diameter, the 
temperature, and the base fluid physical properties, 
Kahnafer et al. [10]. These correlations have been 
implemented in Fluent using a user defined function.

1.2.1  Density

The density of nanofluid is based on the physical 
principle of the mixture rule [10].  

 ρ ϕ ρ ϕ ρeff p f p p= − +( ) ,1  (8)

where f and p refer to the fluid and nanoparticle 
respectively, φp is the solid volume fraction of the 
nanoparticles, and ρ is the density. 

1.2.2  Viscosity

Different models of viscosity have been used by 
researchers to model the effective viscosity of 
nanofluid as a function of solid volume fraction. For 
low solid volume fraction, Einstein’s model can be 
used to predict the viscosity of the nanofluid. 

It is worth mentioning that Einstein’s model 
underestimates the nanofluid viscosity and does not 
consider the effect of temperature variations [34]. In 
this study, general correlation formulas to determine 
the effective viscosity of Al2O3-water considering the 
temperature effect proposed by Nguyen et al. [35] are 
used.
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1.2.3  Thermal Conductivity

Numerous studies were conducted in the literature 
to model the thermal conductivity of nanofluid. A 
general thermal conductivity correlation for Al2O3-
water nanofluid was proposed by Kahnafer et al. [10] 
for various temperatures, nanoparticles diameter, and 
solid volume fraction. The proposed correlation is 
given as follows:
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1.2.4  Thermal Expansion Coefficient

The effect of temperature and solid volume fraction 
on the thermal expansion coefficient of Al2O3-water 
nanofluid were investigated by Ho et al. [36]. They 
developed a correlation for the thermal expansion 
coefficient of Al2O3 water nanofluid as a function 
of the temperature and the solid volume fraction of 
nanoparticles. This correlation is given as:

β ϕ

ϕ

eff p

p

T
T

T

= − + × − ×

≤ ≤ ≤

− −( . .
.

)

. ,

0 479 9 3158 10
4 7211

10

0 0 04 10

3

2

3

oC  ≤ 40.  (12)

In this study, the values of the thermal expansion 
coefficient are evaluated utilizing Eq. (12) and based 
on the average temperature between cold and hot 
walls. 

1.2.5  Heat Capacity 

The specific heat of nanofluid is formulated by 
assuming a thermal equilibrium between the 
nanoparticles and the base fluid phase as follows [10]:  

 c
c c

eff
p f f p p p

eff

=
− +( )

,
1 ϕ ρ ϕ ρ

ρ
 (13)

where ρp is the density of the nanoparticle, ρf is the 
density of the base fluid, ρeff is the density of the 
nanofluid, and cp and cf are the heat capacity of the 
nanoparticle and the base fluid, respectively.

2  NUMERICAL METHODS 

The finite volume method is employed using Fluent 
6.3 commercial software to solve the governing 
equations subject to specified boundary conditions. 
Gambit commercial software is used for the generation 
of grids. A high number of cells are constructed near 
the surface of cavity walls to compensate for the high 
velocity gradient in the boundary layer region of the 
viscous flow. The coupling between the pressure and 
velocity fields is achieved using Simple scheme. A 
second order upwind scheme is used for the mixed 
convection. The coupled equations are solved 
sequentially. Time independent solver was used 
for all the simulation. Laminar model was used to 
simulate the mixed convection flow. A second order 
discretization scheme was used for all simulations. 
All the thermophysical properties material described 
above are implemented in the Fluent software using 
user defined function (UDF). The simulation is 
terminated when the residuals for continuity and 

momentum equations attain 10-6 and the residual for 
the energy equation attain 10-8. The local Nusselt 
number based on the length of the square cavity is 
expressed as:

 Nu
k
k Y
eff

f
Y= −

∂
∂ =

θ
1 .  (14)

The average Nusselt number of the hot wall can 
be obtained by integrating the local Nusselt number 
along the wall as:

 Nu Nu X dX= ∫ ( ) .
0

1

 (15)

3  RESULTS AND DISCUSSION

In order to ensure that computational results are grid-
independent, different grid sizes were tested (see 
Table 2).

Table 2.  Grid independence results for pure water (φ = 0)

Number of grids 50 × 50 80 × 80 100 × 100

Average Nusselt number at 

the hot wall for Ri = 0.1 
7.0124 7.294 7.345

Average Nusselt number at 

the hot wall for Ri = 1.0
2.2897 2.345 2.346

Average Nusselt number at 

the hot wall for Ri = 10
1.653 1.671 1.677

The grid independence tests are performed for 
pure water (φ = 0). Table 2 illustrates the results of 
independence studies for average Nusselt number 
Nu at the hot wall for different Richardson numbers, 
Ri. From Table 2, it is noticeable that grid sizes of 
80 × 80 and 100 × 100 give almost the same results for 
the average Nusselt number. For further validation, 
the present numerical solutions are validated against 
experimental as well as numerical results. 

The numerical results are compared in terms of 
Nusselt number and U-velocity at the mid-section 
of the cavity and found to be in good agreement 
with previous works (see Figs. 2 and 3). It is worth 
mentioning that when Ri → ∞, the heat transfer by 
natural convection is dominant, while when Ri → 0 
, the heat transfer by forced convection is dominant. 
In contrast, when Ri → 1, the heat transfer by the 
mixed convection is dominant. The Richardson 
number in this study varies from 0.1 to 10. Numerical 
simulations are conducted to demonstrate the effects 
of Richardson number Ri and solid volume fraction ϕ 
on mixed convection heat transfer in a square cavity. 
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The value of the solid volume fraction varies from 
0.0 to 0.04. The local Nusselt number distributions 
along the hot moving wall for various Richardson 
numbers and solid volume fractions are illustrated in 
Figs. 4 and 5. The local Nusselt number is high near 
the left wall and decreases towards the right wall. The 
effect of the solid volume fraction and the Richardson 
number is clearly discernible in these figures.

Fig. 2.  Comparison of the local Nusselt number variation for hot 
wall for pure water and Ri = 1

Fig. 3.  Comparison of U-velocity at mid-section of the cavity  
(X= 0.5) for pure water and Ri = 0.1

In general, the local Nusselt number started to 
decrease sharply at the beginning (i.e. at the left wall) 
and then continues to decrease rapidly at the right 
wall. It is clear from these figures that for a laminar 
flow with a constant solid volume fraction, decreasing 
the Richardson number leads to a significant increase 
in the local Nusselt number. The reason for this 
enhancement is that the forced convection is becoming 
dominant when the Richardson number is low. It can 
be seen in Figs. 5a and b that the local Nusselt number 
increases as the solid volume fraction φ increases for 

Fig. 4.  Local Nusselt number for different solid volume fraction;  
a) φ = 0.0, b) φ = 0.01 and c) φ = 0.04

both Ri =10 and Ri =1. However, for Ri = 0.1 (see Fig. 
5c) the Nusselt number does not change significantly 
with the solid volume fraction.

The variations of the average Nusselt number 
with Richardson number along the hot wall for 
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different solid volume fractions are depicted in Fig. 
6. The figure shows that the average Nusselt number 
increases with the solid volume fraction and decrease 
with Richardson number. 

Fig. 7 demonstrates the influence of the 
Richardson number on isotherms for the solid 

volume fraction φ = 0.04. For Ri = 0.1, shear forces 
are dominant in the cavity and, thus, the isotherms 
are mostly congregated to the area near the bottom 
surface of the square cavity. The high temperature 
gradient near the bottom wall is due to these high shear 
forces developed due to movement of the cavity lid. 
Moreover, a thin boundary layer is developed on the 
top of the hot wall. Furthermore, a strong circulation 
region is observed in the centre of rotating vortex 
inside the cavity. Increasing Ri up to 1, the shear 
forces and bouncy forces are the same magnitude, 
thus, coarse isotherms existed near the bottom wall. 
As a result, a moderate temperature gradient in the 
vertical direction can be seen. Further increases in 
Ri lead to wider expansion of isotherms covering the 
whole cavity. This leads to a further decrease of the 
heat transfer intensity near the bottom wall due to a 
stabilized free convection effect. It should be noted 
that for this case, the inertia force is weak. Therefore, 
the bouncy force defines the formed fluid flow and 
heat transfer inside the cavity. 

Fig. 8 demonstrates the effect of a solid volume 
fraction on isotherms under the natural convection 
condition (Ri = 10). For the case of pure water  
(φ = 0), most of the entire cavity is in a thermally 
stratified state. In other words, the isotherms 
are almost parallel in the horizontal direction, 
except for the isotherm area in the right upper 
corner, where the isotherms show significant 
changes. Increasing φ up to 0.01, the isotherm 
area in the right upper corner becomes bigger 
and the isotherms show significant changes. 
When the solid volume fraction is increased up to  
φ = 0.04, the isotherms are clustered near the cold 

Fig. 5. Local Nusselt number for different Richardson number;  
a) Ri = 10, b) Ri = 1, and c) Ri = 0.1

Fig. 6.  Average Nusselt number verses Richardson number for 
different solid volume fraction
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a) 

b) 

c) 
Fig. 7.  Isotherm for different Richardson number, φ = 0.04;  

a) Ri = 0.1, b) Ri = 1, and c) Ri = 10

a) 

b) 

c) 
Fig. 8.  Isotherm for different nanoparticle solid volume fraction,  

Ri = 10; a) φ = 0, b) φ = 0.01, and c) φ = 0.04

bottom wall. These changes are due to a high 
temperature gradient near the bottom wall. These 
changes have led to the increased thermal conductivity 
of nanofluid.

Fig. 9 demonstrates the influence of solid volume 
fraction on streamlines for the free convection case 
(Ri = 10). For Ri = 10, the bouncy force is dominant 
in the cavity and streamlines are mostly concentrated 
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cavity due to the free convection enhancement. When 
the solid volume fraction is increased to φ = 0.04, flow 
circulation is slightly increased. This can be explained 
as follows: increasing the solid volume fraction leads 
to increasing the bouncy force, which ultimately 
enhances the thermal conductivity.

5  CONCLUSIONS

The utilization of nanofluid in industrial applications 
has recently witnessed rapid growth due to their 
superior thermophysical properties. There is a 
need for a deeper and an accurate understanding 
of the effect of using nanoparticles in the combined 
convection heat transfer. Thus, this study focuses on 
the numerical investigation of steady, laminar mixed 
convection flow, and heat transfer in a lid-driven 
square cavity filled with water-Al2O3 nanofluid. The 
CFD model that includes the temperature variation 
effects on the thermophysical properties is validated 
against experimental results and found to be in good 
agreement. It was found that the local Nusselt number 
at Ri = 1 is augmented considerably by increasing the 
solid volume fraction of nanoparticles. At a relatively 
lower Richardson number (Ri = 0.1), the local Nusselt 
number does not change significantly with the 
presence of nanoparticles. It was concluded that when 
the solid volume fraction and Richardson number 
are varied, different typical patterns of isotherms 
are obtained. Furthermore, the streamline pattern in 
the square lid-driven cavity was almost completely 
described by primary recirculation, and there were 
no significant changes when solid volume fraction 
changes.
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0  INTRODUCTION

A transverse crack occurs due to fatigue, creep or 
both in the rotating machinery during operation, To 
prevent a serious accident caused by a cracked rotor, 
it is very important to discover the crack at the early 
stage of the crack propagation. Therefore, various 
kinds of diagnosis system have been developed to 
detect a crack in the rotating machinery. Verney and 
Green presented an on-line crack diagnosis regimen 
hinging on the accuracy of the crack model which 
should account for the crack’s depth and location 
[1]. Silani et al. introduced a new finite element (FE) 
approach to detect small cracks and calculated the 
flexibility matrix of crack elements with modified 
integration limits [2]. Li and Chu developed an 
HHT signal processing technique on the AE feature 
extraction of natural fatigue cracks in rotating shafts 
[3]. Guang and Chen introduced a FE model for the 
crack identification of a static rotor with an open 
crack [4]. Ma et al. also used a FE model to calculate 
time-varying mesh stiffness for the effects of profile 
shift and tooth crack in a gear rotor system [5]. 
Darpe presented a novel method of the transient 
torsion excitation to detect fatigue transverse cracks 
in rotating shafts [6]. Xie et al. studied the motion 

stability of the flexible rotor-bearing system under the 
unsteady oil-film force and other faults by calculating 
the maximum Lyapunov exponent of the system [7]. 
Zhu et al. [8] and Ishida and Inoue [9] theoretically and 
experimentally analysed the dynamic characteristics 
of a cracked rotor with an active magnetic bearing. 
Ferjaoui et al. investigated the effect of the presence 
of a transverse crack in a rotor supported by two 
hydrodynamic journal bearings [10]. In general, the 
detection methods of a crack are classified into two 
groups. One, such as [4], is the static examination 
where a rotating machine is dissolved, and the parts 
are examined independently. The other is the dynamic 
examination in which the changes of the vibration 
characteristics could be observed during the operation.

Aiming at a practical generator rotor, Chu and 
Wang reported that the magnitude of the harmonic 
resonance at the main critical speed increased and a 
super-harmonic resonance at the secondary critical 
speed occurred due to a crack [11]. Concerning other 
kinds of resonances, there is no report on practical 
rotors. However, Ishida et al. [12] and Ishida and 
Hirokawa [13] observed a sub-harmonic oscillation 
of order 1/2, a super sub-harmonic oscillation of 
order 3/2 and a summing-and-differential harmonic 
oscillation owning to a crack in the experimental 
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To detect a transverse crack caused by fatigue or creep, most of the research has thus far paid attention only to resonances of steady-state 
oscillations created by the crack and proposed diagnosis systems utilizing these vibration phenomena. However, from a practical view point, 
these diagnosis systems have the following flaws: (1) the probability that a resonance occurs due to a crack in the rated rotational speed 
range is a lower position; (2) It is very dangerous to observe vibration characteristics in resonance ranges. In order to solve these problems, 
this paper uses a practical detection method utilizing the characteristic changes in a transient oscillation during the start-up, the shutdown, or 
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in a wide speed range using a single sweep and avoid the operation in dangerous resonance ranges. Non-stationary characteristics during 
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Highlights
• A practical method for the diagnosis of the cracked rotor has been investigated theoretically and verified systematically in 

many experiments.
• The characteristics of the transient response have been shown on the cracked rotor, and there is not only the harmonic 

resonance, but also the sub-harmonic resonance and the super harmonic resonance are analysed under the transient state.
• A sensitive and accurate experimental setup has been developed with a high-quality data acquisition system to obtain precise 

measurement data.
• The experimental results have been verified well above the analyses from theoretical simulations.
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setup. Guo et al. examined the identification of the 
early crack propagation with the empirical mode 
deposition (EMD) method [14]. Gomez et al. analysed 
the vibration signals based on energy utilizing the 
wavelet theory. The results demonstrated the good 
reliability of crack diagnosis with the 3× energy [15]. 
Ishida et al. investigated transient responses at the 1/2 
order sub-harmonic oscillation [16]. Li and Zhang 
used the Hilbert-Huang Transform (HHT) to identify 
a crack in a rotor-bearing system under transient 
oscillations [17] and [18]. Wang etc. proposed the 
application of order tracking to investigate a crack 
when the rotor system has a varying speed [19]. 
Therefore, there is a possibility that those oscillations 
also occur in practical machines under stationary 
responses or transient responses.

Although the static method is more reliable, it 
requires much time and money. Therefore, the dynamic 
examination is preferable for the early detection of 
a crack. Most of the dynamic monitoring systems 
focus on the changes of vibration characteristics in 
the steady-state oscillation. They have the following 
defects from the perspective of practice: (1) Many 
symptoms due to a crack do not occur in the rotational 
speed range; therefore, it is impossible to detect them 
during the normal operation; (2) When some changes 
occur due to a crack, it is dangerous to investigate the 
characteristics of the resonance range because there is 
a possibility that the crack develops rapidly during the 
investigation.

This study focuses on a practical detection 
method using non-stationary vibrations to overcome 
those defects. When a rotating machine starts up or 
shuts down, the rotor sweeps all over the rotational 
speed range below the rated rotational speed. If these 
non-stationary data are used to detect a crack, defects 
(1) and (2) could be avoided. In addition, there are 
some studies to illustrate systematically the transient 
response with simulations.

In this paper, a typical open-close model is used 
to investigate the characteristics of non-stationary 
oscillations of a cracked rotor during the passages 
through the main critical speed and various kinds of 
subcritical speeds. In particular, the study focused 
attention on the influences of an angular acceleration 
and the magnitude and phase of an unbalance on the 
maximum amplitude. The effectiveness of this method 
is verified systematically through simulations and 
many experiments.

To solve the above problems, the next section 
proposes the theoretical modelling and the motion 
equations. The resonances of steady-state oscillations 
with a crack are investigated in Section 2. The 

method to detect a crack using the change of the 
characteristics of non-stationary oscillations passing 
through the harmonic resonance is explained in 
Sections 3 and 4. Non-stationary oscillation during 
passages through a forward super-harmonic and a 
forward sub-harmonic resonance are interpreted 
in Section 5. The characteristics of non-stationary 
oscillations during passages through a variety of 
resonances are summarized and shown in Section 
6. The experimental setup is explained in Section 7, 
and the experiment results are presented in Section 8. 
Finally, the concluding discussion is given in Section 
9.

1  THEORETICAL MODELLING AND MOTION EQUATIONS

1.1  Theoretical Modelling and Spring Characteristics

The theoretical model and the coordinate systems are 
shown in Fig. 1. In the experimental setup mentioned 
in Section 7, the rotor system where the deflection and 
the inclination couple each other is a four-degree-of-
freedom (4DOF). The disk is not located at the shaft 
centre. On the contrary, if the disk is located at the 
shaft centre, it can be divided into two separate 2DOF 
systems, that is, a deflection model (the Jeffcott rotor) 
and an inclination model. In the latter system, the 
natural frequencies change due to the gyroscopic 
moment similar to the 4DOF model [20]. Therefore, 
we use the inclination model in the theoretical 
analysis. The origin of the static Cartesian coordinate 
system O-xyz is at the midpoint of the bearing 
centreline (the connecting line of the right and left 
bearings). The z-axis coincides with the breath ring 
centreline. The inclination angle of the elastic shaft at 
the disk mounting position can be expressed by θ and 
its projection angles of θ to the xz- and yz-planes can 
be expressed by θx and θy , respectively. It is supposed 
that a crack appeared on the half of the shaft’s length. 
The rotating coordinate system O-x'y'z' is also 
considered where the x'-axis coincides with the crack 
boundary. The projection angles of θ to x'z- and y'z-
planes can be represented by ′θx  and ′θ y , respectively. 
When the crack is opened and ′θ y > 0, the stiffness of 
the shaft becomes small. When the crack is closed and
′θ y < 0, the shaft stiffness returns to the same value as 

the shaft with no crack. Therefore, the restoring 
moment has the spring characteristics with a piecewise 
linearity and its components ′Mx  and ′My  in the x'z'- 
and y'z'-planes, respectively, are shown in Fig. 2. They 
are represented as follows.
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where, ′δ1  and ′δ2  are the spring constants and Δ ′δ2  is 
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Fig. 1.  Model of a cracked rotor and coordinate systems

Fig. 2.  Spring characteristics of a cracked rotor

1.2  Motion Equations

The ratio of the polar inertia moment to the diametric 
inertia moment can be represented by ip , the rotational 
speed and the damping coefficient can be represented 
by ω and c, respectively. The dynamic unbalance’s 
magnitude and its phase angle can be expressed by 
τ  and α, respectively. The rotational angle of the 
x’-axis is represented by ψ. Corresponding to the 
gravitational force, the constant moment M0 that 
works in the θy-direction is considered. The motion 
equations governing non-stationary oscillations in a 
symmetrical 2DOF inclination model with no crack is 
given by Ishida et al. [12] and Ishida and Yamamoto 
[20]. First, we transfer Eq. (1) into the expression of 
the stationary coordinate system. By replacing the part 
representing the restoring force in symmetrical system 
by this expression, we can obtain the non-dimensional 
motion equations for a cracked rotor as follows.
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where ′ = ′ + ′δ δ δ( ) /1 2 2, ∆1 1 2 2= ′− ′ ′( ) /δ δ δ , 
∆ ∆2 2 2= ′ ′δ δ/ . As for the symbol “±” in the motion 
equations, all upper signs are shown for ′θ y > 0 and all 
lower signs are also shown for ′θ y < 0.

The above motion equations have the dynamic 
characteristics as follows: (a) time-varying 
coefficients similar to the asymmetrical rotor, (b) 
rotating piecewise nonlinearity and (c) unbalance 
excitation.

2  STEADY-STATE OSCILLATIONS

The resonances of steady-state oscillations are 
investigated before studying non-stationary 
oscillations. When the rotational speed ψ ω=  is a 
constant, the angular position of the x’-axis can be 
expressed by:

 ψ ω ψ= +t 0 ,  (3)

where ψ0 is the initial angle.
With this condition, Eq. (2) is integrated 

numerically by the Adams method. Let pf  and 
pb are the natural frequencies of a forward and a 
backward whirling motions, respectively. In view of 
a vertical rotor, only a harmonic resonance [pf = ω]  
appears in the vicinity of the main critical speed. In 
the following, the notation [20] is used to show the 
relationship between the natural frequency and the 
rotational speed when the resonance occurs. When an 
unbalance and the crack are on the same side, there 
exists an unstable range at the main critical speed. 
Otherwise, the unstable range will disappear [20].

Fig. 3 shows the case of a horizontal rotor. 
The symbol ○ represents the amplitude obtained 
numerically. These values are connected smoothly 
by a full line. Various kinds of resonances occur in 
a wide rotational speed range due to a crack in view 
of a horizontal rotor. In addition to the harmonic 
resonance [pf = ω], the backward harmonic resonance 
[pb = –ω], the super-harmonic resonances [pf = 2ω] and 
[pf = 3ω], the sub-harmonic resonance [pf = (1/2)ω], 
the super-sub-harmonic resonance [pf = (3/2)ω] and 
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the combination resonance [ω = pf  – pb] occur. This 
is because the equilibrium position of the rotor shifts 
due to gravity and, as a result, the rotor system has 
both characteristics of more complex nonlinearity and 
more complex parametric excitation. Within all the 
above resonances, only harmonic resonances of these  
[pf = ω]  can vary these characteristics significantly, 
depending on the angular position of the unbalance.

3  NON-STATIONARY OSCILLATIONS (A VERTICAL ROTOR)

This section explains the non-stationary characteristics 
of a cracked rotor. The governing motion equations 
of it are given by putting M0 = 0 in Eq. (2). The 
acceleration of a rotor is a constant λ, regardless of 
acceleration or deceleration. The angular position of 
the x'-axis can be obtained by:

 ψ λ ω ψ= + +( / ) .1 2 2

0t t  (4)

The response curves are shown by full lines in 
Fig. 4, and the curves are obtained numerically via 
the Adams method. The results for three kinds of 
angular acceleration λ are also shown in Fig. 4. For 

comparison, the amplitudes of steady-state oscillations 
(λ = 0) are shown by the symbol ○.

When the unbalance and the crack are on the 
same side, the result is shown in Fig. 4a. In this case, 
an unstable range exists. If the rotational speed of a 
rotor sweeps this unstable range, the large amplitude 
appears for the small angular acceleration λ. If they 
are on the opposite side, another result is shown in 
Fig. 4b. Since there no exists an unstable range, the 
amplitude is comparatively small regardless of any 
value of the angular acceleration λ. Fig. 5 shows that 
the maximum amplitude rmax changes with the λ. 
If the unbalance and the crack are on the same side, 
the cracked rotor cannot pass the main critical speed 
range due to having the very large amplitude when 
the angular acceleration λ is less than a certain critical 
value.

Different from the case of steady-state 
oscillations, the whirling speed and the rotational 
speed are different from each other, and the crack 
opens and closes repeatedly during the passage through 
the main critical speed. Therefore, it is imagined that 
the difference in the angular position of the unbalance 
does not influence the maximum amplitude in the case 

Fig. 3.  Amplitude variation curve of a horizontal cracked rotor

a)             b) 
Fig. 4.  Amplitude variation curves in the main critical speed with a vertical rotor; 

 a) unbalance within the crack side, and b) unbalance without the crack side
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of non-stationary oscillations. But Fig. 5 shows that 
the maximum amplitude rmax changes remarkably due 
to the direction of the unbalance. This means that the 
repetition of the opening and closing states do not 
occur frequently in the resonant range.

Fig. 5.  Maximum amplitudes with acceleration λ

These results can be interpreted from the 
viewpoint of vibration diagnosis as follows: Since the 
maximum amplitude increases remarkably as shown 
in Fig. 4a, the appearance of a crack can be detected 
from the incremental amplitude. In contrast, if they 
are on the opposite side, it is very difficult to find it.

4  NON-STATIONARY OSCILLATIONS (A HORIZONTAL ROTOR)

In this section, non-stationary oscillations during 
the passage through the main critical speed are 
investigated when the rotor system is supported 
horizontally.

Time histories obtained by numerical integration 
are more complicated than that of a vertical rotor. A 
time history is shown in Fig. 6a for the case that the 
unbalance and the crack are on the same side. In 
addition, spectrums obtained by the complex-FFT 
method [20] are shown in Fig. 6b, in which the positive 
abscissa represents the forward whirling motion and 
the negative abscissa represents the backward whirling 
motion. Because of the rotor passing through the 
unstable range, the amplitude changes remarkably. 
Different from a harmonic component case of a 
vertical rotor, many frequency components exist in the 
spectrum diagram. In addition to the harmonic 
component between 1 and 1.5, a constant component, 
a backward harmonic component and a forward super-
harmonic component with a frequency of two times 
the rotational speed coexist. Therefore, it is impossible 
to obtain the amplitude of the harmonic component by 

calculating ( ) ( )θ θx y
2 2+ . Instead, the complex-FFT 

method is used to process these data.
Based on the steady-state oscillations at the main 

critical speed of a cracked horizontal rotor [9] in our 
previous study, we obtained the following results: (a) 
in the case of the comparatively large unbalance, there 
exists an unstable range if the unbalance and the crack 
are on the same side and it disappears if they are on 
the opposite side; (b) in the case of the comparatively 
small unbalance, an unstable range appears regardless 
of the angular position of the unbalance. Therefore, 
we discuss non-stationary oscillations in the following 
two cases.

4.1  Case with a Large Unbalance

Fig. 7 shows amplitude variation curves with 
a comparatively large unbalance. The value of 
the unbalance is the same as that of Fig. 4. If the 
unbalance and the crack are on the same side, the 
maximum amplitudes are very large as shown in Fig. 
7a. In contrast, if they are on the opposite side, the 
maximum amplitudes are small as shown in Fig. 7b.

a) 

b) 
Fig. 6.  Non-stationary oscillation of a horizontal rotor; a) time 

history with non-stationary, and b) spectrum with non-stationary

Fig. 7 is almost the same for a vertical rotor 
shown in Fig. 4. There is no qualitative difference 
between a vertical rotor and a horizontal rotor as the 
large unbalance. Therefore, the appearance of a crack 
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can be similarly detected only if the unbalance and the 
crack are on the same side.

a) 

b) 
Fig. 7.  Responses [+ω] of a horizontal rotor with a large ;  

a) unbalance within the crack side, and  
b) unbalance without the crack side

Fig. 8.  Responses [+ω] of a horizontal rotor with a small 
unbalance

4.2  Case with a Small Unbalance

Fig. 8 shows amplitude variation curves with a 
relatively small unbalance when the unbalance and 
the crack are on the opposite side. As seen from 

the motion equations, the cracked rotor has both 
characteristics of a forced vibration system owing 
to the unbalance and a parametrical excited system 
owing to the breathing mechanism of the crack and 
the static deflection. If the rotor is well balanced, the 
effect of the former diminishes then the latter appears 
predominantly due to the breathing of the crack and 
the static deflection. As a result, in the steady-state 
oscillation, an unstable range always exists, no matter 
what the angular position of the unbalance. Therefore, 
the maximum amplitude of the non-stationary 
oscillation is large and it does not vary according to the 
angular position of the unbalance. Fig. 8 corresponds 
to Fig. 7b. These figures indicate that the amplitude 
becomes large when the unbalance is not large. The 
results consider that when the rotor system is well 
balanced, the occurrence of a crack can be monitored 
by the incremental amplitude to pass through the main 
critical speed with any directional unbalance.

5  FORWARD SUPER-HARMONIC AND FORWARD  
SUB-HARMONIC RESONANCES

5.1  Forward Super-harmonic Resonance of Order 2

In the neighbourhood of the rotational speed ψ = 0.52 
in Fig. 3, twice the rotational speed is almost equal to 
a forward natural frequency and the super-harmonic 
resonance [pf  = 2ω] occurs. This resonance does not 
occur in a linear symmetrical rotor with a circular 
cross section if there is not a crack.

When the rotor passes through this resonance, 
the amplitude change is shown in Fig. 9. Because this 
super-harmonic resonance occurs more rarely than 
the harmonic resonance, comparatively large values 
of parameters Δ1 and Δ2 are used in the calculation. 
The maximum amplitude is almost independent to 
the angular position of the unbalance and does not 
decrease rapidly when the angular acceleration λ 
increases. These characteristics show that this kind 
of resonance can be used as a correct signal for the 
occurrence of a crack.

5.2  Forward Sub-Harmonic Resonance of Order 1/2

In the neighbourhood of the rotational speed ψ = 2.23 
in Fig. 3, the sub-harmonic resonance of order 1/2 
[pf  = 1/2ω] occurs. This resonance does not occur in a 
linear symmetrical rotor if there is no crack. The 
amplitude variation curves are shown in Fig. 10a and 
the relationships between rmax and λ are shown in Fig. 
10b. Different from the cases of the harmonic 
resonance and the super-harmonic resonance, the 
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resonance curves of this steady-state oscillation 
bifurcate from a trivial solution with the zero 
amplitude. In such a case, it is known that the 
amplitude variation curve can change remarkably 
according to the initial angular position of the 
unbalance ψ0 [16]. This means that the maximum 
amplitude takes various values with a given 

acceleration λ. As a result, the relationship between 
rmax and λ is represented by the shaded zone in Fig. 
10b. Since this initial angular position cannot be 
controlled generally, the maximum amplitude of a 
non-stationary oscillation changes randomly for every 
operation. In Fig. 10b, the maximum amplitude 
decreases rapidly with the angular acceleration λ 
increasing. Based on the above characteristics, it is 
considered that this resonance is not suitable to be 
used as a signal of the occurrence of a crack in the 
non-stationary oscillations. Because this resonance 
does not always occur, the method is still not suitable 
for detecting a crack. In order to find the occurrence 
of a crack by observing this resonance, it is necessary 
to conduct several running tests with the small angular 
acceleration λ.

6  COMPARISON OF CHARACTERISTICS OF NON-STATIONARY 
OSCILLATIONS THROUGH VARIOUS RESONANCES

As mentioned above, the characteristics of non-
stationary oscillations during the passage through 
resonances is different depending on the kind of 

a)            b) 
Fig. 10.  Amplitude curve of sub-harmonic resonance  [+1/2ω]; a) resonance curve, and b) maximum amplitude rmax for λ

a)            b) 
Fig. 11.  The relationships between rmax and λ;  

a) main critical speed with a small unbalance, and b) different cases of various kinds of critical speed

Fig. 9.  Amplitude curve of super-harmonic resonance [+2ω]
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resonance. Here, the maximum amplitude rmax  
depending on the angular acceleration λ is summarized 
and compared.

Fig. 11a shows the case of the main critical 
speed of the horizontal rotor with a small unbalance. 
Since an unstable range exists at any directional 
unbalance, the maximum amplitude always becomes 
very large if the rotor passes through the main critical 
speed with a small angular acceleration. This means 
that, as mentioned above, the harmonic resonance 
can be used to detect a crack when the rotor is well 
balanced. When the unbalance is comparatively large 
(this case is not shown by the figure), the maximum 
amplitude during the passage through the main critical 
speed range does not increase due to the crack as the 
unbalance is located in the opposite side of a crack. 
Therefore, in this case, we must investigate the 
change of the maximum amplitude by changing the 
unbalance’s direction.

Fig. 11b shows the relationships between rmax and 
λ to pass through various kinds of resonances. In this 
figure, each plot representing the maximum amplitude 
is obtained by drawing a response curve like Fig. 4a. 
And these plots are connected smoothly by full lines. 
In order to investigate the quantitative difference 
among these resonances, the same parameter values 
are used. In the case of various harmonic resonances 
where the maximum amplitude depends on the initial 
angular position, a result for the same initial angular 
position is shown in this figure. From Fig. 11, the 
following results are confirmed: (a) if the angular 
acceleration λ is small, every kinds of resonance can 
be used as the signal of the occurrence of a crack; (b) 
if the angular acceleration λ is comparatively large, we 
can use only the super-harmonic resonance [+2ω] as a 
signal of the occurrence of a crack.

Fig. 12.  Experimental system of a vertical rotor

7  EXPERIMENTAL SETUP

For safety, it was impossible to perform experiments 
on non-stationary oscillation using a horizontal 
rotor. Therefore, a vertical rotor system is used in 
experiments.

The experimental setup is shown in Fig. 12. A disk 
is mounted on the shaft at the positions of 200 mm or 
150 mm below the middle of the elastic shaft that is 
simply supported using two double-row ball bearings 
at both shaft ends. The shaft is 700 mm in length and 
12 mm in diameter. The diameter and the thickness 
of the disk are 481 mm and 5.5 mm, respectively. 
In order to make the same characteristics as in a 
transverse crack, a notch is made at the position 335 
mm from the upper bearing, and it is filled with a part 
of the same dimensions as the notch as shown in Fig. 
12. The notch has the width ω = 20 mm and the depth 
h = 5 mm. The phase angle α in Fig. 12 represents 
the angle between the crack and the unbalance. The 
deflections in the x- and y-directions are measured by 
position sensors.

8  EXPERIMENTAL RESULTS

8.1 Amplitude Variation during the Passage through the 
Resonance

The experimental setup where a disk is mounted on 
the positions of 200 mm below the middle of the 
elastic shaft is used.

8.1.1  Unbalance within the Crack Side

The unbalance is set α = 110° within the crack side. 
The experiments are made for eight different angular 
accelerations λ = (75, 60, 50, 42.9, 37.5, 33, 30 and 
27.3) rpm/s. The experimental results are represented 
by solid lines in Fig. 13. For comparison, the 
oscillation curve of the steady-state response is also 
shown by the symbol ○. The unstable range drawn 
by the hatching appears between ω = 1015 rpm and 
ω = 1040 rpm when the rotor runs with a constant 
speed. When the angular acceleration λ is 27.3 rpm/s, 
the maximum amplitude is large. When the angular 
acceleration λ equals 75 rpm/s, the rotor passed the 
unstable range with small amplitude. The experimental 
results shown in Fig. 13 agree qualitatively with the 
numerical results shown in Fig. 4a.
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8.1.2  Unbalance without the Crack Side

The unbalance is set α = 259° without the crack side. 
The experiments are made for six different angular 
accelerations λ = (75, 60, 50, 42.9, 37.5 and 33) 
rpm/s. The experimental results are shown by solid 
lines in Fig. 14. There is no unstable range under the 
steady-state oscillation. Therefore, when the rotor 
passes through the main critical speed, the maximum 
amplitude is always small. The experimental 
results shown in Fig. 14 agree qualitatively with the 
numerical results shown in Fig. 4b.

Fig. 13.  Experimental results (unbalance within crack side)

Fig. 14.  Experimental results (unbalance without crack side)

8.2 Relationship with Maximum Amplitude and the 
Unbalance Direction

The experimental setup in which a disk is mounted 
on the positions of 150 mm below the middle of the 
elastic shaft is used.

Initially, a static unbalance and a dynamic 
unbalance coexist in the experimental setup. 
Therefore, first, the rotor is sufficiently balanced. 
Then, a small mass is put on the disk in order to make 
the unbalance of the rotor. The maximum amplitude 

is investigated for various directions and magnitudes 
of the unbalance. The experiments are done 24 
times. The angular acceleration λ is fixed as λ = 37.5 
rpm/s. The experimental results are shown in Fig. 15. 
Because it is difficult to identify the direction and 
the magnitude of an unbalance, the phase and the 
amplitude of the steady-state oscillation at ω = 850 
rpm is used instead of those of unbalance. This speed 
is lower than the main critical speed (ω = 930 rpm). To 
eliminate the effect of the initial bending, the phases 
and amplitudes are compensated by taking the relative 
phases and amplitudes to those at the rotational speed 
ω = 90 rpm.

Fig. 15.  Experimental statistical results (pass through the main 
critical speed with various cases)

The vertical axis of Fig. 15 represents the 
maximum amplitude to pass through the main 
critical speed. The crack is located in the negative y’-
direction. If the unbalance and the crack are on the 
same side (that is, y' < 0), the maximum amplitude 
becomes large. In contrast, if the unbalance and 
the crack are on the opposite side, the maximum 
amplitude becomes small. Those results agree 
qualitatively with the numerical results shown in Figs. 
4, 7 and 8. According to the above results, a crack can 
be detected as follows: when a crack is suspected of 
having occurred in a rotor system, a small mass is put 
at various positions in order to change the magnitude 
and the direction of an unbalance. Then, the maximum 
amplitude is investigated during the passage through 
the resonances. From the variation and the distribution 
of the maximum amplitude, the occurrence and the 
direction of a crack can be detected.
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9  DISCUSSIONS AND CONCLUSIONS

When the rotor starts up or shuts down, the rotational 
speed sweeps in a wide range under the rated speed. 
Therefore, if we observe some symptoms of the 
occurrence of a crack in non-stationary oscillations, 
the possibility of finding a crack will increase. For this 
purpose, this paper studied vibration characteristics 
to pass through a variety of resonances of a cracked 
rotor. The following characteristics are clarified.
1. In a vertical rotor system, the non-stationary 

oscillation during passages through the main 
critical speed depends on the unbalance direction. 
If the unbalance and the crack are on the same 
side, the maximum amplitude will increase 
remarkably. However, if they are on the opposite 
side, the maximum amplitude does not increase.

2. In view of a horizontal rotor from simulation 
results, the characteristics are similar to that 
of a vertical rotor if the unbalance is relatively 
large. However, when the unbalance is small, the 
maximum amplitude changes significantly for 
any directional unbalance because an unstable 
range appears.

3. When the rotor passes through the critical 
speeds of a backward harmonic resonance and a 
forward super-harmonic resonance, the maximum 
amplitude changes significantly with any 
acceleration.

4. In the cases of a super-sub-harmonic resonance 
of an order of 3/2, a sub-harmonic resonance of 
an order of 1/2 and a combination resonance, 
the maximum amplitude decrease rapidly as 
the acceleration increases. Considering these 
characteristics of non-stationary oscillations, the 
following method is recommended for finding a 
crack.

5. In the horizontal rotor with a comparatively small 
unbalance from simulation results, we can find 
a crack by noticing the incremental amplitude 
to pass through the main critical speed. In a 
vertical rotor or in a horizontal rotor with a large 
unbalance, there is a possibility of not finding a 
crack because the maximum amplitude does not 
increase due to a crack if the unbalance and the 
crack are on the opposite side.

6. Depending on the change of the maximum 
amplitude to pass through the critical speeds 
of the backward harmonic resonance and the 
forward super-harmonic resonance, we can find 
the appearance of a crack.

7. In the cases of the super-sub-harmonic resonance 
of an order of 3/2, and the sub-harmonic 

resonance of an order of 1/2, we cannot always 
find the appearance of a crack.
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0  INTRODUCTION

Mineral wool is a fibrous material commonly used 
for thermal and acoustic insulation and can be divided 
into subtypes, such as stone and glass wool. The 
production process of mineral wool is highly complex 
as it includes many physical phenomena at different 
lengths and time scales. To produce high quality 
mineral wool, a good understanding and control of 
several production phases is required.

Mineral wool quality is most significantly affected 
by the ratio of different raw materials, homogeneity 
of melt that is turned into fibres, fiberization process, 
pneumatic transport and deposition of fibres into 
the primary layer [1]. Additional processes that 
follow include overlaying the primary layer into 
the secondary layer, compressing and heating it in 
a curing oven to polymerize the binder added to the 
fibres.

Nowadays, the most commonly used method of 
forming fibres is the pouring of melt on solid fast-
spinning wheels with horizontal axes or pouring it 
into hollow perforated rotors with vertical axes. The 
first method is used mostly for stone wool and the 
second for glass wool. The fiberization process was a 

subject of several experimental and numerical studies 
for both solid wheel spinners (Širok et al. [1] and [2], 
Westerlund and Hoikka [3]) and perforated rotors 
(Panda [4], Qin et al. [5] and [6], Kraševec et al. [7] 
and [8]).

After fibres are formed, they are pneumatically 
transported by means of blow-away and suction 
airflows to the continuously moving accumulation 
grid where the primary layer of mineral wool is 
formed [1]. A good quality primary layer is defined 
by a low degree of spatial fluctuations in the 
thickness and density of the fibre deposit, and is very 
important for achieving the optimal insulation and 
mechanical properties of end products [1]. Thus far, 
measurement of aerodynamic characteristics and flow 
visualization were the main experimental approaches 
to investigating the primary layer formation process 
due to the high complexity of the multiphase nature 
of the flow.

The pneumatic transport of fibres in an axial 
airflow was modelled numerically by Lin et al. [9] and 
experimentally by Capone et al. [10] and Qi et al. [11]. 
In these studies, fibres were modelled as rigid bodies 
with relatively low aspect ratio (i.e. length to diameter 
ratio). Širok et al. [1] showed that mineral wool fibres 
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typically have aspect ratios in excess of 1000, leading 
to complex flows with mutual intertwining and 
breakage of fibres, and also inhomogeneous primary 
layer deposited on the accumulation grid. Other 
experiments and monitoring of production process in 
the stone wool industrial environment were conducted 
by Blagojević et al. [12] and Bajcar et al. [13] who 
developed quantitative measures for the monitoring of 
the primary layer quality.

Numerous measures have been proposed to 
homogenize the blow-away flow velocity field 
by improved aerodynamic geometry of collecting 
chamber which reduce vortices and recirculation 
(Peternelj et al. [14]). Adding centrifugal rotors to the 
spinner wheels were proposed by Širok et al. [1] to 
reduce air velocity extremes at the accumulation grid, 
caused by the blow-away airflow. 

This study was conducted as a further 
investigation of primary layer formation, already 
conducted by Bizjan et al. [15], where model spinning 
machine similar to the glass wool spinners was 
used. The primary layer formation in this study was 
investigated in an industrial stone wool plant and 
was also analysed by a visualization method, but at 
two stages simultaneously, first at the forming stage 
and second at the end of the formation zone. The 
primary layer quality was characterized by the bulk 
density distribution, its standard deviation and texture 
entropy. Multiple regression models were conducted 
to correlate the primary layer characteristics with the 
operating parameters.

Thus far, most experimental work on this subject 
was done in a laboratory environment in the form of 

simplified models, and alternative working medium 
was used. The bulk density and its distribution is one 
of the most crucial parameters for high quality product 
from stone wool. The weighing scales normally used 
for measurement of the mineral wool mass flow are 
not suitable for measuring the mass of the primary 
layer, as it is thin and low density, traveling at high 
velocities and would have to be dynamically isolated 
from the surroundings, which is very difficult or even 
impossible to achieve in industrial environment. 
Furthermore, many weighing scales would have to 
be placed along the width of primary layer to obtain 
good measurement of bulk density distribution. The 
main novelty in this paper is the optical measurements 
of primary bulk density, not only at the end of the 
formation, but also from the very start of formation 
and to its end. This provides a clearer understanding 
of primary layer formation.

This paper is organized as follows. The 
experimental setup section describes the mineral 
wool primary layer formation and the experimental 
setup used to study this process. In the theoretical 
background section the primary layer visualization 
method used in our experiments is explained whereas 
in the results and discussion section, the qualitative 
and quantitative results of the primary layer image 
visualization analysis are presented.

1  EXPERIMENTAL SETUP 

Measurements were conducted at an industrial stone 
wool production plant. Fig. 1 presents the experimental 
setup used; the longitudinal cross section of drum 

Fig. 1.  Experimental setup of primary layer area density investigation
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type collecting chamber with fiberization machine 
and auxiliary systems is shown. Accumulation grid 
was a cylinder or drum type perforated sheet metal. 
Peripheral velocity of accumulation grid vp and 
consequently primary layer velocity was varied 
by a frequency inverter and was set to 88 m/min,  
106 m/min and 124 m/min, respectively.

The fiberization machine consists of two 
symmetrical spinners, each equipped with four 
rotating wheels on a horizontal axis.

Melt is poured on the first wheel of each spinner 
where, due to centrifugal force, it is partially ejected to 
other wheels and partially transformed into ligaments. 
Around each wheel, a blow-away airflow nozzle is 
mounted to transport ligaments away from the wheel 
and turn them into solid fibres. Blow-away airflow is 
generated by radial fans. The total blow-away airflow 
was set to the range of 13.69 m3/s to 17.35 m3/s 
(Table 1).

Secondary (suction) airflow was achieved via 
suction fans, which are all connected to one suction 
channel. Suction airflow helps collecting fibres on the 
accumulation grid, where they form the primary layer. 
A pressure gauge was installed in the suction channel 
to regulate suction fans speed so that the pressure 
inside the channel remained constant during particular 
operating points. Suction pressure Δp was set to the 
range of 500 Pa to 800 Pa.

Due to variations of the fibre mass flow rate, 
the secondary layer (overlapped primary layer) mass 
was measured using a weighing scale to calibrate 
light illumination absorption measuring method that 
was used later. The temperature of the ambient air 
during the experiments was between 0 °C and 10 °C. 
The temperature of the blow-away airflow was 
between 40 °C and 50 °C, and the temperature in the 
suction channel varied in the range of 35 °C to 50 °C. 
Due to the insignificant air temperature variability, the 
effects of temperature on the thermophysical properties 
of the air are not considered in this study. Temperature, 
dynamic viscosity, density and surface tension of 
melt were 1400 °C, 1.88 Pa·s [16], 2710 kg/m3 
[17] and [18] and 0.41 N/m [19], respectively. The 
composition of input raw materials was not changed 
during experiments and the temperature of the melt 
from the furnace was also kept constant. The airflow 
velocity from blow-away nozzles was varied in the 
range of 100 m/s to 150 m/s, gradually decreasing 
to the range of 4 m/s to 10 m/s at the accumulation 
grid. Considering the blow-away flow as an example 
of a flow around a cylinder, the Reynolds number 
can be estimated to the order of magnitude of 107 in 

the entire pneumatic transport zone, meaning that the 
flow is turbulent everywhere.

Fig. 2 shows the final primary layer structure 
when it exits the collecting chamber. On the top and 
bottom of the image, nonilluminated (lower green 
rectangular) and illuminated (upper blue rectangular) 
areas are marked. Illumination was achieved by a 
light source from the inside of the accumulation grid 
facing to the acA800-200gc Basler outer camera. 
Fourteen LED lights in a side-by-side arrangement 
were used for this purpose. Each light required 100 W 
of electric power. 200 mm away from LED lights, a 
light diffusion plastic sheet was mounted to create a 
homogenous light source. Images were taken by the 
inner and the outer camera which both recorded at 10 
frames per second.

Table 1 provides the 27 operating points obtained 
by all possible combinations of operating parameters.

Fig. 2.  Illuminated (blue (lower) frame) and nonilluminated (green 
(upper) frame) area of final primary layer

After steady state conditions of production had 
been achieved, measurement of the first operating 
point started. After 4 minutes, the values for the next 
operating point were set. To minimize the effect of 
transition between operating points due to the high 
inertia of fans, the accumulation grid peripheral 
velocity vp had been changed most frequently, 
followed by variations of suction pressure Δp and 
at last the blow-away airflow Qb (Table 1). At each 
operating point, the primary layer was simultaneously 
recorded by the inner and the outer camera. All 
operating parameters were also measured and logged 
every 10 seconds, so the mean value of each parameter 
for each operating point could be calculated later. 
Analyses show that the transient effect was negligible 
after approximately 60 s in all operating points. The 
last 18 seconds of each operating point were also 
excluded in further analyses. As a result, imaging 
data for the remaining 162 seconds of each operating 
point were chosen for the analysis of primary layer 
properties.
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Table 1.  Actual mean values of measured operating parameters 
for all operating points

OP
vp  

[m/min]
Δp 
[Pa]

Qb  
[m3/s]

qp  
[kg/s]

µA
p

p

q
v B

= , 
[kg/m2]

1 88 489 15.30 3.53 0.633
2 106 486 15.30 3.39 0.505
3 124 497 15.30 3.45 0.439
4 124 646 15.30 3.38 0.430
5 106 666 15.30 3.36 0.500
6 88 642 15.30 3.40 0.611
7 88 824 15.30 3.37 0.604
8 106 785 15.30 3.55 0.529
9 124 790 15.30 3.55 0.452
10 124 788 17.35 3.29 0.418
11 106 798 17.35 3.29 0.490
12 88 811 17.35 3.41 0.612
13 88 654 17.35 3.41 0.611
14 106 633 17.35 3.26 0.486
15 124 641 17.35 3.39 0.432
16 124 501 17.35 3.31 0.421
17 106 509 17.35 3.29 0.490
18 88 515 17.35 3.41 0.613
19 88 530 13.69 3.61 0.647
20 106 482 13.69 3.53 0.526
21 124 490 13.69 3.59 0.458
22 124 648 13.69 3.62 0.461
23 106 654 13.69 3.78 0.562
24 88 670 13.69 3.72 0.667
25 88 816 13.69 3.81 0.683
26 106 797 13.69 3.73 0.555
27 124 792 13.69 3.64 0.463

In Fig. 3, three sample images of the illuminated 
primary layer are shown for different operating 
settings. A significant effect of the operating 
parameters on the primary layer structure can be seen. 
In Fig. 3a, the lowest accumulation grid velocity and 
blow-away airflow is used at the maximum suction 
pressure, resulting in the most uniform bulk density 
distribution of primary layer. From Fig. 3a to c, the 
accumulation grid velocity and the blow-away airflow 
are increased, while the suction pressure is decreased, 
causing larger inhomogeneities in this order.

Fig. 4 shows three images of the primary layer 
formation on the accumulation grid for the same 
operating points as shown in Fig. 3. On each image 
two darker zones can be seen which are caused 
by higher fibre density in front of each spinner. 
Accumulation grid movement direction is shown and 
according to image gray level intensity, the primary 
layer density increases from the bottom to the top.

Fig. 3.  Illuminated primary layer image taken by outer camera 
at operating points; a) vp1 – Δp3 – Qb1; b) vp2 – Δp2 – Qb2; 

c) vp3 – Δp1 – Qb3

Fig. 4.  Primary layer image taken by inner camera at 
operating points; a) vp1 – Δp3 – Qb1; b) vp2 – Δp2 – Qb2; 

c) vp3 – Δp1 – Qb3

2  THEORETICAL BACKGROUND

The illuminated area in the image was horizontally 
split into 21 subsections (Fig. 5) and for each 
subsection, the average gray level Iill,ij was calculated, 
where index i states image in a sequence and j 
subsection from the left to right side of the image.

Fig. 5.  Illuminated area subsections

To include background light variations, an 
additional area of the image was taken just below the 
illuminated area, where an average referenced gray 
level Iref,ij was calculated. As the grayscale images 
taken are 8-bit there are 256 gray levels and corrected 
gray level Iij can be defined as:

 I
I I

Iij
ill ij ref ij

ref ij

= −
−( )
−

1
255

, ,

,

,  (1)

and the normalized gray level as:

 I
I

n
I

n ij
ij

j

n
ij

, .=

=∑1 1

 (2)
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A linear correlation between the normalized gray 
level In,ij and the primary layer area density μA,ij was 
used:

 µ µA ij A n ijI, ,�= ⋅ , (3)

where µA
p

p

q
v B

= , is the average primary layer area density:

 µA
p

p

q
v B

= ,  (4)

and qp , νp and B are the measured average mass flow 
rate, velocity and width of primary layer, respectively. 
The primary layer area density in normalized form is 
then:

 µ
µ

µn ij
A ij

A
n ijI,

,

, .= =  (5)

To analyse the primary layer area density µA in 
formation stage, the Beer-Lambert law was used:

 µ
αA i j
i j 0

m

I I
, ,

,
ln( / )

,=  (6)

where 
µ

αA i j
i j 0

m

I I
, ,

,
ln( / )

,=
 is the temporally averaged gray level 

of the observed section, I0 is the grey level of image 
background (accumulation grid without fibres) and 
α = 5.8 m2/kg is the mean mass attenuation coefficient, 
calculated for the illuminated primary layer observed 
with the inner camera.

3  RESULTS AND DISCUSSION

3.1  Primary Layer Mass Distribution Analysis

Fig. 3 displays 9 diagrams showing the relationship 
between the normalized primary layer area density 
µn and the normalized coordinate x/B at different 
operating points. There are three curves on each 
diagram representing the normalized primary layer 
area density µn at different accumulation grid 
velocity vp , specific suction pressures Δp and blow-
away airflows Qb. Diagrams are arranged so that the 
intensity of suction pressure Δp increases from left 
to right, and the intensity of blow-away airflow Qb 
increases from top to bottom.

By comparing different operating parameters, 
it can be concluded that in all cases the normalized 
primary layer area density µn is significantly larger 
at intervals 0.2 < x/B < 0.4 and 0.6 < x/B < 0.8 where 
a convex shaped curve is formed with the maximum 
value at the middle of each interval. This increase 
is caused by the position of the spinner at this 
coordinate. Due to the higher concentration of fibres 
coaxially from the spinner, the primary layer area 
density µA is increased at those areas. At remaining 
intervals, a concave shaped curve is formed with the 
minimum value also approximately in the middle of 
each interval.

Fig. 6.  Relationship between the normalized primary layer area density µn and the normalized coordinate x/B  
(0 – left, 1 - right) at different operating points (see Table 2)
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For all diagrams, it can be concluded that the 
increase of accumulation grid velocity vp, increases 
differences between maximum and minimum 
normalized primary layer area densities, which can 
be explained by the fact that a faster accumulation 
grid causes thinner primary layer inside the collecting 
chamber and the area on the accumulation grid directly 
in front of the spinner is less filled by fibres, and the 
airflow with fibres is not redirected on accumulation 
grid sides.

A similar effect can be seen by increasing the 
blow-away airflow Qb, especially in the first column of 
diagrams, where the blow-away airflow Qb inside the 
collecting chamber is increased from top to bottom. 
In this case, the increase between extreme normalized 
primary layer area densities can be explained by 
the fact that the coaxial velocity of the blow-away 
airflow is significantly higher at the spinner centre 
and it quickly decreases when moving transversally 
to off-centre positions. Consequently, at high blow-
away airflows, the main fibre flow is concentrated 
closer to the spinner centre projected horizontally to 
the accumulation grid, and at its high vp, this effect is 
additionally magnified. This can be seen in the bottom 
left diagram (Δp1 = 500 Pa, Qb3 = 17.35 m3/s), where 
at the accumulation grid velocity vp3 = 124 m/min, 
difference between µn,max and µn,min is about 25 %.

An increase of suction pressure Δp decreases 
the primary layer area density fluctuations along 
coordinate x as can be seen comparing diagrams from 
left to right. This is due to the fact that the airflow field 
caused by suction fans varies less in the transversal 
direction on the accumulation grid compared to 
coaxial blow-away airflow out of the spinner nozzles. 
Increasing the suction pressure Δp homogenizes the 
flow velocity field in the collecting chamber, causing 
fibres to spread more evenly along the width of the 
accumulation grid (coordinate x).

For a more in-depth comparison of the results 
presented in diagrams in Fig. 6, σµn is defined as 
a standard deviation of the normalized primary 
layer area density µn, where µn is a function of the 
normalized coordinate x/B. Results are presented in 
Fig. 7 where a relation between standard deviation 
σµn and operating parameters settings are shown. It 
can be concluded that an increase of the accumulation 
grid velocity and of the blow-away airflow leads to 
a larger inhomogeneity of the primary layer area 
density along the width of the accumulation grid. In 
contrast, an increase of the suction pressure improves 
the homogeneity of the primary layer area density 
distribution.
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Fig. 7.  Standard deviation σµn

3.2  Primary Layer Formation inside Collecting Chamber

In Fig. 8 there are 9 diagrams of area density µA 
distribution at the forming stage in the collection 
chamber. The diagrams are arranged so that the 
parameter vp increases from left to right and Qb from 
top to bottom. As it turns out, these two parameters 
have the most significant influence on area density 
distribution so parameter Δp is constant for all 
diagrams in Fig. 8. By a qualitative comparison of 
diagrams, one can conclude that by increasing 
accumulation grid velocity, area density µA decreases 
and the bottom area with almost no fibre is increased. 
This area of fibre-free accumulation grid also 
represents energy losses due to suction flow through 
this area. At the topright diagram (vp3 – Δp3 – Qb1) 
around half of the observed area is practically without 
fibres. By increasing the blow-away airflow, the area 
density µA increases at spinner centre vertical planes 
(x/B ≈ 0.3 and x/B ≈ 0.7). This effect is clearly visible 
in the bottomleft diagram, representing lowest vp and 
highest Qb operating points.

3.3 Texture Analysis of the Primary Layer

The image texture was analysed using the image 
entropy function, which is a statistical measure for 
randomness [20]. At high values of entropy, more 
random texture of primary layer is expected compared 
to low entropy values where the primary layer texture 
is more uniform and homogenous. Image grayscale 
entropy is defined as:

 E p p
k

M

k k= −
=
∑
0

2
log ( ),  (7)

where M is the number of gray levels and pk is the 
probability associated with gray level k. For the 
texture analysis, a nonilluminated image area has been 
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chosen to calculate the entropy E. Furthermore, the 
mean value of entropy E (Eq. (7)) for each operating 
point was calculated and normalized to its maximum 
value (Eq. (8)).

 E E
En OP

OP

OP
,

,

,=
max

 (8)

The dimensional entropy E (Eq. (7)) was affected 
not only by the layer texture itself, but also by the 
mean brightness level, which varied slightly between 
operating points. The entropy E was normalized 
to its maximum value to eliminate brightness level 
variations, so direct comparison between operating 
points was possible. Results are presented in diagram 
in Fig. 9, where we can see that by decreasing suction 
pressure and even more significantly by increasing 
accumulation grid velocity, normalized entropy En  
decreases, meaning that the primary layer texture is 
less random.

At the lowest accumulation grid velocities, 
minimum entropy is obtained at medium blow-away 
airflow in all three cases of suction pressure, however, 
in all other cases normalized entropy decreases by 
increasing the blow-away airflow. According to the 
image grayscale, normalized entropy En maximum 
and minimum randomness of primary layer texture 

is obtained at operating parameters vp1 – Δp3 – Qb1 
(En = 0.34) and vp3 – Δp1 – Qb3 (En = 0.13), respectively.

0.1

0.15

0.2

0.25

0.3

0.35

0.4

88 94 100 106 112 118 124

E n
[/]

vp [m/min]

Δp1 – Qb1 Δp2 – Qb1 Δp3 – Qb1
Δp1 – Qb2 Δp2 – Qb2 Δp3 – Qb2
Δp1 – Qb3 Δp2 – Qb3 Δp3 – Qb3

Fig. 9.  Normalized entropy

Higher normalized entropy at lower accumulation 
grid velocities can be explained by the fact that at 
low accumulation grid velocity, the area in front 
of the spinner has a high fibre concentration and 
consequently, a lower permeability. Coaxial blow-
away airflow starts to tear apart the already formed 
primary layer and forming bigger clusters of fibres. 
As the accumulation grid velocity increases, the 
permeability of the accumulation grid increases, 
causing a finer and homogenous texture, indicated by 
low normalized entropy as a parameter.

Fig. 8.  Area density µA at primary layer forming stage for different operating points (vertical and horizontal axes on each diagram represents 
normalized coordinate y/B and x/B, respectively)
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To investigate texture dynamics, the DC 
component of entropy was eliminated from the signal 
so only the AC component was retained. A low-pass 
filter was used to reduce the high frequency noise in 
the signal. Power spectra are shown in Fig. 10, where 
peak amplitude is visible at low frequencies (bellow 
0.2 Hz) and can be correlated with accumulation grid 
angular frequency and its multiples.

Fig. 10.  Power spectrum of AC component of entropy En for three 
operating points

3.4  Multiple Regression Models

A strong correlation between operating parameters 
(Δp, Qb, vp and qp) and primary layer characteristic 
properties ( µA

p

p

q
v B

= ,, σµn and En) is expected and the power 
law multiple regression models (Eq. (9)) were used to 
evaluate the effect of each parameter.

 Π ∆i i p
b

b
c d

p
ea v Q p qi i i i= ⋅ ⋅ ⋅ ⋅ .  (9)

The exponents ai – ei were determined by fitting 
the power law models in Eq. (9) to the measured data. 
The results are presented in Table 2, Figs. 11 to 13 
where it is evident that most of the measurements are 
in good agreement with the proposed model.

Table 2.  Regression model constant values

µA
p

p

q
v B

= , σµn En

a 0.0524 2.361·10–8 0.868
b –0.740 2.919 –1.337
c 1.012 2.287 –0.261
d 0.130 –0.686 0.471
e 0.670 -1.014 1.987
R2 0.944 0.976 0.958
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Fig. 11.  Correlation between measured and modelled values  
of mean µA at observed forming stage
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Fig. 12.  Correlation between measured and modelled values  
of σµn of completely formed primary layer
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Fig. 13.  Correlation between measured and modelled values  
of En of completely formed primary layer

4  CONCLUSIONS

The process of continuous mineral wool primary 
layer formation was studied experimentally on a large 
capacity industrial plant comprising two spinning 
machines placed side-by-side. The process was 
investigated at two stages, first at the early stage of the 
primary layer formation inside the collecting chamber 
and at the completely formed primary layer at the 
exit from the collecting chamber. The primary layer 
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area density was quantified with the light absorption 
method. 

The area density, which should be as low and as 
uniform as possible, was found to significantly depend 
on all observed operating parameters (vp, Δp and Qb). 
A local increase in area density is caused by the higher 
intensity of the blow-away airflow, which causes an 
intense fibre concentration coaxially from the spinner. 
Lower and more uniform area density is achieved at 
higher accumulation grid velocities vp. However, high 
vp cause smaller suction flow yield, because a large 
portion of the accumulation grid in the collecting 
chamber remains free of fibres, resulting in the suction 
flow passing this area. Another important measure for 
the primary layer quality is the homogeneity of its 
structure, which was quantified by the normalized 
standard deviation (σµn) of the layer area density and 
by the layer entropy (En). A low value of σµn and En is 
desired as it implies a good uniformity of the primary 
layer thickness and structure. It was determined that 
σµn increases at higher vp and Qb and decreases at 
higher Δp. However, the opposite trend was found for 
the layer entropy En, which decreases at higher vp and 
Qb and increases at higher Δp. For all estimators, 
multi-regression models were carried out, where a 
very good agreement between measured data and 
model was obtained: R

Aµ
2 0 944= . , R

nσµ

2 0 976= .  and 
REn
2 0 958= . .

Further experimental and numerical observations 
of the primary layer formation process will improve 
proposed models and implementing them into process 
control automatization in order to produce higher 
quality insulation materials with less energy and raw 
material consumed.

5  NOMENCLATURE

B accumulation grid width, [m]
E image grayscale entropy, [/]
En normalized image grayscale entropy, [/]
I0 gray level of image background, [/]
Iill gray level of image illuminated, area, [/]
In normalized gray level, [/]
Iref reference gray level, [/]
M number of gray levels, [/]
pk probability associated with gray level k, [/]
Qb total blow-away airflow, [m3/s]
Qin inner blow-away airflow, [m3/s]
Qout outer blow-away airflow, [m3/s]
qp primary layer mass flow rate, [kg/s]
vp accumulation grid peripheral velocity, [m/min]
x distance from left image edge, [m]
y distance from bottom image edge, [m]

α mass attenuation coefficient, [m2/kg]
Δp suction pressure, [Pa]
µA primary layer area density, [kg/m2]
µn normalized primary layer area density, [/]
σµn standard deviation of µn, [/]
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In-situ obravnava realne kontaktne površine več vršičkov  
na submikronski skali

Brodnik Žugelj, B. – Kalin, M.
Blaž Brodnik Žugelj – Mitjan Kalin*

Univerza v Ljubljani, Fakulteta za strojništvo, Slovenija

V splošnem strojništvu se kontaktne pogoje pogosto računa z upoštevanjem nominalne kontaktne površine, ki 
je od realne kontaktne površine lahko bistveno večja. Ob takšni predpostavki so izračunani pogoji v kontaktu 
(kontaktni tlak, električna in termična prevodnost, obraba, trenje, idr.) milejši od dejanskih, kar lahko pri snovanju 
privede do pod-dimenzioniranja in posledično porušitve oz. odpovedi strojnih elementov in sistemov.

Zadnjih 60 let je težnja na področju obravnave realne kontaktne površine postaviti teoretični model, ki bi na 
podlagi topografskih in materialnih parametrov ter obremenitve, ki deluje na kontakt, natančno napovedal razmere 
v kontaktu kot so dejanski kontaktni tlak, deformacijo vršičkov in velikost realne kontaktne površine. Kljub vsem 
prizadevanjem pa zaradi kompleksnosti problema še vedno ostaja veliko vprašanj odprtih zaradi česar do danes še 
ni bilo razvitega modela, s katerim bi lahko natančno predvideli obnašanje v inženirskih kontaktih.

Težavo pri vrednotenju teoretičnih modelov predstavlja tudi dejstvo, da kljub nekaterim poskusom 
eksperimentalne obravnave realne kontaktne površine zaradi omejitev obstoječih metod do danes ni bilo mogoče 
direktno primerjati dejansko obnašanje znotraj inženirskih kontaktov z napovedmi teoretičnih modelov. Ključne 
pomanjkljivosti obstoječih metod predstavljajo bodisi nezadostna natančnost meritev ali pa nezmožnost zajema 
obnašanja celotnega nominalnega kontakta.

Zaradi omejitev obstoječih eksperimentalnih metod je bilo razvito novo namensko preizkuševališče, ki 
omogoča in-situ obravnavo realne kontaktne površine na stiku med togim safirnim steklom in deformabilno 
inženirsko površino. Sprotno spremljanje razvoja kontakta zagotavlja optični mikroskop. Dosežena ločljivost 
novega preizkuševališča je 700 nm v lateralni smeri in 20 nm v vertikalni smeri. Obenem razvita metodologija 
omogoča izdelavo vzorcev z dovolj majhno nominalno površino, ki jo je še mogoče v celoti ujeti v vidno polje 
mikroskopa. Na ta način se zagotovi obravnava celotne nominalne površine, kjer se lahko natančno spremlja 
obnašanje kontakta vsakega vršička.

V raziskavi so predstavljeni rezultati za površine iz materiala Al6026 in s hrapavostjo Ra 0,6 µm. Na 
podlagi testov se je določilo odvisnosti med kontaktnim tlakom, deformacijo vršičkov in realno kontaktno 
površino. Relevantnost razvitega namenskega preizkuševališča in metodologije se je ugotavljalo s primerjavo 
eksperimentalnih rezultatov z napovedmi dveh najpogosteje uporabljenih teoretičnih kontaktnih modelov, t.j. 
Greenwood-Williamsonov (GW) in modificiran Abbott-Firestonov (AF(H)) model. Pri tem GW model upošteva 
elastično deformacijo vršičkov, AF(H) pa služi za napovedovanje kontaktnih pogojev, ko v kontaktu prevladuje 
plastična deformacija vršičkov.

Rezultati so pokazali, da se AF(H) model relativno dobro ujema z eksperimentalnimi rezultati v 
primeru odvisnosti realna kontaktna površina – deformacija vršičkov, kjer so odstopanja med teoretičnimi in 
eksperimentalnimi rezultati manjša od 60 %, medtem ko GW model od eksperimentalnih rezultatov odstopa za 
več kot 10-krat. Nasprotno se GW model bolje ujema z eksperimentalnimi rezultati za zvezo med kontaktno silo 
in deformacijo vršičkov (odstopanja manjša od 20 %), medtem ko AF(H) model od eksperimentalnih rezultatov 
odstopa za približno 30 %. Eksperimentalni rezultati prav tako kažejo, da zveza med realno kontaktno površino in 
kontaktno silo ni linearna, kot predvideva večina teoretičnih modelov, ter da je velikost realne kontaktne površine 
pri meji tečenja zgolj 9 % nominalne kontaktne površine.

Primerjava teoretičnih in eksperimentalnih rezultatov je pokazala, da obstajajo med teoretičnimi modeli in 
dejanskim obnašanjem v kontaktu določena odstopanja. S pomočjo razvitega preizkuševališča in metodologije 
bo mogoče izvesti nadaljnje raziskave inženirskih kontaktov, na podlagi katerih bo mogoče pojasniti vzroke za 
ugotovljena odstopanja ter razumeti mehanizme, ki so prisotni v kontaktu več vršičkov.
Ključne besede: namensko preizkuševališče, in-situ eksperiment, optična tehnika, vršički, realna kontaktna 
površina
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Analiza vpliva moči laserja na mikrostrukturo in lastnosti 
kompozita titanove zlitine in borovega karbida (Ti6Al4V-B4C)

Ogunlana, M.O. – Akinlabi, E.T. – Erinosho, M.F.
Musibau O. Ogunlana* – Esther T. Akinlabi – Mutiu F. Erinosho

Univerza v Johannesburgu, Oddelek za strojništvo, Južna Afrika

Namen predstavljenega raziskovalnega dela je eksperimentalna analiza mehanskega vedenja kompozita titanove 
zlitine in utrjevalne faze kot izhodišče za proizvodnjo ojačenih kompozitov po postopkih prašnate metalurgije 
z laserskim nanašanjem kovine. Cilj je identifikacija lastnosti kompozitov s kovinsko osnovo (MMC) titanove 
zlitine in borovega karbida po tehniki laserskega legiranja oz. preučitev mikrostrukture, mikrotrdote in obrabnih 
lastnosti. 

Komponente za tehnične aplikacije, še posebej v letalski, vesoljski, avtomobilski in vojaški industriji, morajo 
izpolnjevati določene zahteve glede trdnosti, modula elastičnosti, žilavosti itd. Običajni kovinski materiali le 
redko izpolnjujejo te zahteve in zato je razvoj v zadnjih letih pripeljal do kompozitov MMC, ki ponujajo različne 
kombinacije zahtevanih lastnosti.

Za proces laserskega nanašanja kovine (LMD) sta bila uporabljena iterbijev vlakenski laser z močjo 3 kW 
in Kukin robot, opremljen s šobo. Kot substrat za lasersko nanašanje Ti6Al4V-B4C je bil pripravljen kvader iz 
zlitine Ti6Al4V v dimenzijah 102 mm × 102 mm × 7 mm. Substrat je bil pred nanosom prevleke po postopku 
LMD speskan in opran pod vodo. Prah in laserski žarek se dovajata na substrat skozi šobo, pri čemer nosilni plin 
sesa prah in ga dostavlja v talilno kopel, ki jo ustvarja laserski žarek. V eksperimentu sta bila uporabljena prahova 
zlitine Ti6Al4V in B4C.

Mikrostruktura substrata je sestavljena iz svetlejše α-faze in temnejše β-faze. Analiza obruska lasersko 
nanesenega kompozita Ti6Al4V-B4C je razkrila tri različne cone: cono nanosa, talilno cono in toplotno vplivano 
cono. V nanosu kompozita se je oblikoval preplet lamel alfa titana in beta faze. V nanosu vzorca S7, ki je bil 
ustvarjen pri moči laserja 2000 W in hitrosti 1,0 m/min, so bili opaženi tudi makroskopski trakovi. Z 20 utežnimi 
% B4C v nanosu so se izboljšale lastnosti primarne zlitine. Pri vseh vzorcih, nanesenih z laserjem moči 800 W 
in 1800 W, so bile ugotovljene pore in slab spoj, razlog za to pa je majhna moč laserja. Vzorci XRD so pokazali, 
da se intenziteta difrakcijskih vrhov faz v prevleki povečuje s povečevanjem moči laserja. Iz rezultatov sledi, da 
je v prevleki malo nečistoč in da ni nobenih neobičajnih kristalnih nečistoč. Profil mikrotrdote kaže povečevanje 
vrednosti trdote (HV) pri vzorcih S1 do S9 s povečevanjem moči laserja. V določenem trenutku pa začne trdota 
s povečevanjem moči laserja spet padati. Trdota je zrasla pri vzorcu S7 in nato spet padla pri vzorcih S8 in S9. 
Drgnjenje volframove kroglice ob površino laserskega nanosa je povzročilo začetek obrabe. Na obrabljenih 
površinah so močni znaki brazd in v vseh vzorcih so bili najdeni tudi odrgnjeni delci. Brazde so eliptične oblike.

Prispevek in novost tega dela je v širini kovinskih osnov in procesnih parametrov, uporabljenih v 
eksperimentih. Optimalna moč laserja je med 2000 W in 2400 W, kjer ni bilo napak v nanosu. Rezultati raziskave 
bodo uporabni za dobavitelje komponent za letalsko industrijo in jedrske sisteme.
Ključne besede: suha drsna obraba, lasersko nanašanje kovine, kompoziti s kovinsko osnovo, mikrotrdota, 
mikrostruktura, kompoziti Ti6Al4V-B4C, rentgenska difrakcija
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Modeliranje in eksperimentalna verifikacija izbire  
ustreznih členov PI-regulatorja razmerja hitrosti  

pri verižnih menjalnikih CVT
Yildiz, A. – Kopmaz, O.

Ahmet Yildiz* – Osman Kopmaz
Univerza v Uludagu, Tehniška fakulteta, Turčija 

Brezstopenjski menjalniki (CVT) so ena najboljših rešitev za zmanjšanje porabe goriva pri vozilih, ki jih poganja 
motor z notranjim zgorevanjem ali elektromotor. Teoretična analiza verižnih menjalnikov CVT je zato ključna za 
izbiro optimalne konstrukcije in strategije regulacije. 

Članek obravnava prehodno dinamiko verižnega menjalnika CVT z regulatorjem razmerja hitrosti po modelu 
Carbone-Mangialardi-Mantriota in eksperimentalno potrditev. Razvit je bil teoretični model s PI-regulatorjem 
razmerja hitrosti na podlagi trenutne rešitve vodilne diferencialne enačbe prvega reda za hitrost prestavljanja, ki 
predstavlja celotno dinamiko sistema CVT. 

Razviti model za regulacijo razmerja hitrosti je bil preverjen v več eksperimentih pri različnih začetnih 
pogojih razmerja hitrosti, kot je prikazano na slikah. Meritve so bile opravljene na preizkuševališču za verižne 
menjalnike CVT. Vhodno moč zagotavlja trifazni asinhronski 4-polni motor Siemens z močjo 30 kW, kotno hitrost 
motorja nadzoruje inverter, zavorni moment pa daje elektromagnetna zavora, ki je povezana z izhodno jermenico 
menjalnika CVT. Potrebni podatki so bili zabeleženi s pomočjo zaznaval tlaka, navora in odmika. 

Rezultati numerične in eksperimentalne analize pritezne sile v stacionarnem stanju se dobro ujemajo pri 
razmerju hitrosti 1. Rezultati za stacionarno stanje, pridobljeni iz teoretičnega modela, so bili nato shranjeni v 
tabelo za uporabo v simulacijah. Model regulacije razmerja hitrosti je bil eksperimentalno preverjen v prehodnih 
pogojih za različne začetne pogoje. Rezultati eksperimentov tudi v tem primeru izkazujejo dobro ujemanje, iz česar 
sledi sklep, da je razviti model, ki je vdelan v regulator razmerja hitrosti, primeren za napovedovanje dinamike 
prestavljanja verižnega menjalnika CVT. 

Razviti in potrjeni teoretični model je bil nato uporabljen v numerični analizi za izbiro ustreznih vrednosti 
členov PI-regulatorja in doseganje enakega naklona časovnega odgovora razmerja hitrosti pri različnih vhodnih 
kotnih hitrostih. Z drugimi besedami – parametri PI-regulatorja so bili numerično določeni za enak časovni odziv 
pri različnih vhodnih hitrostih. V numerični analizi je bil integralni člen Ti konstanten, proporcionalni člen Kp 
spremenljiv, čas umiritve razmerja hitrosti pa je bil določen za primer brez prevzpona. Enak postopek je bil 
uporabljen za povečanje integralnega člena pri določenih proporcionalnih členih, vsi podatki pa so bili zabeleženi 
v matriko. Isti izračuni so bili opravljeni za različne vhodne hitrosti, pri čemer so bile pridobljene podobne matrike. 
Točke minimuma na teh površinah matrik določajo najboljše člene PI z ozirom na čas umiritve brez prevzpona. Na 
ta način je bil določen nabor členov PI-regulatorja za različne vhodne kotne hitrosti menjalnika CVT. Kriterij za 
določitev časa umiritve je razlika med želenim in trenutnim razmerjem hitrosti, ki ne presega 0,001. 

Rezultati, predstavljeni v tem članku, bodo zelo pomembni za proizvajalce in inženirje pri izbiri ustreznih 
parametrov PI-regulatorja za želeno dinamiko prestavljanja verižnih menjalnikov CVT. Razviti model je mogoče 
uporabiti v različnih regulacijskih algoritmih v avtomobilski industriji. 
Ključne besede: verižni menjalnik CVT, regulacija razmerja hitrosti, PID, dinamika prestavljanja
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Prenos toplote z mešano konvekcijo v pravokotni kotanji z 
ogrevanim pokrovom, napolnjeni z nanofluidom Al2O3–voda

Yazan Taamneh1,* – Kahled Bataineh2

1 Jordanska znanstveno-tehniška univerza, Oddelek za aeronavtiko, Jordanija 
2 Jordanska znanstveno-tehniška univerza, Oddelek za strojništvo, Jordanija

Pričujoče delo obravnava stacionaren laminarni mešani konvekcijski tok v pravokotni kotanji z ogrevanim 
pokrovom, napolnjeni z nanofluidom Al2O3–voda, in sicer po metodah računalniške dinamike fluidov. V literaturi 
obstaja veliko študij lastnosti prenosa toplote v nanofluidih, manjkajo pa študije kombiniranega mešanega 
konvekcijskega toka in prenosa toplote. Uporaba nanofluidov v industriji se v zadnjih časih povečuje zaradi 
odličnih termofizikalnih lastnosti tega medija. Še vedno pa manjka natančnejše razumevanje vpliva uporabe 
nanodelcev v kombiniranem prenosu toplote s konvekcijo. Glavni namen te študije je zato numerična analiza 
kombiniranega konvekcijskega toka in prenosa toplote v pravokotni kotanji z ogrevanim pokrovom, ki je 
napolnjena z nanofluidom. Za nanofluid so bile privzete splošne odvisnosti med dejansko toplotno prevodnostjo, 
viskoznostjo in temperaturnim koeficientom raztezka ter volumskim deležem, premerom delcev, temperaturo in 
fizikalnimi lastnostmi osnovne tekočine. 

Ugotovljeno je bilo, da mešani prenos toplote in tok fluida nista povezana samo z odličnimi termofizikalnimi 
lastnostmi nanofluida. Model viskoznosti je zelo občutljiv na koncentracijo nanodelcev, zato je potrebna 
posebna previdnost pri oblikovanju kakršnihkoli sklepov o izboljšanju prenosa toplote, še posebej pri visokih 
koncentracijah nanodelcev. Potrebne bodo še intenzivne študije za preučitev newtonskega ali nenewtonskega 
vedenja nanofluida z nanodelci.

Tekočina v kotanji je bila voda, pomešana z Al2O3. Leva in desna stena kotanje sta izolirani. Zgornja stena 
je ogreta na temperaturo, višjo od temperature spodnje stene, in se lahko premika s konstantno hitrostjo. Privzeta 
je enakomerna oblika in velikost delcev premera 100 nm, nanofluid je v študiji obravnavan kot ena faza. Vodilne 
enačbe pri določenih robnih pogojih so bile razrešene po metodi končnih volumnov s komercialno programsko 
opremo FLUENT 6.3. Mreža je bila pripravljena s komercialno programsko opremo GAMBIT. Celice v bližini 
sten kotanje so zgoščene zaradi velikih hitrostnih gradientov v mejni plasti viskoznega toka. Tlačno in hitrostno 
polje sta sklopljena po shemi SIMPLE. Za mešano konvekcijo je bila uporabljena gorvodna shema drugega reda. 
Sklopljene enačbe so rešene zaporedno. Pri vseh simulacijah sta bila uporabljena časovno neodvisen program za 
reševanje in diskretizacijska shema drugega reda. Vse termofizikalne lastnosti zgoraj opisanega materiala so bile 
implementirane v programski opremi FLUENT z uporabniško določeno funkcijo (UDF). 

Opravljena je bila primerjava numeričnih rezultatov glede Nusseltovega števila in hitrosti U v srednjem delu 
kotanje, pri čemer je bilo ugotovljeno, da se rezultati dobro ujemajo z rezultati v literaturi. Omeniti je treba, da se 
lokalno Nusseltovo število pri Ri = 1 občutno poveča s povečanjem volumskega deleža nanodelcev. Pri razmeroma 
majhnem Richardsonovem številu (Ri = 0,1) ni pomembnejše spremembe lokalnega Nusseltovega števila ob 
prisotnosti nanodelcev. Sledi sklep, da pri spremenljivem volumskem deležu trdnih delcev in Richardsonovem 
številu dobimo različne značilne vzorce izoterm. Vzorec tokovnic v pravokotni kotanji z ogrevanim pokrovom 
je mogoče opisati s primarno recirkulacijo. Sprememba vzorca ob spremembi volumskega deleža ni pomembna.
Ključne besede: mešana konvekcija, nanofluid, pravokotna kotanja, CFD, ogrevan pokrov 
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Praktična metoda odkrivanja prečnih razpok na rotorjih  
s prehodnim odgovorom

Xiaofeng Wang – Jun Liu* – Weimin Ge
Tehniška univerza v Tianjinu, Državni laboratorij za konstruiranje in  

inteligentno upravljanje naprednih mehanskih sistemov, Kitajska

Avtorji so v pregledu literature zaznali določene težave pri odkrivanju prečnih razpok na rotorjih, zato so se 
osredotočili na razvoj diagnostičnih metod. Obstoječi diagnostični sistemi imajo s praktičnega vidika naslednje 
napake: (1) Verjetnost resonance zaradi razpoke v nazivnem območju vrtilnih hitrosti je majhna. (2) Opazovanje 
vibracij v resonančnem območju je zelo nevarno. Da bi odpravili opisano težavo in zagotovili varnost odkrivanja 
razpok, so se avtorji zato osredotočili na prehodni odgovor med zagonom, ustavljanjem in spreminjanjem 
vrtilne hitrosti rotorja, saj je v prehodnih stanjih mogoče pokriti široko območje vrtilnih hitrosti. Nekateri 
rezultati eksperimentov in simulacij so zanimivi. Praktična diagnostična metoda je bila preverjena numerično in 
eksperimentalno.

Cilj raziskave je bil premagati zgoraj opisane težave. Za postavitev modela so bili uporabljeni teorija dinamike 
rotorjev, nelinearna dinamika, enačbe gibanja sistema rotorja z razpoko, model razpoke itd. Diferencialne enačbe 
so bile rešene z numerično integracijo. 

V raziskavi so bile preučene vibracijske lastnosti prehodnega odgovora na podlagi teorije dinamike rotorjev. 
Uporabljen je bil značilen odprto-zaprti model za preučevanje značilnosti nestacionarnih nihanj rotorja z razpoko 
pri prehodu skozi glavno kritično hitrost in več podkritičnih hitrosti. Posebna pozornost je bila posvečena 
vplivu kotnega pospeška ter velikosti in faze neravnotežja na maksimalno amplitudo. Uspešnost metode je bila 
sistematično preverjena s simulacijami in eksperimenti. Raziskava je bila omejena na prečne razpoke v sistemu 
rotorja.

Vrtilna hitrost ob prehodnih pojavih, kot so zagoni in zaustavitve, zavzame širok interval vrednosti pod nazivno 
hitrostjo. Če torej obstaja možnost iskanja znamenj pojava razpoke v nestacionarnih nihanjih, se izboljša verjetnost 
odkritja napake. Preučene so vibracijske lastnosti ob prehodu poškodovanega rotorja skozi različne resonančne 
hitrosti. Podrobneje so pojasnjene naslednje lastnosti: (1) V sistemu vertikalnega rotorja je nestacionarno nihanje 
med prehodom skozi glavne kritične hitrosti odvisno od položaja neuravnoteženosti. Če sta neuravnoteženost in 
razpoka na isti strani, se maksimalna amplituda občutno poveča. V primeru, da sta na nasprotnih straneh, pa se 
maksimalna amplituda ne spremeni. (2) Horizontalni rotorji izkazujejo podobne lastnosti kot vertikalni rotorji pod 
pogojem, da je neuravnoteženost razmeroma velika. Pri manjši neuravnoteženosti se pojavi nestabilno območje 
in sprememba maksimalne amplitude je velika pri vsaki legi neuravnoteženosti. (3) Ob prehodu rotorja skozi 
kritične nižje in višje harmonične frekvence zabeležimo velike spremembe maksimalne amplitude pri kateri koli 
vrednosti pospeška. (4) Pri nižji harmonični frekvenci reda 3/2, nižji harmonični frekvenci reda 1/2 in kombinirani 
resonančni frekvenci se maksimalna amplituda s povečevanjem pospeška hitro znižuje.

Iz teh lastnosti nestacionarnih nihanj izhajajo naslednje omejitve pri odkrivanju razpok. (1) Pri horizontalnem 
rotorju z razmeroma majhno neuravnoteženostjo lahko razpoko odkrijemo na podlagi zvišanja amplitude ob 
prehodu skozi glavno kritično hitrost. Pri vertikalnem ali horizontalnem rotorju z veliko neuravnoteženostjo lahko 
razpoko zgrešimo, ker se maksimalna amplituda ne poveča v primeru, da sta neuravnoteženost in razpoka na 
nasprotnih straneh. (2) Pri nižji harmonični frekvenci reda 3/2 in nižji harmonični frekvenci reda 1/2 ni mogoče 
vedno odkriti napake.

Sistem mora biti zato za zanesljivo odkrivanje razpok razmeroma dobro neuravnotežen.
Predstavljene so lastnosti prehodnih vibracij rotorja z razpoko, vključno z višjimi in nižjimi harmoničnimi 

frekvencami. Za pridobivanje natančnih merilnih podatkov je bila razvita občutljiva in natančna eksperimentalna 
rešitev z visokokakovostnim sistemom za zajem podatkov. Eksperimenti so potrdili rezultate teoretičnih simulacij 
in metoda je primerna tudi za rabo v industriji.
Ključne besede: diagnostična metoda, prehodni odgovor, motor z razpoko, nelinearno, vibracijske lastnosti, 
eksperimenti
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Vpliv zračnih tokovnih razmer in hitrost zbiralne površine  
na formiranje primarne plasti kamene volne

Marko Peternelj* – Benjamin Bizjan – Branko Širok
Univerza v Ljubljani, Fakulteta za strojništvo, Slovenija

Mineralna volna se v večini primerov uporablja kot izolacijski material, ki je tesno povezan s prenosom toplote in 
s tem nizki rabi energije v gradbeništvu. Transport vlaken v zračnem toku z nastajanjem primarne plasti je proces, 
ki poteka v proizvodnem procesu izdelave mineralne volne, med katere spadata predvsem kamena in steklena 
volna. Proizvodnja mineralne volne je zelo kompleksen proces, ki za potrebo učinkovite izrabe surovin in energije, 
zahteva obvladovanje številnih fizikalnih pojavov na zelo različnih krajevnih in časovnih skalah. Osnovni 
namen vseh raziskav je tako optimiziranje proizvodnega procesa na način minimalne rabe energije in surovin za 
proizvodnjo visoko kvalitetnih izdelkov, katerih glavne lastnosti so nizka toplotna prevodnost in želene mehanske 
lastnosti.

Izvedena je bila eksperimentalna študija v industrijskem okolju, katere namen je bila raziskava vpliva glavnih 
obratovalni parametrov na formiranje primarne plasti v coni formiranja in na končno primarno plasti, ki izstopi 
iz zbiralne komore. Na formiranje primarne plasti v tej študiji so bili tako obravnavani vplivi treh parametrov, in 
sicer: hitrost zbiralne površine, sesalni podtlak v zbiralni komori in volumski zračni tok odpiha na centrifugi. Za 
vsak parameter so bile izbrane tri vrednosti, in sicer minimalna in maksimalna vrednost parametra, ki še omogočata 
proizvodnjo ter srednja vrednost med njima. Na ta način je bilo izmerjenih 27 obratovalnih točk.

Meritve so bile izvedena s pomočjo vizualizacijske metode z dvema hitrima kamerama in svetlobno 
presvetlitvijo plasti. Slike so bile posnete istočasno v cono formiranja plasti v zbiralni komori in na mestu končne 
plasti, ki izstopi iz zbiralne komore. Za presvetlitev končne primarne plasti so bili uporabljeni LED reflektorji, 
za presvetlitev plasti v coni formiranja pa je bila uporabljena svetloba, ki jo oddaja talina med razvlaknjenjem na 
centrifugi. Na podlagi meritev masnega pretoka končnega izdelka je bil izračunan absorpcijski koeficient svetlobe 
skozi plast vlaken, s katerim je bilo mogoče izračunati površinsko gostoto plasti v enotah [kg/m2]. Za potrebo 
kvantitativnega vrednotenja tekstur primarne plasti in medsebojne primerjave med obratovalnimi točkami sta bili 
kot cenilki izbrani standardna deviacija površinske gostote in entropija sivinske slike.

Rezultati so pokazali, da imata hitrost zbiralne površine in volumski zračni tok največji vpliv na porazdelitev 
površinske gostote in na teksturo primarne plasti. Sesalni podtlak ima manjši, vendar tudi opazen vpliv. Pri največji 
hitrosti zbiralne površine in največjem volumske zračnem toku odpiha je bila normirana površinska gostota za 
37 % manjša kot v obratovalni točki z najmanjšo hitrostjo zbiralne površine in najmanjšem volumskem zračnem 
toku odpiha. Razlika v standardni deviaciji normirane površinske gostote za ti dve obratovalni točki je bila 750 %, 
kar nakazuje na signifikantnost obravnavanih parametrov na formiranje primarne plasti. Vrednosti rezultatov z 
visokim koeficientom (R2 = 0.94 do 0.98) determinizma potrjujejo regresijske modele.

Vizualizacijska metoda presvetlitve primarne plasti za določevanja masne površinske gostote se je v 
industrijskem okolju izkazala za zelo primerno, saj omogoča spremljanje procesa neposredno v coni formiranja 
plasti. V nadaljevanju se nakazuje možnost uporabe te metode predvsem za stalen nadzor kakovosti plasti in v 
nadaljevanju tudi kot avtomatsko regulacijo procesa, vendar je za ta korak potrebno izvesti še številne študije 
vpliva ostalih parametrov procesa, ki so bili iz te študije izvzeti (konstanti).
Ključne besede: mineralna volna, vlakna, formiranje primarne plasti, centrifuga, zbiralna komora, 
pnevmatski transport
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DOKTORSKE  DISERTACIJE

Na Fakulteti za strojništvo Univerze v Ljubljani 
so obranili svojo doktorsko disertacijo:

●    dne  5. maja 2017 Miha POLAJNAR 
z naslovom: »Topološka optimizacija litega 
konstrukcijskega elementa glede na napetostni kriterij 
z uporabo metode nivojske postavitve« (mentor: prof. 
dr. Franc Kosel); 

V doktorskem delu smo obravnavali problem 
topološke optimizacije litega konstrukcijskega 
elementa glede na globalni napetostni kriterij. Za 
reševanje topološkega optimizacijskega problema 
smo uporabili gradientno metodo v povezavi z 
metodo nivojske postavitve. Formulirali smo novo 
cenilno funkcijo na podlagi napetostno-deviacijskega 
kriterija in nadgradili kazenski funkciji za omejitev 
minimalne debeline oblike in odpiranja forme v 
povezavi s tehnološkim postopkom litja. Za novo 
cenilno  funkcijo  in  kazenski  funkciji  smo  analitično 
tvorili  oblikovne  odvode.  Numerično  reševanje 
vodilnih  parcialnih  diferencialnih  enačb  smo  izvedli 
z  razširjeno  metodo  končnih  elementov  in  metodo 
končnih  elementov  na  podlagi  difuzije  tokovnic. 
Izdelali smo algoritem za reševanje obravnavanega 
topološkega optimizacijskega problema. Efektivnost 
nove cenilne funkcije glede na primerljive cenilne 
funkcije iz literature smo preverili na dveh primerih 
konstrukcijskih elementov. Dodatno smo pokazali 
še ustreznost kazenskih funkcij za omejitvi litja. 
Efektivnost nove cenilne funkcije smo potrdili še 
eksperimentalno na podlagi trajnostnega preizkusa;

●    dne  23. maja 2017 Jurij HLADNIK z 
naslovom: »Optimizacija tekmovalne obutve za 
drsalno  tehniko  teka  na  smučeh«  (mentor:  doc.  dr. 
Boris  Jerman,  somentorja:  prof.  dr.  Jožef Duhovnik, 
prof. dr. Matej Supej); 

V sklopu prvega dela doktorske naloge je 
bil  za  posameznika  pri  določenih  robnih  pogojih 
preučen  vpliv  upogibne  togosti  (UT)  na  območju 
metatarzofalangealnega sklepa na energijsko 
učinkovitost  drsalne  tehnike  teka  na  rolkah. Merjeni 
so bili številni fiziološki in biomehanski parametri pri 
teku  na  tekoči  preprogi. V  ta  namen  so  bile  razvite 
tudi palice in rolke, opremljene s senzorji sil. Glede na 
vloženo mehankso delo so bili najučinkovitejši čevlji z 
največjo UT, najslabše so se odrezali čevlji z najnižjo 
UT. V sklopu drugega dela je bil razvit MKE model 
obstoječega čevlja za drsalno tehniko teka na smučeh, 
ki je bil potrjen s tristopenjsko validacijo. S pomočjo 
tega modela so bili ovrednoteni doprinosi posameznih 
komponent čevlja k  skupni UT. Glede na  ta podatek 
in podatek o masnem deležu posamezne komponente 

so podane smernice za minimiziranje mase čevlja pri 
ohranitvi obstoječe UT in drugih pomembnih lastnosti. 
Za  karakterizacijo  mehanskega  obnašanja  čevlja  so 
bile  opravljene  obsežne  meritve  materialnih  in  UT 
lastnosti  čevlja.  Za  povečanje  upogibne  togostne-
masne učinkovitosti čevlja je priporočeno zmanjšanje 
volumna podplatov in povečanje volumna prednjika; 

●    dne 31. maja 2017 Rok VIHAR z naslovom: 
»Napredni krmilno orientirani termodinamski in 
emisijski modeli za dizelske motorje« (mentor: prof.
dr. Tomaž Katrašnik); 

V okviru doktorskega dela je bila razvita 
metodologija za napredne krmilno orientirane 
termodinamske in emisijske modele za dizelske 
motorje, ki je pomembna za razvoj prihodnjih 
generacij okoljsko sprejemljivih dizelskih motorjev 
z notranjim zgorevanjem. V okviru metodologije 
so predstavljeni znanstveni doprinosi, ki so izrazito 
večplastni  in  obsegajo  celotno  verigo  od  zajema 
podatkov  do  aplikacije modela. Na  podlagi  tlačnega 
signala,  ki  je  bil  zajet  s  tremi  različnimi  tlačnimi 
zaznavali, je bil razvit inovativen pristop za filtriranje 
tlačnega  signala,  ki  ga  je  možno  uporabiti  tudi  v 
aplikacijah,  ki  se  izvajajo  v  realnem  času.  Obdelan 
tlačni signal predstavlja vstopni podatek inovativnega 
dvoconskega termodinamskega modela, ki se izvaja 
v  realnem  času  in  pri  katerem  so  vodilne  enačbe 
z upoštevanjem realnih lastnosti plinov izpeljane 
v zaprti obliki. Dvoconski termodinamski model 
v kombinaciji z inovativnim fizikalno osnovanim 
parametrom, ki popiše potek razmernika zrak–gorivo 
med  zgorevanjem,  omogoča  uporabo  zgolj  enega 
kalibracijskega parametra za kalibracijo modela 
virtualnega zaznavala NOx. To potrjuje visoko 
stopnjo napovedovalnosti modela in bistveno olajša 
kalibracijo. Na podlagi modela je bila osnovana 
inovativna krmilna strategija motorja, ki zajema 
obsežno  študijo  vplivov  krmilne  strategije  na  tvorbo 
onesnažil in efektivni izkoristek motorja ter omogoča 
prilagoditev  motorja  različnim  gorivom,  kar  je  bilo 
potrjeno na uporabi inovativnega alternativnega 
goriva z izrazito nizkim cetanskim številom.

*

Na Fakulteti za strojništvo Univerze v Mariboru 
je obranil svojo doktorsko disertacijo:

●    dne  11. maja 2017 Tomaž REHAR z 
naslovom: »Model napovedovanja življenjskega cikla 
izdelka s sistemskimi kazalniki, izbranimi na osnovi 
kritične verige« (mentor: prof. dr. Borut Buchmeister); 
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Danes vlada v svetu dinamično poslovno okolje, 
kjer se ekonomsko-socialne spremembe odvijajo na 
zelo kratek rok. Da bi podjetja lahko sledila trendom 
sprememb, morajo prilagajati tako poslovne modele 
poslovanja kot izdelke trendom sprememb. Zato je 
zelo pomembno, da imajo podjetja razvit strateški 
menedžment, ki določa, v katere smeri se bo podjetje 
razvijalo, in kreira metodologijo za dosego zastavljenih 
ciljev. Koncept  življenjskega  cikla  izdelka  je  eno od 
orodij strateškega menedžmenta in podjetju v vsakem 
obdobju daje smernice, ki naj bi jih uporabilo pri 
trženju izdelka. Zelo pomembno je, da podjetja vedo, 
v  kateri  fazi  življenjskega  cikla  je  njihov  izdelek, 
ki  ga  tržijo.  Pri  koncipiranju  platforme  izdelka  se 
podjetja opirajo na raziskave ekonomsko-socialnih 
parametrov. Te parametre imenujemo v doktorski 
disertaciji vplivni parametri, ker s svojo spremembo 
v  času  vplivajo  na  prodajo  izdelka  in  od  podjetja 
terjajo spremembo poslovnega modela, spremembo 
poslovne strategije ali spremembo izdelka. Izdelki, 
ki so koncipirani na osnovi vplivnih parametrov, 
zadostijo veliki večini potreb, ki so v danem trenutku 

aktualne. S spremembo vplivnega parametra se 
spremenijo tudi potrebe uporabnikov in izdelek v 
veliki  večini  primerov  potrebuje  prilagoditev  novim 
parametrom. Da bi podjetja natančno vedela, v kateri 
fazi življenjskega cikla je izdelek, pogosto uporabljajo 
metode  napovedovanja.  Obstaja  mnogo  različnih 
metod  napovedovanja  krivulje  življenjskega  cikla. 
Proučevan model preslika prodajo večgeneracijskega 
izdelka na njegovega naslednika. Pri tem se preslikajo 
tudi vsi ekonomsko-socialni parametri, ki so veljali v 
tistem obdobju. Cilj disertacije je bil razviti model, ki 
bo upošteval spremembo vplivnih parametrov in podal 
zanesljive  srednjeročne  napovedi  prodaje  izbranega 
izdelka  (vgradnih  pečic).  Bassov  difuzijski  model 
smo  nadgradili,  s  čimer  je  uspelo  zajeti  spremembo 
vplivnih parametrov. Z modelom simuliramo prodajne 
količine, ki za leto 2016 za 8 odstotkov odstopajo od 
realnih  prodajnih  količin. Glede  na  trende  prodajnih 
količin prejšnje generacije lahko z gotovostjo trdimo, 
da bo odstopanje med rezultati modela in realno 
prodajo v prihodnosti še manjše.
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