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Abstract

We consider the MINIMUM RAINBOW SUBGRAPH problem (MRS): Given a graph G
whose edges are coloured with p colours. Find a subgraph F© C G of minimum order
and with p edges such that each colour occurs exactly once. This problem is NP-hard and
APX-hard.

For a given graph G and an edge colouring ¢ with p colours we define the rainbow
subgraph number rs(G, c) to be the order of a minimum rainbow subgraph of G with size
p. In this paper we will show lower and upper bounds for the rainbow subgraph number of
a graph.
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1 Introduction and motivation

We use [2] for terminology and notation not defined here and consider finite and simple

graphs only.
Our research was motivated by the following problem from bioinformatics. The prob-
lem data consist in a set G of p genotypes g1, gz, ..., gp corresponding to p individuals

in a population. Each genotype g is a vector with entries in {0, 1, 2}. Each position where
a 2 appears is called ambiguous position. For a genotype g we have to determine a pair
of haplotypes hp and hy; (hp stands for the paternal haplotype and h,; stands for the
maternal haplotype), which are binary vectors such that g = hp @ hy,.

Given two haplotypes i’ and h”, their sum is defined as the vector ¢ = h’ @ h” with
gli] = 0,if B'[i] = h"[i] = 0, g[i] = 1,if '[¢] = h"[i] = 1 and g[i] = 2, if A'[i] # h"[i].

We say that a set H of haplotypes resolves G if for every g € G there exist hy, hy € H
such that ¢ = hy @ hs. Given a set G of genotypes, the haplotyping problem consists
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in finding a set H of haplotypes that resolves G. In the Pure Parsimony Haplotyping
problem (PPH problem) we are interested in finding a set # of smallest possible cardi-
nality. If each genotype has at most £ ambiguous positions, then we denote this problem
by PPH(k). The PP H problem has been studied in ([3],[4],[7],[9]).

Matos Camacho et al. [8] have shown that the PPH(k) can be transformed to a graph
problem, the MINIMUM RAINBOW SUBGRAPH problem (MRS). Note that this edge-colou-
ring need not be proper.

Definition 1.1 (Rainbow subgraph).
Let GG be a graph with an edge-colouring. A subgraph H of G is called rainbow subgraph
if H does not contain two edges of the same colour.

Definition 1.2 (Minimum Rainbow Subgraph problem (MRS)).
Given a graph G, whose edges are coloured with p colours, find a subgraph F© C G of
minimum order and with p edges such that each colour occurs exactly once.

For a set G of p genotypes g¢;, gz, ..., gp we will use p colours 1,2,...,p. For each
haplotype we introduce a vertex. If two haplotypes h’ and h” resolve a genotype g; (¢; =
K @ h'"), then the corresponding vertices will be joined by an edge which receives colour
1. If a genotype is resolved by two identical haplotypes, then the corresponding vertex is
joined by an edge which is called a loop.

In this way we construct a graph GG, whose edges are coloured with p colours. Note
that this is a proper edge colouring (no vertex is incident with two edges of the same
colour), since a haplotype h can be used at most once in a pair of haplotypes, which resolves
a genotype g. Furthermore, every set H of haplotypes that resolves G corresponds to a
rainbow subgraph F of G.

It has been shown in [8] that a graph G containing loops can be transformed into a
graph G’ without loops. Hence in the following we may assume that all graphs have no
loops.

Matos Camacho et al. [8] proved the MRS problem to be NP-hard and APX-hard.
In [5] it has been shown that the MRS problem remains NP-hard and APX-hard even for
graphs with maximum degree 2.

Remark: If we do not consider edge colourings, the analogous problem is known as the
(t, f(t)) dense subgraph problem ((¢, f(¢))-DSP), which asks whether there is a t-vertex
subgraph of a given graph G which has at least f(¢) edges. When f(t) = (;), (t, f(t))-DSP
is equivalent to the well-known ¢-clique problem (cf. [1]).

2 Lower bounds for the rainbow subgraph number

Definition 2.1. Let GG be a graph and c be its edge colouring with p colours. The rainbow
subgraph number of G (with respect to the colouring c) is defined as the order of its mini-
mum rainbow subgraph of size p, and denoted by rs(G, ¢) (or rs(G), when the colouring
c is clear from the context).

Improved lower bounds for the rainbow subgraph number rs(G) will be of major
importance for the design of approximation algorithms with better approximation ratios
for the MRS problem (cf. [8, 5]). So far nothing better than the trivial lower bound
rs(G) > % is known. We can improve this lower bound by counting the number of
distinct colours among all edges incident to a vertex.
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Definition 2.2. Given an edge colouring of a graph G with colours 1,2, ..., p, we define
c(e) = 1, if the edge e has colour i for 1 < i < p.

Let cd(v) (colour degree) denote the number of distinct colours among all edges incident
to the vertex v and let cd(i) = max{cd(v) | v € V(G) has an incident edge with colour i}
be the maximum colour degree for every colour 7,1 <17 < p.

Using the maximum colour degrees for all colours we can show the following improved
lower bound.

Proposition 2.3. Let G be a graph, whose edges are coloured with p colours. Then

9255052 5t

Proof. Let F be a minimum rainbow subgraph of order & = rs(G). Then
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The following example shows that this bound is sharp and improves the lower bound
of Az(%) significantly.

Example 2.4. Forp > 4and A > 21let G = K A + Cp—1 (where G + H denotes the
disjoint union of two graphs GG and H). All edges of the cycle C),_; are coloured distinctly,
say with colours 1,2,...,p — 1, and all edges of K A are coloured with colour p. Then

rs(G)=p+l=p—-1+2= zlcd(z)>A(G)

We can further improve this lower bound by counting the number of distinct colours
among all edges incident to the endvertices of an edge. For this purpose we define ¢(i) =
. 1 1 o
mln{m + ) | uw € E(G) and c(uw) = i}.

Proposition 2.5. Let G be a graph, whose edges are coloured with p colours. Then

p ' p ) 27p
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Proof. Let F' be a minimum rainbow subgraph of order k = rs(G). For every colour i, 1 <
1 < p, let u;w; be an edge such that Cd(u y + % =q(i). If uw € E(F) is an edge with

c(uw) = i, then cd(u) + cd(lw) z cd(lui) + cd(lwi) =q(i) > 2- 4max{cd(u1i),cd(wi)} = %(i)-
Therefore,
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The following example shows that this bound is sharp and improves the previous two
lower bounds significantly.

Example 2.6. Let G = K, , for some p > 2. Let the edges of G be coloured with p
colours. Then cd(i) = p and ¢(i) = 1 + % for1 < i < p Thusrs(G) =p+1 =

L . 2 2 2
p-(I43) =24 >2=p-3 =Y am = athg)-

3 Upper bounds for the rainbow subgraph number

First observe that the trivial upper bound rs(G) < 2p is achieved if the rainbow subgraph
F is a matching. This upper bound has been improved towards rs(G) < 2p + 1 — A(G)
by Koch [6] for properly edge-coloured graphs and this bound is sharp. For instance, let
G = Kia + (p— A)Ky, where p > A, and all edges of G are coloured distinctly. Then
rs(G) =2p+1— A(G).

Similar to Brooks’ Theorem (cf. [2]) we can characterize all graphs achieving this
bound.

Theorem 3.1. Let G be a graph with maximum degree A > 2, whose edges are properly
coloured with p colours. If rs(G) = 2p+ 1 — A(G), then G has the following properties:

1. G contains a star K1 _a with center vertex vy and leaves vy, . .., va and G[N (vp)]
is edgeless. Let c(vgv;) = i for 1 <i < A and Hy = G[N[vo]].

2. If p > A, then let H; be the subgraph spanned by the edges with colour i for A +
1 < i < p. The subgraphs Hai1, Hayo, ..., Hy are pairwise vertex-disjoint and
V(H)NV(H;)=0for A+1<i<np.

3. E(Hi,H;) =0 for A+1 < i < j < p(where E(H;, H;) is the set of all edges
having one vertex in V (H;) and the other vertex in V (H;)).

4. E(vi,H;) =0for1 <i<Aand A+1 < j < p(where E(v;, H;) is the set of all
edges incident with v; and a vertex in V (H;)).

5. Ifuv € E(H;) for some A+ 1 < i < p, then N(u) N N(v) = 0.

6. N(v;) N N(vj) =0 forv; € V(H;),v; € V(H;),A+1<i<j<p.

Proof. 1. Suppose there is an edge v;v; for some 1 < i < j < A.If ¢(v;v;) = k for
somekwithl < k < Ak #14,j,thenrs(G) < (A+1)—14+(2p—2A) =2p—A <
2p +1 — A, a contradiction. If ¢(v;v;) = k for some k with A +1 < k < p, then
rs(G) < (A+1)+(2p—2A—-2)=2p— A —1<2p+1— A, acontradiction as
well.

2. Suppose there are integers i, j with A + 1 < ¢ < j < p and two adjacent edges
e, f with ¢(e) = i,¢(f) = j. Thenrs(G) < (A+ 1)+ (2p—2A—-1) = 2p —
A < 2p+1— A, acontradiction. Suppose there are integers ¢, 7 with 1 < ¢ <
A,A+1 < j < pand two adjacent edges e, f with ¢(e) = i,¢(f) = j. Then
rs(G) < (A+1)+(2p—2A—1) =2p— A < 2p+1— A, acontradiction as well.

3. Suppose there is an edge v;v; with v; € V(H;),v; € V(H;),A+1<i<j<p.
Then c¢(v;v;) = k forsome 1 < k < A.Hence rs(G) < (A+1)—14+(2p—2A) =
2p — A <2p+1— A, acontradiction.

4. Suppose there is an edge v;v; for two vertices v; € V(Hp) andv; € V(H;),A+1 <
Jj <p.Thenrs(G) < (A+1)+(2p—2A—-1) = 2p—A < 2p+1—A, acontradiction.
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5. Suppose there is an edge uv € E(H;) for some A+1 < i < p with N(u)NN(v) #
(. By 3. and 4. we conclude that N (u) N N(v) NV (Hy) = (). Furthermore, for a
vertex w € N(u) NN (v), we have c(uw) = j, c(vw) = kforsome 1 < j < k < A.
Thenrs(G) < (A+1)—24+(2p—2A+1) =2p—A < 2p+1—A, a contradiction.

6. Suppose N (v;) NN (v;) # () for two vertices v; € V(H;),v; € V(H,;),A+1<i<
J < p.By 3. and 4. we conclude that N (v;)NN (v;)NV (Hy) = (). Furthermore, for a
vertex w € N (v;)NN (v;), we have c(uw) = k, c(vw) = lforsome 1 < k < < A.
Thenrs(G) < (A4+1)—24+(2p—2A+1) =2p—A < 2p+1—A, a contradiction.

O

Another upper bound for the rainbow subgraph number follows from an approach pre-
sented in [8]. Observe that two adjacent edges of different colours together have three
vertices, whereas two edges of different colours in a matching have four vertices. Based on
this obervation the following algorithm has been proposed in [8].

Algorithm
Input: A graph G of order n whose edges are coloured with p colours

1. Construct a graph G’ with V(G’) = {v1,v2,...,v,} (v; corresponds to colour )
and v;v; € E(G') if there exist two adjacent edges e, f € E(G) with c(e) = i and
¢(f) = j (¢(x) denotes the colour of the edge x).

2. Now compute a maximum matching M of order 5(G’) in G’. This can be done in
polynomial time.

3. Next construct a graph H with V(H) C V(G) as follows: For each matching edge
of M choose two adjacent edges in G with these two colours. For each vertex of
V(G") not in M choose an edge in G with this colour. In this way we obtain a
rainbow subgraph H C G with |[E(H)| = p.

Correctness of the algorithm: Edges of the matching correspond to pairs of adjacent edges
in the original graph. Colours that are left out by this procedure are added greedily at the
end.

Claim 3.2. |V (H)| < 2p — B(G’)

Proof. For each matching edge of G’ three vertices appear in H. Hence

[V(H)| <3B8(G") +2(p - 28(G")) = 2p — B(G')

Corollary 3.3. rs(G) < 2p — B(G").
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