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Optimal Unbiased Estimates of P{X < Y} for
Some Families of Distributions
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Abstract

In reliability theory, one of the main problems is estimating parameter R =
P{X < Y}. In this paper we shall present UMVUE:s for R in different cases i.e. for
different distributions of X and Y. Some of them are already existing and some are
original.

1 Introduction

In reliability theory the main parameter is the reliability of a system, and its estimation
is one of the main goals. The system fails if the applied stress X is greater than strength
Y, so R is a measure of system performance. In most cases this parameter is given as
R = P{X < Y}, although for some discrete cases the expression R = P{X < Y} is
also considered.

The problem was first introduced by Birnbaum (1956). Since then numerous papers
have been published. Most of results are presented in (Kotz et al., 2003). The vast ma-
jority of papers presuppose independence of stress and strength variables, as well as that
they come from the same family of, in most cases continuous, distributions. There exists
a wide range of applications in engineering, military, medicine and psychology.

The unbiasedness of an estimator is a desired property especially when dealing with
relatively small sample sizes, where we cannot count on asymptotic unbiasedness. Since
in many cases most popular estimators are biased, it is often important to find the unique
minimum variance unbiased estimator (UMVUE).

1.1 UMVUE of R

Let X = (Xy,...,X,,)and Y = (Y3,...,Y,,) be the samples from the distributions
of random variables X and Y. Then, using the following theorem we can construct
UMVUE:s.

Theorem 1 If V(X,Y) is any unbiased estimator of parameter 6 and T is a complete
sufficient statistic for 0, then E(V (X, Y)|T) is the UMVUE of 6.
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This theorem is the combination of Rao-Blackwell and Lehmann-Scheffé theorems.
Their proofs could be found in (Hogg et al., 2005).

However, in continuous case, the use of this theorem might not be technically conve-
nient. Therefore, the following theorems were proposed to help deriving the UMVUEs
(Kotz et al., 2003).

Theorem 2 Let 0, € O be an arbitrary value of 0 and let T be a complete sufficient
statistic for 0. Denote by gy, (t) and go,(t| X1 = x1, ..., Xp = T, Y1 = Y1, ., Y& = Yk)
the pdf of T' and the conditional pdf of T for given X; = x;,Y; = y;, j = 1,..,k,
respectively. Then the UMV UE of joint pdf fo(x1, ..., Tk, Y1, .-, Yr) is of the form

f(xh y Ly Yty - 7yk)

k
g90 t’Xl—x17"'7Xk:xkaylzyla'-'ayk:yk)
Hf90 xjvyj .

j=1 990 (t)

Theorem 3 The UMVUE of R is

// (x<y)f xy)dxdy,

where ]?is given in theorem 2 for k = 1.

2 Existing results

In this section we present a brief summary of existing results obtained for UMVUEs of R
for some distributions.
¢ Exponential distribution
Let X and Y be independent exponentially distributed random variables with den-
sities
fr(y; B) = Be™, y >0,
where « and 3 are unknown positive parameters. The complete sufficient statistics

ni n2
foraand fare Ty = > X;and Ty = > Yj.
j=1 =1

fx(z;a) =ae ™, x>0,

The UMVUE of R was derived by Tong (1974; 1977), and it is given by

niy—2 +1
i I'(n1)l(n2) T .
2 (=1t (s ) (ﬁ) ;i Ty < Tx

~ i Tm)ns)  (1x )" .
> D s (7) it Ty > Tx.
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e Normal distribution

Let X and Y be normally distributed independent random variables with densities
1 _ (I*H21)2
f Tipy1,01) = e 1
x (25 p11, 01) rwa%
1 _ (y7u22>2
fy (y; pa, 02) = se 2 L yeR,
\/ 2moj

where 11, 0%, 15 and o3 are unknown parameters. The complete sufficient statistics
for (w1, 02, us, 03) are (X, 5%,Y,S2).

The UMVUE of R was derived by Downtown (1973) and it is given by

S 1 ng —2 1 ny—2\]7" oyt oy n2=t
R = {B (5, 5 )B<§, 5 )] /(l—u) (1 —v%) "z dudv,
Q

where B(a, b) is the beta function and

qu(nl—l) USy(ng—l) — _
Vi m f

, T € R,

0= {(U,U)E[—l,l]x [_171”_

¢ Gamma distribution

Let X and Y be independent gamma distributed random variables with densities

a1—1

xt _=
X = —Q€ 7 x> 0,
fX('rJ alaal) F(Oél)@'lal L, el
yag—l oy
. - _J .75 > 0,
fY(ya 012,0'2) 1—\(0[2)0_326 2,y =

where «; and a» are known integer values and o; and o5 are unknown positive

n1
parameters. The complete sufficient statistics for o1 and o5 are Ty = > X ; and
j=1

72
Ty =3 Y,
j=1

The UMVUE of R was derived by Constantine et al. (1986), and it is given by

( (n2—1)ag—1
1 o Z B(Oc1+042+k,(n1—1)041)
= B(ai1,(n1—1)a1)B(az,(no—1)az)
n l)oc 1 Y (T aztk .
R‘ B X( 2—1)ao— )a2+l<: <%> , if Ty <Tx
(nl i):al ! B(Otg—l-al—‘rk (ng 1)a2)

= B(az,(n2—1)az)B(a1,(n1—1)a1)
n 1 Yar—1\ (=1)* (T a1tk :

X (( e )m (ﬁ) R if TY > TX
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e Gompertz distribution

Let X and Y be independent Gompertz distributed random variables with densities
ox —Al(eczil)
fx(xzie, A1) = Me“e™ e ,x >0,
—Ag(eV™h

fr(yse,Aa) = XoeYe™ e Ly >0,

where c¢ is a known positive value and \; and A2 are unknown positive parameters. The
complete sufficient statisitcs for A; and A\ are
1 & 1 &
X Y;
Wx = *Z(ec i—1),Wy = EZ(CC i—1).

c 4 ,
J=1 J=1

The UMVUE of R was derived by Saracoglu et al. (2009) and it is given by

no—1

I'(n1)(n2) W K :
—~ 1- kzo (_1)kp(n1(_i_;lcgp(n3_*k) <7W;(> , ifWx < Wy
R= T

ny—1 k
I'(n1)'(n W- .
P (1 v (W) - W = Wy

Generalized Pareto distribution

Let X and Y be independent random variables from generalized Pareto distribution with
densities
Fx(zian, ) = an A1+ dz) " @) 2 >0,

Fr (s a0, ) = aa (1 + Ay)~ @2+ 1y > 0,

where A\ is known positive value and «; and a9 are unknown positive

parameters. The complete sufficient statistics for parameters «; and «o are
ni n

Tx =Y In(1+Xj)and Ty = ) In(1+Yj).
j=1 J=1

The UMVUE of R was derived by Rezaei et al. (2010), and it is given by

na—1 k
I'(n1)l(n2) T :
p 1— ’;0 (_1)k4r(n1+zi)r(n;k) (ﬁ) , ifTx < Ty
= ni—1

k
(n1)T(n T .
EO (—1)kr(m(_;3r§n§)+k> <T§) ) if Ty > Ty.

Poisson distribution
Let X and Y be independent Poisson distributed random variables with mass functions

e~ M AT

P{X:x;)\l}: 2

,x=0,1,...,

—A2\Y
e "2\
P{Y:ya)‘Q}:TQay:()?l)?

where A\; and A\ are unknown positive parameters. The complete sufficient statistics for A\;
ni n
and \pare Tx = ) X;jand Ty = ) Y.
j=1 j=1
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The UMVUE of R was derived by Belyaev and Lumelskii (1988) and it is given by

min{TX ,Ty - 1}

et S (M) (o () e

e Negative binomial distribution

Let X and Y be indepent random variables from negative binomial distributions with mass
functions

mp+x—1\ , m
P{X:x7m17p1}:< ! x )pl(l_pl) 17 :1::0717"‘7

mo+vy—1
P{Y—y;mmm}_( 2 yy )pg(l—m)m% y=0,1,...,

where m and mgy are known integer values and p; and py are unknown probabilities. The
ni n

complete sufficient statistics for p; and py are Tx = > X jand Ty = > Y;.
j=1 Jj=1

The UMVUE of R was derived by Ivshin and Lumelskii (1995) and it is given by

min{Tx, Ty -1} Ty m1+a: N\ (Tx—z+mi(ni—1)—1 (m2+y—1) (Ty—y+m2(n2—1)—1)
B Z Z )( Tp—2x ) Yy Ty—y
mini+Tx—1 mona+Ty —1
y=z+1 ( Tx ) ( Ty )

3 New results

In this section we shall derive the UMVUE of R for some new distributions. The first
model is where stress and strength both have Weibull distribution with known but different
shape parameter and unknown rate parameters. As a special case we present the model
where stress has exponential and strength has Rayleigh distribution. An example with
real data for Weibull model is presented. In the second model, both stress and strength
have logarithmic distribution with unknown parameters.

3.1 Weibull model

Let X and Y be independent random variables from Weibull distribution with densities

fx(z;00,01) = ot a®™ lem(o1m)™ , v >0,
fr (Y; a2, 02) = apos?y® e (V)% Ly > 0.

The Weibull distribution is one of the most used distribution in modeling life data.
Many researchers have studied the reliability of Weibull model. Most of them did not
consider unbiased estimators (e.g. Kundu and Gupta, 2006), and recently the case with
common known shape parameter o has been studied in (Amiri et al., 2013).

We consider the case where shape parameters «; and a are known positive values,
while rate parameters 0, and o5 are unknown positive parameters.
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ny
The complete sufficient statistics for parameters o; and oy are Ty = > X ;‘1 and
j=1

ng
Ty = >, Y™, Since X and Y*? have exponential distributions with rate parameters

j=1
o7 and 052, both statistics have gamma distribution, i.e. T’x has I'(ny, 07 “!) and Ty has

k
['(ng,05"*). Similarly, for k& < min(ny,ng), Tx — > X;" has I'(ny — k,0,"") and
j=1

k
Ty — > Y has I'(ng — k,0,°%). Using this and transformation of random variables

j=1
ny
X, ..., Xy, XM to (X4, ..., X, Tx) we get, for o = 1,
J
j=k+1
k
(tx =y afr)m=+t a1 k

(b | Xy = 21,0 Xp = ) = — 9" e I Ity > 3 a

g\Ix|A1L = L1500y Ap = Tk) = T(n, — k) X_jzlj :

Using theorem 2, we get that

k
k (tx — > a5 )™ 1T (ny) k

flan mmy) = b [[ o' —— : Hix = ).

~ oty —x™ ni—2 N

f(z) = ai(ng — 1)z™ ! X(tX)n1)1 IH{tx > 2}
Analogously we get that

~ L (ty —y* ng—2 N

f(y) = as(ny — 1)y 1ty = y™) H{ty > y*2}.

(ty)ngfl
11
Denote M = min{ty',t¢,* }. Using the independence of samples and the theorem 3,

we obtain

[ el ]

R = [ [t <yf@fwdsdy

0

ar(ng —1)(ng — a1ty — po)m=2

ni—1yno—1
ZSX tY

ai(ng — 1)zt

ni—1yns—1
tX tY

(tx — 2®)" 2 (ty — 2°2)™ 1dr.

O\E O\E
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Now applying the binomial formula we obtain that the UMVUE of R is

ags

ni—2ngs—1 1 1
3 (1) (ny 1) (m2) () Ty T < T2
B = o oalrtDdass r s /Ty 0 X =Y 31
= +1 .
ni—2ny—1, . T%;) 1 1 @D
Z (-1 Sy (n1—1) (n1—2) (ng—l) v if TS > To2
= = ai(r+1)+azs T s T o X Yy o

3.1.1 Exponential-Rayleigh model

As a special case of Weibull model we have a model where X has exponential and Y has
Rayleigh distribution with densities

fx(z;a) = ae™ x>0,

fy(y; B) = 28%ye ", y >0,
where o and  are unknown positive parameters. The complete sufficient statistics for a
ni n2
and Sare Tx = ) X;and Ty = ) V7.
j=1 j=1

The UMVUE of R is
ni—2no—1 (,1)7‘—0—5(71171) n1—2\ (no—1 T)Q( 5 if Ty < \/T_
ﬁ = s;() (r+1)+2s ( r )( s )(E) ) Iix > Y
e ni—2ngs—1 1) (e — _— . )
XX S () (U R i T > VT

3.1.2 Numerical example

Here we present an example with real data. We wanted to compare daily wind speeds in
Rotterdam and Eindhoven. We obtained two samples of 30 randomly chosen daily wind
speeds (in 0.1 m/s) from the period of April 1st 2010 to April 1st 2014 taken from the
website of Royal Netherlands Meteorological Institute. The first sample is from Rotter-
dam and the second one is from Eindhoven:

Rotterdam (X): 48, 15, 27, 18, 40, 26, 84, 19, 35, 32, 55, 29, 45, 51, 47, 66, 38, 13,
39, 28, 50, 36, 15, 74, 53, 85, 18, 58, 18, 48.

Eindhoven (Y'): 44, 25, 43, 35, 20, 59, 25, 38, 26, 15, 37, 16, 35, 17, 34, 27, 40, 37,
33,17, 51, 50, 33, 52, 25, 21, 34, 39, 23, 60.

It is well known that wind speed follows Weibull distribution. To check this we used
Kolmogorov-Smirnov test. Since this test requires that the parameters may not be esti-
mated from the testing sample, we estimated them beforehand using some other larger
samples from the same populations. We got that X follows Weibull distribution with
shape parameter o = 2.8 and rate parameter o = 1/47 (Kolmogorov-Smirnov test statis-
tics is 0.157 and the p-value is greater than 0.1), while Y follows Weibull distribution
with shape parameter « = 2.6 and rate parameter ¢ = 1/41 (Kolmogorov-Smirnov test
statistics is 0.158 and the p-value is greater than 0.1).

Finally, using (3.1) we estimated the probability that the daily wind speed is lower in
Rotterdam than in Eindhoven to be 7 = 0.32.
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3.2 Logarithmic distribution

Let X and Y be independent random variables from logarithmic distribution with mass
functions

P{X=xp}=———— =1,2,..

{ i) In(1—p) x’ e
—1 ¢

Py =yq}=— L y=12

{Y =y;q} mi—qgy Y hEe

where p and ¢ are unknown probabilities.
The logarithmic distribution has application in biology and ecology. It is often used
for modeling data linked to the number of species.
ni n
The complete sufficient statistics for p and g are Ty = > X; and Ty = > Y.
J=1 j=
The sum of n independent random variables with logarithmic distributions with the same
parameter p has Stirling distribution of the first kind SDF K (n, p) (Johnson et al., 2005),
so T'x has SDF K (ny,p) and Ty has SDF K (ns, q) with the following mass functions

ni!ls(x, ny)|p”
A= (1 —p)y
na!|s(y, n2)lq”
y!(=In(1 —q))"’
where s(z, n) is Stirling number of the first kind.
An unbiased estimator for R is [{X; < Y;}. Since

P{Tx = z;n1,p} =

r=ny,n +1,..,

P{Ty = y;nq,q} = y=ng,ng+1,..,

P{X: <Y, Tx =tx, Ty = ty}

E([{Xl <}/1}|TX:tX7Ty:ty): P{TX:tX Ty:ty}

M ty—no+1
> 2 P{Xl—Jf}P{Y1—y}P{ZXk—tX—x}P{ZY—tY—y}
=1 y=z+1
P{TX - tx}P{Ty - ty}
_3n S tltvls(e = s = sty — y.ns = 1)
e PR L (tx — )ty — y)lwyls(tx,ni)l[s(ty, na)|’

where M = min{tx —n; +1,ty —ny}, using theorem 1 we get that the UMVUE of R is
min{Tx —ni1+1,Ty —na2} Ty —no+1

g TSRS DB (T DTy s~ 1)
mina(Tx — )Ty — y)leyls(Tx, m)l|s(Ty, n2)|

=1 y:.’L’+1

4 Conclusion

In this paper we considered the unbiased estimation of the probability P{X < Y} when
X and Y are two independent random variables. Some known results of UMVUE:s for R
for some distributions were listed. Two new cases were presented, namely Weibull model
with known but different shape parameters and unknown rate parameters and Logarithmic
model with unknown parameters. An example using real data was provided.
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