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Abstract

A new class of graphs G(w), called Parikh word representable graphs (PWRG), corre-
sponding to words w that are finite sequence of symbols, was considered in the recent past.
Several properties of these graphs have been established. In this paper, we consider these
graphs corresponding to binary core words of the form aub over a binary alphabet {a, b}.
We derive formulas for computing the Wiener index of the PWRG of a binary core word.
Sharp bounds are established on the value of this index in terms of different parameters
related to binary words over {a, b} and the corresponding PWRGs. Certain other Wiener-
type indices that are variants of Wiener index are also considered. Formulas for computing
these indices in the case of PWRG of a binary core word are obtained.
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1 Introduction

While words that are finite sequences of symbols are the fundamental and central objects in
computing models developed in theoretical studies of computer science, graphs are mathe-
matical models of pairwise relations between objects found useful for analyzing and solv-
ing different kinds of problems. An interesting area of investigation is relating graphs and
words and there are many studies in this direction (see, for example, [7, 10, 15, 18, 19, 24]).

On the other hand, in the study of numerical quantities related to subwords (also called
scattered subwords) of a word, the notion of Parikh matrix of a word over an ordered
alphabet was introduced in [26]. This has opened up a new direction of research in the area
of combinatorics on words [23] and many problems on words and subwords have been
investigated (see, for example, [1, 2, 4, 25, 33, 34, 36, 37, 38] and references therein),
resulting in a number of interesting results. Parikh word representable graph (PWRG) is
one such notion introduced in [3] linking the two areas of study on properties of words and
of graphs. Based on the notions of subwords of a word and the Parikh matrix of a word
[26] with entries of the matrix giving the counts of certain subwords in the word, PWRG
related to a word was introduced in [3]. Relationship of these graphs with corresponding
words and partitions was recently studied in [27].

In the field of chemical graph theory [14], undirected graphs, referred to as molecular
graphs are considered providing graph representations of organic compounds or equiva-
lently their molecular structures with atoms other than hydrogen often represented by ver-
tices and covalent chemical bonds by edges. In fact in chemical graph theory there have
been attempts to capture the molecular structure in terms of the topological index of the
corresponding graph. There has been a great interest in various topological indices associ-
ated with graphs due to their application in the area of chemical graph theory [8]. There are
a number of studies (see, for example, [14]) of various topological indices of graphs estab-
lishing formulae for computing the indices and also providing upper and lower bounds on
the values of such indices. The Wiener index (also called Wiener number) [40] is the first
topological index introduced by Harold Wiener. Knor et al. [22] provide an excellent sum-
mary of results relating to Wiener index besides providing conjectures and problems on this
index. Wiener index and its variants for different classes of graphs are widely investigated
indices (see, for example, [9, 12, 14, 21, 28, 29, 39] and references therein).

In this paper we study the Wiener index of a PWRG of a binary core word and derive
formulas for computing this index besides establishing sharp bounds on their values, given
different parameters related to the graphs. We also obtain formulas for evaluating certain
other indices that are variants of Wiener index, such as multiplicative Wiener index [13],
terminal Wiener index [11], peripheral Wiener index [16], hyper-Wiener index [20, 30] in
the case of a PWRG of a binary core word.

2 Preliminaries

The basic notions and notations relating to words and subwords can be found in [23,
31]. We recall some essential concepts and results. An ordered alphabet ¥ which is
a set of symbols {a1,as,...,as} with an ordering < on its symbols is written as ¥ =
{a1 <az <---<as}.Aword v is a subword of a word w over X if and only if we can
find words x1, x3, ..., Zn, Yo, Y1, - - -, Yn Over X, some of them possibly empty, such that
W = YoX1Y1T2Y2 * ** Yn—_1TnYn and v = x1xo - - - x,. The number of occurrences of a
word u as a subword of w is denoted by |w|,,. For example, in the word w = aababaaab =
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a®baba®b over the ordered binary alphabet 3 = {a < b}, the number of distinct occur-
rences of the subword ab is 11 so that |w|,, = 11. The set of all words over an alphabet ¥,
including the empty word A with no symbols, is denoted by *.

Definition 2.1 ([6]). A binary word w over an alphabet {a,b} is said to be fair if
‘w|ab = ‘wlba-

Example 2.2. The binary word abbbaab is a fair word since |w|qp = |w]pe = 6.

Definition 2.3 ([38]). Consider the binary word w € ¥* where ¥ = {a < b}. The core of
w, denoted by core(w), is the unique word wy of w with the smallest possible length such
that w € b*wpa™. A word w € ¥* is said to be a core word if and only if core(w) = w.

Clearly, a non empty word w over ¥ = {a < b} is a core word if and only if w starts
with a and ends with b.

We now recall the relationship between binary core words and partitions following the
discussion in [38, pages 62—63].

Lemma 2.4 ([38]). Every nonempty binary core word can be identified with a partition of
a positive integer.

Proof. Suppose w € ¥X* is a nonempty core word and has the form a"*ba"?b- - - a"*lvb
where ny > 1 and ny is nonnegative for each k,2 < k < |w|p. Thus w can be identified
with the partition

[wlap = (N1 +n2 4+ npp,) + -+ (R2 +n1) + 0.

Clearly, distinct core words are identified with distinct partitions.
Conversely, suppose that my + mo + - - - + m; is a partition of some positive integer,
where m; > mq > --- > my > 1. It is clear that the word

w = a™hgM™ 1T M pg 2T 1 L M2
can be identified with the given partition. O

We shall use the notation p(w) = (n1+no+---+n;)+(ny+ng+---+nj_1)+---+
(n1+ne+---+n_j41)+- -+ (n1 +n2) + (n1) to indicate the partition corresponding
to the word w = a™'ba™?b - - - a™b.

We now recall the notion of Parikh word representable graph (PWRG) [3]. For basic
concepts pertaining to graphs we refer to [5].

Definition 2.5 ([3]). For a word w = ajas---a, of length n where for 1 < i < n,
a; € ¥ = {a < b}, we associate a simple graph G = G(w) with n vertices {1,2,...,n}.
Each vertex ¢ has the label a; and represents the position of the letter a;, 1 < i < n, in w.
For each occurrence of the subword ab in w, there is an edge in G(w) joining the vertices
corresponding to the positions of a and b in w. We say that the graph G is Parikh binary
word representable by the binary word w. In other words, we say that a graph G is Parikh
binary word representable if there exists a binary word w such that G is Parikh binary word
representable by the binary word w.
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Since every connected Parikh binary word representable graph corresponds to a core
word, we deal with only core words and the corresponding graphs in the rest of this paper.
As an illustration, if the core word is w = aabab, then in the Parikh word representable
graph as shown in Figure 1, the vertices 1, 2 and 4 have label a while the vertices 3 and 5
have the label b. The number of edges in the graph is |wl|,, = 5. For example there is a
subword ab in w formed by the symbol a in position 1 and the symbol b in position 3 and
so in the graph there is an edge joining the vertex 1 with the vertex 3.

1 2 4

G(aabab)

Figure 1: The Parikh word representable graph of the word aabab.

3 Wiener index of Parikh word representable graphs

Let G = (V,E) be a connected graph with vertex set V(G) and edge set E(G). The
distance between the vertices u and v of G is denoted by d(u,v) and is defined as the
length of a shortest path between v and v in G.

Definition 3.1. The Wiener index W (G) of a connected graph G = (V, E), is the sum of
distances d(u, v) between all the vertices u and v of G. In other words
W(G) = Z d(u,v).
{uv}CV(G)

‘We now obtain a formula for computing the Wiener index of Parikh word representable
graph of a binary word.

Theorem 3.2. The Wiener index of a Parikh word representable graph G(w) for w =
a™ba™b---a™b,ng > 1,np >0for2 < k<l is

I 2
W(G(w)) = (Z n> +

i=1

(142 —3)n; +1(1 —1).

l
i—1

(2

Proof. In the Parikh word representable graph G(w) corresponding to the word w =
a™ba™b---a™b, we consider pairs of vertices (u,v), with u,v € {1,2,...,n} where
the label of w appears before the label of v in w. There are now four cases to be considered:

(i) w and v are both labeled a;
(ii) w is labeled a and v is labeled b;

(iii) w is labeled b and v is labeled a;
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(iv) w and v are both labeled b.

The contribution to the Wiener index of the Parikh word representable graph from each of
these four cases may be calculated as follows:

(i) The distance between any two vertices labeled a is 2 and there are ny +ng+- - - +ny
vertices labeled a. Hence the total contribution from these pairs of vertices is

(ny+no+-4+n)Cox2=ny+ng+-+n)%—(ny +ng+--+mny).

(ii) The distance between u labeled a and v labeled b is 1 and there are ny + (nq +n2) +
-+ + (n1 +mng + - - - + ny) such pairs. Hence the total contribution is

711+(n1+n2)+~~~+(n1+n2+---+nl):ln1+(1_1)n2+...+nl.

(iii) The distance between u labeled b and v labeled « is 3 and there are (ns +mns + -+ - +
ny)+ ms+---+mn)+--+n =n2+2n3+---+ (I — 1)n; such pairs. Hence
the total contribution is

3(na+2ng +---+ (I — 1)ny).

(iv) The distance between any two vertices labeled b is 2 and there are [ vertices labeled
b. Hence the total contribution from these pairs of vertices is

10y x 2 =1(1—1).

Hence the Wiener index of G(w) is given by

W(G(w))=(m +na+-+m)>+ (1 —1ni+ (I +1)ng + - -
+3(l =g +1(1 - 1)

! 2
= (Zm) +>» (+20—-3)n; +1(l - 1). O

i=1

Example 3.3. For the PWRG in Figure 1 corresponding to the word w = a2bab, we have
l=2,n1 =2,n2 =1and so W(G(w)) = 16 which can also be verified from the formula
in the Definition 3.1 by actually computing the distances d(u,v) for all unordered pairs
(u, v) of vertices.

We now derive an alternate form of the expression for the Wiener index of the Parikh
word representable graph G(w) forw = a™ba™b---a™b,ny > 1,n, > 0for2 < k <.
An interesting aspect of this alternate form is that the expression in the formula is elegant
involving only the parameters related to the word.

Theorem 3.4. The Wiener index of a Parikh word representable graph G(w), for w =
a™ba™b---a™b,ny > 1,ng >0for2 < k<l is

W(G(w)) = |w]* = Jw] + [wlalw]y — 2[wa.
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Proof. Since w = a™ba™2b- - - a™b, we have Ziﬁ:l n; = |wlq,l = |wl|p. Also

l
[wla|wly — [wlap =1 (Zm) —[(ni+no+-+n)+-+ (1 +n2) +n]
=1

1
= sz — |wl|q
i=1
so that

l
Zini = |wla|wlp + |wla — [wlab-
i=1

Hence from Theorem 3.2, the Wiener index

l
W(G(w)) = [wl; + (Jwly = 3)|wla + [wlp(wly — 1) + 2 in;
i=1
= |wff + |w]; + 3wlalwly — [wla = w]s — 2wla

= [w]* = w| + [wlalw]y — 2|w]a
using |w| = |wlq + |w]p. O

Corollary 3.5. The Wiener index of a Parikh word representable graph G(w) for a fair
word w = a™ba™b---a"b,ny > 1,ng > 0for2 <k <l is

W(G(w)) = |w]* = Jwl].

Proof. For a binary word w, we have |w|ap + |W]pa = |w|a|w]p. Since w is a fair word,
|W|ap = |w]pa s0 that |w|g|w|p — 2|w]es = |W]pa — |w|as = 0. Hence from Theorem 3.4,
W(G(w)) = [w]* — |w]. O

Theorem 3.6. The Wiener index W (G(w)) of a Parikh word representable graph G(w) =
(V1 U Vo, E) with |V1| = |w|, = p, |Va| = |wl|y = q for the word w = a™ ba™2b- - - a™b,
ny > 1, ng > 0for2 < k < 1, is bounded above by p*> + ¢ + 3pq — 3p — 3¢ + 2 and
below by p* + ¢* + pq — p — q. The bounds are attained on G(ab?~*aP~1b) and G (aPb?)
respectively.

Proof. Since G(w) is connected, |w|qp = |E| > p+ q — 1 [5]. Also |w|e < pg [26].
Hence from Theorem 3.4, the Wiener index of G(w) is

W(G(w)) =p*+¢*+3pg—p—q—2\w|w
<pP’+¢+3pg—p—q—2(p+q—1)=p*+¢*+3pg—3p— 3¢ +2

which is the Wiener index of the Parikh word representable graph G/(ab?~1aP~1b) and
W(G(w)) > p* +¢* +3pg —p—q—2pg=p* +q" +pg—p—4q

which is the Wiener index of the Parikh word representable graph G (a?b?). O
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Remark 3.7. One of the conjectures listed in [22, page 333], states that for a graph G
with diameter d and order 2d + 1, the Wiener index W(G) < W (Ca441) where Cog11
denotes a cycle of length 2d + 1. Since the diameter of any PWRG G(w) corresponding to
the binary core word w is 3, this conjecture holds good for G(w), if the order of G(w) is 7,
which also equals |w/|. In fact, if the binary core word w with |w| = 7, is over the ordered
alphabet {a < b}, the maximum Wiener index of G(w) equals W (C'7) which is 42 and this
is attained, by Theorem 3.6, on G(ab®a?b) or G(ab®a?b).

We shall now find an expression for an upper bound on the Wiener index of Parikh
word representable graph with a fixed number of edges. We use the following lemma.

Lemma 3.8. Given a fixed value of e and of 1, the maximum value of W (G(w)) over all
Parikh word representable graphs of the form G(w) for w = a™ba™2b---a™b, ny > 1,
ny > 0for2 < k <1, with e edges, is attained on G(ab!~1a~'b).

Proof. Since the number of edges in G(w) is e = |w|qp, |w|p =l and e > |w]|, + |w|p — 1
as G(w) is a connected graph with |w|, + |w|, vertices, we have |w|, < e — [ + 1. Hence
from Theorem 3.4, the Wiener index of G(w) is

W(G(w)) = |wla(|w|g — 1) + 17 + 3Jw|l — 1 — 2¢
<(e—1+1)(e—=1)+1®+3wlal —1—2e
<(e=l+D)(e=D+P+3e—1+Dl—1—-2e=e*—1P+el+l—e

which is the Wiener index of the Parikh word representable graph G (ab'~'a®~'b). O

Theorem 3.9. An upper bound of the Wiener index W (G(w)) of a Parikh word repre-
sentable graph G(w),w = a™ba™b---a™b,ny > 1, ng > 0for2 < k <1, with e edges
is given by

5m? —6m +2(m > 1), ife=2m—1;

5m? —m(m > 1), if e = 2m.

W(G(w)) < {

The bound is sharp and is attained on G(ab™ *a™~'b) when e = 2m — 1 and on
G(ab™ ta™b) when e = 2m.

Proof. From Lemma 3.8, the Wiener index of the Parikh word representable graph G(w),

w = a™ba™b---a™b, ny > 1, has a maximum for G(ab'~'a®~'b) and is given by
W(G(w)) = €2 — 12 + el +1 — e. We now use the fact that a quadratic expression
ax® + bx + c,a < 0, has a maximum when 2 = f%‘ When e = 2m — 1,m > 1,
we have

W(G(w)) = —1* + 2ml + (4m? — 6m + 2).

If e = 2m — 1 has a fixed value, this quadratic expression in [ has a maximum when [ = m
and the maximum is 5m? — 6m + 2. When e = 2m, m > 1, we have

W(G(w)) = —1* +1(1 4+ 2m) + (4m? — 2m).

Again if e = 2m has a fixed value, this quadratic expression has a maximum when [ =
[m + 1] = m where [2] is the integral part of z and the maximum is 5m? + 2m. O

We shall now evaluate the Wiener index of a Parikh word representable graph corre-
sponding to a specific partition of a given integer.
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Theorem 3.10. Suppose mq +ms + - - -+ my is a partition of some positive integer, where
my > me > -+ >my > 1. Then the Wiener index of the Parikh word representable graph
G corresponding to this partition is given by

W(G) =mi —2e+ (3l — 1)my + (1 — 1)
where e is the number of edges of G.

Proof. From Lemma 2.4, the word w = a""ba""-1~""pa"-27 -1} ... g1~ "2} corre-
sponds to the given partition. Now |w| = my + [, |w|, = m1,|w|y = I, so that using the
formula in Theorem 3.4, we have
W(G) = W(G(w)) = [w]* — |w| + |w]a|w]p — 2|w]ap
=(m1+0)%=(my+1)+1lmy —2e=m? —2e+ (3l — )my +1(I — 1)

since |w|qp = e. O

4 Multiplicative Wiener index

Definition 4.1 ([32]). The Wiener polynomial of a graph G is

W(G;z) = Z zd(wv),
{uv}CV(G)

Theorem 4.2. The Wiener polynomial of a Parikh word representable graph G(w), for
w=a™ba™b---a"b,ny > 1,n >0for2 < k<l is

W(G(w);z) = (Jwla|wls — IW\ab)fvSJr%(IW\a(lwla = 1)+ |wly(lwly — 1)) 2® + (Jwlap )2

Proof. We consider pairs of vertices (u,v) in the Parikh word representable graph G(w)
corresponding to the word w = a™ba™2b---a™b, with u,v € {1,2,...,n} where the
label of u appears before the label of v in w. As discussed in the proof of Theorem 3.2, the
vertex pairs are of four types, namely, types 1, 2,3 and 4. Also, as discussed in the proof
of Theorem 3.4, there are 1 |w|,(|w|, — 1) pairs of vertices of type 1 and % |w|,(|w|, — 1)
of type 4 and the distance between each such pair is 2. Likewise, there are |w/|,, pairs of
vertices of type 2 with distance 1 and |w|q|w]p — |w]|qp pairs of vertices of type 3 with
distance 3. Hence the Wiener polynomial is

3 1
([wlalwls = [wlap)2® + 5 (Jwla(lwla = 1) + wly(lwls = 1))2* + (slwla)z. O

Definition 4.3 ([40]). The Wiener polarity index of G, denoted by W,(G), is defined as
Wi(G) = {(u,v) € V(G) : d(u,v) = 3}].

Theorem 4.4. The Wiener polarity index of a Parikh word representable graph G(w), for
w=a"ba™b---a™bny > 1,n, > 0for2 <k <I,is given by

Wp(G(w)) = [wlalwlp — |wlap.
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Proof. In the Parikh word representable graph G (w), for the word w = a*ba™2b- - - a™b
as in the hypothesis, the pairs of vertices (u,v) of type 3 as mentioned in the proof of
Theorem 4.2, are at a distance 3 and these pairs contribute to the Wiener polarity index of
G(w). In fact there are ngy + nz + - - - + ny vertices with label a that are at distance 3 from
the vertex with label, the first b in w. Likewise for other vertices corresponding to the other
b's in w. Hence

Wp(G(w)):(n2+n3++nl)+(n3+n4++nl)++nl

1 l
:Zini—Zni = wlq|wlp — |W]|ap- O
i=1 i=1
Definition 4.5 ([13]). The multiplicative version of the Wiener index of a graph G is

G =[] dww).

{u, v} V(@)

Theorem 4.6. The multiplicative Wiener index of a Parikh word representable graph G(w),
forw = a"ba™b---a™bn; >1,n, >0for2<k<lIis

lwla (Jwla =D +|wlp(Jwlp—1)
2

T(G(w)) =2 glwlalwlo—=|wlas

Proof. Considering pairs of vertices as in Theorem 4.2, we obtain the required result, since
there are Iw‘“(‘wlfl);lw‘b(‘w‘rl) pairs of vertices at distance 2 in G(w) while there are
|w|a|w|p — |w|ap pairs of vertices at distance 3. It is to be noted that pairs of vertices at
distance 1 contribute value 1 to the product defining 7(G(w)). O

Corollary 4.7. The multiplicative Wiener index of a Parikh word representable graph
G(w) for a fair word w = a™ba™2b---a™b,ny > 1, np > 0for2 < k <l is

m(G(w)) = 2“”‘2% (2) lwlab

Proof. For a binary word w, we have |w|qp + |w]pe = |w]q|w|s. Since w is a fair word,
|w|ap = |wpe so that |w]q|wy — 2|w|as = [wlpe — |wlap = 0. Also |w| = |wl|s + |wle.
Hence from Theorem 4.6, 7(G(w)) = ol (%)Iw‘ab. 0

Lemma 4.8. Given a fixed value of e and of l, the maximum value of 7(G(w)) over all
Parikh word representable graphs of the form G(w) for w = a™ba™b---a™b, ny > 1,
ng > 0for 2 < k <1, with e edges, is attained on G(ab!~1a®~'b).

Proof. Since |w|, = [ and the number of edges in G(w) is e = |w|qp, We have |w|, <
e—1+1as G(w) is a connected graph with |w|, 4 |w], vertices so that e > |w|, + |w|p — 1.
Note that in a connected graph G with n vertices and e edges, e > n — 1 [5]. Hence from
Theorem 4.6, the multiplicative Wiener index of G(w) is

|wla(wla =)+ wlp(wlp—1)
e = gwla [wlp —|wlab

m(G(w)) =2
2(€*l+1)(62*l)+l(l*1) 3(e—l+1)l—e

which is the multiplicative Wiener index of the Parikh word representable graph
G(ab' =t a*~'b). O
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Theorem 4.9. An upper bound of the multiplicative Wiener index mw(G(w)) of a Parikh
word representable graph G(w),w = a™ba"2b---a™b,n; > 1,n, > 0for2 < k <1,
with e edges is given by

2m27m3m272m+1(m > 1)7 ife =92m —1;
gm*gm’=m (> 1), ife = 2m.

m(G(w)) < {

The bound is sharp and is attained on G(ab™ 1a™~'b) when e = 2m — 1 and on
G(ab™ta™b) when e = 2m.

Proof. From Lemma 4.8, the multiplicative Wiener index of the Parikh word representable
graph G(w),w = a™ba™b---a™b,n; > 1, has a maximum for G(ab'~1a®~'b) and is
given by

(e—l+l)(e;l)+l(l—1) 3(67”1)[76.

m(G(w)) =2
On taking logarithms we get,

In(m(G(w))) = [(e =1+ 1)(e = 1) + 1% - 1]11172 +[(e—1+1)l—¢€]ln3

=0(In2—-1n3)—Il((e+1)(In2—1n3) +e ((e—;l)ln2—ln3) :

We now use the fact that a quadratic expression ax? + bz + ¢, a < 0, has a maximum when
x=—L Let F(l) = 2(In2—1n3) — ((e+1)(In2 — In3) + (I In2 — In 3). When
e =2m—1,m > 1, F(l) has a maximum when [ = m and so 7 (G (w)) has the maximum
gm®=mgm®=2m+1 When e = 2m,m > 1, F(I) has a maximum when | = [m + 3] = m

where [2] is the integral part of 2 and 7(G(w)) has the maximum 2" 3m" =™ O

Theorem 4.10. The multiplicative Wiener index 7(G(w)) of a Parikh word representable
graph G(w) = (Vi UV, E) with [Vi| = |wla = p,[V2| = |wly = q for the word
w=a™ba™b---a"b,ny > 1,n, > 0for2 < k <1, is bounded above by

p(p*l);rq(qfl) 3pq—p—q+1

and below by

p(p—1)+q(g—1)
2 .

The bounds are attained on G(ab?~aP?~1b) and G(aPb?) respectively.

Proof. Since G(w) is connected, |w|qp = |E| > p+ g — 1 [5]. Also |w|a < pg [26].
Hence from Theorem 4.6, the multiplicative Wiener index of G(w) is

p(p=1+a(g=1)
2

m(G(w)) = 2

which is the multiplicative Wiener index of the Parikh word representable graph G(a?b?)
and

(G(w)) < 2" gt
which is the multiplicative Wiener index of the Parikh word representable graph

G(ab?™! aP~1h). O
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5 Hyper-Wiener index of Parikh word representable graphs

We now derive formuas for computing hyper-Wiener index of Parikh word representable
graphs of binary words.

Definition 5.1 ([20, 30]). The hyper-Wiener index of a connected graph G is given by

WW(G) = > dlu,v)+d*(u,v)
{u}CV(G)

where d(u,v) is the distance between the vertices v and v of G.

Theorem 5.2. The hyper-Wiener index WW (G(w)) of a Parikh word representable graph
G(w) for w = a™ba™b---a™b,ny > 1,np > 0for2 <k <l is

(20 4 10i — 13)n; + 31(1 — 1).

l
—1

! 2
WW(G(w)) =3 (Z m) -

i=1 i

Proof. As in the proof of Theorem 3.2, there are four cases for the vertex pairs (u, v). The
contribution to the hyper-Wiener index of the Parikh word representable graph from each
of these cases may be calculated as follows:

(i) The contribution from pairs of vertices labeled a is

(ny+ng+---+n)Cy x (24+4) =3(ny +no+...+n)? —=3(ny +ng+---+ny).

(ii) The contribution from pairs of vertices (u, v) where u is labeled a and v is labeled
bis

2+ (mi+mna)+ ...+ (mr+ne+...+n) =2(In1 + (= na +--- +ny).

(iii) The contribution from pairs of vertices (u,v) where w is labeled b and v is labeled
ais
12(712 + 2713 + -+ (l - 1)711))

(iv) The contribution from pairs of vertices labeled b is

1C5 x 6 = 31(1 — 1).

Hence the hyper-Wiener index of G(w) is given by

(20 + 10i — 13)n,; + 31(1 — 1). O

l
i—1

1 2
WW(G(w) =3 (Z n> +

i=1 i

We now derive an alternate form of the expression for the hyper-Wiener index of the
Parikh word representable graph G(w) for w = a™ba™2b---a™b, n; > 1, ny > 0 for
2<k<I.
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Theorem 5.3. The hyper-Wiener index of a Parikh word representable graph G(w) for
w=a"ba™b---a"b,ny > 1,n >0for2 < k<l is
WW(G(w)) = 3|wl; + 3lwl[j + 12wla|w]s — 3w]e — 3wl — 10[w]as
= 3|w|* — 3|w]| + 6|w|.|w|p — 10|w]ap.

Proof. Since w = a™ba™b- - -a™b, we have 2221 n; = |w|a,l = |wlp. Also, as in the
proof of Theorem 3.4,

l
Zz’ni = |w|a|w|b + |w|a - |w|ab-
=1

Hence from Theorem 5.2, the hyper-Wiener index

l
WW (G (w)) = 3Jw|? + (2wl — 13)|w|q + 3|wls(Jw]y — 1) + 10 _in,
i=1
= 3Jwl2 + 3|w|i + 12wla|w]y — 3|wls — 3wl — 10fw]as

= 3|w|? — 3|w| + 6|wlq|w|p — 10|w|ap
using |w| = |w|q + |wlp. O

Theorem 5.4. The hyper-Wiener index of a Parikh word representable graph G(w) =
(V1 U Vo, E) with |V1| = |w|, = p, |Va| = |w|y = q for the word w = a™ ba™2b- - - a™b,
ny > 1,ng > 0for 2 < k <, is bounded above and below by

3(p* + ¢%) + 12pg — 13p — 13¢ + 10
and
3(v° +4°) +2pg — 3p — 3q.
The bounds are attained on G(ab?~'aP~1b) and G(aPb?) respectively.

Proof. As done in the proof of Theorem 3.6, using the inequalities |w|., > p+ ¢ — 1 [5],
|wlap < pg [26], we have from Theorem 5.3, the hyper-Wiener index of G(w) is

WW (G(w)) = 3p* + 3¢*> 4+ 12pq — 3p — 3q — 10|w|ap
<3(p* 4 ¢%) + 12pg — 13p — 13¢ + 10

which is the hyper-Wiener index of the Parikh word representable graph G(ab?~*aP~1b)
and

W(G(w)) = 3(p” +¢°) +2pq — 3p — 3¢
which is the Wiener index of the Parikh word representable graph G(a?b?). O
The hyper-Wiener index of a Parikh word representable graph corresponding to a spe-

cific partition of a given integer can be evaluated proceeding as in the proof of Theorem 3.10
and is given in the following theorem.
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Theorem 5.5. Suppose mi + mq + - - - + my is a partition of some positive integer, where
my > Mo > -+ >my > 1. Then the hyper-Wiener index of the Parikh word representable
graph G corresponding to this partition is given by

WW(G) = 3(m? + (41 — 1)my +1(1 — 1)) — 10e
where e is the number of edges of G.

We shall now find an expression for an upper bound on the hyper-Wiener index of
Parikh word representable graph with a fixed number of edges. We use the following
lemma.

Lemma 5.6. Given a fixed value of e and of 1, the maximum value of WW (G(w)) over all
Parikh word representable graphs of the form G(w) for w = a™ba™b---a™b, ny > 1,
ng > 0for 2 < k <1, with e edges, is attained on G(ab!~1a®~'b).

Proof. Proceeding as done in the proof of Lemma 3.8, the number of edges in G(w) is
e = |w|ap, |lwlp =l and e > |w|, + |w|p — 1 as G(w) is a connected graph with |w|, + |w|p
vertices, we have |w|, < e — 1 + 1. Hence from Theorem 5.3, the hyper-Wiener index of

G(w) is

WW(G(w)) = 3|w|q(Jw|s — 1) + 312 + 121|w]|, — 31 — 10e
<3(e—1+1)(e—1)+3>+12l(e — 1+ 1) — 3] — 10e

=3e% — 612 4 6el + 61 — Te

~—

which is the hyper-Wiener index of the Parikh word representable graph G(ab'~'a®~'b).
O

Theorem 5.7. An upper bound of the Wiener index W (G(w)) of a Parikh word repre-
sentable graph G(w) for w = a™ba™b---a™b,ny > 1, np > 0for 2 < k <, withe
edges is given by

2 _ > ; — 1.
WW(G) < 18m2 26m + 10(m > 1), l.f€ 2m — 1,
18m* — 8m(m > 1), ife =2m.
The bound is sharp and is attained on G(ab™ *a™~'b) when e = 2m — 1 and on

G(ab™ta™b) when e = 2m.

Proof. From Lemma 5.6, the hyper-Wiener index of the Parikh word representable graph
G(w),w = a™ba"b---a™b,ny > 1, has a maximum for G(w) for w = ab'~1a®'b and
is given by WW (G(w)) = 3e? — 61% + 6el + 61 — Te. We use the fact that a quadratic
expression ax?+br+c, a < 0, has a maximum when z = —%. Whene =2m—1,m > 1,
we have WW (G(w)) = —612 + 12ml + (12m? — 26m + 10). If e = 2m — 1 has a fixed
value, this quadratic expression in [ has a maximum when [ = m and the maximum is
18m? — 26m + 10. When e = 2m,m > 1, we have WW (G (w)) = —61% + (6 +
12m) + (12m? — 14m). Again if e = 2m has a fixed value, this quadratic expression has
a maximum when | = [m + 3] = m where [] is the integral part of = and the maximum is
18m? — 8m. O
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6 Terminal and peripheral Wiener indices

By considering only pendant vertices in a graph, a special kind of Wiener index, called
terminal Wiener index, has been introduced and studied [11]. Here we consider this notion
in the context of Parikh word representable graphs.

Definition 6.1 ([11]). The terminal Wiener index TW (G) of a connected graph G is the
sum of distances between all pairs of pendant vertices of G.

Theorem 6.2. The terminal Wiener index of a Parikh word representable graph G =
G(a™ba™b---a™b),ny > 1,ng > 0for2 < k <, is given by

ni(n; — 1), ifny #1;

TW(G) =
(@) {m(nl—1)—&-1{:(1@’—1)—|—3k:nl7 ifni=1for2<j<k<ln;=0.

Proof. 1f n; # 1, the only possible pendant vertices are the a’s in the last block and the
distance between any two of them is 2 so that

TW(G) =2 X nng = nl(nl — 1)

Note that if n;, = 0, then TW(G) = 0.

Ifni =1,ny=n3=---=mng =0and ng41 # 0,2 < k < [, > 1, then the first
k b’s are also a pendant vertices and the distance between any one of these b’s and any one
of the a’s in the last block is 3 while that between any two b’s is 2 as well as the distance
between any two a’s in the last block is 2. Hence

TW(G) = nl(m - 1) + k(/{ — 1) + 3/€7’Ll.

When k = [, thenn; = 1 and n; = 0,2 < i < [ so that all the &’s are the only pendant
vertices and hence

TW(G) =1(1-1).
Ifny = 1,1 = 1, clearly TW(G) = 1 as the corresponding graph G(ab) has only one edge
with the end labels a and b. [

Another special kind of Wiener index, called peripheral Wiener index, has also been
studied [16].

Definition 6.3 ([16]). The peripheral Wiener index of a connected graph G is given by
Wp(G) = 3 1u,mcp(c) Au,v) where P(G) is the set of all peripheral vertices which are
the vertices of G with their eccentricities equal to diameter of G.

Theorem 6.4. The peripheral Wiener index of the Parikh word representable graph G(w)
forw = a™ba™ba™3b---a™b T g > 1,n, > 0for2 <k <r—1,andn, >0
with r at least 2 and at the most 1, is

, 2,
PW(G(w)) = <Z nL> + Z(r +2i—4n; + (r—1)(r—2).

Furthermore PW (G(w)) = W (G(w)) if w = a™b, where W (G(w)) is the Wiener index
of G(w).
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Proof. From the definition of G(w), the Parikh word representable graph corresponding
to the word w = a™ba™ba"b- - - a™ b1 it is clear that G(w) is a bipartite graph of
diameter 3 and radius 2. Also,the vertices corresponding to all a’s in a™,2 < ¢ < r and to
all b’s except the last | — 7 + 1 b's are of eccentricity 3 and hence they are the peripheral
vertices of G(w). We consider pairs of peripheral vertices (u,v), where the label of u
appears before the label of v in w. As in Theorem 3.2, the vertex pairs of (u,v) can be
divided into four cases as given below:

1. w and v are both labeled a;
2. wis labeled a and v is labeled b;
3. wis labeled b and v is labeled q;
4. v and v are both labeled b.

The contribution to the peripheral Wiener index of the Parikh word representable graph
from each of these cases may be calculated as follows:

1. The contribution from the pairs of peripheral vertices labeled a is

(na+nz+ng+---+n,)Cyx2 = (ng+nz+ng+---+n,)*—(ng+nz+ng+---+n,.).

2. The contribution from the pairs of peripheral vertices (u, v) where w is labeled a and
v is labeled b is

no+ (ne+n3)+ (ne+ns+ng)+---+Mma+ng+--+n,-1)
=(r—2ng+ (r—3)ng+---+np_1.

3. The contribution from the pairs of peripheral vertices (u, v) where u is labeled b and
v is labeled a is

3[(n2 +n3+ - +n.)+ (n3+ng+--+n.)+ - +nyl
=3[(r — Dn, + (r —2)n,—1 + - + no).

4. The contribution from the pairs of peripheral vertices labeled b is

(r—=1)Cyx2=(r—1)(r—2).

Hence the peripheral Wiener index of G(w) is given by

PW(G(w)) = (Z ni> + Z(T +2i—4)n; + (r —1)(r — 2).

Furthermore, if w = a™b' then all the vertices of G(w) labeled a as well as b are peripheral
vertices of G(w). Thus PW (G(w)) = W(G(w)) where W (G(w)) is the Wiener index
of G(w). O
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7 Conclusion

We have derived formulas for evaluating the Wiener index and certain other variants of
Wiener topological indices for Parikh word representable graphs [3] of binary core words.
There are problems that remain to be investigated. For example, the lower bound of Wiener
index of a Parikh word representable graph G (w) of a binary core word w when the number
of edges of G(w) is a given fixed value, needs to be examined. Bipartite graphs have been
utilized in studies of structural features in the areas of molecular biology and chemistry
(see, for example, [17, 35]). Parikh word representable graphs (PWRG) corresponding to
binary core words are bipartite graphs. It will be of interest to examine the role of PWRG
in such studies of structural features and relationships. Also, it will also be of interest to
study other kinds of topological indices for this class of graphs.
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