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Abstract

We present an application of generalized strong complete mappings to construction of
a family of mutually orthogonal Latin squares. We also determine a cycle structure of
such mapping which form a complete family of MOLS. Many constructions of generalized
strong complete mappings over an extension of finite field are provided.
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1 Introduction

Let GG be an additive group. A mapping 6 : G — G is called a complete mapping if both
6(z) and 6(z) +x are 1-to-1 and onto. If both #(x) and §(z) —z are 1-to-1 and onto, O(z) is
called an orthomorphism. A strong complete mapping is a complete mapping which is also
an orthomorphism. These mappings are used for a construction of Knut Vic designs and
they exist only for the groups of order n where gcd(n,6) = 1. An Abelian group admits
strong complete mappings if and only if its Sylow 2-subgroup is trivial or noncyclic, and
also, its Sylow 3-group is trivial or noncyclic (see [2]).

Let p be a prime, m be a positive integer and ¢ = p™. Let I, be a finite field of or-
der q. We consider complete and strong complete mappings (and orthomorphisms) over
(Fq(x),+). Polynomials induced by these mappings are called complete and strong com-
plete polynomials, respectively. In [1], strong complete mappings over finite fields are
called very complete mappings. Many results have been established on this topic. In the
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sequel, fO(z) = =, f2(z) = fo f(z), f¥(x) = fo f*1(z) for k > 0. Generalized
complete polynomials were introduced in [6] with applications to the check digit systems.
There were considered polynomials over finite fields with a property that f(x), f(x) + =
and f?(x) 4+ x are all permutation polynomials. Note that there exist monomials of the
form ¢+ where m | ¢ — 1 with this property (see [5]).

We turn our attention to mappings &(x) such that 6% (z) are strong complete mappings
forall £k = 1,2, ...,t. Here, t is a positive integer. Our point of interest is an application
of these mappings to construction of mutually orthogonal Latin squares (MOLS). Many
constructions of such mappings over finite fields will be presented.

2 Construction of MOLS

Theorem 2.1. Let G be an additive finite Abelian group of order n, where n is odd. Assume
that 0 : G — G is such that 0% () are strong complete mappings for k = 1,2, ...t where
t is a positive integer. For 1 < k <tand1i,j € G define

a?,j =i+ 6"(j)

a;; =i—0%(j)
+ -
al; =i+j; ad; =i—j.
A family of Latin squares Lj, = (aﬁj) where k = —t,...,—1,07,0",1...t is a family

of pairwise mutually orthogonal Latin squares. Therefore, a family of 2(t + 1) MOLS is
obtained.

Proof. We use the following convention 0°* (z) = z. Assume (a¥ ;a5 ;) = (ak a5 ,)
for k # s and consider the following cases:
e« If (0 < s<k)or(s=0Tand 0 < k) we have that
i+ 0%(j) = u+ 6% (v) Q2.1

and
i+0°(j) =u+6°).

Subtracting these equalities we obtain
0% (5) = 0°(j) = 6" (v) — 0°(v).

Thus

05 2(0°(j)) — 0°(j) = 07°(6°(v)) — 0°(v).
By assumption, *~*(y) — y is a permutation. Hence, 0°(j) = 6*(v) and j = v.
Inserting this in (2.1) we obtain ¢ = w.

e If (k< s<0)or(k <0ands = 07")then we have
i— () = u— 0F(v) (2.2)

and
i—011() = u— 6 (v).
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Subtracting these equalities, we obtain

01 (5) — 0°1(5) = 6 (v) — 0" v).
Thus
OIFI=1sl(glsl ()) — @151 (5) = aIFI=Isl(glsl (v)) — @l*l(v).

Reasoning as above, we get j = v and ¢ = u.
e If(—s <0< k),(s=0"and k > 0)or (s < 0 and k = 07) then we have that

i+ 05(5) = u+ 0% (v) (2.3)

and
i—01°1(j) = u—01*!(v)

which implies

6% (j) + 611 (j) = 6" (v) + 61} (v).
Assume first & > |s|. Then 0F=IsI(9l51(5)) + 6151 (5) = oF=Isl(01s(v)) + 6l*I(v).
As 0%~15I(y) 4 y is a permutation, it follows that 6!*/(j) = 0!/(v). Thus j = v.
Using this in (2.3), we obtain i = u. If k < |s| then 6I°I=F(6%(j)) + 6%(j) =
0!s1=F (6% (v)) + 6% (v) similarly implies j = v and i = u.

e Ifk=0"ands=0"theni+j = u+vandi—j = u— v which implies 2i = 2u.
Then 2ki = 2ku for all integers k. By assumption, the order of the group G is an
odd integer. Then n + 1 is even and thus (n + 1)i = (n + 1)u. However, ni = nu
by Lagrange’s theorem. Hence, ¢ = u and further j = v.

O

Lemma 2.2. Let G be a group of order n. Assume that 6 : G — G is such that all 6 (z)
are strong complete mappings for k = 1,2, ... t. Then the permutation 0 has exactly one
fixed element and lengths of all other cycles are greater than t.

Proof. Assume that ¢ is the length of a cycle (a1, as, ..., as) of the permutation 6, where
1 < ¢ <t Then6(a;) = a; and 6(az) = as. Therefore 6¢(a;) —a; = 6*(az) —ag = 0.
It follows that () — x is not a permutation which is a contradiction. Therefore, there is
no cycle of the length 1 < ¢ < ¢. Since f(x) — x is a permutation, there is exactly one
solution of the equation ¢(z) — « = 0 and thus exactly one fixed element of 6. O

Theorem 2.3. If 0 generates a complete set of MOLS over a finite Abelian group of order
n as in the Theorem 2.1, then 0 has either one fixed element and one cycle of the length
n — 1 or one fixed element and two cycles of the length "T_l

Proof. In this case all 6% (x) are strong complete mappings for k = 1,2,..., %5+ — 1. By
the Lemma 2.2, there is one fixed element in the permutation 6 and the lengths of nontrivial
cycles are greater than "T’l — 1. It follows that there can either one such cycle with the
length n — 1 or two cycles of the length % O
Remark 2.4. Let Z,, be a field of order p, where p > 2 is a prime. Let d be a generator of
Z}. Then 0% (s) = d"s is a strong complete mapping for k = 1,2, ..., 253, The mapping
0(s) has a fixed element s = 0 and one full cycle (1,d,d?, ..., d?~2) of the length p— 1. On
the other hand, 6%(s) = d?s has a property that 62%(s) = d?*s is also a strong complete

mapping for all k = 1,2,..., ;02;3 since p%l is odd. This mapping has a fixed element

-1
s = 0 and two cycles of the length £7=.
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Proposition 2.5. Assume that V : G — G, is a permutation such that V(x + y) =
U(x) £V (y) forall z,y € G. If 0(x) generates a complete set of MOLS as in Theorem 2.1,
then n(x) = W o § o W~ (z) also generates a complete set of MOLS.

Note: An example of the mapping is ¥(x) = ka where k is an integer, which prove its
existence.

Proof. Since 1*(z) = ¥ o0 6¥ o U~1(z) is a permutation we need to show that n* () +
and 1* (x) — x are permutations for all k = 1,2, . .. ‘GlT_l Using substitution y = ¢~ (z)

we get
WM () £ = WIPH (U () £ (T (@) = U[OF(T (@) £ 0 (@) = W(6" (y) £y).

This is a permutation since ¥(x) and 0% () +2 are permutations. Therefore, 17(x) generates
a complete set of MOLS. O

Let [F, be a field with a prime subfield Z,,. Linearized polynomials over I, are of the

form L(z) = >°,", arz?" and these polynomials have property that L(ax) = aL(x) for
alla € Z, and L(z +y) = L(z) + L(y) for all z,y € F,. Thus, if we consider F, as a
vector space over Z,, then L(x) is a linear operator on F,.

Corollary 2.6. Let [P be a finite field of order ¢ = p" where p is a prime. Let d be a
primitive element of ¥y and L(x) be a linearized permutation polynomial of Fy. Then the
polynomial f(x) = L(dL~'(z)) generates a complete set of MOLS as in Theorem 2.1.

Proof. It is easy to see that sz is strong complete polynomial for s € F \ {0, +1}. There-
fore, for g(z) = dx, g¥(x) = d*x are strong complete mappings for all k # qg—l, q— 1.
Since, L(z + y) = L(x) + L(y) we have that f(x) = Logo L™!(z) = L(dL™}(z))
generates a complete set of MOLS as in Theorem 2.1. O

Remark 2.7. Consider a family of strong complete polynomials over finite field IF, which
generate a complete set of MOLS as in Theorem 2.1 and which have one fixed element
and one cycle of the length ¢ — 1. Let d be a generator of ;. Then f(x) = dx is in this
family and considering the cycle structure, all other polynomials are conjugate with f(x).
Therefore, all polynomials in this family are of the form ¥ (d¥ ~!(x)) for some permutation
polynomial ¥ (z) over IF,.

If q;—l is odd, then g(x) = d?x is a strong polynomial which generate a complete
family of MOLS as in Theorem 2.1 and which have one fixed element and two cycles of
the length q;21- Similarly, all other strong complete mappings with a same cycle structure
induce a polynomial of the form W(d?¥~1(x)) for some permutation polynomial ¥ (z)
over IFy.

3 Construction of the strong complete mappings over extension fields

Let n be a positive integer and Fy» be an extension field of Fy. Let {1, g, ..., a,} be
a basis of the vector space Fy» over F,. We shall use similar technique as in the proof of
Theorem 2.1 in [3] to obtain the following recursive constructions of many strong complete
polynomials over the extension field.
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Theorem 3.1. Let f;(x) be strong complete polynomials over Fy fori = 1,2,...,n. Let
;e Ffl — Iy be arbitrary functions fori =1,2,...,n — 1. Denote X = x101 + Toaz +
-+ 4+ Tpou,. Then the function

F(X) = filz)on + [faz2) + Y1 (z1)]ag + -+ + [fu(@) + Yn-1(21, 22, o, 2n1)]an
is a strong complete polynomial over F yn.

Proof. In the proof of Theorem 1 in [3], it was shown that F'(X) is a complete polynomial.
To show that it is a strong complete polynomial, lets check that F/(X) — X is 1 — to — 1.
Assume that F(X) — X = F(Y) =Y for X = 2101 + 2209 + -+ + zpan and Y =
Y101 + Yoo + - - - + yn . Then the coefficients with the basis elements on the two sides
of equation are identical.

Looking at the coefficient with «; we see that f1(z1) — 1 = f1(y1) — y1. As fi(x) is
orthomorphism it follows that z; = y; .

Now, equating the coefficients with ap we get fo(x2) + ¥1(x1) — 22 = fa(ye) +
¥1(y1) — y2. Taking into account 27 = yj, this implies fo(x2) — 22 = fa(y2) —
y2. Hence, x2 = yo since fa(z) is an orthomorphism. We proceed by induction. As-
sume that T1 = Y1,T2 = Y25...,T5—-1 = Yi—1 which 1mply ’(/)1'_1(.1‘1, T, ... 71‘7;_1) =
Yi—1(Yy1, Y2, - - -, Yi—1). Comparing the coefficients with «;, we obtain

fil@i) + i1 (1, @2, xim1) — 2 = filys) +Lici (Y1, Y2, -5 Yio1) — Vi

Thus f;(z;) — x; = fi(y:) — yi- So, x; = y; since f;(x) is an orthomorphism. Therefore,
x; =y; foralli =1,2,...,nand X =Y. Now, F'(X) — X being 1 — to — 1 on the finite
set [y~ itis a bijection, i.e. a permutation. O

In the case of linearized polynomials, we extend the same technique to the compositions
of mappings. The proofs of the next theorems are similar to the proof of the Theorem 3.1.
So, we may omit a number of details.

Theorem 3.2. Let f;(x), i = 1,2,...,n, be linearized strong complete polynomials over
F, such that fF(z) are also strong complete polynomials for k = 1,2, ..., t. Let 1); : F, —
IF, be arbitrary functions fori =1,2,...,n—1. Denote X = 101 +Ta0i2 + - -+ Ty 0tp,.
Then function

F(X) = fi(z1)ar + [fo(x2) + Y1(21)]az + - + [fu(®) + Yp_1(21, 22, .., 2n1)] o

is a strong complete polynomial over Fyn such that F(’“)(X ) are also strong complete
mappings for all k = 2,3, ..., t.

Proof. By Theorem 3.1, F/(X) is a strong complete polynomial. Since F'(X) is permu-
tation, it follows that F(*)(X) are permutations for all k = 2,--- . Assume now that
FOX)+ X =FAY)+Y (or FO(X) - X =FO®Y)-Y).

Equating the coefficients with o7 on the both sides, we get f1(2) (1) 41 = 2(2) (y1) +
y1 (or f1(2)(a:1) —x = 2(2)(311) — y1). This implies 1 = y; because f1(2)(m) is a strong
complete polynomial. With ais we have

falfo(z2) + 1 (x1)] + 1 (fi(x1)) £ 22 = fa[fo(y2) + V1(y1)] + 01 (f1(y1)) £ 2.
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Since f5 is linearized, we obtain

Ja(fo(2))+ fo(r (1)) +p1 (fr(z1)) £x2 = fa(foly2))+ f2(¥1(y1)) +1(f1(y1)) £ye.

Taking into account that z1 = y1, we get fa(f2(z2)) £ 22 = fa(f2(y2)) £ y2.This yields
To = Yo since f2(2) (22) is a strong complete polynomial. Proceeding by induction, we can
prove that x3 = ys, ..., T, = Y, and thus X =Y. Therefore, F(Q)(X) is strong complete.
We can also prove by induction that F/(*)(X) are strong complete forall k = 2,3, ...,t. [

Proposition 3.3. Assume that f(x) is a permutation and that f(dzx) + f(x), f(dx) — f(z)
are also permutations where d € Fy, d # 0, d # £1. Then the polynomial g4(x) =
fldf ~Y(x)) is strong complete.

Proof. Assume that f(z), f(dx) + f(z) and f(dz) — f(x) are permutations. Let x =

f71(y). Then f(df ~1(y)), f(df ~(y)) + y and f(df ~'(y)) — y are permutations. There-
fore, g4(x) = f(df ~(x)) is a strong complete polynomial. O

Note that g (z) = ga(f(df ~L(x)) = f(df " (fdf *(2))) = F(d*f}(2)) = gaz ()
and, by induction g((ik)(a:) = ggqr ().

A permutation polynomial f(z) such that f(dx) — f(z) is also a permutation for all
d € Fy, d # 1, is called a Costas polynomial. The only Costas polynomial over a field of
the prime order p is 2° where ged(s, p — 1) = 1. The only known Costas polynomial over
F, is L(x®) where gcd(s,q — 1) = 1 and L is a linearized permutation polynomial (see
[4]). The polynomial L(x*) satisfies the conditions of Proposition 2.5. Indeed, L(dx*®) +
L(z®) = L((d £ 1)x*®) is permutation polynomial whenever d & 1 # 0 and d # 0. Thus,
ga(z) = L(d°L~!(x)) is strong complete polynomial for all d® ¢ {0,1,—1}. Then,
g((ik) (z) = g4« () is the strong complete polynomial whenever d** & {0,1, —1}. If d*** +
dsk2 ... 4 d@** ¢ {0,1, —1} for a set of positive integers K = {ky, ko, ..., k¢ } then

t t

Do @) ke =3 LML @) 2o = LY d™) L (@) £

=1 i=1

is also a permutation. It follows that g4(z) is the K-strong complete mapping (see [6] ).
This class of KC-strong complete polynomials is linearized. Now, we will present one more
construction of the nonlinearized generalized strong complete polynomials over extension
fields.

Theorem 3.4. Let f;(x) be permutation polynomials over F, such that f;(d*z) £ f;(z)
are permutation polynomials for d € F*, k = 1,2,...,t < q—1landi =1,2,...,n. Let
;e FfI — Iy be arbitrary functions for i = 1,2,...,n — 1. Denote X = x101 + w2000 +
-+ 4 Xpay,. Then the mapping

F(X) = fi(z1)ar + [fo(z2) + Y1(x1)]ae + - + [fu(@) + Yn_1(z1, 22, ..., Zn1)]

is a permutation polynomial such that F(d*X) + F(X) are permutation polynomials for
allk=1,2, ...t

Note: For functions f;(x) we can take L(z*) as discussed above.
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Proof. As d* € [, we have that d*X = d*zi01 + d*ro0n + ... + dFz, 0. Assume
F(d*X) £ F(X) = F(d*Y) & F(Y). Then, equating the coefficients with the basis
elements, we get fi(d*z1) + fi(x1) = fi(d*y1) = fi(y1). Thus 2y = y;. Further,
fo(dFaa) + 1 (dFar) £ (fal@2) + ¥1(21)) = fo(dFy2) + 1 (d¥yr) £ (fa(y2) + 11 (11)).
Since 1 = y1, we have f2 (dkl‘g) + f2 (1‘2) = f2 (dkyg) + f2 (yz) It follows that x5 = y».
By induction, 3 = y3,...,Z, = ¥,. Hence, X = Y. Therefore, F(d*X) + F(X) are
permutations forall k = 1,2, ..., ¢. O

Corollary 3.5. For a function F(X) defined in Theorem 3.4, the function G4(X) =
F(dF~Y(X)) is strong complete mapping with a property that G((ik)(X) are strong com-
plete mappings foralld = 1,2, ..., t.

Proof. The result follows from Proposition 3.3 and ijk) (X) = Gg(X). O
Note: If we put xy = 22 = ... = z,—1 = 0 and z,, = 1, then in all constructions
presented in Section 3 we will form a cycle whose elements are of the form (0,0, ..., 0, s).

The length of this cycle is less or equals to ¢. Using Lemma 2.2, we obtain ¢ < q. There-
fore, by means of Theorem 2.1 we can not obtain more than 2¢g of MOLS over IF;» using
constructions in the Section 3.
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