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Hypercube Embeddings of Wythoffians
Michel Deza, Mathieu Dutour Sikiri¢, Sergey Shpectorov
Abstract

The Wythoff construction takes a d-dimensional polytope P, a
subset S of {0,....,d} and returns another d-dimensional
polytope P(S). If P is a regular polytope, then P(S) is vertex-
transitive. This construction builds a large part of the
Archimedean polytopes and tilings in dimension 3 and 4.

We want to determine, which of those Wythoffians P(S)
with regular P have their skeleton or dual skeleton isometrically
embeddable into the hypercubes Hn, and half-cubes 4 Hn. We
find six infinite series, which, we conjecture, cover all cases for
dimension d > 5 and some sporadic cases in dimension 3 and 4
(see Tables 1 and 2).

Three out of those six infinite series are explained by a
general result about the embedding of Wythoff construction for
Coxeter groups. In the last section, we consider the Euclidean
case; also, zonotopality of embeddable P(S) are addressed
throughout the text.
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Vlozitve Wytthofianov v hiperkocke

Povzetek

Wythoffova konstrukcija vzame za izhodisc¢e d-dimenzionalen
politop P in podmnozico S of {0,...,d} in iz njiju naredi nek
drug d-dimenzionalen politop P(S). Ce je P regularen politop,
potem je P(S) vozlis¢no-tranzitiven. S to konstrukcijo je
mogoce zgraditi ve¢ino arhimedskih politopov in tlakovanj v
dimenzijah 3 in 4.

Zelimo doloé¢iti, za katere od teh Wythoffianov P(S) z
regularnim P lahko njihov skelet ali dualni skelet isometri¢no
vlozimo v hiperkocke Hpy in pol-kocke %2 Hn. Najdemo Sest
neskon¢nih druzin, Ki, tako domnevamo, obsegajo vse primere
za dimenzije d > 5 in nekaj posameznih primerov v dimenzijah
3in 4 (glej Tabeli 1in 2).

Tri 1zmed teh Sestih neskoncnih druzin lahko razloZzimo s
pomocjo splosnega rezultata o vlozitvah Wythoffovih
konstruktov za Coxeterjeve grupe. V zadnjem razdelku
obravnavamo evklidski primer; prav tako v vsem besedilu
obravnavamo zonotopalitijo vliozljivih P(S).

Kljucne besede: Coxeterjeva grupa, vloZitev.
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