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ABSTRACT: In th is paper c i r cu i t s i n grids which are obtained by using plane tessel lat ions are observed, Isoraorphism 
and congruence of c i r cu i t s in these grids is defined in naturai way. Conection between these re lat ions is discussed. 

1. INTRODUCTION 

A tesselation of plane is a covering of the plane 
by using polygons. It is known that there are exactly 
eleven ways to cover plane by using regular polygons, 
Three of these are regular tessellations, where each 
verte;« is surrounded by identical regular polygons (see 
fig.1). The other eight are semi-regular tessellations, 
in which each vertex is surrounded by an identical cy-
cle of regular polygons (see fig.2). 

C«.3) (3.6) (̂ .4) 

Figure 1. The three regular tesselations 

(3,3,3,4.4) (3.3,4,3,4) 

(3. 12.12) (4, 6,12) (4,8,8) (3,6,3,6) 

Figure 2. The eight semi-regular tesselations 
In th is way eleven i n f i n i t e periodic grids are ob

tained. (This grids are plane representation of i n f i n i 
te plane graphs.). Let G be one of obtained gr ids. A 
C i rcu i t of the lenght m in a gr id G is a oriented c lo -
sed path without repeated ver t ices , containg m edges. 

A C i r cu i t C in the gr id G determines a simple poly-
gon which consists of the edges of C. We w i l l say that 
a C i rcu i t C] is congruent to a c i r c u i t C2 i f f polygons 
determined by c i r cu i t s Ĉ  and Cg are congruent poly-
gons. Also, i n naturai way we define an isoraorphism of 
c i r cu i t s in the gr id G which is obtained by regular and 
semi-regular tesse l la t ions . Let Ci and Cg be the c i r cu 
i t s i n the gr id G. Then: the c i r cu i t s Ci and C2 are iso-
morphic c i r cu i t s i f f there exists a congruence transfor-
mation T such that : 

1) T maps the gr id 6 in to i t s e l f and 
2) T maps a polygon determined by the c i r c u i t Ci 

into polygcn determined by c i r c u i t C2. 

Also we say that simple polygons A and B in the gr id 
G are isomorphic polygons i f f c i r cu i t s determined by A 
and B are isomorphic c i r c u i t s . 

2, WORD REPRESENTATION OF CIRCUITS 

Let G be one of grids obtained by using tessel lat ions. 
Grid G is per iodic. Let us determine period of gr id G. 
I f n is the number of edges in period of G then the num-
ber of oriented edges is 2n and we shal l denote these 
oriented edges (vectors) by v (0 ) ,v (1 ) , . , . , v (2n-1 ) . Ia ' ' ' . h i s 
way fo r any oriented edge of the gr id G there is corres-^ 
•pondin9-uniquely determined vectcrr"from the set v={v(0), 
v ( 1 ) , . . . , v ( 2 n - 1 ) } . 

Let A. and B be points i n the gr id G, and P oriented 
path of lenght t , from A to B, I f path P consists of o r i 
ented edges v ( i i ) , v ( i 2 ) . . . , , v ( i t ) respect ively, then the 
word f ( P ) = i i i 2 f ' i t which corresponds to path P is un i -
quely determined. Specialy, fo r i=1 f { v ( i ) ) = i . Let A"̂  be 
the set of a l i words of lenght k over the alphabet A= 
={0,1 2n-1} and A ' = U A ' ^ k>0. 

Then denote by A" the set of a l i words which corres
ponds to oriented pats in the gr id G. That means: aGA'';=> 
exists path P such that f (P)=a. 

I f the word a = i i i 2 . . . i t is from A", then a determines 
the path v ( i i ) . . , v ( i t ) such that f (P)=a. The c i r c u i t C of 
lenght n determines 2n closed oriented paths, depending 
on the choice of the i n i t i a l vertex and the or ientat ion 
of the c i r c u i t . A funct ion f maps these 2n oriented paths 
in to 2n words of the set A". Let us denote the set of 
these 2n words by Q(C) ( fo r c i r c u i t C). Let T be isoraetry 
which maps gr id G in to i t s e l f . Let T(v( i ) ) = v ( i ' ) i=0 ,1 ,2 , 
. , . , 2n -1 then ( 0 ' , r {2n-1) ' ) is pennutation of ( 0 , 1 , 
. . . , 2 n - l ) . Transformation T maps path P = v ( i ] ) v { i 2 ) . . . 
v ( i t ) into path T(P) such that T ( P ) = T ( v ( i i ) v ( i 2 ) . . . v ( i t ) ) 
= T ( v ( i i ) ) T ( v ( i 2 ) ) . . . T ( v ( i t ) ) = v ( i f ) v ( i 2 ) . . . v ( i t ) or 
f(T(P))=1fi2...Tt-

Let A"'Be the set of ali words which correspond to 
circuits in the grid G. Also every word a from A'" (a=i] 
...i^) determines circuit C=v(ii)v(i2).. .v(it) (which 
determines simple polygon with edges of C). 

Let a and b be words from A'" . We say that a and b 
are in the relation a iff circuits, which are determined 
by words a and b, are isomorphic circuits. 
LEt-IMA 1: Relation a is equivalence relation. 
PROOF: The set T of ali congruence trans formations which 
map grid G into itself is a group. 
Specialy: If T=I (identical mapping) then for a,bGQ(C)* 
aab. 

In the set of vectors {v(0),v(1),...,v(2n-l)) we de
fine relation p by: v(i) v(j) •«> exists isometry T which 
maps the grid G into itself such that 

T(v(i)) = T(v(j)) 
LEMMA 2: Relation p is a relation of equivalence. 
PROOF: Directly from definition. 
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Also, we say that: ipj Iff v(i)pv(j). 
^ If P is a path from point A to point B then vector 
AB is equal to the vector sum of oriented edges which 
the path P contains. 
LEMMA 3: .Word a 
v ( i l ) v ( l 2 ) . . . v ( 

i t from A" i s frora A'" (or 
s C i rcu i t ) i f f 1 ) . v ( i i ) + v ( i 2 ) + . "T? 

it) IS Circuit) iff U v(i 
v(it)=6 tvectof summ) and 2) v(i j)+v(ij^^)"+ 
v(ij+k)/'0 for k<j+ks t. 
3. ALGORITHM FOR COUNTING NONISOMORPHIC CIRCUITS 

Using observations from previous section we can pro-
pose one conmon algorithm for deterraination numbers of 
nonisomorphic circuits on each of grids obtained by tes-
sellations (regular and semi-regular). 

Let ej and eg be the vectors from {v(0),v(1) 
v(2n-l)} which are not colinear. Now, we determine co-
ordinates of each vector from {v(0),v(l),,..,v(2n-1)} 
with respect to vectors ei and 62. 

Let v(i)=aiei+6ie2 (i=0,...,2n-1) then folloKS (from 
Lemma 3): 
LEMMA 4: If a=iii2,.. .,it is word from A'" then 

2n-1 2n-l 
I a.l(i)=0 and J B:i(i)=0 1=0 1=0 

where 1 ( i ) is the number of occurences of character i i n 
the word a=i i i '> . . . i * . CONDITION 3 w i l l be cal led CONDI-
TION-G. 
LEMMA 5: I f P is an oriented path in the gr id G then: P 
i s a C i r cu i t i f f : 

1) the word f (P) sa t is f ies CONDITION-G and 
2) no subword b of a sa t is f ies CONDITION-G. 
We use fol lowing input data and the i r notat ions: 
1) Number of vectors in period of G, 
2) Number of continuations of each vector denoted by 

C. (Vector v ( i ) is a continuation o f a vector v ( j ' ) ' t f 
word j i is from A" ) . 

3) Continuations of each vector. Corresponding cha-
racters fo r continuations of vector v ( i ) denoted by 
c ( i , 1 ) , c { i . 2 ) c ( i , C ) . 

4) Number of i n i t i a l vectors-denoted by I.Note: I n i -
t i a l vector can be any vector. I t is clear that i f the 
word a = i i i 2 . . . i t . Is from A" and i i PJ i then there exists 
a word b=J iJ2. . .0 t such that aab. That means: the number 
of i n i t i a l vectors can be equa1s to the number of equi-
valence classes with respect to re la t ion p. In th is way 
can be reduce the computation tirne. 

5) I n i t i a l vectors-corresponding characters denoted 
by I v ( 1 ) . I v ( 2 ) , . . . . I v { I ) . 

5) Number of transformations (of T ) , 
7) One isometry of f i r s t class which raaps gr id in to 

i t s e l f . 
8) One isometry of second class which maps gr id in to 

i t s e l f . 
9) For every vector v ( i ) i t s opposite vector v ( j ) . 

( , ( i ) = - v ( j ) ) . 
Note: fo r gr id 3 .6 isometry of f i r s t class no exists 

so 7 i s ident ica l mapping. 
Let a = i i i 2 . . . i t t>e word from A", and l e t a { j ) denoted 

the word i j i j + l . . . i t ISJ^t. I f CONDITION-G is not sa t i s -
f i ed for any j ( I S j i t ) then we ca l l the word i i i j . - . i t 
addable. I t is clear that i i i 2 . . . ' ' t ^^'^ ^^ completed to 
a word i i i p . - . i m ("***)! representing a c i r c u i t i f f i i i 2 
. . . i t is addable. Also i t is obvious that a = i i i 2 . . , i t 
denotes a c i r c u i t i f f a ( j ) sa t i s f i ed CONDITION-G only 
fo r j = l . 

A l i words that are a-equivalent to a word a repre
senting a c i r c u i t we can obtain using 6,7,8,9 (see input 
data) , We consider only the equivalent words begining by 
one of i n i t i a l vectors ( input data-5) and sor t them in 
lexicographic order. We choose the f i r s t word a ' as a 
representative of th is c lass. Hence, i f the word a is 
equal to a ' , then word a represents a c i r cu i t s of lenght 
t and p r i n t i t . 

Our algorithm can be conveniently explained using two 
phases: extend and reduce. These phases correspond to the 
addable and nonaddable cases respect ively. 

READ ( t ) 
FOR k=l to I DO 
BEGIN 

i l = I v ( k ) ; m:=1 
REPEAT 
IF 1112...im iS 
THEN extend 
ELSE IF i i i 2 , 

addable 

,.ini is representative of 
a nonisomorphic circuits 
THEM print ili2...'im 

reduce 
UNTIL m=l 
END 

where 
extendE BEGIN m:=mtl; i|n:=c(i(n-l .1) END 
reduce2WHILE ip,=c(ini_iC) and mi2 

DO m:=m-l 
IF ra;«1 

THEN BEGIN 
t:=0 
REPEAT t:=t+1 
UNTIL in,=c(ini-1,t) 
ira:=c(im-1.t+l) 

ENO 
Data obtained by proposed algorithm w i l l be given in next 
sect ion, k ( t ) denoted the number of nortisoraorphic c i r cu 
i t s lenght of t , 

Grids which is obtained by tessel lat ions 6 ' ,4 ' * ,3 ' are 
not specia1y t reated, but they have been observed in the 
papers: | ] 1 , | 2 | , | 3 | . The algorithm presented here could 
be also d i rec t l y applied to these a r i d s . 

4. CONNECTION BETWEEN ISOMORPHISM AND 
CONGRUENCE OF CIRCUITS 

I t is clear that i f C] and C2 are isomorphic c i r cu i t s 
then Cj and C2 are congruent c i r c u i t s . In th is section we 
wil l-show that for grfas obtained by tessel lat ions 3 ' .4^ , 
3 ^ 4 . 3 . 4 , 3.4.5.4, 3.5.3.6, 3 .12^ 4.6.12, 4.8^ ( a l i se
mi-regular except 3''.5) is sa t i s f i ed : i f c i r cu i t s Ci and 
C2 are congruent c i r cu i t s then they are isomorphic c i r cu 
i t s . For grids obtained by regular tessel lat ions previous 
statament fol lows obviously because of that they are not 
specialy t reated. 

In proofs of fo l lowing lemmas we w i l l use: 
LEMMA 6: Let M=MiM2...Mt and N=NiN2...Nt be congruent po-
lygons such that MiiSNii,M,-2=Ni2,Mi2HNi3(for some integres 
i l i i 2 « i 3 ^'•O'" {^'^'•'•'^h tf>en: i f points M^ijM^z and 
Mi3 are not colinear then Mi^Ni fo r a l i i £ { 1 , 2 , . . . , t } . 

We shal l denote by ^ ( i , j ) the angle between vecto.rs 
v ( i ) and v ( j ) , Qy r(M) w i l l denoted the word m1.2...">.č 
determined by a simpl polygon M=MiM2...Mt such that nii= -
f (Mi l? i+ i ) . 
LEI-IHA 7: Let G be the gr id obtained by tessel la t ion 3 ^ 4 ^ 
then: i f M and N are congruent polygons i n g r id G then 
r(H)ar(N). 
PROOF: Equivalence classes wi th respect to re la t ion p are: 
I={0,5} I I={1.4 ,9 ,6} I I I= {2 ,3 .7 ,81 (see f i g . 3 ) 
Let M=MiM2.,.Mt and N=N]N2...Nt 3'"e congruent polygons in 
the gr id G_and r(M)=ra]m2. .,mt and r(N)=nin2.. . n ^ 

5 6 7 8 9 are opposite 
0 1 2 3 4 
3 4 5 6 7 8 9 10 11 
1 2 2 4 6 17 32 90 204 

" ^ i n i t i a l vertex 

f(P) = 0 2 3 1 2 0 8 9 3 5 7 5 9 0 2 0 2 3 5 
7 5 7 5 4 4 4 0 8 4 

t-ig. i-

1-case:m] ,niGI then mim2.,.mta0ra2...rat and njn2...ntci0n2 
...nt (words 0m2...mt and 0n2...n; exist because m^ and 
ni are from same equivalence class) if m2=n2 then by Lemma 
6 m{=n{ for i=3,,..,t if m2^n2 then we apply reflection in 
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a l i ne determined by vector v(0) which maps gr id G in to 
i t s e l f . The image of Om2.-.''it is 0ni2...m'^. 

, 0 1 2 3 4 5 6 7 8 9 , 

njng. 

°o (o 6 8 7 9 5 1 3 2 4) 

since H0.i'i2)~HO>i2) ^^ ^*^^ ni']=n|, ra^m2...inta0n2... 
mtaOn2n)3. ..m'{, n^n2...n^aOn2...n^ that means (by Lenima 
6J n3=ni3 " t " ™ ! °'" ' ' '1I112'••'' 't°"1"2""'^t' 
2-case: m^niG||then n^m2.. .mta1ni2...nit and n^n2...nta1n2 
. . .n t 

M1.m2)=K1.n2)'*'"2="2 
I f in2=n2=1 tRen we continue u n t i l m\^\ but then using 
Lemma 6 m^=n{ or mirag...m^a1m2...m^=1n2...njan]n2...n^. 
3-case: m^,n i6I I I then m'|m2...m^a2m2...m^ and n^n2.>> 
n4-a2np.. .n I 
K2.m|)=HZ.n2) 
i f m2=n2 then c lear ly m^=n{ fo r i = 3 , . , . , t and m^nig... 
mtanin2...n); i f ni2/n2 then, l e t be fo r example, ni2=3 and 
n2=4, nov/ H 3 . " ; | ) = H f . " 3 ) ^ „.=6 and n3=3 

)(2,m2)=M2,n3) J 3 
that means 2ni2...mt=236 and 2n2...n{=243 but 2 3 6 a 2 43 
4-case: m^G|niSj |then mim2...rata0ra2-.-nit and n^ng... 
nt;a0n2...nt 
)(0,m2)«i^(i ,n2)=5>ra2=1 and n2=5 continuing we have 0m2... 
mt=0 154 and 1n2.. .nt=l 5 4 0. but.0 15 4a 15 40 

5-case: m)G|, n iG| | | then m]m2...raja0m2...m^ and n i n 2 . . . 
nt;a2n2.. .n i 
K0,m2)=)(*.n2)="''?=0 and m2G{8,2} i f mž=8 applying Oo 
we have mim2.. .in(.aO 2m3.. .mj n ino. . .nta20 n?. . .n* 
M0.m2)=.^(2.n3)=>inS=0 H2.m3)=n0.n3J'o n3=2 
continuing we get O 21113.. •™t°'^ 2'^ ^ •• • ^na 2 0 n j . . .nj= 
=20 2 0 . . . but th is words are not frora A'". 

6-case: miG|| , niG||| then raim2. ..rat°^™2'• •"'t ^""^ ' ' i n 2 ' " 
n t °2n2. . .n t 
We are interested in the čase when m̂  and n^ do not sa-
t i s f y any of previous observed cases. I f f o r some i one 
of them is sa t i s f ied then we observe po1ygons MiM-j+i... 
Mj . i and NjN^+,. . .N^.^ where Mt+|c=Hk and Nt+k=N|<. Since 
Hl.m2)=)(2.n2) and m2,n2 do not sa t is fy cases 1,2,3,4,5 
then m2=2 and nž=9. Next, we have 1ni2...ml=1 29 7 and 
2n2. . .nt=297 1 b u t 1 2 0 7 29 7 1 therefore niim2... 
mj.anjn2...nt. 
LEMMA 8: Let G be the gr id obtained by tessel lat ions 
3^.4.3.4. Then: i f A and B are congruent polvgons then 
r (A)ar (B) . 

PROOF: Equivalence classes with respect to re la t i on p 

H0.'7.10,17} i|={1,3,6,8,12,14,15,19) 
III ={2,4.5,9.11,13,16,18} (see f i g . 4 ) 

< 
^. •r>... ' K X 

7' 
i n i t i a l vertex 

L >"A.a. ̂ V 

f(P) = 13 12 7 15 10 9 13 9 13 16 8 14 19 O 
18 11 10 16 11 18 6 O 18 11 5 

VECTORS: 10 11...18 19 are opposite 
for : O 1... 8 9 

t : 3 4 5 6 7 8 9 10 
k ( t ) : 1 2 1 3 6 17 35 101 

F ig . 4 . 

Let M=M]M2...Mt and N=N.N2...N^ are congruent 1 
and r(M)=mim2...mj and r (N)=n jn2 . . .n t . Čase of 

polygons 
in teres t 

čase: m^Gjj , n^GlJI then m^m2...m^lm2...nit and 
n*a l1n2. . .n t . Let us observe polygons M'=ABM3...Mi and 
N =BAN3...Nt (see f1g.4a) : 
(r(M")=1ra2...mt and r {N ' )=11n2 . . .n t ) ) . Since M' and N' 
are congruent, there ex is t isometry S which maps plane 
into i t s e l f such that S(M')=S(ABM3...Mt)=S{A)S(B)S^:i3-).. 
iS(Mt)=BAN3...Nt=N'. But then S is e i ther " -

1) re f l ec t i on in l i ne s which is symmetry axes of 
segment |AB|. 

or 2) ha l f turn with centre i n middle of segment |A8|. 
I f S i s re f lec t ion then iraages of edges denoted by 

broken l ine ( — ) do not belong to gr id G; therefore ed-
Iges of polygon BAN3...N' can be some of edges denoted 
wi th . Since polygonis conected, we conclude n<7.But 
f o r n;7 there are th i r teen d i f fe ren t a-equivalence clas
ses and representatives of th is classes are not congru
ent polygons so statement fo l lows. In the čase when S is 
hal f t u rn , proof is analogous. 

For gr id G obtained by tesse l la t ion 3"*.6 (see f i g .5 ) 
words which correspond to congruence polygons do not ha
ve to be a-equivalent. For example: fo r congruent t r i a n -
gles A and B (as i t is shown in f i g . 5) r(A)ar(B) but 
there is no isometry which 1) maps gr id G into i t s e l f , 
2) maps A into B. 

9 3 
' \ 1 • 

28 29 are opposite 
13 14 
8 

13 

10 h 13 7-
VECTORS:15 16 
f o r : O 1 

t: 
k{t): 

3 4 5 6 7 
2 2 2 5 5 

"^- ini t ia l vertex 
f(P) = 23 10 26 22 1 2 22 15 25 9 4 5 26 3 4 

5 O 6 27 11 O 6 , 
i - ig. b. 

The proofs of fol loMing lemmas are oraited, since 
they are analogous to proofs of Theorem 1 and Theorem 2. 
LEMIA 9: Let G be the gr id obtained by tesselations 
3 .4 .6 .4 , Then: i f M and N j r e congruent polygons i n grtd 
G then r(M)ar(N). 
PROOF: Equivalence classes with respect to re la t ion p 
are: 
l={0,1,2,3,4,5,12.13.14.15.16,17) 
={6.7,8,9.10,11,18.19.20,21.22.23} 

. . 22 23 are opposite 

. , -10 11 

3 4 5 6 7 8 9 A o 
\ oO ^A 2,2 "-̂  

initial vertex 
f(P) = 1 9 17 16 10 17 16 10 17 23 14 13 7 3 ' 

10 17 18 7 3 4 5 22 15 14 13 6 5 O 

LEMHA 10: Let G be the grid obtained by tesselation 
3.6.3.6, Then: if M and N are polygons in grid G then 
r(M)ar(N). 
PROOF: There exist only one equivalence classes with 
respect to relation p. 
1=^(6,i;2;3,4,5.6.7.8.9.10.11} 

3_2. 

is: 

\VECTORS: 6 7 8 9 10 11 are opposite for: 0 1 2 3 4 5 •'H '« 
J-̂ , 3 4 5 6 7 8 9 
k(t): 1 J 1 2 1 2 4 
initial vertex 
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f(P) = 10 1 2 11 2 O 1 2 3 4 7 6 11 10 6 3 4 
7 9 8 7 9 0 4 5 0 9 8 

LEHMA 11: Let G be the gr id obtained by tessel lat ions 
3.12^. Then i f M and N are congruent polygons in grid 
G then r(M)ar(N). 

PROOF: Equiva1ence classes with respect to re la t ion p 
are: 
l={0,2,4.5,8,10,12,13,14,15,16.17) 

•| = {1 .3 ,5 ,7 ,9 ,11} . 
6-

VECTORS: 17 7 16 9 12 11 14 13 15 
are opposite 
for : O 1 2 3 4 5 6 8 10 

vertex. k { t ) : 
3 12 13 14 15 15 17 18 
1 1 1 3 3 3 1 1 

f(P) = 1 14 11 O 1 2 3 4 5 15 15 7 8 4 5 15 
16 7 8 9 15 14 11 O 

n g . o. 

LEMMA 12-: Let G be the gr id obtained by tessel lat ion 
4.5.12 then: i f M and N are congruent po1ygons in gr id 
G then r (H)ar(N) ; 

PROOF: £quivalence classes with respect to r e l l a t i on p 
are: 

l={0.2.4.6,8,10,18.20,22,24.26,28} 
ll={ 1,3.5.7,9,11,19,21.23,25,27,29} 

III ={12.13,14,15.16,17,30,31,32,33,34.35} 

i ni t i al vertex 

f(P) = 29 28 27 26 25 31 19 18 29 35 6 31 19 
18 29 35 23 22 15 9 10 35 23 16 O 1 
13 24 23 16 

VECTORS: 18 19 . . . 34 35 are'opposite 
f o r : O 1 . . . 16 17 
t : 4 5 6 7 8 9 10 11 12 13 14 15 16 
k ( t ) : 1 0 1 0 1 0 1 0 3 0 2 0 9 

F i g . 9. 

LEMt̂ lA 13. Let G be the gr id obtained by tessel la t ion 
4.82 then: i f M, N are congruent polygons in gr id G 
then r(M)ar{N). 

PROOF: Equivalence classes with respect re la t ion p 
are: 
|={0,2,4,6} : | |={1,3,5,7,9,10.11) 

" & 
VECTORS: 4 11 6 8 9 10 are opposite 
for: O 1 2 3 5 7 
t: 3 4 5 6 7 8 9 10 11 12 13 14 
k(t): O 1 O 0.0 1 O 1 O 2 O 4 

~̂—- i n i t i a l vertex 

f(P) = 2 8 1 2 5 10 2 8 4 9 6 7 9 8 4 9 6 7 
0 3 6 7 0 1 

n g . l u . 

Let gr id G be obtained by one of semi-regular tessel 
lat ions 33.42, 32.4.3.4, 3 .4 .6 .4 , 3.6.3.6, 3.122, 
4.6.12, 4.82 then from lemmas 5-13 fo l lows: 

THEOREH 1: Ci rcu i ts C, and C2 in gr id G are isomorphic 
c i r cu i t s i f f they are congruent c i r c u i t s . 
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